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T  O 

PETER  BURRELL  JUNR  ESQ^ 

SIR, 

THE  credit,  which  you  did  to  yourfelf  and 
to  me,  when  you  were  examined  for  a 
degree  in  the  univerfity,  was  one  motive  that 
determined  me  to  addrefs  the  following  fheets 
to  you.  The  public  honours,  which  you  then 
received,  were  well  known  to  be  the  reward  of 
your  merit,  and  not  an  unmeaning  compliment, 
that  was  paid  to  your  tank  and  fortune.  You 

were 
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were  always  fenfible  for  what  purpofe  you  had 
been  fent  hither,  and  fhewed  by  your  diligent 
application,  and  by  the  improvements,  which  you 
made,  that  you  were  determined  not  to  leave  us 
without  having  anlwered  it.  This  refolution  was 
what  firil  brought  you  acquainted  with  natural 
philofophy.  Y ou  found  that  it  was  looked  upon 
as  a  neceflary  branch  of  academical  learning,  and 
therefore  thought  yourfelf  obliged  to  employ 
fome  part  of  your  time  in  the  ftudy  of  it.  There 
were  indeed  many  other  branches  of  learning,  in 
which  you  excelled  $  and  fome  of  them,  to  a 
perfon  in  your  ftation  of  life,  may  be  more  orna¬ 
mental  and  more  ufeful.  Yet  I  am  convinced  that 
the  fubje6f  of  this  book,  as  well  as  your  friend- 
fhip  for  the  author,  will  make  it  an  agreeable 
prefent  to  you :  becaufe  you  have  often  told  me, 
that  you  were  particularly  entertained  with  this 
fcience,  and  that  you  wifhed  I  would  give  you 
an  opportunity  of  keeping  up  your  acquaintance 
with  it  by  publifhing  my  lectures. 


But 


DEDICATION. 

But  I  had  another  motive  for  giving  you  this 
public  teftimony  of  my  efteem  and  affection; 
befides  the  reputation,  that  you  gained  by  the 
ftudy  of  natural  philofophy ;  and  befides  your 
kind  partiality  to  my  inftru£Hons :  I  mean,  Sir, 
your  regular  and  virtuous  behaviour,  whilft  you 
were  under  my  care  in  the  univerfity.  If  your 
virtue  and  regularity  at  that  time  had  not  been 

owing  as  much  to  your  own  good  difpofition,  as 

% 

to  any  reftraints,  that  were  laid  upon  you  here ; 
thofe  reftraints  would  have  been  difagreeable  to 
you,  and  would  have  given  you  a  diftafte  to  the 
place,  where  your  inclinations  had  been  checked : 
we  fhould  not  have  found  you  fo  warmly  at¬ 
tached,  as  you  now  are,  to  the  interefts  of  the  uni¬ 
verfity  $  nor  fhould  I  in  particular  have  received 
fo  many  marks  of  your  friendfhip  for  having  en¬ 
deavoured  to  difcharge  my  duty  faithfully,  when 
I  was  entrufted  with  a  fhare  in  your  education. 

I  am  fenfible,  Sir,  that  I  ftiall  be  more  likely 
to  weaken  your  regard  for  me  by  this  addrefs, 

than 
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than  to  confirm  it :  becaufe  thofe,  who  are  the 
moll  careful  to  deferve  well,  are  commonly  the 
moll  difpleafed  at  being  told  of  it,  efpecially  in 
fo  public  a  manner.  However  I  (hall  willingly 
run  this  hazard :  for  I  had  rather  offend  your 
modefty,  than  not  endeavour  to  do  juftice  to 
your  chara&er :  the  former  is  a  fault,  which 
your  good  nature  may  forgive  \  but  the  latter  is 
a  crime,  which  I  could  not  forgive  myfelf. 

I ani)  SIR , 

Tour  affe&ionate  friend 

and  faithful  Servant 

CAMBRIDGE, 

St.  John’s,  Mar.  i. 
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Air.  Davis. 

Rev.  Air.  Darby  M.A.  Fell,  of  S.  Johns  Coll.  Cam. 
Dr.  Dawfon. 

Rev,  Mr.  Snead  Davis  of  KingHand,  Herefordlhire. 
Peter  Daval  Efq;  of  the  Middle  Temple. 

Henry  Dagge,  Efq;  of  the  Middle  Temple. 

Rev.  Air.  Dampier  M.A.  fecond  Mailer  of  Eton 
School. 

Sir  Jofeph  Danvers  Bart. 

Air.  William  Daw  of  Clare-Hall,  Cambridge. 

Rev.  Mr.  Dawney  ALA.  Fell.  ofCaius  Coll.  Camb. 
Rev.  Mr.  Davey  Fellow  of  Caius  College,  Camb:- 
Dr.  Dell. 

Mr.  John  Denne  of  Corpus  Chrilli  College,  Camb. 
Rev.  John  Dighton  D.  D. 

Rev.  Mr.  Charles  Dickenfon. 

AmbrofeDickinsEfq;  of  Wollallon,  NorthamptonOi. 
Francis  Dickins  L.  L.  D.  Fell,  of  Trinity-Hall  and 
Profelfor  of  Civil  Law,  Cambridge. 

Rev. Air. Dickens M.  A. Stud,  of  Chrilt- Church ,Oxf. 
Rev.  Mr.  Charles  Dickens  L.L.B.  of  Hemingford, 
Huntingtonlhire. 

Mr.  Dix. 

Airs.  Dod  of  Whitchurch,  Salop. 

Air.  Dod  ofS.  Johns  College,  Cambridge. 

Mr.  DockwrayB  A.  Fellow  of  S.  Johns  Coll.  Cam. 
Rev.  Air.  Dockvvray  M.  A.  ofNewcaftle. 

Air.  Downes  of  S.  Johns  College,  Cambridge. 

Rev.  Mr.  William  Drake  M.A.  Redor  of  Full  Sutton, 
Yorkfhire. 

Mr.  William  Drake  of  Kings  College,  Cambridge. 
Air.  Duncombe  ofBer.net  College,  Cambridge. 
Rev.  Mr.  Duquefne,  M.A.  Fellow  of  Kings  Col¬ 
lege,  Cambridge. 

O  7  O  /-N  r  r% 

Fortunatus  Dwarris  Efq;  Fellow- Commoner  of  ». 

Johns  College,  Cambridge. 

Sir  Thomas  Dyke,  Bart. 

Edward  Dyke,  Efq; 

E. 

The  Right  Rev.  Thomas  Lord  Biftiop  of  Ely. 
Richard  Edwards  Efq;  Mafter  in  Chancery. 

R«v, 
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Rev.  Mr.  Edwards. 

iohn  Edwards  Efq; 

Lev.  Mr.  Egerton  L.  L.  B.  Prebendary  of  Hereford. 
Mr.  Henry  Egerton  of  Oriel  College,  Oxford. 

Rev.  Air.  Ekins  L.  L.  B.  of  Pebmarlh,  Effex. 

Rev.  Air.  Elyott  M.  A.  of  St.  Johns  College,  Camb. 
William  NaffawEllyott  Efq;  of  the  Inner  Temple. 
Emanuel  College,  Cambridge,  for  the  Library. 
Rev.  Mr.  JohnEmerfon  L.  L.  B.  Redlor  of  Halling- 
bury  Parva,  Hartfordlhire. 
ohn  Eunice,  Efq; 

Ir.  John  Evans  of  Kings  College,  Cambridge. 

Mr.  Evans  A.  B.  of  Jefus  College,  Cambridge. 

Mr.  Evans  of  C  krill- College,  Cambridge. 

Michael  Ewin  Efq; 

Mr.  William  Ewin  of  S.  Johns  College,  Cambridge. 
Mr.  Ewing  Bookfeller  in  Dublin. 

Anthony  Ewer  Efq;  of  Weftminftcr. 

Rev.  Mr.  John  Ewer. 

Mr.  William  Ewer. 

Air.  Thomas  Ewer. 

F. 

The  Right  Honourable  Lord  Vifcount  Fane. 

John  Meeres  Fagge  Efq;  Fell,  of  Trin.Hall,  Cam. 
Mr.  Fairfax  B.  A.  of  S.  Johns  Coll.  Cambridge. 
Mr.  Francis  Fawkes  M.  A.  of  Bramham,  Yorklh. 
Jofeph  Fanthorpe  Efq; 

Mr.  Fawconer  of  Merton  College,  Oxford. 

Rev.  Air.  Featherftonhaugb. 

Rev.  Mr.  Featherfl.onehaugh  B.  D.  of  Newcaltle 
Air.  Michael  Felling  B.  A.  of  Trim  Coll.  Camb. 
Mr.  Edward  Ferrar  of  Huntingdon. 

Colfon  Fellowes  Efq; 

W.  Fellowes  Efq  ;  Fell.  Com.  of  S.  Johns  Coll.  Cam. 
John  Fenwick  M.  D.  of  Morpeth. 

R.cv  Air.  G.  Fenwick  M.  A.  of  Bolum  Northumb. 
Rev.  Mr.  G.  Fenwick B.  D.  ofHallatonNorthamp. 
William  Ferrar  Efq;  of  Bragfield  Bucks. 

Rob.  FettiplaceEfq;  Gent.  Com.  of Oriel  Coll.  Oxf. 
Rev.  Mr.  Fitzherbert  M.  A. 

Rev.  John  Finney  D.  D. 

Mr.  Filh. 

Mr.Feilde  of  S.  Johns  College,  Cambridge. 

Rev.  Mr.  Fifher  of  Newton,  Bedfordlhire. 

Rev.  Air.  John  Fiftier  M.  A. 

Mr.  Jeffery  Filher  of  Archeller,  Northamptonlhire. 
Bevifnam  Filmer  Efq;  of  Lincolns  Inn. 

Rev  Mr.  John  Flemming. 

Rev.  Mr.  Fletcher. 

Air.  Fletcher  of  S.  Johns  College,  Cambridge. 
James  ForiierEfq; 

Rev.  Mr.  Forfter  M.  A.  of  Durham. 

Rev.Mr.  Forfter jun.  M.A.  ofDurham- 
Thomas  Forfter  Efq;  ofWarnford,  Northumb. 
Mr.  Fofter  of  Newport  Bucks. 

Air.  Fofter  of  Kings  College,  Cambridge. 

Rev.  Air.  Thomas  Forfter. 

Rev.  John  Fogg  D.  D.  Reftcr  of  Spofi'orth. 

Air.  Fowler  of  S.  Johns  College,  Cambridge. 

Mr.  Fox  of  S.  Johns  College,  Cambridge. 


RS  NAMES. 

Rev. M r .F owler  B. D .  Re&or  ofThorringt on,ElTe & 
Sir  Andrew  Fountain. 

Tho.  Foley  jun.  Efq;  of  Newport,  Herefordfhire. 
Alartin  FolkesEfq;  Prefident  of  the  Royal  Society 
Rev.  Mr.  Fortefcue  Al.  A.  Fellow  of  Exeter  Coll. 

and  Sen.  Pro&or  of  the  Univerfity  of  Oxford. 
Rev.  Mr.  Frampton  M.  A.  Fellow  of  S.Johns  Col¬ 
lege,  Cambridge. 

Rev.  Air.  Frampton  B.  A.  of  S.Johns  Coll.  Camb. 
Rich.  Frank  Efq;  Recorder  of  Pontefraft,  Yorklh. 
Rev.  Mr.  FraigneauM.  A.  Fellow  of  Trinity  Col¬ 
lege  and  Profefforof  Greek,  Cambridge. 

Mr.  John  Freeman  Surgeen  of  Rotterdam. 

Walter  Edwards  Freeman  Efq; 

Tobias  Frere  Efq; 

Mr.  Robert  French  of  Chrift  College  Cambridge, 
John  Fuller  Efq; 

G. 

The  Right  Honourable  Earl  Granville. 

The  Right  Honourable  Earl  of  Godclphin. 

The  Right  Honourable  Earl  of  Gainsboroughs 
The  Right  Honourable  Lord  Gowran. 

The  Right  Rev.  Alartin  Lord  Bilhop  of  Gloucefter, 
Air.  Gale  of  Rotterdam,  Merchant. 

Rev.  Mr.  Garforth  of  York,  2  Copies. 

Rev.  Air.  Garnett  B.  D.  Fellow  of  Sidney  College, 
and  Lady  Margarets  Preacher,  Cambridge 
Jofeph  Gape  Efq; 

Rev.  Mr.  Garmfton. 

Rev.  Mr.  Ganton  B.  A.  of  S.Johns  Coll.  Camb. 
Dr.  Richard  Gem. 

Air.  Gisborne  B.A.  ofS.Johns  College,  Cambridge. 
Mr.  Gill  of  S.  Johns  College,  Cambridge. 

Rev.  Air.  Gibfon  of  Biggld'wade,  Bedfordlhire. 
Rev.  Air.  Gibfon  of  Hackerton,  Nottinghamffiire. 
Mr.  Kennet  Gibfon  of  Ch  rill  College,  Cambridge. 
Mr.  Gocdchild  of  Trinity  College,  Cambridge. 
Mr.  Goodchild. 

Rev.  Alr.Gcodrick. 

Rev.  Mr.  GoodhallM.  A. Fell.  ofEman.  Coll.  Cam. 
Charles  Goflyn  Efq; 

Air.  Thomas  Godfrey. 

Dr.  Henry  Godard. 

Edward  Goddard  Efq;  of  Cliffe  Pypard,  Wilts. 
Air.  John  Gooch  of  Caius  College,  Cambridge. 
Rev.  Air.  Middlemore  Griffiths. 

John  Grove  Efq;  ofTunftall,  Kent. 

Richard  Grove  Efq;  Fell,  of  S.  Johns  Coll.  Camb. 
Rich.Grovefnor  Efq;  Gent.  Com.  oi  Oriel  Coll.  Oxf. 
Rev.  Air.  William  Grinfield  M.  A. 

Rev.  Air.  Griffies  of  S.  Johns  College  Cambridge. 
Rev.  John  Green  D.  D.  Fellow  of  S.  Johns  Coll, 
and  Regius  Profeffor  of  Divinity,  Cambridge. 
John  Green  M.  D.  of  Spalding,  Lincolnlhirc. 

Rev.  Mr.  Green  A.  M.  Rettor  of  Cottenham,  Cam. 
Henry  Grey  Efq;  of  Hawick. 

Rev.Z.Grey  LL.D.Redor  ofHoughton-Conqueft, 
Bedfordlhire. 

Mr.  Edward  Greathead  A.  B.  of  Mag.  Coll.  Oxf. 
Rev.  Air.  Edward  Gregory  of  Durham. 

Rev. 
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Rev.  Mr.  Gretton  M.  A.  of  Felfted,  Effex. 

Rev.  Mr.  C.  Gretton  M.  A.  of  Spingfield, Effex. 
John  RadclifF  Gregor  Efq; 

Mr.  Greene  B.  A.  of  C.  C.  C.  Cambridge. 

Mr.  John  Grundy. 

Mr.  Graham  of  St.  Johns  College,  Cambridge. 
Mr.  James  Graham  of  Dalfton,  Hackney. 

Mr.  George  Graham  of  Kings  College,  Cambridge 
Edward  GroffeEfq; 

Rev.  Mr.  Gunning  M.  A.  of  Ely,  2  Copies. 

Rev.  Mr.  Gueft  M.  A.  Fell,  of  S.  Johns  Coll.  Cam. 
Rev,  Mr.  John  Gueft  of  Bromyard,  Herefordihire. 
Mr.  William  Gyfford. 

Mr.  Anthony  Gyfford. 

H. 

The  Right  Hon.  Earl  of  Huntingdon,  of  Chrift 
Church,  Oxford. 

The  Right  Honourable  Lord  Harley. 

The  Right  Honourable  Lord  Hobart. 

Robert  Harley  Efq; 

Mr.  Jofeph  Hall. 

Sir  Thomas  Hatton  Baronet. 

Rev.  Mr.  Chrift.  Hatton  M.  A.  Reft,  of  Girton. 
Mr.  Archibald  Hamilton  of  Rotterdam,  Merchant 
Mr.  Will.  Hanmer  M.  A.  Fellow  of  Kings  College, 
Cambridge. 

Rev.  Stephen  Hales  D.  D.  and  F.  R.  S. 

William  Harling  Efq; 

Rev.  Dr.  Hay  ter  Archdeacon  of  Y  ork. 

Rev.  Mr.  Harrifon  M.  A.  of  S.  Johns  Coll.  Camb. 
Rev. Mr.  Hancock  B.  A.  of  S.  Johns  Coll.  Camb. 
Mr.  Hancorn  of  S.  Johns  College,  Cambridge. 
Rev.  Mr.  Harrifon  M.  A.  Fellow  of  Trinity  Col¬ 
lege  and  Profeffor  of  Hebrew,  Cambridge. 

Rev.  John  Harrifon  D.  D. 

T.  Hammond  Efq;  late  of  Somerlham,  Huntingd. 
Rev.  Mr.  Hatfield  of  Hatfield,  Yorkihire. 

Mr.  John  Hall  of  Barnefley,  Student  in  Phyfic. 

Mr.  Hallam  of  Kings  College,  Cambridge. 

Mr.  Haggit  B.  A.  of  Sidney  College,  Cambridge. 
Rev.  Mr.  Haffel  of  Thorpe. 

Rev.  Mr.  William  Hartopp  M.  A.  of  Little  Dolby 
Samuel  Hartopp  Efq;  of  Little  Dolby. 

Rev.  M..  Hatfield  M.  A.  of  Lilly,  Hartfordlhire. 

Sir  Camiby  Hagerfton  Baronet. 

John  Hamilton  Efq; 

Thomas  Hardy  M.  D.  3  Copies. 

Thomas  Hayes  Efq; 

Thomas  Hayes  M.D.  Fell.  ofPemb.  Hall,  Cam. 
Thomas  Hawkins  Efq; 

Mr.  Robert  Hare  of  Oriel  College,  Oxford. 

Mr.  Robert  Haines  of  Oriel  College,  Oxford. 

Mr.  Charles  Haddock  B.  A.  of  Oriel  College  Oxf. 
Mr.  Hazlehurft  of  S.  Johns  College,  Cambridge. 
Rev.  Mr.  Thomas  Hearl. 

Rev.  Mr.  Heaton  B.  D.  Fell,  of  C.  C.  C.  Camb. 
Will.Heberden  M.D.  Fell.  ofS  Johns  Coll.  Cam. 
Rev.  Mr.  Hetherington  Reftor  of  Drayton. 
Edward  Herbert  Efq;  of  Muchrefs,  Ireland. 

Tho.  Herbert  Efq;  Fell  Com.  of  S.  Johns  Coll.  Cam. 


E.  H  erbert  jun.  Efq;  Fell.  Com.  of  S.Joh.  Coll.Cam. 
Nicholas  Herbert  Efq; 

Mr.  John  Heberden. 

Rev.  Mr.  Hewitt  of  Thornton,  Yorkihire. 

Mr.  Hewitt  of  S.  Johns  College,  Cambridge. 

Rev.  Mr.  HeyoeM.  A.  of  Hardington,  Norfolk. 
Roger  Hesketh  Efq;  of  Prefton,  Lancalhire. 

Samuel  Hetherington  Efq ;  of  the  Middle  Temple 
Mr,  Hey  of  C.  C.  C.  Cambridge. 

Rev.  Mr.  Hemmings  of  Kingfton,  Surrey. 

Mr.  Richard  Hill  Apothecary  in  Limeftreet,  Lond. 
Rev.  Mr.  Hildyard  of  Wineftead,  Yorkihire. 
Abraham  James  Hillhoufe  Efq; 

Rev.  Mr.  Hind  Student  of  Chrift  Church,  Oxford 
Mr.  Higgs  of  Trinity  College,  Cambridge. 

Sir  Rowland  Hill  Baronet.  2  Copies. 

Rev.  Mr.  Hill  M.  A.  Chaplain  to  His  Grace  the 
Archbilhop  of  Canterbury. 

Mr.  Charles  Hitch  Bookfeller.  7  Copies. 

Rev.  Mr.  Holcombe  M.  A.  ofS.  Johns  Coll.  Cam,. 
Rev.  Mr.  Hotchkis. 

Mr.  William  Holland. 

Rev.  Mr.  Holden  M.  A. 

Mr.  Howdell  B.  A,  of  S.  Johns  College,  Camb. 

Mr.  William  Hovell  M.  B. 

Mr.  Hood  of  S.  Johns  College,  Cambridge. 

Mr.  Holmes  of  S.  Johns  College,  Cambridge. 

Rev.  Mr.  Holme  of  Wellingborough,  Northamp. 
Rev.  Mr  Holme  B.  D.  Fell,  of  S. Johns  Col.  Cam. 
Mr.  John  Holmes  of  Trinity  College,  Cambridge. 
Mr,  John  Hodfon  M.A.  of  Sandhurft,  Kent. 

Mr.  Malachi  Hodlhon  of  Kings  College,  Camb. 
Robert  Holford  Efq;  Mafter  in  Chancery. 

Peter  Holford  Efq;  of  Lincolns  Inn. 

Edmund  Hornby  Efq;  Fell.  Com.  ofSid.  Coll.  Cam. 
Edmund  Hoskyns  Efq;  of  Lincolns  Inn. 

Mr.  Edward  Howkins  of  Trinity  Coll.  Cambridge 
Rev.  Mr.  Leonard  Hotchkis  M.  A.  of  Shrewsbury 
Mr.  Francis  Hopkins  Bookfeller  Camb,  4  Copies. 
Rev.  Mr.  Hubbard  B.  D.  Fell. of  Email.  Coll.  Cam. 
Thomas  Hunt  Efq;  of  the  Inner  Temple. 

Mr.  Hunt  of  Cath.  Hall,  Cambridge. 

• - Hutton  Efq;  of  Marske,  Yorkihire. 

Mr.  S.  Hutchinfon  M.  A.  Fell.  ofS.  Joh.  Coll.  Cam. 
Rev.  Mr.  Thomas  Hurft. 

Rev,  Mr.  Hughes  B.D.  Fell,  of  Queens  Coll.  Cam 
Mr.  Huddlefton, 

Rev.  Mr.  Hurton  M.  A.  of  S.  Johns  Coll.  Camb. 
Rev.  Mr.  Hutton. 

I. 

Rev.  Mr.  Jackfon  B.  A.  of  Pocklington,  Yorkihire. 
Richard  Jackfon  Efq; 

Rev.  Mr.  Janeway  B.  A.  of  S.  Johns  Coll.  Camb. 
Rev.  Mr.  Jane  Student  of  Chrift  Church,  Oxford. 
John  Jacob  Efq;  of  Tokenham,  Wilts. 

Mr.  Simon  Jackfon  of  S.  Johns  Coll.  Cambridge. 

Mr.  JenkinfonB.  A.  of  Eman.  Coll.  Cambridge. 
Soame  Jenyns  Efq; 

Jefus  College  Cambridge  for  the  Library. 

Mr.  James  Jeffries  Attorney  at  Law  in  Berwick. 

b  Francis 
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.Francis  Jeflop  Efq;  of  Bedford. 

-Rev.  Dr.  Jennour. 

Rev.  Mr.  Ilderton  B.  A.  of  S.  Johns  Coll  Camb. 
Mr.  linage  of  S.  Johns  College,  Cambridge. 

Mr.  Robert  Ingram  of  C.  C.  C.  Cambridge. 

Rev.  Mr.  Inge  late  Fell,  of  Eman.  Coll.  Camb. 
Theod.  Will.  Inge  Efq;  of  Thorpe  in  StafFordlhire. 
Mr  Jones  of  the  Hay  Brecknocklhire. 

Mr.  John  Jones. 

Mr.  Walter  Johnfon. 

Rev.  Mr.  Johnfon  M.  A.  of  Spalding,  Lincolnlhire 
Mr.  Johnfon  of  S.  Johns  College,  Cambridge. 
Jolhua  Iremonger  Efq; 

Lafcelles  Iremonger  Efq; 

Rev.  Mr.  Itchener  of  Great  Baddow,  ElTex. 

James  Jurin  M.  D.  and  F.  R.  S. 

•  K. 

The  Right  Honourable  Lord  Vifcount  Kenmare. 
Rev.  Mr.  Keller  M.  A.  Fell,  of  Jefus  Coll.  Camb. 
Mr.  Ed.  Kenney  of  Trinity  College,  Dublin. 

Rev.  Ed.  Keene  D.  D.  Mailer  of  S.  Peters  Coll.  Cam. 
Nicholas  Kemp  Efq; 

Mr.  Kerrich  of  C.  C.  C.  Cambridge. 

Rev.  Mr.  Knight  Fellow  of  Trin.  Coll.  Cambridge 
Mr.  Kitching  of  Trinity  College,  Cambridge. 
Rev.  Mr.  King  M.  A.  Reftor  of  Colly  Wefton. 
Jafpar  Kingfman  Efq;  2  Copies. 

Mr.  Konig  ProfefTor  of  Mathematics  at  Franequer. 
Edward  Kynafton  Efq;  of  Hardwicke,  Salop. 
Roger  Kynafton  Efq;  of  Prees,  Salop. 

L» 

The  Right  Honourable  Earl  of  Londonderry. 

The  Right  Rev.  Thomas  Lord  Bifhop  of  London. 
The  Right  Honourable  Lord  Lumley. 

Rev.  Mr.  Laxton  M.  A.  Fellow  of  S.  Johns  College 
Cambridge. 

Mr.  Laybourne  B  A.  of  S.  Johns  College,  Camb. 
Rev.  Mr.  Latter  M.  A. 

Rev.  Mr.  Lambe  M.  A.  Fellow  of  S. Johns  College 
Cambridge. 

Mr.  Lancafter  Fell.  Com.  of  Clare  Hall,  Camb. 

Mr.  Langley  of  S.  Johns  College,  Cambridge. 

Mr.  Langley  B.  A.  of  Cath.  Hall,  Cambridge. 

Sir  Edward  Lawrence  Baronet. 

Mr.  James  Leake  of  Bath,  Bookfeller.  2  Copies. 
Mr.  John  Leeke. 

Thomas  Le  Blanc  Efq; 

Mr.  Serjeant  Leedes,  4  Copies. 

William  Lee  Efq;  of  Clare  Hall,  Cambridge. 

Mr.  Leach  of  S.  Johns  College,  Cambridge. 

Sir  Digby  Legard  Bar.  of  Trin.  Hall,  Cambridge. 
Mifs  Lewis. 

William  Lemon  Efq; 

Samuel  Lethieullier  Efq; 

Rev.  Mr.  Leefon  M.  A.  of  Trin.  College,  Dublin. 
Mr.  Richard  Ledlhaw. 

Rev.  Mr.  Lipyeat  B.  D.  Fell,  of  S.  Johns  College, 
Cambridge. 

Rev.  Mr.Lindcgren  Chaplain  to  the  King  of  Sweden 
Mr.  Andrew  Lindegren. 

Mr.  Charles  Lindegren. 


Thomas  Lifter  Efq;  of  Clithero,  Lancalhire. 
Nathaniel  Lifter  Efq; 

Sir  Edward  Littleton  Baronet,  M.A. 

Ralph  Livefay  Efq;  Gent.  Com.  of  Oriel  Coll.  Oxf. 
Mr.  Henry  Loubier. 

Sir  Richard  Lloyd. 

Richard  Savage  Lloyd  Efq;  Fellow  Commoner  of 
S.  Johns  College,  Cambridge. 

Rev  Mr.  John  Lloyd  M.A.  of  Rug,  Merionethlhire 
Edward  Lloyd  Efq;  of  the  Temple. 

Rev.  Mr.  Loggon  B.  D.  Fell,  of  S.Joh.  Coll.  Cam. 
Rev.  Mr.  Sam.  Loggon  Rettor  of  Turges  Elants. 
William  Lowndes  Efq;  2  Copies. 

Mr,  Tho.  Lowndes  LL.B.  of  S.  Johns  Coll.  Cam. 
Rev.  Mr.  Lowe  M.  A.  Canon  of  Windfor. 

Mr.  Charles  Lowth. 

Sir  Charles  Lorrain  Baronet. 

James  Locke  Efq; 

Edward  Lovibond  Efq; 

Mr.  Lobb  of  Chrift  College,  Cambridge. 

Mr.  Robert  Long  B.  A.  of  Trinity  College,  Camb. 
Rev.  Mr.  Lowther  Chaplain  to  Her  Royal  High- 
nefs  the  Princefs  of  Orange,  and  Minifter  of  the 
Epifcopal  Church  at  Rotterdam. 

Rev.  Mr.  Ludlam  M.  A.  Fell,  of  S.Joh.  Coll.  Camb. 
Rev.  Mr.  Lydiatt  M.  A.  of  Kimbolton,  Huntingd. 
Rev.  John  Lynch  D.  D.  Dean  of  Canterbury. 

Rev.  Mr.  John  Lynn  M.  A. 

M. 

His  Grace  the  Duke  of  Manchefter. 

The  Right  Honourable  Lord  Maynard. 

The  Honourable  Edward  Montague  Efq; 

The  Hon.  H.  Monfon  LL.D.  Fellow  of  Trinity 
Hall,  Cambridge. 

George  Macnemaro  M.  D. 

John  Martin  Efq;  of  the  Inner  Temple. 

Nicholas  Mann  Efq; 

Rev.  Mr.  Mall  M.  A.  of  Bilhop  Stortford. 

Rev.  Mr.Maule  M.  A.  Fell,  of  Kings  Coll.  Camb. 
Samuel  Martin  Efq<  - 

Rev.  Mr.  Mailers B.  D.  Fell. of  C.C.C.Camb. 

Rev.  Mr.  May  M.  A.  Fell,  of  Queens  Coll.  Camb. 
Mr.  Malfalgueret  Surgeon  in  Bury  S.  Edmonds. 
Rev.  Mr.  Mappletoft  M  A,  of  Bilhop  Stortford. 

Mr.  Markham  A.  B.  of  S. Johns  Coll.  Camb. 

Mr.  Matthews  of  S.  Johns  College  Cambridge. 

Mr.  James  Mathias 

Mr.  Maffey  A.  B.  of  S.  Johns  College,  Cambridge. 
Mr.  Thomas  Maffey 

Mr.  Francis  Maferes  of  Clare-Hall,  Cambridge. 
Rev.  Mr.  Mawfon  A.  M.  of  S.  Johns  Coll.  Camb. 
Sydenham  Malthus  Efq; 

Rev.  Mr.  Maltus  of  Bermondfy,  Surry. 

Rev.  Mr.  Marlhall  late  of  Peterboro. 

Rev.  Mr.  T.  Marlhall  of  Southwell,  Nottinghamih. 
Rev.  Mr.  Marlhall  M.  A.  ofSalmonby  Lincolnffi. 
Rev.  Mr.  Marlh  of  Ford,  Northumberland. 

Mr.  John  Mafon  of  Bermondfy,  Surry. 

Mr.  Maguier  M.A.  of  Trin.  Coll.  Dublin. 

Rev.  Mr.  May  Fellow  ofPemb.  Hall  Camb.  2  Cop, 
Dr.  Mabb  of  Digfwell,  Hartfordlhire. 


Mr. 


.  SUBSCRIBERS  NAMES. 


Air.  Thomas  Merrill  Bookfeller  Camb.  io  Copies. 
Richard  Meyrick  Efq; 

Mr.  Metcalfe  of  S.  Johns  College,  Cambridge. 
Rev.  Mr.Meredyth  M.A.  Fellow  ofTrinity  College 
Cambridge. 

William  Mitford  Efq ; 

Andrew  Mitchell  Efq; 

Ralph  Milbanks  Efq;  of  Chefter. 

- -  Alilner  Efq; 

David  Mitchell  Efq; 

Jofeph  Moyle  Efq; 

Rev.  Mr.  Edward  Morton  M.  A. 

Sir  William  Morrice  Baronet. 

Air.  Baftiaan  Molewater  of  Rotterdam  Merchant. 
Sir  John  Molefworth  Baronet. 

George  Montgomery  Efq; 

William  Morgan  Efq; 

Sir  Humphry  Monnox  Baronet. 

Mr.  William  Morell  ofTrinity  College,  Camb. 
Edmund  Morris  Efq; 

Mr.  Morton  ofS.  Johns  College,  Cambridge. 

Mr.  Moody  of  S.  Johns  College,  Cambridge. 

Sir  Thomas  Moftyn  Baronet. 

Mr.  Moncafter. 

John  Morgan  Efq;  of  Swanfey  Glamorganflure. 
Rev.  Charles  Alois  D.D.  Refidentiary  of  Salifbury. 
Rev.  Mr.  Roger  Moftyn  Redfor  of  Eaftling,  Kent. 
Crifp  Molineux  Efq ;  Fellow  Commoner  of  Saint 
Johns  College,  Cambridge. 

Richard  Montague  Efq; 

David  Murphy  Efq;  of  the  Middle  Temple. 

Rev.  Mr.  Munton  AL.  A.  ofNewcaftle. 

Rev.  Air.  Murhall  M.  A.  Fellow  of  Chrift  College 
Cambridge. 

N. 

The  Honourable  James  Noel  Efq; 

John  Nance  Efq; 

Mr.  John  Naih. 

Captain  John  Nancarrow. 

■ - Needham  Efq; 

Thomas  Nevile  M.A.  Fell,  of  Jefus  Coll.  Camb. 
Rev.  Mr.  Newton  Fellow  of  Sidney  Coll.  Camb. 
Rev.  Air.  Newton  Al.  A.  Fell,  of  JefusColl.  Camb. 
Thomas  Nelthorp  Efq;  ' 

Rev.  Timothy  Neve  D.  D.  Archdeacon  of  Hun¬ 
tingdon. 

Rev.  Air.  Neve  M.  A.  Fellow  of  C.  C.  C.  Oxford. 
Air.  Newling  A.  B.  of  S.  Johns  Coll.  Cambridge. 
Mr.  Newton  A.B.  of  S.  Johns  College  Cambridge. 
Mr.  Henry  Newcome  M.A-  of  Hackney. 

Air  Peter  Newcome  AL  A.  of  Hackney. 

Rev.  John  Newcome  D.  D.  Dean  of  Rochefter, 
and  Mafter  of  S.  Johns  Coll.  Camb.  2  Copies. 
Rev.  Dr.  Nicholl  Head  Alafter  of  Weftminfter- 
School. 

George  Nodes  Efq; 

Fletcner  Norton  Efq; 

Rev.  Mr  NourfeM.A.  Fellow  ofS.  Peters  College 
Cambridge,  2  Copies. 

Air.  Thomas  Nutting  Alderman  of  Cambridge. 


O. 

The  RightHonourable  Arthur  Onflow  Efq;Speaker 
of  the  Houfe  of  Commons. 

Rev.  Air.  Oakley  Fell,  of  Jefus  Coll.  Cambridge. 
Mr.  Warwick  Obyn. 

Newton  Ogle  Efq;  of  Merton  College,  Oxford. 
Rev.  Mr.  Oliver  of  Prefton,  Lancafhire. 

Air.  Richard  Orpen  ofTrinity  College,  Dublin. 
William  Orde  Efq;  of  Fenham. 

John  Orde  Efq;  of  Morpeth,  Northumberland. 

Mr.  John  Orde  ofTrinity  College,  Cambridge. 
Mr.  Orme. 

Mr.  Orton  of  Clare  Hall,  Cambridge. 

P. 

The  Right  Honourable  Earl  of  Plymouth. 

The  Right  Honourable  Earl  of  Powis. 

The  Right  Hon.  Lord  Vifcount  Powerfcourt. 

The  Right HonourableWilliam  Pitt  EfqjPaymafler 
General  of  the  Forces. 

John  Parry  Efq; 

Mr.  Parrott  of  Newport  Bucks. 

Robert  Parker  Efq ;  Fellow  Commoner  of  Saint 
Johns  College,  Cambridge. 

Rev.  Mr.  Pawley. 

Rev.  Francis  Sawyer  Parris  D.D.  Mafter  of  Sidney 
College,  Cambridge. 

Mr.  Pawfton. 

Sir  Thomas  Palmer  Baronet. 

Edward  Palmer  Efq;  of  Withcote. 

Rev.  Mr.  Palmer  Student  of  Chrift  Church  Oxford. 
Mr.  Palmer  of  Clare  Hall,  Cambridge. 

Edward  Payne  Efq ; 

William  Pate  Efq; 

Rev.  Mr.  Parry  AL.  A.  of  Shrewsbury. 

Rev.  Mr.  Parratt  Al.  A.  Fell  of  New  Coll.  Cxf. 
Air.  Robert  Partridge  of  Rotterdam,  Alerchant. 
Rev.  Mr.Peele  M.  A.  Fell,  of  Pemb.  Hall  Camb. 
Pembroke-Hall,  Cambridge,  for  the  Library. 

Mr.  Richard  Penneck  of  Trinity  Coll.  Camb. 

Rev.  Mr.  Percival. 

Mr.  Peck  of  Gravefand.  Kent. 

Rev.  Air.  Pery  of  Alb,  Kent. 

Rev.  Mr.  Perfect  of  Eaft-AIalling  Kent. 

Mr.  John  Peirce. 

Mr.  Perkin  of  Alnwick  Northumberland. 

Rev.  Mr.  Pennington  M.  A. 

Rev.  Air.  John  Pern  AL.  A.  Prebendary  of  Sarum. 
Wharton  Peck  LL.  D. 

John  Phillipfon  Efq; 

Rev.  Marmaduke  Philips  D.  D.  6  Copies. 

Rev.  Mr.  Pinfent  M.  A.  of  Takely  Hertfordlhire. 
Sir  Edward  Pickering  Baronet. 

Rev.  William  Pittman  D.  D.  2  Copies. 

Rev.  Mr.  PinnelM.A.of  Bermondfy  Surry  2Books, 
Rnfiel  Plumptree  AL.  D.  Profeflor  of  Phyflc,  Camb. 
Rev.  Mr.  Edward  Poole  M.  A. 

Rev.  Mr.  Powel  M.  A.  Fellow  of  S.Johns  College, 
Cambridge. 

John  Powell  Efq;  . 

Thomas  Porter,  Efq; 

Rev. 


SUBSCRIBERS  NAMES. 


Rev  Mr.  Plumbe  of  Aughton. 

Mr.  Pomfret  of  S.  Johns  College  Cambridge. 

Mr.  Potter  A.B.  of  S.  Johns  College,  Cambridge. 
Thomas  Potter,  Efq; 

Mr.  Porteus  of  Chrift- College,  Cambridge. 

Samuel  Henry  Pont  Efq;  Recorder  of  Cambridge. 
Rev.  Mr.  Price  M.  A.  Fellow  of  S.  Johns  Coll. Cam. 
Sir  Samuel  Prime. 

Rev.  Mr.  Price  of  Wadham  College,  Oxford. 

Rev.  Mr.  Morgan  Price  A.B.  ofS.  Johns  Coll.  Cam. 
Rev.  Mr.  Prowfe  A.  B.  of  S.  Johns  Coll.  Camb. 
Mr.  Baptift  Proby  A.  B.  of  Jefus  College,  Camb. 
Marmaduke  Prickett  Efq; 

Charles  Pratt  Efq;  of  the  Inner  Temple. 

Henry  Pye  Efq;  of  Knotting,  Bedfordlhire. 

Rev.  Mr.  Purt  Fellow  of  Kings  College,  Camb. 

Queens  College  Cambridge,  for  the  Library. 

]ohn  Quick  F.fq;  of  Newton  S.  Cyres  Devon. 

Mr.  Nutcumbe  Quick  of  Sidney  College,  Camb. 

R. 

The  Right  Honourable  Lord  Ravenfworth. 
Humphry  Rant  Efq; 

Richard  Ray  Efq; 

Rev.  Mr.  RawftorneM.  A.  ofBadfworth,  Yorklh. 
James  Rawftorne  Efq;  of  Prefton,  Lancalhirc. 

Jones  Raymond  Efq; 

]ofeph  Radcliff  Efq; 

Jonathan  Rafhleigh  Efq; 

Rev.  Mr.  Raftall  Fell,  of  St.  Peters  College,  Camb. 
Samuel  Reynardfon  Efq;  F.  R.  S..  2  Copies. 

Stephen  Richard  Redwood  Efq;  of  Jamaica. 

Mr.  Reepe  M.  A.  Fellow  of  Kings  Coll.  Camb. 
Mr.  Richardfon  of  Emanuel  College,  Cambridge. 
Mr.  Richardfon  M.  A.  Fellow  of  S.  Johns  College, 
Cambridge 

Rev  Mr.  Charles  Rdchardfon  B.  D.  of  Brandelbur- 
ton,  Yorklhire. 

Dr.  Richardfon  of  Alnwick,  Northumberland. 

Mr.  John  Richardfon  of  Kings  College,  Cambridge. 
Mr.  Richard  Richardfon. 

Mr.  Richmond  of  St.Johns  Coll.  Camb.  2  Copies. 
Rev.  Mr  Riddlington  M.  A.  Fell,  of  Trinity-Hall, 
Cambridge. 

Rev.  Mr.  Robinfon  M.  A.  of  Beckingham,  Lin¬ 
coln  Ih  ire. 

Mr.  William  Robinfon  ofS.  Johns  College,  Camb. 
Rev.  Mr.  Robinfon  B.D.  Fellow  of  S.  Johns  Coll. 
Cambridge. 

Rev.  Mr.  Robinfon  M.  A.  of  Seaham,  Durham. 
Rev.  Dr.  Robinfon  Prebendary  of  Peterborough. 
Mathew  Robinfon  Efq;  Fell,  of  Trin.  Hall,  Camb. 
Mr.  Jonathan  Robinfon  A.  B.  of  Sid.  Coll.  Camb. 
Mr.  Samuel  Rogers. 

Rev.  Mr.  Rothery  M.A.  of  Hafilbury,  Dorfetlhire. 
Rev.  Mr.  Romaine  Fell.  ofS.  Johns  Coll.  Oxford. 
Mrs.  Rook  of  Hampftead. 

Rev.  Mr.  RofsM.A.  Fell.  ofS.  Johns  Coll.  Camb. 
2  Copies. 

Rev.  Mr.  William  Rofs. 

Robert  Roper  Efq; 


Rev.  Mr.  Roufe  B.  D.  late  Fellow  of  S.  Johns  Col¬ 
lege  Cambridge. 

Henry  Rod  bard  Efq; 

Mr.  Rumney  of  Alnwick,  Northumberland. 

Rev.  Mr.  Rud  of  Kilham. 

Sir  John  Rulhout  Bart. 

Mr.  Ruffell  of  S.  Johns  College,  Cambridge. 
Chriftopher  Rutter  Efq; 

Thomas  Ryves  Efq;  of  Ranfton  Dorfetlhire, 

S. 

Her  Grace  the  Dutchefs  Dowager  of  Somerfet. 
The  Right.  Hon.  Countefs  Dowager  of  Suffolk. 
The  Right  Honourable  Countefs  of  Stamford. 

The  Right  Honourable  Earl  of  Sandwich. 

The  Right  Honourable  Earl  Stanhope. 

The  Right  Honourable  Lord  Vifcount  S.  John. 
The  Right  Hon.  Lord  St.  John  Baron  of  Bletfo. 
The  Honourable  Mr.  John  S.  John. 

Henry  de  la  Saaraz  Efq;  Captain  of  the  Swifs 
Halberdier  Guards  of  HisMoft  Serene  Highnefs 
the  Prince  of  Orange  and  Naffau. 

Sir  George  Saville  Bart. 

Rev.  Mr.  Salilbury  B.  D.  Fellow  of  S.  Johns  Coll. 
Cambridge.  2  Copies. 

Mr.  Sandland  of  S.  Johns  College,  Cambridge. 
Edmund  Sawyer  Efq;  Mafter  in  Chancery. 
Humphrey  Sanford  Efq;  of  the  Ifle,  Salop. 

Mrs.  Sambroke  of  Gubbing,  Hertfordlhire. 
William  St.  QuintinEfq;  Fellow  Commoner  of  Tri¬ 
nity  Hall,  Cambridge. 

Sr.  John  St.  Aubyn  Bart.  2  Copies. 

Rev.  Mr.  St.  John  B.  D.  2  Copies, 

S.  Johns  College  Cambridge  for  the  Library. 

S.  Johns  College  Oxford  for  the  Library. 

Dr.  Samber  of  Salilbury. 

Mr.  Charles  Scrace. 

Mr.  Scott  of  Merton  College,  Oxford. 

Ralph  Schomberg  of  Rotterdam  .M  D. 

Rev.  Mr.  Scott  M.  A.  Fellow  of  Jefus  Coll.  Camb. 
William  SelwinEfq;  of  the  Inner  Temple. 

Mr.  Selwyn  Student  of  Chrift-Church,  Oxford. 
Mr.  Settle  of  Chrift-College,  Cambridge. 

Rev.  Mr.  Sedgwick  B.D.  Mafter  of  Queens  College, 
Cambridge. 

Rev.  Mr.  Shan. 

Mr.  Shan  of  S.  Johns  College,  Cambridge. 

Sir  John  Shaw  Bart. 

Peter  Shaw  M.  D. 

Mr.  John  Sharpe  of  Corpus  Chrifti  College,  Camb. 
Richard  Shepherd  M.  D.  of  Prefton,  Lancalhire. 
Rev.  Mr.  Sharp,  Student  of  Chrift- Church,  Oxford. 
Mr.  Sharpe  Student  of  Chrift-Church,  Oxford. 
Rev.  Mr.  Shields  of  Ford,  Northumberland. 
William  Sheldon,  Efq; 

Rev.  Mr.  Shrigley  of  Chignall  Effex. 

Robert  Simpfon  Efq;  of  Caius  College,  Cambridge. 
Edward  Simpfon  L.  L.  D.  Mafter  of  Trinity-Hall 
Cambridge. 

William  Simpfon  Efq;  of  Stamford,  Yorklhire. 
The  Rev.  Rich.  Skerret  D.D.  Reftor  ofGreenwich. 
Rev.  Mr.  Skottowe  B.  D.  Fellow  of  C.C.C.  Cam. 

Mr. 


SUBSCRIBERS  NAMES. 


Mr.JohnSkynner  A.M.  Fellow  of  S.  Johns  College, 
Cambridge. 

Mr.  Skynner. 

Rev.  Dr.  Sleech  Provofi:  of  Eton  College. 

Rev.  Robert  Smith  D.D.  Mailer  of  Trin.  Coll,  and 
Profeffor  of  Ailronomy  and  Experimental  Philo- 
fophy,  Cambridge. 

Rev.  Mr.  Smith  M.A.  Fellow  of  CaiusColl.  Cam. 
Mr.  John  Smith  of  Cambridge. 

Rev.  Mr.  Smith  A.  B.  of  S.  Johns  College,  Camb. 
Mr.  Smith. 

Mr.  Smith  of  S.  Johns  College,  Cambridge. 

Mr.  John  Smith  M.  A.  Fell,  of  Kings  Coll.  Cam. 
John  Smyth  Efq;  of  Heath,  Yorkfhire. 

Mr.  Thomas  Smyth  A.B.  of  Heath,  Yorkihire. 
Mr.  Robert  Smith  L.  L.  B.  of  Whittlefea  in  Cam- 
bridgefhirei 

Edward  Smith  Efq;  of  Edmondthorpe. 

Sir  Hugh  Smithfon  Bart. 

Rev.  Mr.  Smelt  A.  M.  Fellow  of  Trin.  Coll.  Cam. 
Edward  Southwell  Efq;  Fell.  Commoner  of  Clarc- 
Hall,  Cambridge. 

Henry  Kynafton  Southoufe  Efq;  Fellow  Commo¬ 
ner  of  Sidney  College,  Cambridge. 

Sociery  at  Spalding  Lincolnfhire. 

Society  at  Peterborough. 

Society  at  Caxton. 

Society  at  Doncafter. 

Mr.  Southgate  of  S.  Johns  College,  Cambridge. 
Rev.  Mr.  Southernwood  M.  A.  .Fellow  of  Kings 
College,  Cambridge.  2  Copies. 

Rev.  Mr.  Sparrow. 

Thomas  Spring  Efq; 

Havey  Sparks  Efq;  of  Nurfon,  Northamptonfhire. 
Rev.  Mr.  SpriggofGedington,  Northamptonlhire. 
Rev.  Mr.  Squire  A.  M.  Archdeacon  of  Bath. 
Edmund  Squire  Efq; 

Meffieurs  Stabler  and  Barflow  Book  fellers  in  York. 
Mr.  Jofeph  Stoney  of  S.  Johns  College,  Camb. 
Thomas  Streatfield  Efq; 

Sir  J  ohn  Strange. 

Mr.  Stevenfon  A.B.  of  Trinity  Hall,  Cambridge. 
Rev.  Mr.  Stebbing  A.M.  Fellow  of  Catherine-Hall, 
Cambridge. 

Mr.  William  Stephens  of  Cambridge,  Engraver. 
Charles  Stewart  Efq; 

Rev.  Mr.  Stoddart  of  Alnwick,  Northumberland. 
Mr.  Bennet  Storer  of  Trinity  College,  Cambridge. 
William  Strahan  Efq;  Fellow  of  Trin.  Hall,  Camb. 
Thomas  Strode  Efq; 

Rev.  Mr.Tho.Stockdale  ofBrankftone,  Northumb. 
Mr.  Stockdale  of  Sidney  College,  Cambridge. 

Rev.  William  Stackhoufe  D.D. 

Rev.  Mr.  Swinburn  of  Univerfity  College,  Oxford. 
Rev.  Mr.  Swainfon  A.M.  Fellow  of  Chrill:- College, 
Cambridge. 

Rev.  Dr.  Symonds  of  Bury,  Suffolk. 

T. 

The  Right  Honourable  Lord  Vifcount  Tyrconnell. 
The  Right  Honourable  Lord  Trevor. 

The  Hon.  Thomas  Townfliend  Efq;  3  Copies. 


Rev.  Mr.Taylor  B.D.  Fell,  of  S.  Johns  Coll.  Cam • 

- Taylor  M.  D. 

Rev.  Mr.  Taylor  of  Bifrons  Kent. 

Rev.  John  Taylor  L.  L.D.  Fellow  ofS.  Johns  Col 
lege,  Cambridge. 

Rev.  James  Taylor  A.  M.  Re£tor  of  Broadway, 
Dorfetlhire. 

Rev.  Richard  Terr ick  D.D.  Canon  of  Windfor. 
Captain  William  Taylor. 

Mr.  Robert  Taylor. 

Rev.  Mr.  Calvert  Tennant  M.  A.  Fellow  of  Saint 
Johns  College,  Cambridge. 

The  Rev.  Edward  Tew  D.  D. 

Mr.  Nathaniel  Templeman  of  Trin.  Coll.  Camb. 
Rev.  Dr.  Tomlinfon  Prebendary  of  S-  Pauls. 

Rev.  Mr.  Thiftleth waite  A.M.  of  S.  Johns  College, 
Cambridge. 

Jacob  Thibou  Efq; 

Rev.  Timothy  Thomas  D.D.  of  Prefteigne  Rad- 
norfhire. 

Rev.  Mr. Thorpe  of Chillingham,  Northumberland. 
Rev.  Mr.  Thorpe  A.  M.  Fellow  of  Catherine-Hall, 
Cambridge.  4  Copies. 

Rev.  Mr.  Tindall  L.  L.  B.  of  Chelmsford,  EfTex, 
Rev.  Mr.  Tinclar. 

Charles  Towr.fhend  Efq;  Fellow-Commoner  of 
Clare-Hall,  Cambridge. 

Henry  Tonge  Efq;  Merchant  in  Briftol. 

Mr.  John  Todd  of  S.  Johns  College,  Cambridge. 
Mr.  Stevens  Totton  fen. 

Rev.  Mr.  Totton  Fell,  of  S.  Johns  Coll.  Camb. 

Mr.  StevensTotton  jun. 

Mr.  Samuel  Totton. 

Rev.  Mr.  Tomlyns  of  S.  Mary  Hall,  Oxford. 

Rev.  Mr.  Trevigar. 

John  Tremague  Efq; 

Trinity-Hall  Cambridge  for  the  Library. 

Mr.  Samuel  Trimer  Bookfeller. 

Rev.  Mr.  Henry  Trotter  A.  M.  Reftor  of  Graveley. 
William  Tuffnell  Efq;  Fellow-Commoner  of  Sid¬ 
ney  College,  Cambridge. 

Rev.  Mr.  Turner  B.  A.  of  S.  Johns  Coll.  Camb. 
Rev.  James  Tunftall  D.D.  Treafurer  of S. Davids. 
Rev.  Mr.  Twells  M  A.  Fellow  of  S.  Johns  College, 
Cambridge.  2  Copies. 

Mr  Francis  Twiffe  of  Rotterdam,  Merchant. 

Rev.  Mr.  Twentyman  M.  A.  of  Southwell,  Not_> 
tinghamlhire. 

Rev.  Mr.  Tyfon  A.M. 

Mr.  Richard  Tyfon  of  Oriel  College,  Oxford. 

Mr.  Tyrwhitt  of  Catherine-Hall,  Cambridge. 

V. 

Mr.  George  Unett  of  Catharine  Hall,  Cambridge. 
Walter  Vane  Efq; 

Lionel  Vane  Efq;  of  Longnewton,  Durham. 

Sir  Peter  Vandeput  Baronet. 

Mr.  Vanbrugh  of  S.  Johns  College,  Cambridge. 
Rev.  Mr.  Vaughan  M.  A.  of  Papworth  St.  Agnes, 
Cambridgelhire. 

Mr.  Vaux  ofS.  johns  College,  Cambridge. 

Rev.  Mr.  Votas  Student  of  Ch rift  Church,  Oxford, 
c  The 


SUBSCRIBERS  NAMES. 


w. 

The  Right  Rev.  Ifaac  Lord  Bilhop  ofWorcefter. 
The  Honourable  Edward  Wingfield  Efqj  of  S. Johns 
College,  Cambridge. 

The  Honourable  Richard  Wingfield  Efq;  of  S  Johns 
College,  Cambridge. 

The  Honourable  Thomas  Willoughby  Efq; 

The  Honourable  Charles  Wallop  Efq; 

Rev.  Mr.  Warburton  M.  A.  Fell,  ofjef.  Coil.  Cam. 
Mr.  Henry  Ward. 

Mr.  Wace. 

Rev.  Mr.  Waterhoufe  M.  A. 

Rev.  Mr.  Ward  of  Eye,  Suffolk. 

Mr.  Waters  of  Univerfity  College,  Oxford. 

Mr.  Waring  of  S.  Johns  College,  Cambridge. 

Rev.  Mr.  Walker  Reftor  of  Tylehurft,  Berks 
Rev.  Richard  Walker  D.  D  Vice  Mailer  ofTrinity 
College,  and  Profeffor  of  Cafuillry,  Cambridge. 
Sir  Charles  Wake  Baronet. 

Thomas  Wallis  M.  D.  of  Stamford. 

Tho.  Wallis  Efq;  Fell.  Com.  of  Trin.  Hall,  Cam. 
Lewis  Way  Elq; 

Banaltre  Walton  Efq;  Fellow  Commoner  of  Saint 
Johns  College,  Cambridge. 

Mr.  Edward  Wallis  Apothecary  in  York. 

Rev.  Walter  Walker  Ward  D.  D. 

Mr.  Adam  Wall  of  Chrifl  College,  Cambridge. 
Rev'.  Mr.  Wade. 

Rev.  Mr.  John  Weiley  M.  A.  Fellow  of  Lincoln 
College,  Oxford. 

Abraham  Wells  Efq;  of  Greenwich,  Kent. 

John  Wenham  Efq; 

Rev.  Mr.  Weiton  B.  D.  Fell.  ofS.Johns  Coll.  Cam. 
Mr.  Michael  Wefton. 

Mr.  Werge  of  S.  Johns  College,  Cambridge. 
Nathaniel  Webb  Efq; 

Mr.  Tho.  Wefton  of  S.  Johns  College,  Cambridge 
Rev.  Mr.  Wefton. 

Rev.  Mr.  Whitworth  Prebendary  of  Lincoln. 

Ifaac  Whittington  Efq;  2  Copies. 

William  Whitaker  Efq; 

Conway  Whithorn  Efq; 

Mr.  White  of  Trinity  College,  Cambridge. 

Wilham  Whitehead  Efq;  of  Grays  Inn. 

Mr.  Beaumont  Whitehead  M  A.  of  Barmby  Dunn 
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The  reader  is  defired  to  corred  proportion  50  of  optics  in 
ing  manner. 

the  follow- 

When  parallel  rays  pafs  out  of  a  rarer  medium,  into  a  denfer  through  a  con¬ 
vex  furface,  the  femidiameter  of  the  fphere ,  of  which  that  furface  is  a 
fegment,  is  to  the  difiance  of  the  focus  whether  affirmative  or  negative , 
that  is,  whether  real  or  virtual,  as  the  fne  of  refraction  to  the  fine  of 
incidence . 
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NATURAL  PHILOSOPHY. 


INTRODUCTION. 

IN  explaning  the  appearances  of  nature,  that  alone  can  be  called  true 
philofophy,  which  is  deduced  from  fadt  and  experience.  For  as  the 
caufes  of  thefe  appearances  are  not  arbitrary  notions  of  the  minds  own 
making,  but  are  qualities,  which  really  belong  to  bodies,  and  which  exifl 
without  us;  our  knowledge  of  nature  will  all  be  fantaftical;  unlefs  we 
find  out  by  experiment  and  obfervation  what  thefe  qualities  are,  and  fo 
make  our  knowlege  conformable  to  the  reality  of  things.  Indeed  fome 
bodies  are  fo  remote,  and  others  are  fo  minute,  that  it  is  not  in  our  power 
to  make  obfervations  upon  them,  and  difeover  their  qualities :  and  amongft 
thofe,  which  are  neither  removed  out  of  our  reach  by  their  diftance  nor 
hidden  from  our  obfervation  by  their  minutenefs,  there  are  but  few  that 
we  can  make  experiments  upon,  in  comparifon  of  that  almoft  infinite 
multitude,  with  which  we  are  furrounded.  So  that  if,  in  reafoning  about 
natural  things,  we  were  to  be  confined  wholly  to  experience,  our  know¬ 
ledge  muff  fall  fhort  of  being  general ;  for  it  would  be  confined  to  thofe 
particular  bodies  only,  that  we  had  made  experiments  upon. 

The  natural  philofopher  therefore,  in  order  to  make  his  knowledge 
real  and  universal,  fliould  obferve  the  three  following  rules. 

RULE  I. 

No  more  caufes  of  natural  appearances  are  to  be  admitted ,  than  what  are 
real ,  and  what  are  fufficient  to  account  for  thofe  appearances. 

True  philofophy  can  admit  of  no  qualities  in  bodies,  which  have  not 
been  found  by  experience  and  obfervation  really  to  belong  to  them  :  if 
we  go  beyound  this,  if  in  order  to  explane  the  appearances  of  nature  we 
introduce  fuch  qualities,  as  no  experiments  have  ever  difeovered ;  how¬ 
ever  we  may  amufe  ourfelves  with  ingenious  conjedtures  and  plaufible 
luppofitions,  our  knowledge  will  be  fantaftical,  and  our  beft  digefted 
iyftems  will  be  only  philofophical  romances. 


But 
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But  if  we  are  to  admit  of  no  caufes  but  fuch  as  are  proved  by  experi¬ 
ments  to  have  a  real  exiftence ;  then  we  are  neceflarily  to  admit  of  no 
more  than  what  are  fufficient  to  account  for  the  appearances  of  nature. 
When  we  have  any  appearance  of  nature  to  explane,  and  have  by  ex¬ 
periment  found  out  a  caufe  that  is  fufficient  to  explane  it,  here  we  muft 
flop:  for  as  the  appearance  does  not  require  us  to  go  farther,  if  we  mul¬ 
tiply  caufes  beyond  this,  they  muft  be  needlefs,  the  appearance  can  be 
explaned  without  them,  and  therefore  we  cannot  from  that  appearance 
colledt  the  reality  of  their  exiftence. 


RULE  II. 


Natural  effects  of  the  fame  fort  are  to  be  accounted  for  by  the  fame 
caufes. . 


The  defcent  of  a  heavy  body  towards  the  earth  in  Europe  is  an  effect 
of  the  fame  fort  with  the  defcent  of  a  heavy  body  towards  the  earth  in 
America.  We  fhould  not  therefore  affign  different  caufes  for  fuch  fimilar 
effects  as  thefe.  In  like  manner  the  afcent  of  water  into  fmall  tubes  of 
glafs  and  into  the  pores  of  a  fpunge  are  effects  of  the  fame  fort :  and 
when  we  have  found  out  what  caufe  produces  one  of  thefe  effedts,  we 
are  to  conclude  that  the  other  effedt  is  produced  by  the  fame  caufe.  The 
motion  of  the  moon  round  the  earth,  of  the  fatellites  round  jupiter  or 
faturn,  and  of  the  primary  planets  round  the  fun,  are  effedts  of  the  fame 
fort :  therefore  whatever  we  find  to  be  the  caufe  of  one  of  thefe  motions, 
the  fame  we  may  conclude  to  be  the  true  caufe  of  the  others. 

This  rule  is  deduced  from  the  latter  part  of  the  foregoing  one.  Effedts 
of  the  fame  fort  may  be  accounted  for  by  the  fame  caufes :  for  this  rea- 
fon  we  muft  always  affign  the  fame  caufes  for  effedts  of  the  fame  fortj 
becaufe  otherwife  we  fhould  multiply  caufes  without  reafon  and  ffiould 
introduce  more  than  are  fufficient  to  account  for  the  appearances  of 
nature. 


RULE  III. 

Such  qualities ,  as  are  found  invariably  to  belong  to  all  bodies  that  we  can 
make  experiments  upon ,  are  to  be  looked  upon  as  qualities  belonging  to  all 
bodies  whatever. 

Though  there  are  many  bodies,  upon  which  we  have  not,  and  many, 
upon  which  we  never  can  make  any  experiments  j  yet  if  we  have  fre¬ 
quently  made  experiments  upon  other  bodies,  that  fall  immediately  un¬ 
der  our  notice,  and  find  them  to  be  invariably  endued  with  certain  qua¬ 
lities. 
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iitics,  we  may  be  allowed  by  induction  to  extend  our  conclufion  to  all 
other  bodies,  and  fo  to  make  it  univerfft. 

All  bodies  that  fall  under  the  notice  of  our  fenfcs  are  extended ;  and 
though  the  conftituent  particles,  of  which  larger  bodies  are  compofed, 
are  too  minute  to  be  perceived  either  by  the  light  or  touch ;  yet  it  is  a 
fair  conclufion,  that  thefe  particles  are  endued  with  the  fame  property. 
We  find  that  all  bodies,  upon  which  we  can  make  experiments,  have 
folidity  ;  and  though  there  are  other  bodies,  upon  which  we  have  never 
made  the  experiment,  though  the  fun  and  planets  are  fo  remote  from  us 
that  we  cannot  make  it,  yet  we  may  be  allowed  to  conclude  that  thefe 
bodies  have  likewife  the  fame  property.  All  bodies,  that  we  have  obfer- 
ved,  are  found  to  gravitate  towards  one  another ;  they  endeavour,  if  they 
are  near  the  earth,  to  defcend  by  their  weight  towards  the  earths  center. 
Now  though  we  have  not  tryed  the  experiment  upon  every  ftone,  or 
upon  every  piece  of  lead  ,that  we  fee,  yet  from  what  we  have  tryed  we 
conclude  that  all  of  them  have  this  fame  quality.  And  if  this  conclufion 
is  juft,  when  it  is  extended  thus  far  beyond  our  own  obfervation,  we 
may  likewife  extend  it  ftill  farther.  No  one,  after  what  he  has  experien¬ 
ced  in  all  forts  of  bodies,  that  he  has  been  ufed  to,  can  reafonably  doubt 
whether  other  bodies  of  different  forts  have  not  gravity  as  well  as  thefe: 
and  from  what  he  has  obferved  in  all  bodies  where  he  can  make  expe¬ 
riments,  he  may  conclude  that  this  property  of  gravity  belongs  to  all  bo¬ 
dies  univerfally,  and  that  the  moon  gravitates  towards  the  earth.  This 
is  what  we  call  reafoning  by  induction,  when  upon  finding  a  thing  to 
be  true  in  all  inftances  where  we  have  an  opportunity  of  examining  it,  we 
conclude  it  to  be  true  in  all  inftances  whatever.  And  it  is  by  the  help  of 
this  reafoning  that  in  natural  philofophy  we  are  enabled  from  a  fufficicnt 
number  of  particular  experiments  to  draw  general  cone! Lilians, 
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NATURAL  PHILOSOPHY, 


MECHANICS. 

CHAP.  I. 

Of  matter  and  its  properties. 

i .  By  matter  is  meant  an  extended ,  folidi  and  moveable  fubjlancet  that  has 

a  force  of  inactivity. 

TO  know  what  extenfion  is,  we  muft  be  fent  to  our  fenfes  for 
information.  It  is  a  fimple  idea,  and  therefore  cannot  be  de¬ 
fined.  All  we  can  do  is  to  exprefs  the  fame  thing  in  different  words. 
Thus  inftead  of  telling  our  hearers  what  extenfion  is,  we  only  endea¬ 
vour  to  fhew  them,  where  they  may  find  it ;  when  we  fay,  that  the 
extenfion  of  matter  is  its  length,  breadth,  and  thicknefs. 

From  the  refinance,  which  we  find  in  any  one  body  to  the  entrance 
of  any  other  body  into  the  place  it  pofTeffes,  till  it  has  left  that  place, 
we  get  the  idea  of  folidity.  This  is  likewife  a  fimple  idea  and  inca¬ 
pable  of  being  defined  :  the  beft  and  indeed  the  only  way  of  making  it 
underftood  is  to  deferibe,  as  well  as  we  can,  the  manner  in  which  we 
acquire  it;  and  then  our  fenfes  will  lead  us  to  the  true  meaning  of  the 
word.  But  we  mult  be  careful  to  diftinguifh  between  folidity  and  hard- 
nefs.  Thefe  two  words  are  ufed  promifcuoufly  in  common  life,  as  if 
they  both  flood  for  one  and  the  fame  property.  Whereas  folidity  is  a 
property  of  all  bodies;  hardnefs  only  of  fome.  Indeed  hard  and  foft  are 
names,  that  we  give  to  things  only  in  relation  to  the  confiitutions  of  our 
own  bodies :  that  being  called  hard  by  us,  which  will  put  us  to  pain, 
fooner  that  change  figure  by  the  preffure  of  any  part  of  our  bodies;  and 
that  on  the  contrary,  foft,  which  changes  the  fituation  of  its  parts  upon 
an  eafy  and  unpainful  touch.  Therefore  the  folidity  of  matter  confifls 
in  an  utter  exclufion  of  all  other  matter  out  of  the  fpace  it  poflefles ;  but 

A  *  hard- 
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hardnefs  in  a  firm  cohefion  of  its  parts,  making  up  mafies  of  fenfible 
bulk,  fo  that  the  whole  does  not  eaftly  change  figure.  We  never  fay 
that  air  or  water  are  hard.,  nor  do  we  in  our  common  way  of  fpeaking 
fay  that  either  of  them  are  -folid.  But  yet  folidity  as  now  explaned  is 
as  much  a  property  of  air  or  water  as  it  is  of  a  flint  or  a  diamond.  The 
fofteft  body  in  the  world  will  as  invincibly  prevent  the  coming  to¬ 
gether  of  any  two  other  bodies,  if  it  be  not  put  out  of  the  way,  but 
remain  between  them,  as  the  hardeft,  that  can  be  found  or  imagined. 
He,  that  thinks  otherwife,  may  eafily  fatisfy  himfeif  by  trying  whether 
he  can  bring  his  hands  together,  when  he  has  nothing  between  them 
but  a  full-blown  bladder.  The  two  flat  fides  of  two  pieces  of  marble 
will  indeed  more  eafily.  approach  each  other,  when  there  is  nothing 
but  a  drop  of  water  between  them,  than  they  would  have  done,  if 
there  had  been  a  diamond  between  them.  But  this  is  not  becaufe  the 
parts  of  the  diamond  are  more  folid  than  thofe  of  the  water ;  but  be¬ 
caufe  the  parts  of  the  water  being  more  eafily  feparable  from  each  other, 
will  by  a  fide  motion  be  more  eafily  removed,  and  give  way  to  the  ap¬ 
proach  of  the  two  pieces  of  marble.  But  if  they  could  be  kept  from 
making  way  by  that  fide  motion,  they  would  eternally  hinder  the  ap¬ 
proach  of  thefe  two  pieces  of  marble,  as  much  as  the  diamond ;  and  it 
would  be  as  impoflible  by  any  force  to  furmount  their  refinance,  as  to 
furmount  the  refinance  of  the  parts  of  the  diamond.  Mr.  Locke,  to  prove 
that  water  has  folidity,  mentions  an  experiment  that  was  made  at  Florence 
with  a  hollow  globe  of  gold  filled  with  water  and  exactly  clofed.  For 
the  globe  thus  filled,  being  put  into  a  prefs,  which  was  driven  by  the 
extreme  force  of  fcrews,  the  water  made  itfelf  way  through  the  pores 
of  that  very  clofe  metal,  and  finding  no  room  for  a  nearer  approach 
of  its  particles  within,  got  to  the  outfide,  where  it  rofe  like  a  dew,  and 
fo  fell  in  drops,  before  the  fides  of  the  globe  could  be  made  to  yield  to 
the  violent  comprefiion  of  the  engine  that  fqueezed  it.  This  experiment 
will  indeed  prove  that  gold,  as  clofe  and  compact  a  metal  as  it  feems  to 
be,  is  very  full  of  pores.  Or  it  will  prove  that  water  is  an  incompreflible 
fluid;  for  no  force,  that  could  be  applyed,  was  fufficient  to  bring  the 
particles  nearer  together.  But  how  does  it  demonftrate  that  water  is 
folid  ?  What,  becaufe  the  fides  of  the  globe  could  not  be  made  to  yield  to 
the  comprefiion,  till  the  water  had  made  itfelf  a  way  through  the  pores 
of  the  gold?  I  fuppofe  then,  we  mult  have  granted,  that  water  has  not 
this  property,  if  the  force  of  the  fcrews  had  made  the  fides  of  the  globe 
yield,  whilfi:  all  the  water  continued  within  it  ?  And  yet,  if  the  globe 
had  been  filled  with  air  inftead  of  water,  notwithftandkig  the.  folidity  of 
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the  air,  the  Tides  would  have  been  preffed  inwards,  though  none  of  the 
air  had  efcaped  through  the  pores  of  the  gold.  Not  becaufe  the  air  has 
not  the  property,  that  we  are  now  defcribingj  but  becaufe  it  is  a  com- 
prefiible  fluid,  To  that  the  particles  may  be  fqueezed  clofer  together,  and 
the  fame  quantity  of  it  may  be  thus  made  to  fill  a  lelfer  fpace.  The  ex¬ 
periment  is  plainly  applyed  by  this  author  to  an  improper  purpofe, 
and  is  fo  far  from  clearing  up  the  idea  of  folidity,  that  it  has  only  ferved 
to  perplex  and  miflead  his  readers. 

We  may  venture  to  fay  that  all  matter  is,  by  the  very  elfence  of  it, 
a  moveable  fubftance,  without  giving  ourfelves  the  trouble  to  enquire 
with  the  metaphyficians,  whether  it  is  not  pofflble  for  matter  to  be 
infinite.  For  though,  if  it  was  infinite  and  fo  filled  all  place,  it  could  not 
be  moved  from  one  place  to  another:  yet  we  are  to  remember,  that  all 
our  ideas  of  fubfiances  are  fantaftical,  which  are  made  conformable  to 
no  pattern  exifting,  that  we  know  of,  and  that  confill  of  fuch  a  col¬ 
lection  of  ideas  as  no  fubftance  ever  fliewed  us  united  together.  This 
fort  of  ideas  being  made  in  reference  to  things  exifting  without  us,  and 
being  intended  to  be  reprefentations  of  fubftances,  as  they  really  are,  can. 
be  no  farther  real  than  as  they  are  combinations  of  Ample  ideas,  which 
are  really  united  and  coexift  in  things  without  us.  The  metaphyficians, 
who  determine  the  elfences  of  things  by  fancy  and  fuppofition  without 
regarding  what  matter  is,  perplex  themfelves  with  endeavouring  to  find 
out  what  it  might  be ;  and,  if  they  think  they  can  conceive  a  poftibility 
of  its  being  infinite,  they  immediately  determine  that  a  capacity  of  being 
moved  from  place  to  place  is  not  an  eftential  property  of  it.  But  our 
notions  in  natural  philofophy  are  not  formed  by  our  own  imaginations, 
but  are  taken  from  faCt;  we  endeavour  to  make  our  ideas  conformable 
to  the  reality  of  things,  as  we  find  them,  and  do  not  amuie  ourfelves 
with  fancying  what  poflibly  might  have  been.  Therefore  as  matter  is 
finite,  we  reckon  a  capacity  of  being  moved  among  its  eftential  pro¬ 
perties,  and  never  give  ourfelves  the  fruitlefs  trouble  of  enquiring, 
whether  the  infinity  of  matter  is  a  poftible  fuppofition. 

The  force  of  inactivity  is  that  property  of  matter,  whereby  all  bodies, 
that  are  at  reft,  refill  being  moved,  and  all  that  are  in  motion  refill  be¬ 
ing  Hopped  in  proportion  to  the  quantity  of  matter  contained  in  them. 
Matter  is  not  limply  inactive ;  it  is  not  merely  unable,  when  at  reft, 
to  put  itfelf  in  motion,  and,  when  in  motion,  to  Hop  itfelf :  for  if  this 
w*as  all ;  bodies  would  only  be  indifferent  as  to  motion  or  reft,  and 
any  force  however  fmall  applyed  to  any  body  however  large,  would  be 
able  to  change  the  Hate  of  the  body  5  that  is,  would  be  able  either  to  move 
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it,  if  it  was  at  reft,  or  to  ftop  it,  if  it  was  in  motion.  But  bodies,  we  find, 
are  not  only  incapable  of  producing  motion  or  reft  in  themfelves,  but 
likewife  make  fuch  a  refiftance  to  the  production  of  either,  that  there 
is  fome  difficulty  in  caufing  them  to  change  their  prefent  conditiony 
fome  force  is  required  both  to  produce  motion  in  them,  and  to  deftro.; 
it.  And  this  force  muft  be  fo  much  greater  as  the  quantity  of  matter 
is  greater  in  the  body,  to  which  the  motion  is  to  be  communicated  ; 
or  in  which  it  is  to  be  deftroyed.  If  a  force  that  we  will  call  A  was 
fufficient  to  move  a  body  as  B  with  a  certain  degree  of  velocity;  then 
to  move  2B  with  the  fame  velocity  2 A  or  double  the  force  would  be 
requifite;  and  3B  or  three  times  the  quantity  of  matter  could  not  be 
moved  with  the  fame  velocity,  unlefs  3  A  or  a  triple  force  was  applyed. 
In  the  fame  manner  ;  if  the  force  A  could  ftop  the  body  B,  when  it 
was  moving  with  a  certain  degree  of  velocity  ;  to  ftop  2B  or  twice 
the  quantity  of  matter  moving  with  an  equal  velocity  the  force  muft 
be  doubled;  and  3B  or  three  times  that  quantity,  could  not  be  flopped 
unlefs  the  force,  was  tripled.  The  counter  force  which  the  bodies  exert, 
the  refiftance,  which  they  thus  make  to  a  change  of  their  prefent  ftate 
either  of  moving  or  refting,  is  the  property  of  matter,  that  we  are  now 
defcribing,  and  is  called  the  force  of  inactivity. 

To  this  definition  of  matter  it  might  be  expected  that  I  Thould  add  a 
definition  of  motion ;  but  I  rather  chufe  to  tranfcribe  a  paffage  out 
of  Mr.  Lockes  eftay  concerning  human  under  Handing  as  an  excufe  for 
omiting  it.  The  names  of  fimple  ideas  are  incapable  of  being  defined. 
The  reafon  whereof  is  this,  that  the  feveral  terms  of  a  definition  fig- 
.nifying  feveral  ideas,  they  can  altogether  by  no  means  reprefent  an  idea, 
which  has  no  compofition  at  all.  And  therefore  a  definition,  which  is 
properly  nothing  but  fhewing  the  meaning  of  one  word  by  feveral 
others  not  lignifying  each  the  fame  thing,  can  in  the  names  of  fimple 
ideas  have  no  place.  The  not  obferving  this  difference  in  our  ideas  and 
their  names  has  produced  that  eminent  trifling  in  the  fchools,  which  is 
fo  eafy  to  be  obferved  in  the  definitions  they  give  us  of  fome  few  of 
thefe  fimple  ideas.  For  as  to  the  greateft  part  of  them,  even  thofe 
mafters  of  definitions  were  fain  to  leave  them  untouched,  merely  by 
the  impoffibility  they  found  in  it.  What  more  exquifite  jargon  could 
the  wit  of  man  invent,  than  this  definition.  The  a6t  of  a  being  in  power 
as  far  forth  as  in  power  ?  Which  would  puzzle  any  rational  man,  to 
whom  it  was  not  already  known  by  its  famous  abfurdity,  to  guefs 
what  word  it  could  be  the  explication  of.  If  Tully  afking  a  dutchman 
what  beweeginge  was,  fhould  have  received  this  explication  in  his  own 

lan- 
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language,  that  it  was  Adus  entis  in  potentia  quatenus  in  potentia ;  I  a£k 
whether  any  one  can  imagine  he  could  thereby  have  underfiood  what  the 
word  beweeginge  fignified  or  have  guefied  what  idea  a  dutchman  ordi¬ 
narily  had  in  his  mind  and  would  fignify  to  another  when  he  ufed  that 
found.  Nor  have  the  modern  philofophers,  who  have  endeavoured  to 
throw  off  the  jargon  of  the  fchools,  and  fpeak  intelligibly,  fucceeded  much 
better  in  defining  fimple  ideas,  whether  by  explaining  their  caufes  or  any 
other  wife.  The  atom  ids,  who  defined  motion  to  be  a  pafiage  from  one 
place  to  another,  what  do  they  more  than  put  one  fynonimous  word 
for  another  ?  For  what  is  pafiage  other  than  motion  ?  And  if  they 
were  afked  what  pafiage  was;  how  would  they  better  define  it  than 
by  motion  ?  For  is  it  not  at  leaft  as  proper  and  fignificant  to  fay  pafiage 
is  a  motion  from  one  place  to  another,  as  to  fay  motion  is  a  pafiage 
from  one  place  to  another?  This  is  to  tranflate,  and  not  define,  when 
we  change  two  words  of  the  fame  fignification  one  for  the  other :  which, 
when  one  is  better  underfiood  than  the  other,  may  ferve  to  difcover  what 
idea  the  unknown  fiands  for ;  but  is  very  far  from  a  definition,  unlefs 
we  will  fay,  every  englifii  word  in  the  dictionary,  is  the  definition  of 
the  latin  word  it  anfwers,  and  that  motion  is  a  definition  of  motus. 
Nor  will  the  fuccefilve  application  of  the  parts  of  the  fuperficies  of 
one  body  to  thofe  of  another,  which  the  Cartefians  give  us,  prove  a 
much  better  definition  of  motion,  when  well  examined. 

I  have  not  included  divifibility  in  the  definition  of  matter,  becaufe 
though  all  matter  is  divifible,  yet  as  this  cannot  be  reckoned  a  primary 
property,  but  is  only  a  confequence  of  extenfion,  there  was  no  more 
reafon  for  making  this  a  part  of  the  efience  of  matter  than  innumerable 
others,  which  might  be  named.  For  fince  a  definition  of  matter  would 
fill  a  volume,  if  it  was  to  take  in  all  thofe  properties  of  it,  which  follow 
from  the  primary  ones ;  many  of  them  mufi  be  omitted,  and  mofi  of 
them  commonly  are  omitted.  I  faw  no  reafon  therefore  for  including 
this  in  particular  in  the  definition  of  matter ;  the  efience  of  it  may  be 
underfiood  without  this  as  well  as  it  can  without  the  other  properties  of 
the  fame  fort,  which  inftead  of  being  made  parts  of  the  definition  are 
ufually  deduced  as  confequences  from  it.  Thus  having  defined  matter 
to  be  an  extended  fubfiance  we  may  from  thence  colled:  the  following 
propofition  relating  to  its  divifibility. 

2.  Matter  is  infinitely  divifible. 

The  meaning  of  this  propofition  feems  to  have  been  but  little  un~ 
derftood  even  by  thofe,  who  have  demonfirated  the  truth  of  it.  They 

have 
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have  not  attended  to  the  idea,  which  the  word  infinitely  ftands  for,  and 
by  that  negleCt  have  laid  themfelves  open  to  obje&ions  which  they  knew 
fo  little  how  to  anfwer,  as  to  make  a  very  judicious  and  thinking  writer 
fay  that  the  infinite  divifibility  of  a  finite  extenfion,  involves  us,  whether 
we  grant  or  deny  it,  in  confequences  impofiible  to  be  explicated,  or  made 
in  our  apprehenfions  confident  $  confequences  that  carry  great  difficulty 
and  fome  apparent  abfurdity. 

But  if  we  attend  to  the  idea  of  infinite  as  the  fame  writer  has  explained 
it,  we  ffiall  be  lefs  perplexed  in  our  enquiries  concerning  the  divifibility  of 
matter  than  he  feems  to  have  been  himfelf.  Whoever  thinks  on  a  cube 
of  an  inch  diameter,  has  a  clear  and  pofitive  idea  of  it  in  his  mind,  and  fo 
can  frame  one  of  \  an  inch,  or  or  i  and  fo  on,  till  he  has  the  idea  in  his 
thoughts  of  fomething  very  little  ;  but  yet  reaches  not  the  idea  of  that 
minutenefs,  which  divifion  can  produce.  For  after  he  has  continued 
this  halving  in  his  mind  and  has  diminiffied  his  idea  as  much  as  he 
pleafes,  he  has  no  more  reafon  to  flop,  nor  is  one  jot  nearer  the  end  of 
fuch  divifion,  than  he  was  at  firft  fetting  out.  Nor  is  it  here  an  inttg- 
nificant  fubtilty  to  fay,  that  we  are  carefully  to  diflinguiffi  between 
the  infinite  divifibility  of  matter,  and  matter  infinitely  divided.  The 
firft  is  nothing  but  an  endlefs  progreffion  of  the  mind  in  dividing  the 
parts  of  matter  as  long  as  it  pleafes :  but  to  talk  of  matter  as  infinitely 
divided  is  either  taking  it  for  granted  that  in  our  divifion  of  it  we  muft 
come  to  an  end  at  laft,  and  this  is  begging  the  queftion  j  or  elfe  it  is 
fuppofing  the  mind  has  already  patted  over  and  has  actually  a  view  of 
all  thofe  parts  of  matter,  which  an  endlefs  divifion  can  never  totally  re- 
prefent  to  it ;  which  carries  in  it  a  plane  contradiction. 

Plat.  I.  Fig.  i.  will  fhew  us  that  any  part  of  extenfion  is  in¬ 
finitely  diviiible,  or  that  after  we  have  divided  as  long  as  we  pleafe  we 
have  no  more  reafon  to  flop' nor  are  one  jot  nearer  the  end  of  fuch  di¬ 
vifion  than  we  were  at  firft  fetting  out.  For  let  AB  be  drawn  perpen¬ 
dicular  to  TM,  and  F  G  parallel  to  it :  then  on  C  as  a  center  with  the 
opening  of  the  compaftes  CT  ftrike  the  arc  STL  and  it  will  divide  the 
line  F  G  at  p.  If  the  femidiameter  had  been  longer  the  arc  would  have 
approached  nearer  to  the  right  line  A  B  and  would  have  divided  the  line 
FG  nearer  to  F :  thus  if  E  is  the  center  RTD  patting  through  o  will 
be  the  arc.  And  in  the  fame  manner  if  M  was  the  center  the  arc  would 
ttill  approach  nearer  to  F.  Since  therefore  as  the  radius  lengthens  the 
line  P  F  is  divided  into  conftantly  lefs  and  lefs  parts  by  the  conttant  ap¬ 
proach  of  the  arc  to  F.  And  ttnce  the  mind  has  a  power  of  lengthening 
the  line  TM  at  pleafurc  without  being  ever  obliged  to  flop;  it  follows 
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that  the  divifion  of  P  F  is  endlefs ;  unlefs  we  could  at  laft  come  to  fome 
arc  which  the  fame  right  line  AB  would  touch  in  two  points  one  at  T 
the  other  at  F.  But  this  is  impoffible;  Euclid,  book  III.  prop.  2.  corol. 
Therefore  any  part  of  extenfion,  and  confequently  matter,  becaufe  it  is 
extended,  is  infinitely  divifible. 

Nor  can  we  well  conceive  it  to  be  other  wife.  For  if  any  particle  of 
matter  is  placed  upon  a  plane,  the  bottom  of  the  particle  only  can  touch 
the  plane  and  the  top  will  not  touch  it :  becaufe,  if  it  were  otherwife, 
the  particle  would  have  no  thicknefs,  and  fo  muft  be  a  mathematical 
furface  and  not  matter.  But  where  there  are  two  parts  an  upper  and  a 
lower,  a  divifion  is  always  poffible.  And  fince  this  would  be  the  cafe, 
however  fmall  the  particle  was,  it  follows,  that  when  we  have  divided 
as  long  as  we  pleafe,  a  farther  divifion  will  be  poffible.  Unlefs  divifion 
could  caufe  that  matter  fhould  ceafe  to  be  matter  by  deftroying  the  ex- 
tenfion  of  it  in  fome  one  of  its  dimenfions. 

3 .  The  earth  attraBs  all  bodies ,  that  are  near  it :  and  the  force ,  with 
which  bodies  when  they  are  Jo  attraBed ,  tend  toward  the  earths  center , 
is  called  gravity . 

I  have  not  reckoned  gravity  amongft  the  eflential  properties  of  matter, 
though  we  find  it  in  all  bodies,  upon  which  we  can  make  experiments* 
For  this  I  had  two  reafons.  The  firft  is,  that  no  particle  of  matter  can 
gravitate  unlefs  there  be  fome  other  particle,  which  attracts  it :  fo  that 
gravity  is  a  relative  property,  as  it  carries  the  mind  beyond  the  particle 
that  is  poffieffied  of  it,  to  fomething  elfe,  which  aCts  as  if  it  was  the 
caufe  of  gravity,  and  towards  which  this  gravitation  is  made.  My  other 
reafon  for  leaving  gravity  out  of  the  definition  of  matter  is,  that  I  had 
reckoned  the  force  of  inactivity  amongft  the  effential  properties  of  it : 
and  at  the  fame  time  to  have  reckoned  gravity  amongft  them  would 
have  been  making  the  parts  of  the  definition  inconfiflent.  It  would  have 
been  faying,  that  matter  makes  a  refinance  to  motion  in  all  poffible  di¬ 
rections,  and  yet  that  in  one  direction  it  will  begin  to  move  of  its  own 
accord.  We  muft  therefore  leave  either  gravity  or  the  force  of  inacti¬ 
vity  out  of  our  definition ;  and  as  the  gravity  of  bodies  is  a  particular 
exception  from  the  univerfal  force  of  inactivity  ;  there  can  be  no  dif¬ 
ficulty,  when  we  are  defining  matter,  to  determine,  which  of  the  two 
properties  we  fhould  take  into  the  definition,  and  which  we  fhould 
leave  out  of  it. 
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,  The  attraction  of  cohefion  is  that  force ,  by  which  the  fmallef)  or  con- 
particles  of  all  bodies  tend  towards  each  other ,  and  are  united 

.  The  repidfve  force  of  matter  is  that ,  by  which  its  particles,  when  they 
are  too  far  afunder  to  attract,  are  found  to  repel  each  other. 


ftituent, 

together 


There  is  a  remarkable  inftance  of  this  attractive  and  repulfive  force 
between  the  edge  of  a  knife  and  the  rays  of  light  j  as  they  pafs  by  it, 
when  they  are  let  into  a  dark  chamber  through  a  hole  in  the  window- 
fhutter.  For  thofe  rays,  which  pafs  clofe  to  the  knife,  are  bent  down¬ 
wards  by  it ;  thofe,  which  pafs  at  greater  diftances  being  attracted  lefs 
by  it,  are  lefs  bent  downwards ;  and  thofe,  which  pafs  at  (till  greater 
diftances,  are  repelled  by  it,  and  in  their  paffage  are  bent  the  contrary 
way.  That  there  are  in  nature  fuch  forces  as  thefe  is  evident  enough. 
The  feveral  particles,  which  compofe  a  (tone,  or  apiece  of  iron,  are  united 
by  fome  force  or  other,  fo  as  to  form  one  compaCt  mafs :  and  this  force 
is  what  we  call  attraction  or  cohefion.  The  fame  force  is  called  by  the 
fame  name  in  all  other  bodies :  and  the  attraction  of  cohefion  confidered 
as  a  primary  law  of  nature  means  that  force,  by  which  the  particles  of 
matter  are  united  to  each  other.  A  repulfion  likewife  appears  in  fome 
inftances.  It  feems  to  be  fuch  a  force  as  this  which  fhakes  off  the  par¬ 
ticles  of  light  from  the  fun,  a  candle  or  any  other  body  which  emits 
light.  The  fame  force  appears,  when  any  oily  fubftance  is  placed  on 
the  furface  of  water  ;  for  by  a  repelling  force  between  the  two  fub- 
ftances,  the  furface  of  the  water  will  be  depreffed  about  the  oil,  that 
is  laid  on  it:  •  • 

But  thefe  attractive  and  repulfive  forces,  though  they  may  be  proved 
to  exifl  in  nature,  are  frequently  applyed  in  philofophy  to  cafes,  which 
they  do  not  fufficiently  explane.  Aqua  fortis  will  diffolve  iron.  If  we 
afk  why  ?  the  anfwer  immediately  is,  becaufe  the  particles  of  iron  are 
more  attracted  by  thofe  of  aqua  fortis,  than  either  the  particles  of  iron 
are  by  each  other  or  the  particles  of  aqua  fortis  by  each  other.  For  which 
reafon  the  particles  of  the  iron  are  feparated  and  fo  are  thofe  of  the  aqua 
fortis  by  means  of  this  ftronger  attraction ;  and  by  the  fame  mutual  at¬ 
traction  thefe  two  fubftances  will  be  mixed  and  blended  together.  But  then 
this  aqua  fortis  will  not  diffolve  gold  ?  And  fince  gold  is  of  a  loofer  texture 
that  is,  fince  its  parts  cohere  lefs  forcibly  together  than  thofe  of  iron  do, 
ought  not  the  fame  force,  which  will  feparate  the  particles  of  iron,  to 
be  even  more  than  fufficient  to  feparate  thofe  of  gold  ?  Here  it  is  an- 
fwered;  there  is  an  attraction  between  iron  and  aqua  fortis  j  but  none 
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between  gold  and  aqua  fortis.  If  we  alk  why  aqua  fortis,  which  will 
not  diffolve  gold,  will  diffolve  filler  ?  the  anfwer  is  ready  and  is  the 
fame  as  before ;  aqua  fortis  attracts  filver  more  than  the  particles  of  filver 
attract  each  other  j  but  either  does  not  attract  gold  at  all,  or  elfe  the 
mutual  attraction  of  the  particles  of  gold  amongft  one  another  is  greater 
than  the  force,  with  which  they  are  attracted  by  the  aqua  fortis :  and 
this  weaker  force  cannot  fo  overcome  the  flronger  as  to  feparate  or  dif- 
folve  the  gold.  Afk  again,  why  aqua  regia,  which  will  diffolve  gold, 
does  not  diffolve  filver  ?  they  anfwer  again  that  aqua  regia  attracts  gold, 
but  does  not  attract  filver.  Thefe  anfwers  have  fomething  in  them  very 
like  the  occult  qualities  of  the  Peripatetics.  For  as  they  uled  to  afiign 
as  many  different  occult  qualities  as  there  are  different  appearances  to 
explane  j  fo  the  philofophers,  who  give  thefe  anfwers,  introduce  as  many 
different  forts  of  attractions,  as  there  are  bodies  to  be  diffolved  and  fluids 
to  diffolve  them. 

We  may  fliew  flill  farther  how  unfatisfaCtory  a  method  this  is  of  ac¬ 
counting  for  diffolutions ;  by  allying  thofe,  who  maintain  it,  what  they 
mean  by  the  word  attraction.  Put  the  word  drawing  inftead  of  it,  and 
then  we  fhall  find  that  what  they  fay  may  amufe,  but  does  not  inflruCt. 
I  enquire  why  aqua  fortis,  for  inftance,  will  diffolve  iron,  or  draw  the 
particles  of  a  mafs  of  iron  afunder.  I  am  anfwered  becaufe  aqua  fortis 
attracts  thofe  particles  more  than  they  are  attracted  by  each  other,  which 
is  juft  the  fame  as  to  fay  that  aqua  fortis  draws  them  afunder  with  a 
greater  force  than  they  draw  one  another.  But  this  is  no  better  than 
affgning  the  faCt  as  a  reafon  for  itfelf :  it  is  faying  that  aqua  fortis  will 
draw  the  parts  of  iron  afunder,  becaufe  it  has  a  force  fufficient  to  draw 
them  afunder:  which  is  a  very  unfatisfaCtory  account  of  the  matter, 
when  I  wanted,  not  to  be  informed  that  aqua  fortis  has  fuch  a  force, 
for  that  my  fenfes  prove  to  me,  but  to  know  what  that  force  is. 

I  would  here  enquire  of  thefe  philofophers  what  attraction  this  is, 
which  diffolves  hard  bodies  in  fluid  ones  ?  Is  it  the  attraction  of  co- 
hefion  ?  If  they  fay  it  is  not  this  fort  of  attraction,  but  quite  a  different 
one  ;  I  do  not  fee  how  they  will  get  rid  of  the  charge  of  introducing  fo 
many  different  forts  of  attractions  into  nature,  as  to  make  their  expli¬ 
cation  of  things  by  attraction  little  better  than  the  Ariffotelian  explica¬ 
tion  of  them  by  occult  qualities.  But  if  they  fay  that  the  attraction,  to 
which  diffolutions  are  owine,  is  the  attraction  of  cohefion,  it  will  be 
very  eafy  to  fliew  that  they  are  miflaken.  I  fuppofe  it  will  be  readily 
granted  that  a  body  is  fo  much  the  harder  as  the  parts  of  it  are  more 
firmly  united  to  each  other,  or  cohere  more  ffrongly  together.  From 
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hence  it  follows,  that  thofe  bodies  will  be  the  harded,  whofe  parts  at¬ 
tract  each  other  the  moft  forcibly.  Now  in  this  account  of  diflblution 
the  particles  of  iron  are  faid  to  be  attracted  by  aqua  fortis  more  forcibly 
than  they  are  one  amongd  another.  Therefore  a  diflblution  of  iron  in 
aqua  fortis,  that  is,  a  mixture  or  mafs  confiding  of  particles  of  iron  and 
aqua  fortis,  ought  to  be  a  harder  body  than  iron,  or  than  a  mafs,  which 
confids  of  none  but  particles  of  iron.  Whereas  in  fact  the  diflblution, 
indead  of  being  harder  than  iron,  is  as  much  a  fluid  as  aqua  fortis  itfelf. 

We  may  make  this  argument  dill  more  forcible  by  another  indance. 
For  as  in  a  diflblution  of  aqua  fortis  and  iron  there  is  more  of  the  fluid 
body  than  there  is  of  the  hard  one  ;  it  might  perhaps  be  objected,  that 
this  is  the  reafon  why  the  mafs  is  fluid.  This  objection  is  indeed  of  very 
little  weight :  becaufe  the  mafs  or  mixture,  if  it  does  not  become  harder 
than  iron,  ought  at  lead  to  be  much  harder  than  aqua  fortis  alone.  But 
we  may  quite  avoid  the  obje&ion,  if  we  ufe  the  indance  of  Epfom 
lalts  and  common  water.  For  any  quantity  of  common  water  will  dif- 
lolve  its  own  weight  of  Epfom  falts.  So  that  in  the  diflblution  or  mix¬ 
ture  of  thefe  two  bodies,  there  are  jud  as  many  particles  of  the  falts  as 
there  are  of  the  water.  And  as  the  attraction  of  cohefion  is  fuppofed 
more  drong  between  each  particle  of  fait  and  each  particle  of  water,, 
than  it  is  between  any  two  particles  of  fait,  it  follows  that  the  mixture 
ought  to  be  harder  than  fait.  Whereas  it  continues  as  fluid  as  common 
water.  From  whence  I  think  we  may  conclude  that  this  diflblution  is 
not  owing  to  the  attra&ion  of  cohefion. 

6.  A  body  is  called  an  hard  oney  if  its  parts  make  fo  forcible  a  ref  fiance 

to  every  impreJJiony  that  can  be  made  upon  them ,  as  not  at  all  to 
yield  to  it. 

7.  A  body  is  called  elafiic ,  if  its  parts  yield  to  the  imfirefions ,  that  are 

made  upon  them  5  and  then  ref  ore  them  (elves  again  to  their  former 
filiation  with  a  force  equal  to  thaty  which  made  them  change  it. 

S,  A  fuid  is  a  bodyy  whofe  parts  yield  to  any  force  imprejfed  upon  them , 
and  in  yielding  are  eajily  moved  one  amongjl  another. 
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Of  the  three  laws  of  motion. 

9,  fhe  'velocity  of  a  body  moving  uniformly  is  direSlly  as  the  fpace  de- 
Jcribed  by  it ,  and  inverjely  as  the  time  of  its  motion. 

THAT  is,  the  line,  which  a  body  runs  over  in  any  certain  time, 
will  be  fo  much  the  longer,  as  the  body  moves  falter,  and  fo  much 
the  fhorter  as  the  body  moves  flower.  And  the  time,  which  it  takes  up 
to  run  over  a  line  of  a  certain  length,  will  be  fo  much  the  fhorter  as  the 
body  moves  falter,  and  fo  much  the  longer  as  the  body  moves  flower. 
Since  therefore  the  velocity  is  dire&ly  as  the  Ipace  deferibed,  when  the 
time  of  motion  is  given,  and  inverfejy  as  the  time,  when  the  fpace  is 
given,  it  wilt,  where  neither  of  them  is  given,  be  in  a  ratio  compounded 
of  both,  that  is,  dire&ly  as  the  fpace  deferibed  and  inverfely  as  the  time 
of  motion. 

Let  the  velocity  of  a  body  =  v,  the  time  of  motion  =  /,  and 
the  fpace  deferibed  =  s ;  then  from  what  has  been  faid  it  follows 

that  v}  is  always  as  s  x  -  that  is  as  s  multiplyed  into  *  or  the  reciprocal 

t  t 

of  or  as  ~  ,  or  the  velocity  is  as  the  fpace  deferibed  divided  by  the  time 
of  motion. 

10.  fhe  fpace s  deferibed  by  bodies  moving  uniformly  arc  as  the  velocities 

and  times  of  motion  conjointly. 

That  is,  the  line  run  over  by  a  body  in  any  certain  time  will  be  fo 
much  the  longer  as  the  body  moves  fafter,  and  fo  much  the  fhorter 
as  it  moves  flower.  And  this  line,  where  the  velocity  is  given,  will  be 
fo  much  the  longer  as  the  body  moves  for  a  greater  time,  and  fo  much 
the  fhorter,  as  it  moves  for  a  lefs.  Therefore  the  fpace  deferibed  being 
as  the  velocity,  when  the  time  is  given,  and  as  the  time  when  the  ve¬ 
locity  is  given,  will  be  always  in  a  ratio  compounded  of  both  or  as  the 
time  and  velocity  conjointly.  So  that  if  the  velocity  of  a  body  A  is  to 
the  velocity  of  any  other  body  B  as  2  to  3,  and  A  moves  for  6  minutes 
and  B  for  8,  then  will  the  fpaces  deferibed  by  thefe  two  bodies  be  in  a 
ratio  compounded  of  2  to  3  and  6  to  8,  that  is,  they  will  be  as  2  x  6 
and  3  x  8,  or  as  12  to  24. 
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This  proportion  may  be  deduced  from  the  foregoing  one,  for  fince 
v  is  as  -  it  follows  that,  multiplying  both  fides  by  t,  vt  is  as  s. 

The  fpaces  defcribed  by  bodies  moving  uniformly,  that  is,  the  pro¬ 
portions,  which  the  lines  they  run  over  bear  to  each  other,  may  be  re- 
prefented  geometrically.  If  the  time  of  A’s  motion  is  to  the  time  of  B’s 
motion  as  CD  to  GH  Plat.  I.  fig.  2.  and  A’s  velocity  to  B’s  as  D  L  to 
H  R,  then  will  the  line  defcribed  by  A  be  to  the  line  defcribed  by  B 
as  the  area  of  the  redangle  under  CD,  D  L,  to  the  area  of  the  redangle 
under  GH,  HR.  For  the  lines  defcribed  by  the  two  bodies  are  to 
each  other  in  a  ratio  compounded  of  the  times  and  velocities,  that  is,  of 
CD  to  G  H  and  of  D  L  to  PI  R  :  and  the  areas  of  thefe  redangles  being 
in  a  ratio  compounded  of  their  two  fides  are  likewife  as  E  D  to  G  H, 
and  as  DL  to  HR  conjointly.  Euclid,  book  VI.  prop.  23. 

2  1 .  fhe  firfl  law  of  motion  is ,  that  all  bodies  continue  in  the  fame  fate  of 
refling  or  of  moving  uniformly  in  a  flrait  line  :  nnlefs  fome  external 
f  orce  imprefl'ed  upon  them  makes  them  alter  that  ftate . 

The  firfl  part  of  this  law,  that  all  bodies  continue  in  a  date  of  red, 
till  fome  external  force  puts  them  in  motion,  follows  from  the  very  na¬ 
ture  of  matter.  For  whatever  is  capable  of  moving  itfelf,  mud  be  called 
by  fome  other  name,  fince  it  is  a  part  of  the  eflence  of  matter  not  only 
to  be  inadive  or  unable  to  produce  motion  in  itfelf,  but  even  to  make 
a  refidance  to  motion,  when  communicated  to  it  by  any  external  caufe. 
It  will  be  as  eafy  to  prove  the  fecond  part  of  this  law  to  thofe,  who  un* 
derdand  what  this  force  of  inadivity  means.  Becaufe  as  all  bodies  make 
a  refidance  to  being  dopped,  they  cannot  be  conceived  more  capable  of 
dopping  themfelves,  when  they  are  in  motion,  than  they  are  of  moving 
themfelves,  when  they  are  at  red.  Some  external  force  is  equally  necef- 
fary  to  produce  either  of  thefe  changes  in  them  ;  and  fuch  a  force  too 
as  is  proportionable  to  the  refidance,  which  they  make.  This  continued 
motion  of  bodies  would,  if  they  were  left  to  themfelves,  be  uniform ; 
that  is,  bodies  can  neither  be  accelerated  nor  retarded,  but  by  fome  ex¬ 
ternal  force.  For  they  cannot  move  fader  without  fome  additional 
motion,  nor  can  they  move  flower  without  lofing  a  part  of  what  they 
had  before ;  therefore  fince  they  cannot  of  themfelves  either  produce 
motion  or  deflroy  it,  they  will  perfevere  in  a  date  of  moving  uniformly, 
till  fome  external  force  makes  them  change  that  date.  And  for  the  fame 
reafon  they  will  of  themfelves  move  on  in  a  right  line,  becaufe  changing 
their  diredion  is  the  fame  thing  as  moving  themfelves  another  way,. 
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If  a  veffel  full  of  water  is  fuddenly  moved  forwards  upon  a  horizon¬ 
tal  plane,  the  water,  which  hangs  loofe  in  the  veffel  or  does  not  adhere 
to  it  fo  as  to  be  a  part  of  it,  will  not  have  the  motion  of  the  veffel  com¬ 
municated  to  it  immediately,  but  perfevering  in  a  Rate  of  reft  will  be¬ 
gin  to  rife  up  againft  th*at  fide  of  the  veffel,  where  the  moving  force  ads, 
and  being  by  this  means  made  to  fwing  in  the  veffel  will  dafh  over. 
But  when  once  the  water  has  the  motion  of  the  veffel  communicated 
to  it,  and  begins  to  move,  with  a  velocity  equal  to  that  of  the  veflel, 
then  it  will  perfevere  in  a  ftate  of  motion,  and  if  the  veffel  is  fuddenly 
flopped,  it  will  run  againft  the  oppofite  fide  and  by  riling  up  there  will 
be  made  to  fwing  again  and  to  dafh  over  as  before. 

When  a  horfe  is  running  with  his  full  fpeed,  the  rider  moves  along 
with  him  the  fame  pace :  and  if  the  horfe  flops  at  once,  the  rider,  unlels 
he  flicks  clofe,  fo  as  to  make  in  a  manner  one  mafs  with  the  horfe,  will 
continue  to  move  forwards  and  will  be  thrown  out  of  the  fiddle  towards* 
the  horfes  head.  But  if  a  horfe  from  Handing  ftill  fets  out  on  a  fudden- 
to  run  with  his  full  fpeed,  the  rider  continuing  in  a  ftate  of  reft  will  be 
thrown  out  of  his  faddle  the  contrary  way. 

Whilft  a  ftone  is  whirled  round  in  a  fling  it  defcribes  a  circle;  for 
at  .that  time  it  is  adted  upon  by  two  forces.  But  if  the  fling  was  to 
break,  by  which  means  one  of  the  forces  is  removed,  the  ftone  would 
then  fly  off,  as  by  this  law  it  ought  to  do,  in  a  line,  which  is  a  tangent' 
to  the  circle,  that  it  defcribed  before.  The  ftone  does  not  indeed  con¬ 
tinue  to  move  for  ever,  for  its  own  weight  makes  it  fall,  and  by  link¬ 
ing  againft  the  ground  it  will  be  flopped :  but  this  is  agreeable  to  what 
the  law  affirms,  for  it  does  not  flop  of  itfelf,  but  is  flopped  by  the  earth, 
which  is  an  external  force.  It  is  its  weight,  another  external  force,  which 
changes  the  direction  of  its  motion,  and  makes  it,  inftead  of  going  on  in 
a  right  line  defcribe  that  curve  which  brings  it  to  the  ground. 

12.  cThe  fecond  law  of  motion  is ,  that  the  changes  made  in  the  'motion  of 
bodies  are  always  proportional  to  the  moving  forces  imprefed ,  and  arc 
produced  in  the  fame  right  line ,  in  which  thofe  forces  a5f. 

A  change  is  made  in  bodies  in  refpedl  of  their  motion,  when  they 
are  moved,  or  flopped,  or  accelerated,  or  retarded,  or  have  their  direction 
altered :  and  this  law  relates  alike  to  all  thefe  changes*  By  a  moving 
force,  we  are  not  here  to  underfland  a  force  that  actually  produces 
motion,  but  a  force  which  might  produce  motion  and  which  applyed  to 
a  body  at  reft  would  produce  it.  For  in  this  law  not  only  thofe  forces, 
which  move  a  body  or  accelerate  it,  are  called  moving  forces,  but  thofe 
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likewife  which  flop  or  retard  it.  That  is  in  fhort,  all  forces  arc  here 
called  moving  ones,  which  produce  any  change  whatever  in  the  motion 
of  bodies. 

That  all  effects  are  proportional  to  their  adequate  caufes,  is  an  axiom 
that  every  one  allows  to  be  true.  And  as  the  firft  part  of  this  law  is  no¬ 
thing  but  an  application  of  this  general  proportion  to  the  particular  cafe 
of  motion,  we  may  take  the  truth  of  it  for  granted  without  giving  our- 
felves  the  trouble  to  find  out  any  formal  proof  of  it. 

By  the  firft  law  of  motion  every  moving  force  produces  its  effect  in 
a  right  line,  and  no  moving  force  can  a£t  where  it  is  not,  from  whence 
it  follows  that  all  changes  made  in  motion,  becaufe  they  are  the  effects 
of  a  moving  force,  will  be  produced  only  in  that  right  line,  in  which  the 
force  is  impreffed. 

But  before  I  leave  this  law,  it  may  not  be  improper  to  take  particular 
notice  of  two  confequences  that  may  be  deduced  from  it,  which  I  fhall 
endeavour  to  explane  and  eftablifh  in  the  two  following  proportions. 

13.  The  moments  of  bodies ,  that  is ,  their  quantities  of  motion ,  are  as  the 
velocities  of  the  bodies ,  and  as  the  quantities  of  matter  contained  in 
them  conjointly . 

The  quantity  of  motion,  by  the  law  juft  explaned,  is  always  pro¬ 
portional  to  the  moving  force.  But  whatever  degree  of  our  ftrength  is 
required  to  throw  a  ball  of  lead  that  weighs  1  pound  with  a  certain  ve¬ 
locity,  we  know  that  double*  the  force  is  requifite  to  throw  a  ball  of  2 
pounds  weight  with  the  fame  velocity,  and  triple  the  force  to  throw  one 
of  3  pounds.  Therefore,  when  the  velocity  is  given,  the  force  imprefted 
on  any  body  to  move  it,  and  confequently  the  motion  produced  in  it,  is 
as  the  quantity  of  matter,  which  it  contains.  We  know  likewife  that 
whatever  degree  of  our  ftrength  is  required  to  throw  a  ball  weighing 
1  pound  with  fuch  a  degree  of  velocity,  as  we  will  call  1,  twice  the  force 
would  be  requilite  to  throw  the  fame  ball  with  a  double  velocity,  and 
thrice  the  force  to  throw  it  with  a  triple  velocity.  Therefore,  when 
the  quantity  of  matter  is  given,  the  force  imprefted  on  a  body  to  move 
it,  and  confequently  the  motion  produced  in  it,  is  as  the  velocity  with 
which  it  moves.  Since  then  the  moment  is  as  the  quantity  of  matter, 
if  the  velocity  is  given,  and  as  the  velocity,  if  the  quantity  of  matter  is 
given ;  it  follows,  that  if  neither  of  them  are  given  the  moment  will 
be  as  both  of  them  conjointly, 'or  as  the  product  ariiing  from  the  quan¬ 
tity  of  matter  multiplyed  into  the  velocity. 
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14.  The  moments  of  bodies  are  equal ,  if  their  velocities  are  reciprocally  as 
the  quantities  of  matter  contained  in  them. 


For,  by  prop.  13.  if  the  quantity  of  matter  is  called  q  the  velocity  v 
and  the  moment  m  then  m  is  always  as  q  x  v,  that  is  as  the  quantity  of 

matter  multiplyed  into  the  velocity.  But  here  we  fuppofe  that  v  is  as 

that  is  reciprocally  as  q  or  the  quantity  of  mater.  Therefore  q  x  y  is  as 

q\~  or  as  ~,  and  fince  ^  exprefles  an  invariable  quantity  the  moment 

mutt  be  invariable  in  the  cafe  fuppofed,  or  when  the  velocity  is  reci¬ 
procally  as  the  quantity  of  matter. 

Let  the  weight  of  a  body  A  be  4  ounces,  and  that  of  a  body  3  10, 
then  if  the  former  moves  with  5  degrees  of  velocity  and  the  latter  with 
2  their  velocities  are  inverfety  as  their  weights  or  quantities  of  matter : 
for  5  is  to  2  as  4  to  10  inverted,  or  as  10  to  4.  The  moment  of  A  in 
this  cafe  =4x5  =  20  and  that  ofB  =  10x2=20.  Where  it  is  ob¬ 
vious,  that  juft  as  much  as  the  moment  of  A  is  lefs  than  that  of  B, 
on  account  of  the  lefs  quantity  of  matter  in  A  j  juft  fo  much  the  mo¬ 
ment  of  A  is  greater  than  that  of  B  on  account  of  the  greater  velocity, 
with  which  A  moves :  fo  that  taking  both  accounts  together  the  mo¬ 
ment  of  one  muft  be  equal  to  that  of  the  other. 


15.  The  third  law  of  motion  is ,  that  reaction  is  always  contrary  and  equal' 
to  aCiion ;  cr,  the  mutual  actions  of  two  bodies  upon  each  other  are 
equal  and  in  contrary  directions. 

From  the  force  of  inactivity  it  follows,  that  whatever  change  is  made 
in  the  ftate  of  one  body  A,  whether  at  reft  or  in  motion,  by  the  action 
of  another  B,  the  fame  change  is  produced  in  the  ftate  of  B  by  the  re- 
fiftance,  which  A  makes  to  that  change.  Thus,  if  a  man  in  a  boat  A 
draws  another  boat  B  by  means  of  a  rope  faftened  to  it :  the  boat  A  will 
be  equally  drawn  towards  B  and  they  will  approach  each  other  with  equal- 
quantities  of  motion  ;  that  is,  by  the  laft  propofition,  with  equal  ve¬ 
locities,  if  their  weights  are  equal ;  or,  if  their  weights  are  unequal, 
with  velocities  reciprocally  as  thofe  weights.  From  whence  we  may 
eafily  fee  the  reafon  why  by  pulling  the  rope,  when  it  is  faftened  to  a 
tree  or  a  poft  upon  the  bank  we  (hall  draw  the  boat  up  to  the  ftiorc. 
For  the  velocities  produced  on  each  fide,  that  is,  in  the  boat  and  in  the 
bank  will  be  reciprocally  as  the  quantities  of  matter.  And  fince  the  quan¬ 
tity  of  matter  in  the  boat  is  as  nothing  compared  with  that  in  the  earth 
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of  which  the  bank  is  a  part,  it  follows  that  the  velocity  in  the  bank  will 
be  as  nothing ;  and  confequently  all  the  velocity  that  is  produced,  will 
be  in  the  boat. 

A  perfon,  who  is  in  a  boat  by  pulling  with  ever  fo  great  a  force  at  a 
rope,  which  is  tied  to  the  head  of  it,  will  not  be  able  to  flop  it,  when 
in  motion,  nor  to  move  it,  when  at  reft.  For  juft  as  much  as  he  ads 
one  way  with  his  hands,  jufi  fo  much  he  reads  the  other  way  with 
his  feet and  thefe  two  equal  and  oppolite  forces  deftroying  each  other, 
will  leave  the  boat  in  the  fame  condition  of  reding  or  moving,  that  it 
would  have  been  in,  if  he  had  not  pulled  at  the  rope  at  all.  Whereas, 
if  he  had  been  upon  the  fhore,  when  he  pulled  the  rope,  he  would 
then  have  drawn  the  boat  towards  him.  For  then  his  readion  would 
have  been  exerted  upon  the  ground,  where  he  flood  5  and  the  boat  fuf- 
taining  only  the  force  of  his  adion  would  have  moved  in  the  diredion, 
in  which  he  pulled  it. 

If  a  horfe  draws  a  done  forwards,  the  flone  draws  the  horfe  back 
equally  ;  that  is,  whatever  motion  the  horfe  communicates  to  the  flone, 
he  will  lofe  the  fame  quantity  himfelf.  For  fuppofe  him  able,  if  he  had 
no  flone  behind  him,  to  pufh  forwards  with  his  bread  a  weight  of  a 
1000 lb.  it  is  evident,  that  when  he  has  a  ftorre  of  400/^.  to  draw,  fo 
much  of  his  ftrength  will  be  laid  out  that  way,  as  to  leave  him  able  to 
pufh  forwards  with  his  bread  no  greater  weight  than  1000  —  400  = 
600  lb.  He  has  therefore  lod  a  quantity  of  motion  forwards  exadly  equal 
to  what  he  has  communicated  to  the  done;  or  as  much  as  he  draws  the 
done  one  way,  fo  much  it  draws  him  the  contrary,  and,  thefe  equal  and 
contrary  forces  dedroying  each  other,  he  will  go  on  with  the  difference. 

CHAP.  III. 

Of  the  compofition  and  refolution  of  forces. 

16.  A  body ,  that  is  acted  upon  by  two  forces  together ,  will  deferibe  the 
diagonal  of  a  parallelogram  in  the  fame  time  that  it,  would  have  de¬ 
fer  i  bed  the  fides ,  if  the  forces  had  adied  upon  it  feparately. 

IF  there  was  a  force  which  ading  alone  upon  the  body  A  Plat.  I. 

fig.  3.  in  the  diredion  AB  would  carry  it  to  B  in  a  certain  time  ; 
and  if  there  was  another  force,  which  ading  alone  upon  the  body  A  in 
the  diredion  AC,  would  carry  it  to  C  in  an  equal  time:  then,  making  AB 
and  AC  the  two  fides  of  a  parallelogram  and  drawing  the  diagonal  AD, 
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I  fay,  that  thefe  two  forces  acting  together  will  make  the  body  defcribe 
this  diagonal  in  the  fame  time  that  one  of  them  alone  would  have  made 
it  defcribe  A  B,  or  the  other  of  them  alone  would  have  made  it  de¬ 
fcribe  A  C. 

Let  the  force,  which  ads  in  the  line  A  B,  be  called  X,  and  that,  which 
ads  in  the  line  A  C,  be  called  Z ;  then  in  a  certain  time  the  force  X  will 
impell  the  body  through  a  lpace  equal  to  AB,  or,  fince  AC  and  BD 
are  parallel,  through  a  fpace  equal  to  the  diftance  between  thofe  two 
lines.  And  becaufe  the  direction  A  C,  in  which  the  force  Z  ads,  is  pa¬ 
rallel  to  BD  ;  therefore  by  the  fecond  law  of  motion,  this  force  will  not 
hinder  or  deftroy  the  velocity  of  the  body,  by  which  the  force  X  makes 
it  tend  towards  the  line  B  D.  Confequently  at  the  end  of  the  time  the  body 
will  be  found  fome where  in  that  line  B  D.  In  like  manner  the  force  Z 
will  impell  the  body  in  the  fame  time  through  a  fpace  equal  to  A  C,  or 
fince  A  B  and  ED  are  parallel,  through  a  fpace  equal  to  the  diftance  be¬ 
tween  thofe  two  lines.  And,  becaufe  the  diredion  A  B,  in  which  the  force 
X  ads,  is  parallel  to  CD,  therefore,  as  before,  this  force  will  not  hinder 
or  deftroy  the  velocity  of  the  body,  by  which  the  force  Z  makes  it  tend 
towards  the  line  C  D.  Confequently,  at  the  end  of  the  time  the  body 
will  be  found  fome  where  in  that  line  CD.  But  it  cannot  be  found  at  the 
fame  time  both  in  BD  and  CD  unlefsit  is  at  D  the. interfedion  of  thefe 
two  lines.  And  by  the  firft  law  of  motion  it  muft  move  in  a  right  line 
from  A  to  D.  Therefore  it  will  have  defcribed  the  diagonal  AD. 

If  two  men  fet  upon  the  oppofite  lides  of  a  boat,  whilft  the  boat  is 
going  on,  and  tofs  a  ball  backwards  and  forwards  to  each  other,  they 
will  catch  the  ball  in  their  turn,  juft:  as  they  would  have  done,  if  they 
had  both  ftood  ftill  upon  the  fhore.  The  ball  is  hereaded  upon  by  two 
forces  :  it  goes  along  with  the  boat,  whilft  it  ftyes  through  the  air,  juft 
in  the  fame  manner  as  it  would  have  done,  if  it  had  not  been  thrown, 
but  had  laid  ftill  in  the  boat.  This  motion  common  to  the  ball, 
the  boat,  and  the  men  is  one  of  the  forces.  The  other  force  is  that,  with 
which  one  of  the  men  throws  it  acrofs  to  the  other.  Bv  thefe  two  forces 
together  the  ball  will  defcribe  the  diagonal  of  a  parallelogram,  one  of 
whofe  ftdes  is  the  line  that  the  boat  has  defcribed,  whilft  the  ball  is  fly¬ 
ing  acrofs,  and  the  other  fide  is  a  line  drawn  from  one  man  to  the  other. 
Let  AC  be  the  breadth  of  the  boat ;  let  A  be  the  place  where  one  of 
the  men  fets,  and  C  the  place  where  the  other  fets :  and  whilft  one  fide 
of  the  boat  is  moving  in  the  diredion  AB,  and  the  other  fide  of  it  in  the 
diredion  C  D,  let  the  ball  be  thrown  from  A  to  C  with  fuch  a  velocity  as 
will  carry  it  to  C  juft  when  the  boat  has  got  into  the  fituation  BD.  Now 

C  if 


1 8  A  SYSTEM  OF 

if  A  had  not  thrown  the  ball  at  all,  but  had  continued  to  hold  it  in 
his  hand,  then  it  would  have  moved  on  along  with  him  and  the  boat 
from  A  to  B.  This  motion,  which  is  common  to  the  boat,  the  man, 
and  the  ball,  will  continue  the  fame  when  the  ball  is  thrown,  that  it 
was  whilft  A  held  it  in  his  hand.  For  though  it  might  at  firft  be  pro¬ 
duced  in  the  ball  by  being  held  in  his  hand,  as  he  was  carryed  along  with 
the  boat;  yet,  when  once  produced  it  will  continue ;  by  the  firft  law 
of  motion.  But  whilft  this  force  is  carrying  the  ball  from  A  to  B, 
the  force  with  which  it  is  thrown  will  carry  it  from  A  to  C  or  diredtly 
acrofs  the  boat.  And  at  the  inftant  it  has  flown  acrofs,  the  man,  who 
was  at  C  when  it  was  firft  thrown,  will  be  got  to  D,  becaufe  at  that 
inftant  the  boat  will  be  at  BD.  Therefore,  flnce  the  ball  has  gone  on  in 
the  direction  AB,  CD,  as  faft  as  the  boat  has  done,  and  in  the  mean 
time  has  flown  acrofs  the  boat ;  juft  when  the  man  arrives  at  D  the  ball 
will  be  there  too,  and  he  will  catch  it  in  the  fame  manner  that  he  would 
have  done,  if  both  he  and  the  perfon  who  threw  it  had  flood  ftill.  And 
any  one,  who  ftands  upon  the  bank,  will  in  the  mean  time  fee  the  ball 
defcribe  the  diagonal  AD. 

Suppofe  a  ruler  AC  to  be  carryed  with  an  uniform  motion  parallel  to  itfelf, 
and  with  fuch  a  velocity  as  would  bring  it  into  the  fituation  BD  in  four 
minutes  time.  Then  a  fly  ftanding  upon  one  end  of  the  ruler  at  A  and 
carryed  along  with  it,  would  in  the  firft  minute  defcribe  the  line  AE, 
in  the  fecond  EF,  in  the  third  EG,  and  in  the  fourth  GB.  But  if  the  fly 
was  in  the  mean  while  to  walk  upon  the  ruler  with  an  uniform  velocity, 
which  would  carry  it  in  four  minutes  the  whole  length  of  the  ruler  or 
from  A  to  C ;  then  at  the  end  of  the  firft  minute,  or  when  the  ruler 
has  moved  one  quarter  of  the  way  from  A  to  B  and  is  in  the  line  EM, 
the  fly  will  have  walked  down  one  quarter  of  the  length  of  the  ruler 
and  will  be  at  S.  In  the  fame  manner,  when  the  ruler  has  moved  half 
way  and  is  at  FN;  the  fly  will  have  walked  half  down  it  and  will  be 
at  T.  When  the  ruler  is  at  G  O,  the  fly  will  be  at  V.  And  when  the 
ruler,  at  the  end  of  the  four  minutes,  is  in  BD,  the  fly  will  have  walked 
the  whole  length  of  it  and  will  be  at  D.  But  A,  S,T,  V,  and  D  are  all  of 
them  in  the  diagonal  A  D.  And,  in  the  fame  manner,  if  we  had  divided 
the  line  AB  and  ruler  AC  into  ever  fo  ipany  more  parts  than  four  ;  we 
might  have  ftiewn  that  the  fly  would  at  the  end  of  every  fuch  part  have 
been  in  fome  point  of  the  fame  line  AD.  Therefore  the  fly,  adted  upon 
by  two  forces,  one  of  which  is  common  to  itfelf  and  the  ruler,  and  the 
other  the  force,  by  which  it  walks  upon  the  ruler,  is  made  to  defcribe 
the  diagonal  of  a  parallelogram  AD  in  four  minutes  time;  that  is,  in 
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the  fame  time  that  one  of  the  forces  alone  would  have  made  it  defcribe 
AB  or  one  fide  of  that  parallelogram,  and  the  other  alone  would  have 
made  it  defcribe  the  other  iide  AC. 

Here  we  muft  obferve  that  the  velocity  produced  by  the  compound 
adtion  of  thefe  two  forces  X  and  Z,  that  is,  of  the  two  forces,  of  which 
the  former  adts  in  the  direction  AB  and  the  latter  in  the  direction  AC, 
is  proportional  to  the  diagonal  or  ipace  defcribed  in  a  given  time.  Thus 
the  velocity  produced  by  X  is  to  the  compound  velocity  as  AB  to  AD, 
and  the  velocity  produced  by  Z  is  to  the  compound  one  as  AC  to  AD. 
By  propofition  9. 

18.  If  a  body  is  impelled  at  the  fame  time  by  two  forces ,  that  a&  in  the 

fame  direction ;  its  velocity  will  be  as  the  J'um  of  thofe  forces. 

If  two  forces,  which  are  to  each  other  as  A  B  to  A  L,  Plat.  I.  fig.  5. 
adt  upon  a  body  at  the  fame  time ;  then  by  the  lad:  propof  tion  the  ve¬ 
locity  produced  will  be  as  AR  the  diagonal  of  a  parallelogram,  whofe 
fides  are  AB  and  AL.  Suppofe  the  direction  of  the  force  that  adts  in  the 
line  AL  to  continue  the  fame,  whilft  the  diredtion  of  the  other  force 
approaches  to  it ;  then  the  velocity  produced  by  the  two  forces,  when 
they  adt  in  the  lines  AL  and  AC,  will  be  as  the  diagonal  AF.  And 
when  they  adt  in  the  lines  AL  and  AD,  the  velocity  will  be  as  the  di¬ 
agonal  AS.  Thus  we  find  that  the  diagonal  lengthens,  that  is,  the  ve¬ 
locity  of  the  body  increafes,  as  the  angle  at  A  contained  between  the 
diredtions  of  the  two  forces  becomes  more  acute.  But  when  AD  lies  in  the 
diredtion  AL,  or  when  the  two  forces  adt  in  the  fame  diredtion,  then 
A  L  and  L  S  will  lie  ftrait  out,  and  the  diagonal  A  S  by  coinciding  with 
them  will  be  equal  to  AL  added  to  LS,  or  to  AL  added  to  AB,  fince  AB  is 
equal  to  LS.  (Euclid,  book  I.  prop.34.)  That  is,  the  diagonal,  and  con- 
fequently  the  velocity  produced,  will  be  as  the  fum  of  the  two  forces 
AB  and  AL,  or  as  thefe  two  forces  added  together. 

1 9.  If  two  forces ,  that  all  in  contrary  dir  eB  ions  3  impell  a  body  at  the  fame 

time ;  the  velocity  produced  in  it  will  be  as  the  difference  of  thofe  forces. 

By  the  joint  adtion  of  two  forces,  as  ABand  AC,  Plat. I.  fig.6.the  velocity 
produced  in  the  body  impelled  by  them  will  be  as  the  diagonal  AD. 
Let  the  diredtion  of  the  force  AC  continue ;  then  as  the  diredtion  of 
the  other  force  grows  more  oblique  to  AC,  the  diagonal  fhortens,  that 
is,  the  velocity  produced  by  the  two  forces  diminifhes.  Thus,  when 
they  adt  in  the  diredtions  AC  and  AR,  the  diagonal  is  AO  ;  and  when  in 
the  diredtions  AC,  and  AS,  it  is  AG.  Till  at  lafi,when  AS  and  AC  lie  ftrait 
out  from  each  other,  that  is,  when  the  two  forces  adt  in  contrary  di- 
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regions,  then,  making  CE  equal  to  CG,  CG  will  coincide  with  CE, 
and  the  diagonal  becomes  AE.  But  becaufe  CG  =  AS,  (  Euc.  book  I. 
prop.  34)  therefore  CE  =  AS,  and  this  diagonal  AE  is  equal  toCA 
—  AS ;  that  is,  to  CA  with  CE  or  AS  taken  from  it.  From  whence 
it  appears  that  the  diagonal  being  the  difference  of  the  two  forces,  the 
velocity  of  the  body  will  likewife  be  as  that  difference. 

The  body,  by  the  fecond  law  of  motion,  muff  neceffarily  move  in 
the  direction  of  the  ffronger  force,  if  one  be  ffronger  than  the  other  : 
but  if  the  two  forces  are  equal,  that  is,  if  their  difference  is  equal  to 
nothing,  then  the  velocity  likewife  =  o  and  the  body  adted  upon  by 
them  will  by  their  joint  action  be  made  to  reft. 

20.  A  motion ,  though  ever  fo  fimple ,  may  be  refohed  into  the  action  of  two 
forces :  and  the  directions  of  the  two  forces,  which  might  have  pro¬ 
duced  fuch  a  motion ,  may  be  infinitely  varyed. 

Thus  a  motion  in  the  line  AM,  Plat.  I.  fig.  7.  may  be  confidered  as 
the  effedt  of  two  forces  adting  in  AL  and  AN  the  two  fides  of  a  paral¬ 
lelogram  of  which  AM  is  the  diagonal.  For,  by  prop.  17.  thefe  two 
forces  would  have  produced  fuch  a  motion.  It  may  for  the  fame  reafon 
be  confidered  as  the  effedt  of  two  forces  adting  in  AB  and  AI  the  two 
fides  of  another  parallelogram,  of  which  the  fame  line  AM  is  the  dia¬ 
gonal.  And  in  the  fame  manner  the  diredtiou  of  the  forces,  which  might 
have  produced  this  motion,  may  be  varyed  as  much  as  the  direction  of 
the  two  fides  of  a  parallelogram  may,  whilft  the  fame  line  AM  con¬ 
tinues  the  diagonal. 

The  third  law  of  motion  alone  is  fufficient  to  explane  the  manner 
in  which  a  bird  by  the  ftroke  of  its  wings  is  able  to  fupport  the  weight 
of  its  body.  For  if  the  force,  with  which  it  ftrikes  the  air  below  it,  is 
equal  to  this  weight ;  then  the  readtion.  of  the  air  upwards  is  likewife 
equal,  to  it :  and  the  bird  being  adted  upon  by  two  equal  forces  in  con¬ 
trary  diredtions,  that  is,  by  the  readtion  of  the  air  and  its  own  gravity, 
will  reft  between  them.  If  the  force  of  the  ftroke  is  greater  than  its 
weight,  then  the  readtion  of  the  air  upwards  being  made  greater  than 
the  force  of  gravity  downwards,  the  bird  will  rife  with  the  difference 
of  thefe  two  forces.  And  if  the  force  of  the  ftroke  be  lefs  than  its 
weight,  then  it  will  fink  with  the  difference.  By  prop.  19. 

But  to  explane  the  manner,  in  which  a  bird  by  ftriking  its  wings 
downright  in  the  lines  DH,  ES,  OR,  IG,  Plate  I.  Fig.  4.  perpendicular 
to  the  horizon,  is  able  to  move  itfelf  along  the  line  MT  parallel  to  the  ho¬ 
rizon,  we  muft,  befides  the  third  law  of  motion,  have  recourfe  to  the 
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proportion  juft  now  explaned.  For  the  wings  of  a  bird  are  not  like  the 
paddles  of  a  boat,  they  are  not  ftruck  backwards  in  order  to  produce  a 
motion  in  the  contrary  direction.  But  the  ftroke  being  made  in  the  lines 
DH,  IG,  &c,  the  wings  yield  to  it,  and  turning  round  a  little,  one  on  the 
joint  I  and  the  other  on  a  joint  of  the  fame  fort  on  the  other  fide,  the  ends 
of  them  A  and  F  are  made  to  approach  each  other,  and  the  planes  of  them 
become  oblique  to  the  line  MT.  Suppofe  therefore  LN  to  be  perpendi¬ 
cular  to  the  furface  of  one  wing,  when  it  is  bent  in  the  manner  we  have 
been  defcribing.  Then,  fince  by  the  fecond  law  of  motion,  the  adtion 
of  the  wing  upon  the  air  is  in  lines  perpendicular  to  its  furface,  the 
reaction,  by  the  third  law,  will  be  in  the  line  LN  or  oblique  to  the 
line  MT,  in  which  the  bird  is  to  move.  But  this  oblique  force  may  be 
refolved  into  two  others  LY  and  VN,  of  which  LV  is  perpendicular  to 
the  horizon  and  fupports  the  bird,  the  other  VN  is  parallel  to  the  ho¬ 
rizon  and  will  carry  it  along  in  the  line  M  T. 

21.  If  three  forces  aft  upon  a  body  at  the  fame  time ,  and  the  body  refs 
between  them  then  thofe  forces  are  to  each  other  as  the  three  fides 
of  a  triangle ,  that  are  refpedtively  parallel  to  the  directions,  in  which 

they  aft. 

If  a  body  at  D,  Plat.  I.  fig.  8.  that  is  adted  upon  by  three  forces  in  the 
diredtions  DA,  DC,  and  DB,  yields  to  none  of  them,  but  is  by  their  joint 
adtion  made  to  continue  at  reft  :  then,  if  we  continue  AD  to  E,  and  draw 
EF  parallel  to'  BD,  and  EG  parallel  to  CD,  the  three  fides  of  the  triangle 
E  D  F  are  parallel  to  the  diredtions  of  the  three  forces.  For  DE  is  pa¬ 
rallel  to  DA :  D  F  is  parallel  to  DE  becaufe  it  is  a  part  of  it :  and  E  F 
is  parallel  to  BD.  I  fay  therefore  that  the  forces,  which  act  in  the  lines 
DA,  DC,  DB,  are  to  each  other  as  the  fides  of  this  triangle  DE,  DF, 
and  EF  refpedtively.  For  fince  the  body  D  refts,  it  follows,  from 
propofition  1 9,  that,  if  the  two  forces  acting  in  the  lines  D  B  and  DC 
are  compounded  into  one  in  a  direction  D  E  oppofite  to  DA ,  then  this 
compound  force  muft  be  equal  to  the  limple  one  DA.  But  the  three 
forces  DE,  DC,  and  DB,  that  is,  the  compound  force  and  the  two  out 
of  which  it  is  compounded  are  to  each  other  as  DE  the  diagonal  of 
the  parallelogram  DGEF,  and  the  two  fides  of  it  DF,  and  DG  =  EF 
refpedtively.  By  prop.  17.  Therefore  fince  the  compound  force  DE  is 
equal  to  the  fimple  one  that  adts  in  the  diredtion  DA,  the  three  forces 
adting  in  the  diredtions  DA,  DC,  and  DB,  are  to  each  other  as  the  three 
lines  DE,  DF,  and  EF,  refpedtively,  that  is  as  the  three  fides  of  a  triangle, 
which  is  formed  by  lines  drawn  parallel  to  thofe  diredtions. 


We 
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We  have  an  inftance  of  a  body  refting,  whilft  three  forces  act  upon 
it,  in  a  boys  kite  as  it  refts  in  the  air :  for  it  is  acfted  upon  by  the  wind, 
by  its  own  weight,  and  by  the  firing  that  holds  it.  There  is  another 
inftance,  to  which  we  fhall  have  occafion  to  apply  this  propofition,  when 
we  come  to  fhew  what  force  is  fufficient  to  fupport  a  heavy  body  upon 
an  inclined  plane. 


CHAP.  IV. 

Of  gravity. 

¥■ 

12.  Any  force ,  which  is  propagated  through  tight  lines  in  all  pojjible  di¬ 
rections  from  one  and  the  fame  center ,  is,  at  different  dijlances  from 
that  center ,  inverjely  as  the  fquares  of  the  dijlances. 

LET  A  reprefent  the  center,  Plat.  I.  fig.  9.  from  which  the  force  is 
propagated  5  HLB  a  great  circle  in  a  Sphere,  through  whofe  furface 
the  force  is  fpread  at  the  diftance  AB  ;  HGC  a  great  circle  in  the  fphere, 
through  whofe  furface  the  fame  force  would  fpread  itfelf  at  the  diftance 
AE  5  and  let  ALG,  ACF,  ABE,  be  fome  of  thofe  lines,  through  which  this 
force  is  propagated.  The  greater  the  fpace  is,  through  which  this  force 
is  diflfufed,  fo  much  the  weaker  will  be  its  action :  that  is,  the  adtion  of 
it  at  the  diftance  AE  will  be  every  where  fo  much  weaker  than  it  is  at 
the  diftance  AB,  as  the  lpace,  through  which  it  fpreads  itfelf  at  the  di- 
ftance  AE,  is  greater  than  the  fpace,  thrpugh  which  it  fpreads  itfelf  at  the 
diftance  AB.  Thus  if  A  was  a  candle,  and  the  rays  of  light  proceeding 
from  it  were  to  defcribe  the  lines  ALG,  ACF,  ABE  :  it  is  evident,  that 
the  light  would  be  ftronger  at  B  or  L  than  at  E  or  G  j  becaufe  at  E  or 
G  the  rays  are  fpread  farther  afunder,  and  confequently  fewer  of  them 
will  fall  upon  any  given  fpace  than  at  B  or  L.  Now  at  the  diftance  AE 
the  force  is  fpread  through  the  furface  of  a  fphere,  whofe  femidiameter 
is  AE,  and  at  the  diftance  AB  it  is  fpread  through  the  furface  of  a 
fmaller  fphere,  whofe  femidiameter  is  AB.  Let  AE=D  and  AB  =  d, 
then  fince  the  force  is  greater  as  the  fpace  through  which  it  fpreads  itfelf 
is  lefs,  it  will  be  as  much  greater  at  the  point  B  than  it  is  at  the  point  E, 
as  the  furface  of  a  fphere  whofe  femidiameter  is  d  is  lefs  than  the  furface 
of  one  whofe  femidiameter  is  D,  that  is,  the  force  will  be  as  thofe  fur- 
faces  reciprocally.  But  the  furfaces  of  fpheres  are  to  each  other  as  the 
fquares  of  their  femidiameters.  The  furface  of  the  fphere  whofe  femi¬ 
diameter  is  d,  is  to  the  furface  of  the  fphere  whofe  femidiameter  is  D,  as 
the  fquare  of  d  to  the  fquare  of  D  \  that  is,  as  d<*  to  D^,  or  as  dd  to 

DD, 
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DD ;  for  thefe  two  fquares  are  exprefted  either  of  thefe  ways.  Therefore 
the  force  at  the  diftances  AB  and  AE,  being  reciprocally  as  the  furfaces 
through  which  it  is  fpread,  is  reciprocally  as  the  fquares  of  thofe  femi- 

diameters,  or  as  j-  to 

Thefe  two  fractions  and 

and  DD.  Becaufe  all  fractions,  whofe  numerators  are  given,  are  in- 
verfely  or  reciprocally  as  their  denominators.  For  where  the  nu¬ 
merator  is  given,  the  value  of  the  fraction  decreafes  as  the  denominator 
increafes,  and  vice  verfa.  It  will  be  eafy  to  underftand  this  in  numbers. 
For  of  two  fractions  \  and  J,  which  have  the  fame  numerator  1,  the 
latter  is  juft  as  much  lefs  than  the  former  f,  as  4  is  greater  than  2. 
That  is,  by  increafing  the  denominator  from  2  to  4,  the  fraction  de¬ 
creafes  from  |  to  J ;  or  by  doubling  the  denominator,  the  value  of  the 
fra&ion  becomes  but  half  what  it  was  before. 

Or  otherwife.  Every  fraction  expreftes  a  quotient  ariiing  from  the 
divifion  of  the  numerator  by  the  denominator.  And  in  all  divifion, 
where  the  dividend  is  given,  the  quotient  is  greater  as  the  divifor  is  lefs, 
or  lefs  as  the  divifor  is  greater :  that  is,  the  quotient  is  reciprocally  as 
the  divifor.  Therefore  a  fraction,  where  the  numerator  is  given,  is  re¬ 
ciprocally  as  its  denominator. 

2  3 .  The  force  of  gravity  from  the  furface  of  the  earth  upwards  is ,  at 
different  difances  from  the  earths  center ,  as  the  fquares  of  thofe 
diftances  inverfely . 

That  is,  call  the  gravity  of  a  body  1  when  it  is  at  the  earths  furface 
or  at  the  diftance  of  one  femidiameter  from  the  center :  then  at  the 
feveral  diftances  1.  2.  3.  4.  &c.  the  gravity  of  it  will  be  as  the  fquares 
of  thofe  diftances  inverted.  The  fquares  are  1.  4.  9.  16.  &c.  if  we  in¬ 
vert  them,  or,  which  amounts  to  the  fame  thing,  take  the  reciprocals 
of  them,  they  are  1 .  ~.  7g.  &c.  and  in  this  proportion  the  force  of  gra¬ 

vity  decreafes,  whilft  the  diftances  from  the  center  increafe  in  the  pro¬ 
portion  1.  2.  3.4.  &c.  For  gravity  is  a  force  propagated  through  right 
lines  in  all  poflible  directions  from  one  and  the  fame  center :  becaufe 
heavy  bodies,  which  are  made  to  defcend  by  this  force,  defcribe  right 
lines,  and  gravitate  in  all  parts  of  the  earth,  or  on  all  ftdes  of  the  earths 
center,  and  by  the  force  of  gravity  are  made  to  tend  towards  this  center. 
But  by  the  laft  proposition  every  force  of  this  fort,  and  confequently 
the  force  of  gravity,  is,  at  different  diftances  from  the  center,  in  a  reci¬ 
procal  duplicate  ratio  of  thofe  diftances,  or  as  the  fquares  of  them  in¬ 
verfely. 


are  called  the  reciprocals  of  dd 


DD 


,  or  as  the  reciprocals  of  dd  and  DD. 
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verfely.  The  force  of  gravity  below  the  earths  furface  is  varyed  by  a 
different  law  from  this :  and  in  order  to  find  out  that  law,  we  muft  prove 
the  following  proportion. 

24.  Jf  in  a  concave  fpherical  furface  the  particles  that  compofe  it  attradl 
with  forces ,  which ,  at  different  diftances from  them ,  are  as  the  fquares 
of  the  diftances  inverfely  j  that  is ,  if  they  attradl  according  to  the 
above-mentioned  law  of  gravity  ;  then  a  body  within  the  J'phere  will 
remain  at  reft  wherever  it  is  placed. 

It  is  felf-evident  that  a  body,  Plat.  I.  fig.  10.  placed  at  C  the  center  of 
the  hollow  fphere  IHQpLK  would  reft,  becaufe  it  would  be  equally 
attracted  all  round,  and  thofe  equal  and  contrary  attractions  would  de- 
ftroy  each  other.  If  it  was  placed  any  where  elfe,  as  at  P,  then  indeed 
it  would  be  nearer  to  one  lide  HI  of  the  fphere,  than  to  the  other  fide 
KL,  and  would,  by  the  laft  propofition,  be  attracted  more  towards  H 
than  towards  K,  upon  account  of  the  diftance  PH  being  lefs  than  the 
diftance  PK.  But  the  quantity  of  matter  or  number  of  attracting  par¬ 
ticles,  and  confequently  the  attraction,  will  be  greater  towards  K  than 
towards  H.  If  therefore  the  attraction  towards  K  on  account  of  the 
quantity  of  matter  is  juft  as  much  greater  than  the  attraction  towards 
H,  as  it  is  lefs  on  account  of  the  greater  diftance,  then  it  will  follow 
that  the  body  P  will  reft,  becaufe  it  is  equally  attracted  both  ways. 

Let  PK  ==  D  and  PH  =  d,  then,  by  the  laft  propofition, the  force,  with 
which  the  body  is  attracted  towards  K,  will  be  to  the  force,  with  which  it 

is  attracted  towards  H,  as  the  fquares  of  PK  and  PPI  inverfely,  or  as  to 

A  on  account  of  the  different  diftances  from  K  and  H.  If  we  imagine  in 

the  fpherical  furface  a  circle  of  matter  whofe  diameter  is  KL,  and 
from  K  through  I  draw  K  P  H,  and  from  L  in  the  fame  manner  draw 
LPI;  then  between  thefe  two  lines  KH  and  L  I,  a  circle  of  matter, 
whofe  diameter  is  KL  attracts  the  body  one  way,  and  another  circle  of 
matter  whofe  diameter  is  I  H  oppoftte  to  the  former  attracts  it  the 
other.  Now  if  L  is  taken  infinitely  near  to  K,  and  I  infinitely  near  to 
H,  the  two  triangles  KPL  and  HPI  will  be  fimilar,  and  their  tides 
(Euc.  book  6.  prop.  4.)  being  proportional,  it  will  be  as  PK  =  D  to 
P  H  =  d,  fo  K  L  to  I H.  But  thefe  oppofite  circles,  whofe  diameters 
are  KL  and  I  H,  or  whofe  diameters  are  to  each  other  as  D  to  d,  con¬ 
tain  quantities  of  matter  proportional  to  their  areas,  becaufe  we  either 
confider  the  fpherical  furface  as  having  no  thicknefs,  or  elfe,  which 
amounts  to  the  fame  thing,  fuppofe  the  thicknefs  of  it  to  be  the  fame 

in 
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in  every  part.  And  fince  the  areas  of  circles  are  to  each  other  as  the 
fquares  of  their  diameters,  (Euc.  book  12.  prop.  2.)  it  follows  that  the 
quantity  of  matter  and  consequently  the  force,  by  which  the  body  is 
attracted  towards  K,  is  to  the  force,  by  which  it  is  attracted  towards  H, 
as  DD  to  dd.  Thus  the  attraction  towards  K,  on  account  of  the  greater 
quantity  of  matter  on  that  fide,  has  been  fhewn  to  be  as  DD,  but  on 

account  of  the  bodys  greater  diftance  as  therefore  on  both  accounts 

together  as  D  D  x  =  1 :  whilft  the  attraction  towards  H  on 

account  of  the  lefs  quantity  of  matter  on  that  fide  is  as  dd,  on  account 

■j~r,  therefore 

d  cr 

dd  x  —■  =  73  =  1 ,  But  if  the  attraction  towards  K  =  1,  and  the 

d  d  d  d  3 

attraction  towards  H  likewife  =  1,  then  they  are  equal  to  each  other,, 
and  the  body  when  placed  at  P  will  continue  at  reft. 

25..  he  force  of  gravity  below  the  earths  furface  is ,  at  different  difances 
from  the  center ,  direflly  as  thofe  difiances. 

That  is,  the  gravity  of  a  body  at  P,  plate  I.  fig.  1 1,  is  as  much  greater 
than  the  gravity  of  the  fame  body  at  Q^wrould  be,  as  P  C  is  greater  than 
QC.  Or,  if  a  body  was  to  fall  through  a  hole  bored  from  the  earths 
furface  at  B  to  its  center  at  C,  the  gravity  of  it  would  conftantly  di- 
minifh,  till  at  laft,  when  it  came  to  the  center,  or  when  its  diftance 
from  the  center  =  o,  the  gravity  likewife  would  =  o. 

This  perhaps  will  appear  probable,  if  the  reader  confiders  what  would 
be  the  cafe,  when  the  ftone  is  at  the  center.  There  is  then  juft  as  much 
of  the  earth  on  any  one  fide  of  it,  as  there  is  on  the  oppofite  fide.  And 
confequently  it  is  equally  attracted  all  ways,  and  thefe  equal  forces  in 
contrary  directions  will  deftroy  each  other,  and  caufe  the  ftone  to  reftj 
that  is,  the  ftone  will  not  be  moved  any  way  by  the  force  of  gravity, 
or  will  not  gravitate  at  all.  But  when  the  fame  ftone  is  at  the  furface, 
it  is  attracted  only  one  way,  only  towards  the  earths  center ;  and  when 
it  is  any  where  between  the  furface  and  the  center,  it  is  attracted  both 
towards  the  center,  and  by  as  much  of  the  earth  as  it  has  left  behind 
it  in  falling.  From  whence  it  is  evident  that  the  gravity  of  the  ftone 
muft  be  greateft  of  all  at  the  furface  5  becaufe  when  it  is  there,  the 
whole  earth  attracts  it  downwards:  whereas  when  it  is  any  where 
elfe,  a  part  of  the  earth  attracts  it  downwards,  and  a  part  attracts  it  up¬ 
wards.  But  lince  the  weight  of  the  ftone  is  nothing  at  the  center,  and 

D  is 


on  both  accounts  together  as 


of  the  body’s  lefs  diftance  as 
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is  greatefi  of  all  at  the  furface  ;  it  follows  that  the  force  of  gravity  de- 
creafes,  as  the  fione  falls  downwards  from  the  furface  towards  the 
center. 

Let  PC  =  D  and  QC  =  d;  then,  by  propofition  23,  the  gravity  of 

the  body,  when  at  P,  is  to  the  gravity  of  it,  when  at  Q,  as  ^  to 

But  when  the  body  is  at  P  all  that  part  of  the  earth,  which  is  included 
between  A  B  E  M  and  I H  K  L  is  a  hollow  fphere,  and  fuch  a  fphere,  by 
the  laft  propofition,  attracts  it  equally  all  ways  j  therefore  the  body 
is  made  to  gravitate  towards  the  center  only  by  the  attraction  of  the  folid 
fphere  IKHLC.  And  when  it  is  at  Q,  all  that  part,  which  is  included 
between  A B  E M  and  QR  attracting  equally  all  ways,  it  will  be  made 
to  gravitate  towards  the  center  only  by  the  attraction  of  the  folid  fphere 
QJfiC.  Now  the  gravity  of  the  body  caufed  by  the  fphere  IKHLC 
is  greater  than  the  gravity  caufed  by  the  fphere  QR C,  for  their  attrac¬ 
tions,  and  confequently  the  weights  produced  by  thofe  attractions,  are 
to  each  other  as  their  folid  contents,  that  is,  (Eucl.  book  12.  prop.  18.) 
as  the  cubes  of  their  femidiameters,  or  as  P  Cc  to  QCC  or  as  D D D  to 
ddd.  Therefore  the  gravity  of  the  body,  when  at  P,  is  on  account  of 

its  difiance  from  C  as  ;  on  account  of  the  quantity  of  matter  con¬ 
tained  in  the  folid  fphere,  which  attracts  it,  as  DDD,  and  on  both  ac¬ 
counts  together  as  D  D  D  x  =  — [yjj-,  or  as  the  cube  of  the  femi- 

diameter  divided  by  the  fquare  of  it,  which  gives  D  or  the  femidiame- 
ter  itfelf  in  the  quotient.  And  for  the  fame  reafon  the  gravity  of  it, 

when  at  Qjs  as  ddd  x  ^  =  d.  That  is,  the  gravity  of  the 

body  at  P  is  to  its  gravity  at  Q_as  D  to  d  or  as  P  C  to  QC ;  or  as  its 
difiance  from  the  center. 

But  fuppofe  there  was  a  hole  bored  from  the  earths  furface  to  its 
center,  might  we  not  afk  why  a  fione  or  any  other  heavy  body,  would 
fall  down  fuch  a  hole  till  it  came  to  the  center  ?  For  fince  we  have  juft 
now  feen,  that  the  gravity  or  weight  of  the  fione  is  greatefi  of  all  when 
the  fione  is  at  the  furface,  and  decreafes,  whilft  it  is  falling,  fo  as  to  be 
nothing  at  the  center :  ought  not  the  fione  to  fiop  at  that  place  where 
its  gravity  is  greatefi,  that  is,  at  the  furface,  and  not  fall  towards  the 
center,  where  its  gravity  is  nothing?  But  theanfwer  to  this  is  obvious. 
The  fione  gravitates  only  towards  the  center  when  it  begins  to  fall.  And 
afterwards  when  it  is  below  the  furface  it  gravitates  both  towards  the 
center,  which  is  below  it,  and  towards  that  part  of  the  earth,  which  is 
above  if,  and  beyond  which  it  has  fallen.  This  makes  its  weight  left 

as 
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as  it  defcends ;  for  when  it  begins  to  gravitate  both  ways,  it  will  move 
one  way  only  with  the  difference  of  thefe  two  forces.  And  when  the 
done  gets  to  the  center,  this  difference  is  nothing,  for  it  is  equally  at¬ 
tracted  all  ways,  and  confequently  will  not  move  any  way.  But  not- 
withftanding  in  the  whole  courfe  of  its  fall  it  has  gravitated  towards  the 
furface  as  well  as  towards  the  center  ;  yet  it  could  not  either  flop  at  the 
furface,  or  ever  move  upwards  from  the  center  j  becaufe  of  thefe  two 
forces  that  which  adted  towards  the  center  was  always  the  greated.  So 
that  though  the  done  has  lefs  weight  as  it  gets  nearer  to  the  center,  yet 
this  weight  always  tends  downwards  5  and  the  done  will  always  fall 
downwards :  only  it  falls  with  the  greated  force,  when  it  is  at  the  fur¬ 
face,  and  with  a  lefs  force  as  it  approaches  the  center. 

26.  All  bodies  near  the  earths  furface ,  when  they  fall  perpendicularly  by 
their  own  weight  or  by  the  force  of  gravity ,  and  meet  with  no  re- 
fflfrnce,  move  with  equal  velocities . 

In  the  air  indeed  a  piece  of  lead  will  fall  fader  than  a  feather,  but 
this  is  owing  to  the  refidance  which  they  meet  with  from  the  air.  For 
in  an  exhauded  receiver,  if  they  are  both  let  fall  from  the  top  of  it  at 
the  fame  time,  they  will  both  come  to  the  bottom  together ;  and  there¬ 
fore  having  fallen  from  the  fame  height  in  the  fame  time  they  mud 
have  moved  with  equal  velocities. 


27.  The  weights  of  bodies ,  or  their  gravities  near  the  furface  of  theearth , 
are  as  the  quantities  of  matter  contained  in  them. 

Any  one  body  is  jud  as  much  heavier  than  any  other,  as  it  contains 
a  greater  quantity  of  matter.  For,  by  propofition  26,  all  bodies  put  in 
motion  by  the  force  of  gravity  move  with  equal  velocities.  There¬ 
fore,  by  prop.  13,  becaufe  the  velocities  are  given,  the  moments  are  as 
the  quantities  of  matter.  And  fmce,  by  the  fecond  law  of  motion,  the 
moments  are  as  the  moving  forces,  it  follows  that  the  moving  forces  are 
likewife  as  the  quantities  of  matter.  But  when  bodies  fall  by  die  force 
of  gravity,  the  moving  forces  are  their  own  weights.  Therefore  their 
weights  are  as  their  quantities  of  matter. 


28.  'The  prejfure  of  a  fluid  upon  the  conftituent  particles  of  bodies  is  not 
Jhfflcient  to  account  for  their  gravity. 

A  piece  of  lead  in  the  form  of  a  bullet  has  the  fame  weight,  that 
it  has,  when  beaten  out  into  a  thin  plate.  Whereas,  if  gravity  had 
been  owing  to  the  preffure  of  a  duid,  by  increafing  the  furface,  we 

D  2  diould 
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fihould  find  the  preflure,  and  confequently  the  gravity  arifing  from  that 
preffure,  increafed  at  the  fame  time.  It  is  to  no  purpofe  to  fay  here  that 
the  fluid  is  fo  fine  as  to  penetrate  the  pores  of  the  lead  and  to  prefs  only 
upon  the  folid  parts  of  it ;  and  therefore  fince  there  is  the  fame  number 
of  folid  parts  in  the  bullet  as  there  is  in  the  plate,  the  preflure  ought  to 
be  the  fame.  For  they,  who  know  any  thing  about  the  preffure  of 
fluids,  underfland,  that  more  parts  are  expofed  to  this  preffure  in  the 
plate  than  in  the  bullet.  Suppole  for  inftance  that  in  any  one  line  drawn 
through  the  bullet  perpendicular  to  the  horizon  there  are  2000  folid 
parts  one  under  another,  then  the  whole  column  of  fluid,  which  prefles 
upon  thefe  2000  particles  is  no  more  than  what  refts  upon  the  upper- 
mofl  particle  in  the  line.  But  imagine,  when  the  lead  is  beaten  out  into 
a  thin  plate  that  this  line  is  reduced  to  ten  other  fhorter  lines,  in  each 
of  which  there  will  be  no  more  than  200  particles  one  under  another  : 
then  it  is  plain,  that  each  of  thefe  lines  bearing  the  column  that  prefles 
upon  the  higheft  particle  will  be  as  much  prefled  as  the  2000  were 
prefled  before,  and  confequently  that  the  weight  of  thefe  2000  particles 
would  be  ten  times  greater  in  the  plate  than  it  was  in  the  bullet,  even 
though  the  fluid  prefled  upon  the  folid  parts  only.  Or  fuppofe  we  turn 
the  edge  of  the  plate  of  lead  upwards ;  then  a  fluid  which  prefles  down¬ 
right,  will  certainly  adl  with  lefs  force  to  make  the  lead  defcend,  than 
it  would  have  done  if  the  flat  fide  of  the  plate  had  been  upwards.  And 
yet  we  find  that  the  weight  of  the  plate  is  the  fame  in  both  pofltions 
of  it. 

29.  fhe  whole  world  is  not  full  of  matter ,  hut  there  are  in  nature  [paces  y 
that  are  quite  empty ,  or  mere  vacuities. 

For  if  all  parts  of  the  world  were  full  of  matter,  then  all  bodies  of 
the  fame  flze  muft  contain  equal  quantities.  A  cubic  inch  of  cork  for 
inftance  muft  contain  juft  as  much  matter  as  a  cubic  inch  of  lead  does. 
And  fince  the  weight  of  all  bodies,  by  propofition  27,  is  as  the  quantity 
of  matter  contained  in  them,  the  cork  muft  be  as  heavy  as  the  lead. 
But  their  weights,  we  find,  are  different :  from  .whence  we  muft  con¬ 
clude  that  there  are  in  fome  bodies  interftices  void  of  all  matter, 
and  that  the  lighter  body  muft  have  more  of  thefe  interftices  than  the 
heavier  has.  It  cannot  be  replyed  here,  that  the  cork  would  be  lighter 
than  the  lead  without  fuppoflng  any  mere  vacuities  in  either  of  them; 
if  the  pores  of  the  cork  inftead  of  being  quite  empty  were  filled  with  a 
finer  and  more  fubtil  matter  than  thofe  of  the  lead.  Indeed  this  anfwer 
would  deftroy  our  former  reafoning,  if  it  could  be  made  appear  that  the 

weight 
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weight  of  matter,  the  quantity  of  it  being  given,  could  be  diminished 
by  the  finefs  or  fubtilty  of  its  parts.  But  fince  all  matter,  that  we  can 
make  experiments  upon,  whether  the  parts  of  it  be  fine  or  coarfe  is 
found  to  gravitate  in  proportion  to  its  quantity ;  though  the  pores  of 
the  cork  were  filled  with  a  finer  fluid  than  thofe  of  the  lead,  yet  both 
being  full  of  matter  they  muff,  as  their  dimenfions  are  equal,  contain 
equal  quantities  of  it,  and  therefore  one  muft  neceffarily  weigh  juft  as 
much  as  the  other. 

In  this  chapter  the  word  gravity  is  ufed  in  three  different  refpe&s, 
or  gravity  is  fpoken  of  as  capable  of  being  greater  or  lefs  in  reference  to 
three  different  meafures.  In  proving  the  25  propofition,  the  gravity  of 
a  body  caufed  by  the  Sphere  IKHLC,  Plat.  I.  fig.  1 1 .  is  affirmed  to  be 
greater  than  the  gravity  caufed  by  the  fphere  QRC.  Here  gravity  is 
confidered  as  greater  or  lefs  in  proportion  to  the  caufe,  by  which  it  is 
produced.  It  is  referred  to  the  fame  meafure  when  we  fay  that  gravity 
would  be  greater  than  it  is,  upon  fuppofition  that  the  quantity  of  matter 
in  the  earth  was  double  or  triple  what  it  is  at  prefent. 

By  the  23  propofition  it  appears,  that  the  force  of  gravity  decreafes 
as  the  Squares  of  the  distances  from  the  center  increafe ;  fo  that  at  di¬ 
stances,  which  from  the  Surface  upwards  are  in  the  proportion  of  1,  2, 
3,  4,  the  forces  of  gravity  will  be  as  1,  Here  the  caufe  producing 

gravity,  that  is,  the  earth  and  the  quantity  of  matter  contained  in  it, 
continues  the  fame,  and  yet  the  gravity  propagated  from  it  is  fo  varyed 
as  to  be  greater  at  Some  diftances  from  the  center  and  lefs  at  others. 
Therefore  it  is  here  referred  to  Some  meafure  different  from  the  former, 
and  that  is  the  velocity,  which  the  force  of  it  would  produce  in  a  given 
time.  For  when  we  fay  that  gravity  at  the  distance  of  one  femidiameter 
from  the  center  is  four  times  greater  than  at  double  that  distance,  or  as 
1  to  J  we  mean  that  in  any  certain  time,  as  a  Second  for  inftance,  the 
velocity,  which  the  force  of  gravity  would  produce  in  a  body  at  the 
diftance  of  one  femidiameter,  is  four  times  what  it  would  produce  in 
the  fame  body  at  double  that  distance.  Gravity  is  referred  to  the  fame 
ftandard,  when  the  weight  of  a  body  falling  perpendicularly  is  Said  to 
be  greater  than  its  weight  if  it  falls  down  an  inclined  plane.  For 
though  it  may  begin  to  fall  from  the  fame  height  in  both  cafes,  yet  a 
greater  velocity  is  produced  in  it,  in  a  given  time,  when  it  falls  perpen¬ 
dicularly,  than  when  it  falls  upon  an  inclined  plane  :  and  in  reference 
to  this  velocity  the  gravity  in  one  cafe  is  Said  to  be  greater  than  the  gra¬ 
vity  in  the  other. 


Ac- 
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According  to  proportion  27,  the  gravity  of  bodies  is  proportional  to 
the  quantities  of  matter  contained  in  them :  fo  that,  according  to 
proportion  29,  a  cubic  inch  of  lead  has  more  gravity  than  a  cubic  inch 
of  cork,  becaufe  the  former  contains  a  greater  quantity  of  matter  than 
the  latter.  The  word  gravity  is  here  referred  to  a  third  meafure  different 
from  both  the  others.  For  the  quantity  of  matter  in  the  earth  or  force 
propagating  gravity  is  the  fame  :  and,  by  26  propofition,  the  lead  and 
the  cork  would  both  fall  with  equal  velocities.  But  becaufe  they  fall  with 
equal  velocities,  their  quantities  of  motion  produced  in  the  fame  time 
will  be  different,  fince  their  quantities  of  matter  are  unequal.  And, 
as  the  force  of  gravity  produces  a  greater  quantity  of  motion  in  the  lead 
than  in  the  cork,  in  this  refpedl  it  is  faid  to  be  greater. 

The  following  definitions  will  inform  us  by  what  name  gravity  is  to 
be  called  in  each  of  thefe  references. 

30.  When  gravity  is  confidered  as  greater  or  lefs  in  reference  to  the  efficacy 

of  the  caufe ,  which  produces  it ;  then  it  is  called  the  abfolute  force  of 
gravity . 

3 1 .  When  the  velocity ,  produced  in  a  given  time ,  is  the  meafure  by  which 

gravity  is  faid  to  be  greater  or  lefs3  then  it  is  called  the  accelerating 
force  of  gravity. 

32.  When  gravity  is  confidered  as  greater  or  lefs  in  proportion  to  the  quan¬ 

tity  of  motion ,  which  it  produces  in  a  given  time3  then  it  is  called 
the  moving  force  of  gravity . 

33.  Gravity  is  not  fuch  a  quality ,  as  the  occult  o?ies  made  ufe  of  in  philo - 
J'ophy  by  the  Arifiotelians ; 

It  differs  from  thofe  qualities  in  two  refpecfis.  The  firff  is  that  the 
Arifiotelians  make  ufe  of  almoft  as  many  different  occult  qualities  as 
there  are  appearances  in  nature  to  be  explaned  ;  and  fo  every  particular 
effedl  has  its  particular  caufe  affigned  for  it.  But  gravity  is  an  univerfal 
quality,  which  belongs  to  all  matter  whatever,  and  is  applyed  by  the 
Newtonian  philofophy  to  the  explication  of  innumerable  appearances. 
The  fecond  difference  between  gravity  and  occult  qualities  is,  that  thefe 
qualities  are,  as  their  name  implys,  occult  ones ;  they  cannot  be  made 
the  objedt  of  our  fenfes,  nor  is  their  exiftence  proved  by  any  experi¬ 
ments.  But  gravity  is  a  well-known  quality,  which  we  may  perceive  by 
our  fenfes,  and  whofe  exifiance  in  nature  is  confirmed  to  us  by  confiant 
experience.  The  Newtonians  therefore  in  the  ufe  which  they  make  of 

gravity 
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gravity  do  not  admit  of  more  caufes  of  natural  things,  than  are  both  true 
and  fufficient  for  explaning  their  appearances ;  and  thus  they  obferve  a 
principal  rule  of  true  philofophy,  which  the  Ariftotelians  neglect. 

CHAP.  V. 

The  center  of  gravity. 

34.  The  center  of  gravity  in  any  body  is  a  point  on  each  fide  of  which  all  the 
parts  of  the  body  are  in  equilibrio. 

35.  The  center  of  motion  is  that  point  round  which  a  body  does  or  may 

move. 

36.  The  line  of  dir eB ion  is  that ,  in  which  a  weight  or  power  aBs. 

37.  A  body  is  moved  by  its  own  weight  in  the  fame  manner  that  it  would 

be ,  if  the  whole  weight  of  it  aBed  in  the  center  of  gravity. 

FOR  if  the  whole  weight  adted  in  that  center  only  and  was  not  dif- 
fufed  through  the  whole  mafs,  then  the  parts  on  one  fide  of  the 
center  could  never  by  their  weight  put  the  parts  on  the  other  fide  of  it 
into  motion,  fince  by  the  fuppofition,  there  would  be  no  weight  on 
either  fide.  But  by  the  definition  of  the  center  of  gravity  the  parts  of  a 
body  on  each  fide  its  center  of  gravity  balance  each  other,  fo  that  thofe 
on  one  fide  can  never  by  their  gravity  put  thofe  on  the  other  fide  into 
motion.  Therefore,  as  to  producing  motion  in  a  body,  the  gravity  of  it 
adts  in  the  fame  manner,  when  diffufed  through  every  part  of  the  body, 
as  if  it  were  all  accumulated  in  one  point  fo  as  to  adt  in  its  center  of 
gravity  only.  From  hence  it  follows  that  the  line  of  direction  of  a 
weight  is  drawn  from  its  center  of  gravity  to  the  earths  center. 

38.  The  weight  of  a  body  will  make  it  fall ,  unlefs  its  center  of  gravity  is 

Jupported. 

This  would  certainly  be  true  if  all  its  weight  adted  in  the  center  of 
gravity.  For  then  fupporting  this  center  and  fupporting  the  weight  of 
the  body,  or,  keeping  it  from  falling,  would  be  the  fame  thing.  And 
it  is  no  lefs  true  though  the  weight  is  diffufed  through  every  part  of  the 
body.  Since  by  the  laft  propofition  the  motion  produced  in  a  body  by 
its  weight  will  be  the  fame  upon  either  fuppofition. 

39.  The  weight  of  a  body  can  never  move  it  in  fuch  a  manner  as  to  make 

its  center  of  gravity  afcend. 

Becaufe  a  body  is  adted  upon  by  its  weight  juft  as  it  would  be  if  the 
whole  weight  was  united  in  the  center  of  gravity.  And  if  it  was  all 

united 
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united  there,  we  then  may  be  fure  that  gravity  could  never  make  it  a- 
fcend,  unlefs  an  impulfe  downwards,  as  gravity  is,  could  make  that  point, 
upon  which  fuch  an  impulfe  ads,  move  upwards. 

40.  Bodies  will  fall  by  their  weight ,  when  they  are  fet  upon  an  horizontal 
plajie ,  unlefs  the  line  of  direction,  in  which  that  weight  aids,  paf  'es 
through  their  bafe . 

For  when  the  line  of  direction  paffes  through  the  bafe,  then  the  weight 
of  the  body,  becaufe  it  ads  in  that  line,  preffes  upon  the  bafe,  and  will 
keep  the  body  firm  upon  it.  Whereas,  if  the  line  of  direction  is  with¬ 
out  the  bafe,  then  the  weight,  will  draw  the  body  off  from  the  bafe, 
or  will  make  it  fall.  Thus  the  body  ABDE  Plat.  II.  fig.  2.  whofe  center 
of  gravity  is  C  will  Band  firm ;  becaufe  the  weight  of  it  ads  in  the  line 
CO,  as  if  it  was  all  united  in  the  fingle  point  C.  But  a  force,  which 
preffes  the  bafe  DE  downwards  cannot  pofiibly  make  it  rife,  as  it  muff 
do  before  the  body  can  fall  either  towards  K  or  any  other  way.  But  the 
body  abde,  whofe  center  of  gravity  is  c  will  be  thrown  down  by  its 
weight.  For  the  weight  ading  in  the  line  co  on  one  fide  of  the  bafe 
will  make  the  body  turn  round  upon  the  point  e,  that  is,  will  make 
the  bafe  d  e  rife  and  the  body  fall  towards  k. 

Set  one  leg  of  the  compaffes  at  E  and  with  the  opening  CE  flrike  the 
arc  C  F  K.  As  the  body  cannot  fall  towards  K  without  turning  round 
on  the  point  E,  the  center  of  gravity  C  muff  in  the  fall  defcribe  the  arc 
C  F  K,  but  that  it  cannot  do  unlefs  it  rifes,  for  in  that  arc  the  point  F 
is  higher  than  C.  Therefore  fince  the  weight  of  a  body  cannot  make 
its  center  of  gravity  move  upwards,  neither  can  it  make  this  center  de¬ 
fcribe  the  arc  C  F  K,  that  is,  it  cannot  throw  the  body  down.  If  in  the 
fame  manner  with  the  opening  of  the  compaffes  c  e  we  ftrike  the  arc 
cfk ;  where  the  line  of  diredion  falls  without  the  bafe  :  then  the  point 
f  in  this  arc  and  every  other  point  will  be  lower  than  c ;  fo  that  the 
center  of  gravity  can  defcend,  whilft  it  defcribes  the  arc  cfk.  And 
there  is  nothing  in  the  line  of  diredion  to  fupport  it ;  therefore  it  will 
defcend,  fo  as  to  turn  the  body  round  upon  the  point  e ,  that  is,  fo  as  to 
make  it  fall  towards  k. 

A  wall  or  any  other  building  may  lean  a  great  way  before  it  falls* 
'  For  its  gravity  will  not  make  it  fall ;  till  it  leans  fo  much  as  to  carry  the 
line  of  diredion  beyond  the  foundation.  For  this  reafon  it  will  hand 
the  longer  and  may  lean  fo  much  the  more  for  having  a  wide  foun- 
dation. 


For 
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For  a  man  to  ftand  upright  th£  line  of  direction  of  his  weight  muft 
pafs  through  his  bafe,  which  is  a  parallelogram,  or  fome  other  quadrilate¬ 
ral  figure,  contained  between  his  two  feet  and  two  lines,  of  which  the 
firft  is  drawn  acrofs  from  one  foot  to  the  other  at  his  toes  and  the  fecond 
at  his  heels.  It  is  therefore  eafier  to  ftand  upon  both  feet  than  it  is  upon 
one :  becaufe  the  center  of  gravity  muft  be  brought  diredtly  over  the 
one  foot  that  we  ftand  upon,  and  the  line  of  direction  muft  be  kept  within 
the  compafs  of  this  fmaller  bale.  When  a  man  holds  any  considerable 
weight  in  his  left  hand,  his  center  of  gravity,  that  is,  the  center  of  gra¬ 
vity  of  himfelf  and  the  weight  considered  as  one  mafs,  will  be  carryed 
too  far  towards  the  left,  unlefs  by  leaning  the  contrary  way  he  reduces 
it  again  and  brings  it  to  fuch  a  pofition  as  will  make  the  line  of  dire&ion 
pafs  through  his  bafe. 

When  we  are  fetting  on  a  chair,  our  center  of  gravity  is  upon  the 
feat,  and  the  line  of  direction  falls  behind  our  bafe.  Therefore  in  order 
to  rife,  we  lean  forwards,  that  we  may  bring  the  line  of  direction  to¬ 
wards  our  feet;  and  we  draw  our  feet  backwards  at  the  fame  time,  that 
we  may  carry  our  bafe  towards  the  line  of  direction :  and  when  by  both 
thefe  motions  the  center  of  gravity  is  reduced  fo  as  to  be  directly  over 
our  feet,  we  are  able  to  raife  ourfelves  upright. 

In  walking,  the  foot,  from  which  we  fet  off,  is  our  bafe  at  firft ;  till 
by  turning  the  ball  of  it  round  we  have  thrown  the  center  of  gravity 
forwards  beyond  it,  by  which  means  we  Should  throw  ourfelves  down, 
if  we  did  not  take  up  the  other  leg  from  the  ground,  and  fet  it  before 
us  fo  as  to  catch  ourfelves  upon  it,  as  upon  a  prop  or  fupport  to  prevent 
us,  from  falling.  This  is  taking  one  ftep.  And  in  order  to  take  a  fecond, 
the  center  of  gravity  muft  be  brought  diredtly  over  this  prop  or  fup¬ 
port;  that  is,  the  foot,  which  we  put  out  before  us,  muft  be  made  our 
bafe;  that  fo  in  taking  a  fecond  ftep  we  may  fet  off  from  it.  We  do 
this  by  turning  the  ball  of  the  other  foot  ftill  farther  round  fo  as  to  pufti 
the  ground  that  we  ftand  on  back  with  our  toe,  and  the  ground  by  its 
reaction  puflies  our  center  of  gravity  forwards ;  till  the  line  of  direction 
is  got  to  the  place  whither  we  wanted  to  reduce  it.  Therefore  in  walk¬ 
ing  the  line  of  direction  paffes  through  each  foot  alternately,  and  if  we 
fet  one  foot  diredtly  before  the  other  in  every  ftep  that  we  take,  then 
this  line  will  move  ftrait  forwards:  but  if  we  ftraddle  as  we  walk; 
then  the  line  of  direction  does  not  go  on  evenly,  but  is  carryed  out  firft 
towards  the  right  fide,  and  then  towards  the  left,  at  the  fame  time  that 
it  goes  forwards :  which  is  the  reafon,  why  thofe  who  ftraddle  in  their 
walk,  as  fat  people  commonly  do,  are  obferved  to  waddle.  Indeed  every 
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body  waddles  either  more  or  lefs,  only  they  who  walk  pretty  clofe  do 
it  fo  little  as  not  to  be  perceived. 

In  fkaiting  the  line  of  direction  paffes  through  the  foot  on  which  the 
fkaiter  moves ;  and  as  he  raifes  his  other  foot  from  the  ice,  he  fcrapes  it 
in  a  direction  contrary  to  that,  in  which  he  defigns  to  move ;  and  the 
reaction  of  the  ice  upon  it  pufhes  him  forwards. 

In  jumping  the  center  of  gravity  is  both  made  to  rife  from  the  ground 
and  is  likewife  carryed  forwards  at  the  fame  time.  The  manner  in  which 
the  center  of  gravity  is  made  to  rife  will  be  belt  underftood  if  we  firft: 
explane  fomething  of  the  fame  fort  in  a  more  Ample  inftance.  If  you 
fet  one  end  of  a  bow-flick  on  the  ground  and  with  your  hand  bend 
down  the  other  end  of  it;  upon  letting  this  end  go,  the  bow  flyes  out  at 
once,  and  jumps  from  the  ground.  For  the  flicks  elafticity  unbends  it 
equally  both  ways,  and  as  the  adtion  of  one  end  is  downwards  and 
preffes  upon  the  ground,  the  rea&ion  will  be  upwards  and  the  center  of 
gravity  will  have  a  motion  communicated  to  it  in  that  direction,  and 
therefore  by  the  firft  law  of  motion,  will  continue  to  rife:  and  the  flick 
will  by  this  means  be  carryed  off  from  the  ground,  till  its  weight  puts 
a  flop  to  the  farther  afcent  of  it,  and  makes  it  fall  back  again.  The 
force  of  the  mufcles  is  what  in  jumping  fupplys  the  place  of  elafticity. 
For  by  bending  the  joynts  of  the  two  heels,  the  two  knees,  and  the 
two  thighs  there  are  fix  bows  bent ;  and  if  all  of  thefe  are  fuddenly 
ftraitened  by  the  force  of  the  mufcles  the  center  of  gravity  of  the 
body  will  have  a  motion  upwards  communicated  to  it,  and  the  body 
itfelf  will  by  this  means  be  made  to  rife  from  the  ground.  If  we  are  to 
jump  directly  upwards,  then  wre  pufli  the  ground,  on  which  we  ftand, 
diredly  downwards.  But  if  we  would  move  obliquely  fo  as  to  rife  and 
to  jump  forwards  at  the  fame  time,  then  we  pufh  the  ground  obliquely 
backwards  with  both  feet  together,  in  the  fame  manner  as  we  pufli  it 
with  one  foot  in  walking. 

The  reader  may  here  confider,  what  it  is  that  makes  the  difference 
between  walking  and  running.  If  he  imagines  that  thefe  two  modes  of 
motion  differ  only  in  the  degree  of  fwiftnefs,  and  that  as  walking  is  a 
flow  motion,  fo  running  is  a  quicker  motion  of  the  fame  fort,  he  is 
much  miftaken.  For  thefe  two  motions  differ  in  fort  rather  than  in  de¬ 
gree.  Indeed  they  do  not  always  differ  in  degree,  as  any  ones  experi¬ 
ence,  will  inform  him  :  for  there  is'  no  man  who  is  not  able  to  go  one 
pace  which  he  would  call  walking,  that  will  carry  him  on  fafter  than  another 
pace,  which  he  would  call  running.  We  can  walk  quick  and  run  flow; 
and,  if  we  pleafe,  we  can  rid  ground  fafter  by  walking  quick,  than  we 
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do  by  running  flow.  This  makes  it  evident  that  walking  is  not  a  flow 
fort  of  running,  nor  running  a  quick  fort  of  walking.  They  are  two 
entirely  different  modes  of  motion,  and  though  we  were  to  run  or  walk, 
with  juft  the  fame  degree  of  fwiftnefs,  yet  every  man  would  be  able  to 
tell  us,  when  we  walk  and  when  we  run.  Walking  is  moving  forwards 
by  fteps,  fo  as  never  to  have  both  legs  off  the  ground  at  the  fame  time. 
Running  is  moving  forwards  by  jumps.  Indeed  in  running  we  do  not 
take  our  jumps  with  both  legs  clofe  together,  but  with  one  of  them  be¬ 
fore  the  other :  but  I  call  it  jumping  becaufe  in  throwing  ourfelves  for¬ 
wards  both  legs  are  off  the  ground  at  once. 

41.  Some  heavy  bodies  Jlide  down  an  inclined  plane  $  others  roll  down  it. 

A  body  is  faid  to  Aide  down,  if  it  defcends  upon  the  fame  bafe  con- 
flantly,  or  with  the  fame  fide  towards  the  plane.  It  is  faid  to  roll  down, 
if  in  its  defcent  the  bafe  is  conftantly  changing.  Therefore,  when  a  heavy 
body  is  upon  an  inclined  plane,  if  the  line  of  direction  falls  within  the 
bafe  of  the  body,  it  will  Aide  down.  For,  by  propofition  40,  the  weight 
of  the  body  will  not  throw  it  off  the  bafe.  But  if  the  line  of  direction 
falls  beyond  the  bafe,  then  the  body  in  its  defcent  cannot  continue  long 
on  the  lame  bafe  ;  but  the  fide  which  is  towards  the  plane  will  be  con¬ 
ftantly  changing ;  that  is,  the  body  will  roll  down.  Thus  both  the 
bodies  A  and  B  Plat.  II.  fig.  3.  will  move  down  the  plane  H I.  Becaufe 
their  centers  of  gravity  can  defcend.  But  they  will  not  move  down  in 
the  fame  manner.  For  cr  the  line  of  direction  paffes  through  the  bafe 
de  of  the  body  A  ;  therefore,  in  moving  down,  the  body  will  always 
keep  upon  the  fame  bafe  or  will  Aide  down.  But  the  line  of  direction  c s 
paffes  beyond  the  bafe  fg  of  the  body  B ;  therefore  it  will  be  thrown  off 
this  bafe  and  will  change  it  for  g  t  j  and  as  this  fort  of  motion  will  con¬ 
tinue  through  the  whole  defcent,  the  body  will  roll  down. 

42.  A  heavy  body ,  which  is  fufpended  on  a  center  of  ?notiony  will  ref ,  if 

the  center  of  gravity  is  direBly  under  the  center  of  motion ,  otherwife 

the  weight  of  the  body  will  make  it  move. 

If  a  heavy  body  P  Plat.  II.  fig.  1.  hangs  by  a  firing  on  the  center  of 
motion  C,  the  firing,  by  which  it  hangs,  ads  in  the  direction  PC,  and 
the  force  of  it  mull  be  equal  to  the  weight  of  the  body,  otherwife  it 
would  break.  And  when  the  body  is  at  P,  thefe  two  equal  forces  ad 
in  contrary  directions,  the  firing  in  the  line  P  C,  and  the  weight  in  the 
line  P  L  :  therefore  they  will  deftroy  each  other,  and  the  body  will  reft 
beween  them.  But  if  the  body  is  at/>,  then  one  of  the  forces  ads  in 
the  line  p  C,  and  the  other  in  the  line  p  L.  And  though  thefe  forces  are 
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equal,  yet,  becaufe  they  a£t  obliquely,  the  body  by,  proportion  16,  will 
begin  to  move  in  the  diagonal  of  a  parallelogram,  one  of  whofe  tides  is 
in  the  direction  p  C  and  the  other  in  the  dire&ion  p  L.  This  proof  may 
eatily  be  made  univerfal.  For  in  all  cafes,  where  a  body  is  fufpended,  the 
force,  which  fuftains  it,  muft  be  equal  to  its  weight.  And,  when  the 
center  of  gravity  is  dire&ly  under  the  center  of  motion,  thefe  two  equal 
forces  a£t  in  contrary  directions,  for  which  reafon  the  body  will  reft. 
But  in  any  other  tituation,  thefe  forces  are  oblique  to  each  other :  and 
therefore,  though  they  are  equal,  the  body  will  be  made  to  move  in 
the  diagonal  of  a  parallelogram,  of  which  the  two  forces  are  the  tides. 

CHAP.  VI. 

Of  the  mechanical  powers. 

t . IT  ^  H  E  fubject  of  this  chapter  has  given  the  name  of  tnechanics  to 

!  one  branch  of  natural  philofophy.  Mechanics  ftridtly  fpeaking 
tiiould  treat  of  nothing  but  fuch  machines  or  inftruments  as  afiift  us  in 
lifting  weights  or  overcoming  retiftances.  But  becaufe  the  effects  of  thefe 
inftruments  cannot  be  underftood  unlefs  the  laws  of  motion  are  firft  ex- 
planed  ;  the  laws  of  motion  and,  in  confequence,  the  application  of  thefe 
laws  to  the  motion  of  bodies  in  general  is  made  the  fubjeCt  of  mechanics. 

There  are  five  fimple  machines.  A  lever,  a  wheel  and  axle,  a  pully, 
a  fcrew,  and  a  wedge.  Some  writers  reckon  up  more,  and  others  reduce 
them  to  fewer.  But  this  divition  will  anfwer  our  purpofe  as  well  or 
better  than  any  other. 

43.  A  lever  is  a  bar ,  which  turns  round  upon  a  prop  or  center  of  motion , 

and  is  applyed  either  to  raife  weights  or  to  overcome  refjlances. 

A  lever  is  commonly  called  a  hand  fpike,  when  it  is  made  of  wood ; 
and  a  crow,  when  of  iron.  In  theory  we  fuppofe,  that  the  bar  itfelf  has 
no  weight  at  all,  and  that  no  force  whatever  can  bend  k. 

44.  By  the  intenfity  of  a  power  is  meant  the  abfolute  force  of  it ,  or  the 
force  it  will  have ,  when  applyed  immediately  to  a  weight ,  fo  that  the 
power  ajid  weight  move  with  the  fame  velocity. 

45.  'The  moment  of  a  power ,  like  that  of  a  weighty  is  found  by  multiplying 

its  intenfty  into  its  velocity. 

46. ^  lever  is  faid  to  be  of  the  firf  kind ,  when  the  prop  or  center  of  motion 

C  Plat.  II  .fig.  4.  is  between  the  weight  A  and  the  power  B.  Of  the 
fecond  kindi  when  the  weight  W  Plat.  II .fig.  5.  is  between  the  center 
of  motion  C  and  the  power  P.  Of  the  third  kind ,  when  the  power  P 
Plat.  II  .fig.  6.  is  between  the  center  of  motion  C  and  the  weight  W. 
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47.  In  turning  a  lever  upon  the  center  of  motion ,  the  velocity  of  each  point 
in  the  lever ,  or  of  any  weight  or  power  apply ed  to  that  pointy  will  be 
as  the  difance  of  it  from  the  center  of  mot  ion. 

In  turning  the  lever  ACB  Plat.  II.  fig.  4.  upon  the  center  till  it  comes 
into  the  pofition  aCb ;  the  point  A  delcribes  the  arc  A  a,  and  the  point 
B  defcribes  the  arc  B b  in  the  fame  time.  Now  it  is  evident  that  Bb  is 
longer  than  A  a.  Therefore  the  point  B  muft  move  fatter  or  mutt  have 
a  greater  velocity  than  the  point  A,  becaufe  B  runs  over  the  longer  line 
B  b  in  the  fame  time  that  A  runs  over  the  fhorter  line  A  a.  And  the  ve¬ 
locity  of  B  mutt:  be  juft  as  much  greater  than  that  of  A,  as  B  b  is  longer 
than  A  a :  for  otherwife  B  could  not  defcribe  B  b  in  the  fame  time  that 
A  defcribes  A  a.  Now  B  b  is  juft  as  much  longer  than  A  a,  as  BC  is  lon¬ 
ger  than  aC  :  for  as  B  b  contains  A  a  fix  times,  fo  BC  contains  AC  fix 
times.  And  B  moves  juft  as  much  fafter  than  A,  as  B^  is  longer  than 
Aa ,  that  is,  as  BC  the  diftance  of  B  from  the  center  is  greater  than  AC 
the  diftance  of  A  from  the  center  ;  or  the  velocity  of  B  bears  the  fame 
proportion  to  that  of  A,  that  BC  bears  to  AC. 

Or  otherwife :  the  velocities  of  thefe  two  points  A  and  B,  being,  by 
propofition  1  o,  as  the  fpaces,  which  they  defcribe  in  the  fame  time,  that  is, 
as  A  a  to  B  b,  are  likewife  as  AC  to  BC  or  as  their  refpedtive  diftances 
from  the  center.  For  A  a  bears  the  fame  proportion  to  B  b  that  AC  bears  to 
BC.  Becaufe  the  arcs  Aa  and  B b  fubtend  the  angles  AQa  and  BC^, which 
are  vertical  ones  and  therefore  equal,  Eucl.  b.  I.  p.  15.  from  whence  it 
follows  that  the  arcs  being  fimilar,  Eucl.  b.  YI.  p. 3  3 .  corol.2.  are  to  each 
other  as  the  femidiameters  of  their  refpedlive  circles;  that  is,  Aa  the  fpace 
defcribed  in  a  given  time  by  the  point  A  or  the  velocity  of  A  is  to  B b 
the  fpace  defcribed  in  the  fame  time  by  B  or  to  the  velocity  of  B,  as  AC 
the  diftance  of  A  from  the  center  is  to  B  C  the  diftance  of  B  from  the 
center. 

Let  a  power,  fuch  as  the  force  of  a  man  be  applyed  at  the  point  B 
and  move  along  with  it,  whilft  a  weight,  that  is  fattened  at  the  other 
end  of  the  lever,  moves  along  with  the  point  A.  Then,  fince  the  power 
moves  as  faft  as  B  does,  and  the  weight  no  fafter  than  A,  the  velocity 
of  the  power  is  to  that  of  the  weight  as  BC  to  AC,  or  as-  their  refpec- 
tive  diftances  from  the  center  of  motion. 

We  have  here  fuppofed  the  power  and  weight  to  be  on  the  op- 
pofite  fides  of  the  center  of  motion,  which  is  the  cafe  only  in  a  lever  of 
the  firft  kind.  For  in  levers  both  of  the  fecond  and  third  kind,  the 
power  and  weight  are  always  on  the  fame  fide  the  center.  Thus  let 
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C  B  Plat.  II.  fig.  4.  with  the  prop  at  one  end  of  it  be  the  lever.  Then, 
if  the  power  acts  at  B,  and  the  weight  at  F,  it  is  a  lever  of  the  fecond 
kind  :  but  if  the  power  ads  at  F  and  the  weight  at  B,  it  is  a  lever  of 
the  third  kind.  And  in  either  cafe  the  velocity  of  B  is  to  that  of  F,  as 
BC  to  FC,  the  refpedive  diftances  of  thofe  two  points  from  the  center. 
For,  as  before,  the  velocities  of  B  and  F  are  as  the  arcs  B  b  and  F f 
which  are  defcribed  by  them  in  the  fame  time:  and,  as  thefe  arcs  fub- 
tend  the  fame  angle  at  C,  they  are  fimilar.  Therefore  B b,  or  the  velocity 
of  B,  is  to  ¥f  or  the  velocity  of  F,  as  BC  to  FC. 

48.  fhe  comparative  velocity  of  a  power  or  weight  is  to  be  ef  mated  by  the 
perpe?idicular  di/lance  of their  line  of  direction from  the  center  of  motion. 

If  BCD  Plat.  II.  fig.  7.  is  a  bent  lever  ;  and  the  power  by  means  of 
a  rope  faftened  at  D  ads  in  the  direction  DF,  then  the  velocity  of  the 
power  is  as  CG  a  line  drawn  from  the  center  of  motion  C  perpendicular 
to  AF  the  line  of  diredion,  in  which  the  power  ads.  For  fince,  by' the 
fecond  law  of  motion,  the  power  ads  only  in  the  line  AF,  the  perpen¬ 
dicular  diftance  of  this  line  from  the  center,  or  C  G  muft  likewife  be 
the  diftance  of  the  powers  adion  from  it. 

In  the  foregoing  propofition,  I  eftimated  the  comparative  velocity 
of  a  power  by  the  diftance  between  the  center  and  that  point,  where 
the  power  is  applyed  ;  and  the  comparative  velocity  of  a  weight  by  the 
diftance  between  the  center  and  that  point,  where  the  weight  is  fulpend- 
ed.  Thus  Plat.  II.  fig.  4.  the  velocity  of  a  power  applyed  at  B  was  laid 
to  be  to  that  of  a  weight  fufpended  at  A,  as  BC  to  AC.  But  if  the  power 
pulls  downright,  then  BE  is  its  line  of  diredion :  and  though  the  weight 
defcribes  Aa  yet  the  diftance,  to  which  it  rifes  from  the  earths  center 
in  rifing  from  A  to  ay  is  only  AD  and  in  fuch  a  line  as  AD,  or  in  the 
line  of  its  diredion,  the  weights  velocity  is  to  be  eftimated.  Therefore 
the  perpendicular  diftances  of  thefe  lines  of  diredion  from  the  center  of 
motion  being  CE  and  CD,  the  velocity  of  the  power,  by  this  propofition, 
is  to  that  of  the  weight  as  CE  to  CD.  But  whenever  the  points  of  ap¬ 
plication  and  fufpenfion  A  and  B  are  not  altered  by  altering  the  pofition 
of  the  lever  from  ACB  an  inclined  one  to  aCb  an  horizontal  one,  the 
comparative  velocities  are  the  fame  in  relped  of  each  other,  whether 
they  are  eftimated  by  this  proportion,  or  by  that  laid  down  in  the  laft 
propofition,  becaufe  CB  is  to  CA  as  CE  to  CD.  For,  fince  CE  and  CD 
are  the  perpendicular  diftances  of  BE  and  AD  from  the  center,  in  the 
triangle  BEC  the  angle  at  E  is  a  right  one,  and  fo  is  the  angle  at  D  in 
the  triangle  ADC.  The  angle  at  C  likewife  in  one  of  thefe  triangles  is 

equal 
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equal  to  the  angle  at  C  in  the  other.  And,  becaufe  there  are  two  angles 
in  one  equal  to  two  angles  in  the  other,  therefore  the  remaining  angle 
at  B  is  equal  to  the  remaining  angle  at  A.  Eucl.  b.  I.  prop.  32.  corol.  2. 
From  hence  it  follows,  Eucl.  b.  VI.  p.  4.  that  thefe  two  triangles  being 
equiangular,  their  fides  about  the  equal  angles  will  be  proportional*  CB 
to  CA  as  CE  to  CD. 

49.  A  power  and  a  weight ,  which  aft  upon  a  lever ,  are  in  equilibria t 
when  the  power  is  to  the  weight ,  as  the  dijlance  of  the  weight  from 
the  center  to  the  difiance  of  the  power  from  the  center . 

For  fince  their  velocities  by  prop.  47.  are  to  each  other  as  their  re- 
fpedtive  diftances  from  the  center  j  the  power  by  what  is  here  fuppofed 
is  to  the  weight  as  the  weights  velocity  to  the  powers  velocity ;  there¬ 
fore,  Eucl.  b.  VI.  prop.  16.  the  power  multiplyed  into  its  own  velocity* 
or  the  moment  of  the  power,  is  equal  to  the  weight  multiplyed  into  its 
own  velocity,  or  to  the  moment  of  the  weight :  that  is,  the  power  and 
weight  are  in  equilibrio.  Or  otherwife,  when  the  power  is  to  the  weight, 
as  the  weights  diftance  from  the  center  to  the  powers  distance  from  the 
fame,  then  the  power  is  to  the  weight  as  the  weights  velocity  to  the 
powers  velocity ;  or  the  power  and  weight  are  to  each  other  as  their  re- 
fpe&ive  velocities  inverted,  that  is,  as  their  velocities  reciprocally,  there¬ 
fore,  by  prop.  14.  45.  their  moments  are  equal. 

This  may  perhaps  be  made  more  intelligible,  if  we  apply  it  in  fome 
particular  inftances  to  a  lever  of  each  kind.  A  power  which  is  equiva¬ 
lent  to  100  pounds  in  weight,  can  lift  no  more  than  fuch  a  weight,, 
when  applyed  immediately  to  it.  Becaufe  in  railing  the  weight  to  any 
height  the  power  and  weight  both  move  through  equal  fpaces  in  the 
fame  time,  that  is,  they  both  move  with  the  fame  velocity.  But  if  the 
lever  AB  is  divided  by  the  prop  C  Plat.  II.  fig.  4.  in  fuch  a  manner  that 
the  arm  CB  is  to  the  arm  CA  as  6  to  1  :  then  the  fame  power  apply¬ 
ed  at  B  will  be  in  equilibrio  with  a  weight  of  600  pounds  fufpended 
at  A.  And,  if  the  power  is  ever  fo  little  increafed,  it  will  raife  the 
weight.  For  the  moment  at  one  end  of  the  lever  is  equal  to  the  pow¬ 
ers  intenfity  multiplyed  into  its  own  velocity  or  diftance  from  the  cen¬ 
ter  =  100x6  =  600,  and  the  moment  at  the  other  end  is  the  fame  be¬ 
ing  equai  to  the  weight  multiplyed  into  its  own  velocity  or  diftance 
from  'me  center  =600x1=  600. 

Upon  a  lever  of  thefecond  kind  Plat.  II.  fig.  5.  if  CP  the  diftance  of 
$?ae  power  is  to  CW  the  diftance  of  the  weight  from  the  center  as  5  to 
1,  then  a  power  equivalent  to  100  pounds,  if  applyed  at  P,  will  be  in 
equilibrio  with  a  weight  of  500  pounds  fufpended  at  W.  For  the  power 
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multiplyed  into  its  own  velocity  or  diftance  =100x5  =  500,  and  the 
weight  multiplyed  into  its  own  velocity  or  diftance  =  500  x  1  =  500. 
Therefore  their  moments  are  equal.  And  if  the  power  is  ever  fo  little 
increafed  it  will  raife  the  weight  by  turning  the  lever  round  upon  the 
center  of  motion. 

Upon  a  lever  of  the  third  kind,  Plat.  II.  fig.  6.  if  CP  the  diftance  of 
the  power  is  to  CW  the  diftance  of  the  weight  from  the  center  as  3  to 
5  then  a  power  equivalent  to  500  pounds,  if  applyed  at  P,  will  be  in 
equilibrio  with  a  weight  of  300  pounds  fufpended  at  W.  For  the  power 
multiplyed  into  its  own  velocity  or  diftance  =500x3=1500,  and 
the  weight  multiplyed  into  its  own  velocity  or  diftance  =300x5=1500. 
Therefore  their  moments  are  equal. 

I  muft  defire  the  reader  to  take  notice,  that  though  a  power  and 
weight  will  reft,  when  they  are  in  equilibrio,  yet  it  is  not  abfurd  to  rea- 
fon  concerning  their  velocity,  and  to  fay  that  they  are  in  equilibrio,  be- 
caufe  they  are  to  each  other  as  their  refpe&ive  velocities  reciprocally. 
For  here  we  do  not  mean  the  velocities  with  which  the  power  and 
weight  move;  that  indeed  might  be  abfurd  as  neither  of  them  move  at 
all :  but  we  mean  the  velocities,  with  which  they  muft  begin  to  move, 
if  they  were  to  move.  Thus,  if  the  center  of  motion  divides  a  lever  of 
the  firft  kind  in  the  proportion  of  1  to  6  ;  a  power,  which  is  equivalent 
to  100  pounds,  applyed  at  the  end  of  the  levers  longer  arm,  will  be  in 
equilibrio  with  a  weight  of  600  pounds  fufpended  at  the  end  of  the 
fhorter  :  and  therefore  the  power  and  weight  will  reft.  And  when,  in 
giving  a  reafon  for  the  equilibrium,  we  fay  that  the  power  and  weight 
are  to  each  other  as  their  relpedtive  velocities  reciprocally :  we  do  not 
mean  that  the  power  moves  with  fix  times  the  velocity  of  the  weight ; 
fince  neither  of  them  are  fuppofed  to  move  at  all :  but  that  the  weight 
cannot  begin  to  move  without  making  the  power  move  at  the  fame 
time  with  fix  times  its  own  velocity.  From  whence  it  follows,  that  the 
weight  cannot  move  in  one  diredion,  unlefs  it  can  make  the  power 
move  in  the  contrary  direction  with  a  moment  equal  to  its  own.  And 
fince  equal  forces  in  contrary  directions  deftroy  each  other,  neither  the 
weight  can  move  the  power  nor  the  power  move  the  weight :  therefore 
both  of  them  will  reft,  that  is,  they  will  be  in  equilibrio. 

50.  When  two  weights  fufpended  upon  a  lever  are  in  equilibrio  t  their 
common  center  of  gravity  is  fupported  by  the  prop. 

When  inftead  of  applying  a  power  at  one  end  of  a  lever  and  hang¬ 
ing  a  weight  upon  the  other,  we  hang  a  weight  upon  both  ends ;  there 

will 
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will  be  an  equilibrium,  if  the  weights,  or  quantities  of  matter,  are  to 
each  other  inverfely  as  their  diftances  from  the  prop,  that  is,  inverfely 
as  their  velocities.  For  it  will  be  eafy  to  underftand,  from  what  has 
been  faid  already,  that  in  this  pofition  their  moments  will  be  equal. 
Now  as  the  center  of  gravity  in  a  lingle  body  is  the  point  on  each  fide 
of  which  all  the  parts  of  the  body  are  in  equilibrio  j  fo  the  common 
center  of  gravity  of  two  bodies  is  that  point  on  each  fide  of  which  the 
two  bodies  are  in  equilibrio  ;  or  on  each  tide  of  which  the  quantities  of 
motion  are  equal.  But,  by  the  laft  proportion,  the  quantities  of  motion 
in  the  lever  are  equal  on  each  fide  of  the  prop,  when  the  two  bodies  are 
at  diftances  inverfely  as  their  weights.  Therefore  if  a  line  be  drawn 
from  the  center  of  gravity  of  one  body  to  the  center  of  gravity  of  the 
other,  the  point  of  this  line,  which  is  over  the  prop,  will  be  their  com¬ 
mon  center  of  gravity.  Or  ;  fince  the  diftanceof  each  weight  from  the 
prop  is  inverfely  as  its  quantity  of  matter,  the  common  center  of  gra¬ 
vity  of  the  two  bodies  is  a  point  which  divides  the  diftance  between 
them  in  the  inverfe  proportion  of  their  quantities  of  matter. 

Some  of  thofe,  who  objedt  to  our  conlidering  the  velocity  of  weights 
or  powers,  when  thefe  weights  and  powers  do  not  move,  if  they  are 
called  upon  to  prove  that  two  unequal  weights  will  reft,  when  they 
are  fufpended  upon  a  lever  at  diftances  from  the  prop,  which  are  as  the 
weights  inverfely,  fay,  that  in  thefe  circumftances  the  common  center  of 
gravity  is  fupported,  and  therefore  the  weights  ought  to  reft.  But  by 
examining  this  reafon  we  fhall  find  it  proves  (as  the  logicians  fay)  in  a 
circle.  Suppofe  I  afk  why  two  unequal  weights,  one  of  which  is  fuf¬ 
pended  at  Plat.  II.  fig.  4.  and  the  other  at  />,  will  reft,  if  the  diftances 
C  a  and  C  b  are  as  the  weights  inverfely :  it  is  juft  the  fame  as  if  I  had  . 
afked  why  the  twTo  unequal  weights  in  thefe  circumftances  balance  each 
other  or  are  in  equilibrio.  And  can  it  be  a  fatisfa&ory  anfwer  to  tell  me, 
that  C,  which  is  the  common  center  of  gravity  of  the  two  weights  is 
fupported  ?  for  might  not  I  afk  my  inftrudters,  how  they  prove  that  C 
is  the  common  center  of  gravity  ?  If  they  anfwer,  that  on  each  fide  of 
C  the  two  weights  are  in  equilibrio ;  this  is  what  I  charged  them  with, 
it  is  proving  in  a  circle.  For  firft  they  tell  me,  that  the  two  weights  are 
in  equilibrio,  becaufe  C  is  the  center  of  gravity,  and  is  fupported  ;  and 
then  they  tell  me  that  C  is  the  center  of  gravity,  becaufe  the  two  weights 
are  in  equilibrio.  But  if  they  give  me  the  true  reafon  why  C  is  the 
common  center  of  gravity  of  the  two  bodies  at  a  and  b ,  and  fay  that  the 
quantities  of  motion  on  each  fide  of  C  are  equal ;  then  they  do  the 
fame  thing  themfelves  which  they  blame  in  others :  for  whilft  they 
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call  it  abfurd  in  us  to  talk  of  the  velocity  of  bodies,  which  are  at  reft, 
they  themfelves  talk  of  the  motion  of  bodies,  which  are  at  reft.  And, 
unlefs  they  will  confider  the  velocities  of  bodies  in  equilibrio,  I  know 
not  by  what  means  they  would  be  able  to  prove  their  affertion  and  fhew 
that  the  quantities  of  motion  on  each  fide  of  C  are  equal,  when  the  quan¬ 
tities  of  matter  at  a  and  £  are  unequal. 

5  r.  A  common  balance  will  not  be  in  equilibrio ,  unlefs  the  weight  in  one 
fcale  is  equal  to  that  in  the  other . 

The  beam  of  a  common  balance  is  a  lever  of  the  firft  kind,  which  is 
divided  into,  two  equal  parts  or  arms  by  the  center  of  motion.  And,, 
iince  the  diflance  of  each  point  of  fufpenfion,  or  of  each  fcale  from  the 
center  of  motion  is  equal,  therefore  the  velocities  on  each  fide  are  equal.. 
From  whence  it  follows,  by  propofition  13,  that  the  moment  of  each 
fcale  will  be  as  the  quantity  of  matter  contained  in  it ;  and  confequent- 
ly  that  the  moments  will  not  be  equal,  or  there  will  be  no  equilibrium,, 
unlefs  the  quantity  of  matter  or  weight  in  one  fcale  is  equal  to  the. 
quantity  of  matter  or  weight  in  the  other. 

For  this  reafon  it  is,.. that  when  you  want  to  weigh  different  quanti¬ 
ties  of  any  thing,  you  mail  ufe  a  different  flandard..  Thus  to  weigh  a 
pound,  you  ufe  a  pound  ftone,  or  flandard  weight  of  a  pound ;  to  weigh 
14  pounds,  you  ufe  a  flandard  of  that  weight,  and  to  weigh  100  pounds 
you  ufe  a  third  flandard,  the  weight  of  which  is  100  pounds.  It  is, 
otherwife  in  fleelyards,  where  one  and' the  fame  flandard  may  be  ap- 
plyed  to  eflimate,  and,,  by  the  conflrudtion  of  the  inflrument,  maybe 
made  to  balance  very  different  weights..  The  reafon  of  this  will  appear 
under  the  following  propofition. 

52.  In  the  fteelyard  different  weights  may  be  in  equilibrio  with  the  fame 
flandard :  and  the  weight  to  be  ejlimated  is  as  the  dijlances  of  the 
flandard  from  the  center  of  motion „  when  there  is  an  equilibrium . 

The  flandard  1  Plat.  II.  fig;  8.. may  be  confideredas  a  power  acting 
on  the  arm  CP  of  the  lever  WP.  And  as  the  flrength  of  a  man  apply- 
edat  P  and  a  weight  at  W,  fo  likewife  two  weights  one  at  P  inflead  of 
a  power,  and  the  other  at  W  are  in  equilibrio,,  when  they  are  to  each* 
ether  inverfely  as  their  diflances  from  the  center  of  motion 

The  weight  of  1  pound  at  the  diflance  of  4  has  1  for  the  quantity 
of  matter  and  4  for  the  velocity,  and  confequently  has  a  moment 
=  1x4  =  4,  and  the  weight  of  4  pounds  at  the  diflance  1  has  4 
for  the  quantity  of  matter,  and.  1.  for  the  velocity and  confequently 

has 


NATURAL  PHILOSOPHY,  43 

has  a  moment  =4x1=4,  therefore  their  moments  are  equal.  But 
the  fame  ftandard  of  one  pound  at  the  diftance  3  will  have  a  mo¬ 
ment  =  1x3  =  3;  and  therefore  will  be  in  equilibrio  with  a  weight  of 
only  3  pounds  fufpended  at  W  or  at  the  diftance  1  on  the  other  arm 
of  the  fteelyard.  For  the  fame  reafon  if  the  ftandards  diftance  from  the 
center  of  motion  =  2  it  would  be  in  equilibrio  with  no  greater  weight 
than  2  pounds  at  W  or  at  the  diftance  1  on  the  other  arm.  And  if  the 
ftandards  diftance  was  1,  or  equal  to  the  weights  diftance,  then  to  make  an 
equilibrium  their  quantities  of  matter  mull  be  equal. 

The  moment  of  the  ftandard,  which  is  fufpended  on  one  arm  of  the 
fteelyard,  is  as  its  quantity  of  matter  multiplyed  into  its  diftance  from 
the  center  of  motion  ;  and  fb  likewife  is  the  moment  of  the  weight, 
which  is  fuipended  on  the  other  arm.  Now  on  the  fide  of  the  ftand¬ 
ard  the  quantity  of  matter  is  given  ;  therefore  the  moment  is  as  the 
diftance  from  the  center,  or  as  the  velocity,  by  propofitions  47.  13. 
And  on  the  fide  of  the  fteelyard  where  the  thing  to  be  weighed  hangs,  the 
diftance  of  the  weight  and  confequently  its  velocity  is  given.  There¬ 
fore  the  moment  is  as  the  quantity  of  matter  by  propofition  13.  From 
whence  it  follows,  that  when  thefe  two  moments  are  equal,  that  is, 
when  there  is  an  equilibrium,  the  quantity  of  matter  in  the  weight  on 
one  fide  is  as  the  diftance  of  the  ftandard  from  the  center  of  motion  on 
the  other  fide. 

53.  The  beam  of  a  balance  will  not  rejl  in  any  pofition  but  a  horizontal 
oney  when  the  weights  in  the  oppofite  fcales  are  in  equilibrio  with 
each  other . 

The  center  of  motion  m  of  the  balance  Plat.  II.  fig.  9.  does  not  coin¬ 
cide  with  the  common  center  of  gravity  g.  But, when  the  beam  is  in  the 
horizontal  pofition  AB,  the  center  of  gravity  g  is  diredtly  under  the 
center  of  motion  m.  For  this  reafon,  according  to  propofition  42,  the 
whole  will  reft.  But,  if  the  beam  is  inclined  in  the  pofition  HI,  then 
the  center  of  gravity  g  is  moved  from  under  the  center  of  motion  to¬ 
wards  the  fide  I,  that  is  towards  the  end  of  the  beam  which  is  raifed. 
Therefore,  by  the  fame  propofition,  the  end  I  will  defcend  till  the  cen¬ 
ter  of  gravity  comes  under  the  center  of  motion  :  and,  by  the  velocity 
acquired  in  defending,  it  will  fink  ftill  farther  ;  fo  that  the  end  H  will 
be  raifed  above  the  level ;  and  the  center  of  gravity  will  be  moved  from 
under  the  center  of  motion  towards  the  fide  H :  for  which  reafon  H 
will  delcend  as  I  did  before.  And  the  beam  will  keep  vibrating  in  this 
manner,  each  end  of  it  alternately  afcending  and  defcending ;  till  by  the 
refiftance  of  the  air  and  the  fri&ion  on  the  center,  all  its  motion  is  loft. 
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54.  A  man  ftandwg  in  onefcale ,  and  in  equilibrio  with  a  weight  in  the 
oppofite  fcale ,  cannot  increafe  his  own  weight  by  pulling  the  ropes ,  to 
which  his  Jcale  hangs  ;  nor  can  he  diminijh  it  by  thrufiing  dir  eft  ly  up¬ 
wards  againjl  the  point  of  fufpenfion . 

By  pulling  downwards  he  hangs  either  a  part  of  his  own  weight,  or 
elfe  the  whole  of  it  to  the  ropes :  for  by,  the  third  law  of  motion,  the  re¬ 
ad-ion  of  the  ropes  upwards,  is  juft  equal  to  the  force  with  which  he 
pulls  downwards:  for  inftance,  if  he  weighs  160  pounds  and  pulls  with 
a  force  equal  to  this  weight,  then  the  readion  of  the  ropes  will  luftain 
his  whole  weight,  and  no  part  of  it  will  prefs  upon  the  fcale.  If  he 
pulls  with  a  force  equal  to  80  pounds,  then  the  ropes  fuftain  half  his 
weight,  and  the  fcale  is  prefled  by  the  other  half.  And  fince  in  all  cafes 
a  part  of  his  weight  equal  to  the  force,  with  which  he  pulls,  is  taken  out 
of  the  fcale  and  is  hung  to  the  rope  ;  the  point  of  fufpenfion  will  be  al¬ 
ways  prefled  by  the  fame  quantity  *  by  his  whole  weight  in  the  fcale, 
when  he  does  not  pull  at  all ;  but  by  the  remainder  of  his  weight  in 
the  fcale  and  by  the  part  which  he  hangs  to  the  rope,  when  he  does  pull  5 
and  thefe  two  together  are  equal  to  his  whole  weight. 

It  can  fcarce  be  asked  why  he  may  not  pull  with  a  force  greater  than 
his  own  weight.  Becaufe,  I  think,  it  is  obvious,  that  if  he  weighs  only 
160  pounds  and  £hould  pull  downwards  with  a  force  greater  than  this, 
as  fuppofe  with  a  force  equal  to  170  pounds ;  then,  the  readion  of  the 
ropes  upwards  being  likewife  equal  to  170  pounds,  he  would  raife  his 
feet  from  the  fcale.  Becaufe  he  is  drawn  upwards  by  this  readion,  or  by 
a  force  greater  than  his  own  weight.  And  when  his  feet  are  raifed  from 
the  fcale  and  he  hangs  at  the  rope  by  his  hands,  it  is  plain  that  the  rope, 
and  confequently  the  point  of  fufpenfion  bears  juft  his  weight  and  no 
more. 

If  he  puthes  diredly  againft  the  point  of  fufpenfion,  then  his,  readion 
downwards  upon  the  fcale  will,  by  the  third  law  of  motion,  be  equal  to 
his  adion  upwards.  And,  thefe  two  equal  and  contrary  forces  deftroy- 
ing  each  other,  the  fcale  will  be  prefled  more  downwards  than  it  is  up¬ 
wards  only  by  his  own  weight,  juft  as  it  is,  when  he  does  not  pufh 
at  all. 

s- 

55.  A  man  Jlandwg  in  one  fcale  atid  in  equilibrio  with  a  weight  in  the 
oppofite  fcale ,  by  pujhing  any  part  of  the  beam ,  except  his  own  point 
of  fufpenfion  y  upwards ,  will  make  himfelf  heavier ,  and  by  pulling  any 
part  of  it  downwards  will  make  himfelf  lighter.. 


Let 


NATURAL  PHILOSOPHY.  45 

Let  C  Plat.  II.  fig.  10.  be  the  center  of  motion,  AB  the  beam  and  D 
the  fcale  in  which  the  man  ftands.  Firft  by  pufhing  upwards  with  a 
cane  or  by  any  other  means  againft  the  point  H,  which  is  on  the  fame 
fide  of  the  center  with  himfelf,  he  will  make  his  own  fcale  preponder¬ 
ate,  and  the  end  A  of  the  beam  will  defcend.  For  by  pufhing  againlt 
H  his  action  upwards  and  his  readtion  downwards  are  equal,  according 
to  the  third  law  of  motion.  But  his  adtion  upwards  is  applyed  at  the 
diftance  HC  from  the  center,  and  his  readtion  downwards  being  againfi 
the  fcale,  where  he  ftands,  is  applyed  as  the  point  of  fufpenfion,  or  at 
the  diftance  AC.  And,  fince  the  moments  of  thefe  two  counter-adtions 
are  as  their  refpedtive  diftances  from  the  center,  by  pufhing  againft  the  point 
FI  he  produces  a  greater  moment  downwards,  than  upwards  ;  and  upon 
that  account  the  fcale,  where  he  ftands,  will  perponderate,in  the  fame  man¬ 
ner,  as  if  he  had  been  made  heavier.  In  this  cafe  the  two  unequal  mo~ 
ments  of  adtion  and  readtion  adt  on  the  fame  fide  of  the  center  of  motion. 
And  therefore  the  fcale  D  preponderates  with  a  force  equal  to  the  diffe¬ 
rence  of  thefe  moments. 

But  fecondly,  fuppofe  the  man  to  pufh  upwards  againft  the  point  K 
on  the  contrary  fide  of  the  center.  Then  his  adtion  upwards  is  applyed 
at  the  diftance  KC  from  the  center,  and  his  readtion  downwards  at  the 
diftance  AC  as  before.  But  both  his  adtion  upwards  will  raiie  the  end 
C  B,  that  is,  will  make  the  fcale  D,  where  he  ftands,  preponderate,  and 
fo  likewife  will  his  readtion  downwards.  In  this  cafe  the  fcale  D  will 
defcend  with  a  force  equal  to  the  fum  of  the  two  moments  of  his  adtron 
and  readtion. 

If  the  man  has  a  rope  fattened  at  H  and  pulls  it  downwards ;  then  the 
readtion  of  the  rope  upwards  takes  a  part  of  his  weight  out  of  the  fcale 
D,  and  applyes  it  to  the  beam  at  the  point  H,  or  at  the  diftance  H  C 
from  the  center  of  motion;  that  is,  at  a  diftance  lefs  than  AC,  by  which 
means,  the  moment  of  this  part  of  his  weight  will  be  dimkiifhed ;  and 
the  oppofite  fcale  will  preponderate  in  the  fame  manner,  as  if  he  was 
made  lighter. 

Or  fecondly,  if  his  rope  was  fattened  at  K  on  the  contrary  fide  of  the 
center,  then  by  pulling  at  it  the  readtion  of  it  takes  a  part  of  his  weight 
out  of  the  fcale  at  D  and  applyes  it  at  K  on  the  other  fide  of  the  center. 
Therefore,  the  moment  on  his  own  fide  being  diminifhed  and  that  on 
the  contrary  fide  increafed,  the  fcale  E  will  preponderate,  and  the  fcale* 
D  where  he  ftands  will  rife. 
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56.  A  balance  may  be  a  deceitful  one,  though  the  beam  will  hang  even-, 
that  is,  will  be  in  equilibrio  either  without  the  fcales,  or  when  the 
Jcales  are  empty. 

Let  the  center  of  motion  divide  the  beam  unequally,  fuppofe  in  the 
proportion  of  10  to  9.  Or,  let  one  arm  of  the  balance  be  10  inches  long 
and  the  other  9.  Then  if  the  quantity  of  matter  in  each  arm  is  as  the 
length  of  it  inverfely,  by  prop.  49.  they  will  be  in  equilibria.  And,  if 
the  weights  of  the  empty  fcales  or  difhes  are  like  wife  made  inverfely  as 
their  diftances  from  the  center,  there  will  be  an  equilibrium,  when 
they  are  fufpended  upon  the  beam.  Thus  fuppofe  one  of  the  fcales  or 
dilhes  to  weigh  9  ounces,  and  let  that  hang  at  the  arm  which  is  10  inches 
long :  the  moment  of  this  fcale,  when  it  is  empty,  will  be  as  9  x  1  o 
=  90.  Suppofe  the  other  fcale  to  weigh  10  ounces,  and  let  that  hang 
at  the  end  of  the  arm  which  is  9  inches  long  :  the  moment  of  it,  when 
empty,  will  be  as  10x9  =  90.  Therefore,  as  their  moments  are  equal* 
they  will  be  in  equilibrio. 

But  a  balance  made  in  this  manner  will  be  a  deceitful  one.  And  if 
the  feller  puts  the  ftandard  weight  into  the  fcale,  which  hangs  nearer 
to  the  center,  the  buyer  will  be  cheated  one  part  in  ten  of  the  weight, 
which  he  ought  to  have.  Thus,  if  he  ought  to  have  a  pound,  he  would 
inftead  of  it  have  only  £  of  a  pound.  For,  as  what  he  buys  is  put  into 
the  fcale,  which  hangs  farther  from  the  center  ;  the  greater  velocity  of 
it  will  make  up  for  the  defeat  in  quantity,  and  the  moment  of  it  will 
be  equal  to  that  of  the  ftandard,  though  the  quantity  of  matter  is  lefs. 
A  pound  ftandard  or  if  of  a  pound,  if  put  into  the  fcale,  which  is  at  the 
diftance  of  9  inches  from  the  center,  produces  a  moment  as  10  x  9=  90. 
And  a  of  a  pound,  if  put  into  the  other  fcale  at  the  diftance  of  10  inches 
from  the  center,  produces  a  moment  equal  to  the  former,  fince  it  is  as 

9  x  10  =  90. 

For  the  fake  of  making  this  the  more  intelligible  I  have  fuppofed  the 
difference  of  the  two  arms  to  be  lb  great  in  proportion  to  their  whole 
length  that  the  eye  would  difcover  the  cheat.  But  the  difference  may 
be  fo  fmall  in  proportion,  that  it  could  not  be  difcovered  any  other  way 
than  by  changing  fcales.  And  if  the  balance  is  a  falfe  one,  this  method 
will  certainly  deftroy  the  equilibrium.  For,  when  the  pound  ftandard 
or  if  of  a  pound  is  put  into  the  fcale,  whofe  diftance  from  the  center  is 

10  inches,  the  moment  will  be  as  10  x  10  =  100.  And  when  £  of  a 
pound,  that  is,  the  thing  to  be  weighed,  are  put  into  the  fcale  whofe 
diftance  is  9  inches,  the  moment  will  be  only  as  9  x  9  =  81. 

57.  When 
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57.  When  two  men  carry  a  weighty  which  hangs  between  them  upon  a  pole ; 

this  pole  is  a  lever  of  the  fecond  kind.  And  the  moment  which  each 
man  JiiJlains  will  be  inverfely  as  the  difiance  of  the  weight  from  him . 

If  we  fupport  any  weight  upon  a  pole,  which  we  hold  out  at  arms 
length,  and  no  perfon  has  hold  of  the  other  end  of  the  pole  ;  then  the 
nearer  the  weight  is  to  us,,  fo  much  lefs  is  the  moment,  which  we  fuf- 
tain.  For  this  is  a  lever  of  the  third  kind.  Our  own  fhoulder  is  the  center 
of  motion,  and  to  raife  the  weight  we  muft  turn  the  lever,  which  is  the 
pole  and  our  own  arm  together,  round  upon  this  center,  and  muft  raife 
the  farther  end  of  the  pole..  For  this  reafon  by  bringing  the  weight 
nearer  to  us,  we  bring  it  at  the  fame  time  nearer  to  the  center  of  motion, 
and  confequently  diminifh  its  moment.  Therefore  in  this  cafe  the  mo¬ 
ment  is  dire&ly  as  the  diftance  of  the  weight  from  us. 

But,  when  another  perfon  has  hold  of  the  other  end  of  the  pole,  it 
is  changed  into  a  lever  of  the  fecond  kind.  For  the  center  of  motion  is 
his  hand,  if  he  holds  the  pole  in  his  hand,  or  his  lhoulder,  if  he  refts  it 
there.  And  to  raife  the  weight  we  muft  raife  the  end,  which  is  next  to 
us,  by  turning  it  round  upon  that  center.  The  weight  therefore  is  be¬ 
tween  the  power  and  the  prop.  And,  fince  the  center  of  motion  is  in 
this  cafe  beyond  the  weight,,  the  farther  the  weight  is  from  us,  the 
nearer  it  is  to  the  center,,  and  therefore  the  moment  of  it  is  the  lei's. 
That  is,  the  moment  fuftained  diminishes  as  the  diftance  from  us  in- 
creafes,  and  confequently  is  as  the  diftance  inverfely. 

From  hence  it  appears*  that  when  two  men  of  unequal  ftrength  fup¬ 
port  a  weight  upon  a  pole;  each  of  them  will  bear  a  moment  in  pro¬ 
portion  to  his  ftrength ;  if  the  diftance  of  the  weight  from  each  of  them 
is  inverfely  as  his  ftrength. 

58.  Several  mechanical  injlruments  are  levers  of  the  firfi  or  of  the  fecond 
kind :  but  Jcar ce  any  infiance  can  be  found,,  where  a  lever  of  the  third 
kind,  is  ufed. 

Levers  are  ufed  to  overcome  refiftance&  as  well  as  to  raife  weights. 
For  a  pair  of  feiftors  is  a  double  lever  of  the  firft  fort ;  the  power  is  ap~ 
plyed  at  the  bow  or  handle  of  each  lever,  the  rivet  is  the  common 
center  of  motion,  and  the  thing  to  be  cut,,  or  refiftance  to  be  overcome, 
is  placed  on  the  other  fide  of  this  center.  In  a  pair  of  feiftors  both  the 
levers  are  moveable,  but  in  abrafiers  (heers  one  of  them  is  faftened  to  a 
couple  of  ftrong  ftandards  in  a  Blbck,  and  a  man  by  preffing  upon  the 
long  handle  of  the  other  Iheer  or  lever,  which  is  moveable  upon  the 

center, 
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center,  is  able  to  overcome  the  refinance  of  a  plate  of  copper  a  quartet 
of  an  inch  thick  fo  as  to  cut  it. 

A  cutting  knife  ufed  by  patten-makers  to  cut  their  wood  is  moveable 
on  a  joynt  or  center  at  one  end,  whereby  it  is  fattened  to  a  plank.  The 
wood  to  be  cut  is  placed  on  this  plank  between  the  joynt  and  the  handle 
where  the  power  ads.  Therefore  it  is  a  lever  of  the  fecond  kind  ap- 
plyed  to  overcome  the  refittance  of  the  wood.  The  oar  of  a  boat  is  a 
lever  of  the  fecond  kind :  for  the  water  by  its  refittance  makes  a  fort  of 
prop  for  one  end  of  the  oar,  whiltt  the  power  ads  at  the  other  end, 
and  the  boat  or  weight  to  be  moved,  is  between  them. 

A  lever  of  the  third  kind  is  feldom  ufed  but  from  neceflity.  For  the 
power  in  this  lever  is  always  nearer  the  center  of  motion  than  the  weight 
is :  and  confequently  in  moving  the  inftrument  the  power  will  always 
have  a  lets  velocity  than  the  weight  has.  This  is  a  mechanical  difad- 
vantage,  which  makes  it  neceflary,  when  fuch  a  lever  is  ufed,  to  apply 
a  power  that  would  be  more  than  futticient  to  lift  the  weight  or  to 
overcome  the  refittance  without  any  lever  at  all.  In  railing  a  ladder,  the 
weight  of  it  is  lifted  at  firft  by  a  lever  of  the  fecond  kind,  and  afterwards 
,  by  one  of  the  third  kind.  The  end  of  the  ladder,  which  retts  upon  the 
ground,  is  the  prop  or  center  of  motion  3  the  man,  who  is  to  raife  it, 
applys  the  power  at  the  other  end  3  and  its  center  of  gravity,  or  the 
weight  to  be  raifed,  is  between  the  power  and  the  prop.  But  as  the  ladder 
rifes  the  man  walks  under  it  towards  the  prop.  And  when  he  has  got 
nearer  to  the  prop  than  the  center  of  gravity  is  3  he  ads  upon  a  lever 
of  the  third  kind,  and  accordingly  finds  the  difficulty  of  raffing  the  ladder 
increafe  as  he  gets  nearer  to  the  prop.  A  pair  of  fheep-fheers  are  two 
levers  of  the  third  kind.  The  wool  or  refittance  is  applyed  at  one  end  5 
the  bow-fpring  at  the  other  end  is  the  common  center  of  motion  3  and 

the  hand  or  power  is  applyed  between  them. 

* 

59.  When  a  weight  injlead  of  being  fnfpended  by  a  rope ,  is  faftened  to  the 
lever  3  the  pointy  upon  which  the  center  of  gravity  aids,  711  ay  be  con - 
Jidered ,  as  the  point  of  ju/penfon.  And ,  if  the  center  of  gravity  is 
above  the  lever ,  this  point  by  i?icli?ii?ig  the  lever  is  made  to  approach 
the  lower  end ,  but  if  below  it ,  then  it  is  made  to  approach  the  higher 
end. 

When  the  lever,  Plat.  II.  fig.  1 1 .  with  the  weight  c  faftened  above  it 
is  in  an  horizontal  pofition3  the  line  of  direction  is  cp :  and  p  is  the 
point,  on  which  the  center  of  gravity  ads.  When  the  lever  is  inclined 
in  the  pofition  SM,  e  the  point,  through  which  the  line  of  diredion 

pafies, 
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paffes,  is  nearer  to  the  lower  end  of  the  lever  S  than  p  is.  And  when  it 
is  inclined  the  other  way,  in  the  pofition  TR,  a  the  point,  through  which 
the  line  of  diredion  paffes,  is  likewife  nearer  to  the  lower  end  R  than 
p  is.  From  hence  by  a  bare  infpedion  of  the  figure  it  appears,  that  when 
a  weight,  which  has  its  center  of  gravity  faftened  above  a  lever  of  the 
firft  kind,  is  below  the  horizontal  level,  as  the  point  of  adion  by  ap¬ 
proaching  the  lower  end  of  the  lever  gets  farther  from  the  center  of 
motion,  the  velocity  and  confequently  the  moment  of  the  weight  will 
be  increafed.  But  when  the  weight  is  above  the  level,  as  the  point  of 
adion  by  approaching  the  lower  end  of  the  lever  gets  nearer  to  the 
center  of  motion,  the  velocity  and  confequently  the  moment  of  the 
weight  will  be  diminifhed. 

But  if  the  center  of  gravity  c  is  faftened  below  the  lever,  and p  is  the 
point  of  adion,  whilft  the  leverPlat.il.  fig.  1 2.  is  in  the  horizontal  pofition 
AL ;  then  by  inclining  it  into  the  pofition  K  R,  ic  will  be  the  line  of 
direction,  and  i  the  point  of  adion  will  be  nearer  to  R,  the  higher  end 
of  the  lever,  than  p  is.  Alfo  by  inclining  it  into  the  contrary  fituation 
DF,  ce  will  become  the  line  of  diredion,  and  e  the  point  of  adion  will 
be  nearer  to  the  higher  end  of  the  lever  than  p  is.  From  hence  again  it 
will  appear  by  a  bare  infpedion  of  the  figure,  that  when  a  weight,  which 
has  its  center  of  gravity  faftened  below  a  lever  of  the  firft  kind,  is 
below  the  horizontal  level,  the  point  of  adion,  by  approaching  the 
higher  end  of  the  lever,  gets  nearer  to  the  center  of  motion,  by  which 
means  the  moment  of  the  weight  is  diminifhed.  But  wThen  the  weight 
is  above  the  level,  the  point  of  adion  by  approaching  the  higher  end 
of  the  lever,  gets  farther  from  the  center  of  motion  and  the  moment  of 
the  weight  is  increafed. 

Nothing  of  this  fort  will  happen,  when  the  weight  is  fufpended  by  a 
rope  :  becaufe  the  point  of  fufpenfion  or  point  of  adion  is  not  altered 
by  inclining  the  lever ;  fince,  by  propofition  42,  as  the  weight  fwings, 
the  center  of  gravity  will  always  keep  diredly  under  the  fame  point. 
Neither  would  the  point  of  adion  be  altered  by  inclining  the  lever, 
though  the  weight  was  faftened  to  it,  if  the  center  of  gravity  was  neither 
above  the  level  nor  below  it,  but  in  the  fame  horizontal  plane  with  it. 

The  reader  will  eafily  perceive  that  what  I  have  proved  in  a  lever  of  the 
firft  kind  is  equally  true  in  both  the  other  kinds  of  lever.  I  fhall  apply 
it  in  the  inftance  of  two  men  carrying  a  weight  between  them.  When 
two  dray-men  carry  a  barrell  on  a  coul-ftaff,  to  which  it  is  fufpended  by 
a  chain,  the  point  on  which  the  weight  ads  is  not  altered  by  inclining 
the  ftaff,  and  therefore  in  going  either  up  or  down  hill,  there  will  be  no 
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inconvenience  fufFered,  nor  advantage  gained,  either  by  the  fird  man  or 
by  the  lad.  Bat  if  they  carry  the  barrell  upon  two  dogs,  one  of 
which  is  fadened  at  each  end,  then  the  weight  does  not  fwing,  and 
the  center  of  gravity  is  below  the  lever.  Therefore  the  point,  on  which 
the  weight  adts,  will  by  inclining  the  lever  be  made  to  approach  the 
higher  end.  And  in  going  down  hill,  the  fird  man  by  having  this  point 
removed  from  him,  will,  according  to  propofition  57,  be  eafed  of  a  part 
of  his  burden,  and  the  lad  man  will  have  an  equal  part  added  to  his . 
When  two  chair-men  are  going  down  hill,  if  the  center  of  gravity  of 
the  weight,  which  they  carry,  is  above  the  plane  of  their  poles,  the  point 
of  adtion  will  approach  the  lower  ends  of  the  poles,  and  the  man  that 
walks  fird  will  have  the  difad  vantage.  If  the  center  of  gravity  is  below 
that  plane,  the  point  of  adtion  will  approach  the  higher  ends,  and  the 
man  that  walks  lad  will  have  the  difadvantage.  But,  if  the  center  of 
gravity  is  in  the  plane  of  the  poles,  neither  of  them  will  differ  any  dif¬ 
advantage  by  inclining  the  poles  or  by  going  down  hill.  Becaufe  the 
point  of  adtion,  notwithftanding  the  poles  or  levers  are  inclined,  will  be 
the  fame,  as  if  they  lay  horizontally,  or  as  if  the  men  walked  upon  level 
ground. 

60.  fhe  quantity  of  motion  produced  by  a  power ,  which  adls  upon  a  lever , 
is  always  proportional  to  the  jnoving  force. 

We  fay  indeed  that  the  weight,  which  a  man  is  able  to  lift  by  the 
help  of  a  lever  is  greater  than  his  drength.  But  by  this  we  only  mean  that 
the  weight  is  greater  than  he  could  raife  with  his  drength  diredtly  applyed 
to  it,  in  fuch  a  manner  as  to  make  his  power  and  the  weight  that  is  to 
be  lifted,  move  with  the  fame  velocity.  And  what  enables  him  to  raife 
it  with  the  help  of  a  lever  is,  that  by  fufpending  the  weight  at  the 
fhorter  arm  of  the  lever  and  applying  his  drength  at  the  longer  arm, 
the  weight  is  made  to  move  flower  than  the  power.  And  though  the 
moment  of  the  weight,  when  it  moves  with  the  fame  velocity  as  the 
power  does,  might  be  greater  than  his  drength ;  yet  the  proportion, 
which  the  velocity  of  the  weight  bears  to  that  of  the  power,  may,  by 
means  of  the  lever,  be  diminifhed,  till  the  moving  force,  which  he  exerts, 
fhall  be  equaflto  the  moment  of  the  weight. 

No  motion  therefore  is  produced  by  the  lever  itfelf:  the  only  ufe  of 
it  is  to  make  the  weight  move  flower  than  the  power.  So  that  by  means 
of  this  mechanical  indrument  we  can  indeed  lift  a  greater  weight  than 
we  could  without  it :  but  at  the  fame  time  we  produce  only  the  fame 
quantity  of  motion.  For  jud  as  much  as  the  moment  we  can  raife  with 
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a  lever  exceeds  in  weight,  fo  much  it  falls  fhort  in  velocity  of  the  mo¬ 
ment  we  could  raife  without  one.  What  has  been  here  faid  concerning 
the  lever,  I  muft  defire  the  reader  to  apply,  as  he  goes  along,  to  all  the 
other  mechanical  powers. 

61.  In  a  wheel  and  axle ,  the  velocity  of  the  power  is  to  the  velocity  of  the 
weight ,  as  the  circumference  of  the  wheel  is  to  the  circumference  of 
the  axle . 

This  machine  is  much  ufed  and  is  applyed  in  very  different  fhapes. 
Let  the  axle  A  Plat.  II.  fig.  13.  and  the  wheel  CD  be  faftened  together, 
fo  that  one  cannot  turn  round  but  the  other  muft  turn  round  with  it. 
Suppofe  a  power  or  a  fmaller  weight  to  be  applyed  at  a  rope  P,  which 
winds  about  the  circumference  of  the  wheel,  and  a  weight  to  be  fuf- 
pended  at  W  by  another  rope,  which  winds  about  the  circumference  of 
the  axle  the  contrary  way.  To  turn  the  wheel  once  round,  by  pulling  at 
the  rope  P,  as  much  rope  muft  be  drawn  off  as  winds  once  about  the 
wheel,  that  is,  as  much  as  is  equal  to  the  circumference  of  the  wheel. 
Therefore,  when  it  is  turned  once  round,  the  power,  which  a£ts  at  P,  muft 
have  run  through  a  fpace  equal  to  the  length  of  rope,  that  it  has  drawn  off 
the  wheel ;  or  through  a  fpace  equal  to  the  wheels  circumference.  But 
whilft  the  wheel  is  turning  once  round,  the  axle  A  will  turn  once  round 
along  with  it,  and  the  rope,  by  which  the  weight  is  fufpended,  will  wind 
once  about  the  axle.  Upon  this  account  the  weight  W  will  be  raifed 
through  a  fpace  equal  to  as  much  rope  as  will  go  once  round  the  axle ; 
or  through  a  fpace  equal  to  the  circumference  of  the  axle.  Since  there¬ 
fore  in  the  time  that  the  machine  is  turned  once  round,  the  fpace,  which 
the  power  defcribes,  is  equal  to  the  circumference  of  the  wheel  j  and 
the  fpace,  which  the  weight  defcribes,  is  equal  to  the  circumference  of 
the  axle ;  and  fince,  by  propofition  1  o,  the  velocities  are  as  the  fpaces 
defcribed  in  the  fame  time  j  it  follows,  that  the  velocity  of  the  power 
is  to  the  velocity  of  the  weight,  as  the  circumference  of  the  wheel  to 
the  circumference  of  the  axle. 

In  all  the  variety  of  fhapes,  in  which  this  machine  is  ufed,  there  is 
the  fame  proportion  between  the  velocities  of  the  power  and  weight. 
Suppofe  that  the  power  does  not  adt  by  a  rope  which  winds  round  the 
wheel,  but  that  it  is  a  mans  ftrength  applyed  immediately  to  the  handles 
K,  E,  F,  G,  H,  I.  If  the  man  firlt  lays  hold  of  the  handle  H,  and  pufhes 
it  down  to  the  place  G,  his  hand  will  have  run  through  the  fpace  HG 
or  the  fixth  part  of  a  circle,  and  the  handle  I  will  be  brought  down  to 
the  place  of  H.  He  then  lays  hold  of  I  and  pufhes  it  down  to  G  as 

g  2  be- 
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before,  by  which  means  his  hand  will  have  gone  through  another  fixth 
part  of  a  circle.  And  thus  by  laying  hold  of  every  one  of  thefe  fix  handles 
in  its  turn,  and  pushing  it  down  to  G  he  will  turn  the  wheel  once  round, 
and  his  hand  or  the  power,  will  have  defcribed  \  or  the  whole  circum¬ 
ference  of  a  circle,  wrhofe  diameter  is  IF.  This  circle  is  to  be  looked 
upon  as  the  circumference  of  the  wheel ;  though  the  wheel  is  then  an 
imperfect  one,  for  the  handles  are  only  the  fpokes  of  it.  And  fince, 
whilft  the  power  is  defcribing  this  fpace,  the  weight  has  rifen,  as  before, 
through  a  fpace  equal  to  as  much  rope  as  winds  once  round  the  axle, 
it  follows  that,  in  this  inftance  likewife,  the  velocity  of  the  power  is  to 
the  velocity  of  the  weight  as  the  circumference  of  the  wheel  to  the  cir¬ 
cumference  of  the  axle. 

62.  In  a  wheel  and  axle ,  the  power  and  weight  are  in  equilibrio  ;  if  the 
power  is  to  the  weight ,  as  the  circwnference  of  the  axle  to  the  cir¬ 
cumference  of  the  wheel. 

For  then,  by  the  laft  proportion,  the  power  is  to  the  weight,  as  the 
weights  velocity,  to  the  powers  velocity.  And  if  there  be  four  quanti¬ 
ties,  of  which  the  firft  is  to  the  fecond  as  the  third  to  the  fourth,  then 
the  firft  multiplyed  into  the  fourth  is  equal  to  the  fecond  multiplyed 
into  the  third.  Fuel,  book  VI.  prop.  16.  Therefore  the  power  multi¬ 
plyed  into  its  own  velocity,  or  the  moment  of  the  power,  is  equal  to  the 
weight  multiplyed  into  its  own  velocity,  or  to  the  moment  of  the 
weight. 

Or  other  wife,  fince  the  power  is  to  the  weight  as  the  velocity  of  the 
weight  to  the  velocity  of  the  power  ;  therefore  the  power  and  weight 
are  to  each  other  as  their  velocities  inverted,  and  confequently,  by  pro- 
pofition  13,  their  moments  are  equal. 

We  may  apply  this  in  the  following  inftance.  Let  the  circumference 
of  the  wheel  be  to  that  of  the  axle  as  1 2  to  1 ,  and  fuppofe  a  weight 
of  1  pound  fufpended  at  P,  Plat.  II.  fig.  1 3 .  and  another  weight  of 
1 2  pounds  fufpended  at  W,  then  P  or  1  pound,  is  to  W,  or  1 2  pounds, 
as  the  circumference  of  the  axle  1 ,  or  W’s  velocity,  to  the  circumference 
of  the  wheel  12,  or  P’s  velocity.  Therefore  1x12  =  12,  which  is  the 
quantity  of  matter  in  P  multiplyed  into  its  velocity,  or  P’s  moment, 
is  equal  to  i2x  1  =  12  which  is  the  quantity  of  matter  in  W  multi¬ 
plyed  into  its  own  velocity,  or  to  W’s  moment. 

In  ufing  this  machine  the  weight  is  not  always  fufpended  to  the  axle 
by  a  rope,  but  is  fometimes  faftened  to  the  axle  itfelf.  This  is  the  cafe  of 
a  bell,  the  weight  of  which  is  moved,  in  ringing  it,  by  a  wheel  and  axle. 

And, 
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And,  in  once  turning  the  wheel  round,  the  velocity  of  the  bell  is  as  the- 
circumferencd  defcribed  by  its  center  of  gravity. 

In  a  crane  wheel  on  the  other  hand  the  power  is  not  applyed  to  the 
wheel  by  means  of  a  rope ;  nor  does  it  adt  upon  any  handles  or  fpokes. 
But  as  the  man  or  the  horfe  within  the  wheel  fteps  forwards,  the  part, 
upon  which  he  treads,  by  this  means  becomes  the  heavieft  part  of  the 
wheel,  and  defcends  till  it  is  the  loweft.  Thus  he  keeps  going  on,  and 
by  treading  upon  every  part  of  the  wheels  circumference  in  its  turn  he 
walks  over  that  whole  circumference,  and  brings  the  wheel  once  round. 

A  capftan  is  a  cylindrical  axle  perpendicular  to  the  horizon,  which  is 
turned  by  four  levers  or  bars  that  crofs  it.  Thefe  are  the  fpokes  of  an 
imperfecft  wheel.  And  the  velocity  of  the  power  applyed  to  them  is  as 
the  circumference,  which  it  defcribes  in  one  revolution  of  the  capftan. 

63.  The  motion  of  a  watch  is  made  uniform  by  means  of  the  fufee ;  though 
the  force  of  the  fpring  is  not  always  the  fame ,  but  is  great  eft  of  all 
when  the  watch  is  jujl  wound  up ,  and  keeps  decreafmg  as  the  watch 
goes  down. 

From  propofition  61  it  follows,  that  the  velocity  of  a  weight  or  of 
any  other  force  applyed  to  the  axle  of  a  wheel,  will  increafe  as  the  cir¬ 
cumference  of  the  axle  increafes.  Thus  Plat.  II.  fig.  13.  a  weight,  or 
any  other  force,  adling  upon  the  axle  B  will  have  a  greater  velocity  than 
one  which  adts  upon  the  axle  A.  If  the  force  was  applyed  to  the  cir¬ 
cumference  TV  or  R S  as  to  an  axle,  its  velocity  would  be  farther  en- 
creafed.  Now  the  fufee  of  a  watch  is  an  axle  in  the  fhape  of  a  cone. 
And  the  fpring  by  means  of  the  chain  adts  upon  the  fmalleft  part  of  this 
axle,  when  the  watch  is  juft  wound  up.  As  the  watch  goes  down  the 
chain  is  applyed  to  different  parts  of  this  cone,  and  to  the  thickeft  part 
of  all  when  the  watch  is  juft  down.  Therefore  as  the  elafticity  or  ab- 
folute  force  of  the  fpring  decreafes,  the  velocity,  with  which  it  adts  to 
move  the  watch  increafes  by  being  applyed  to  a  greater  part  of  the  axle 
in  proportion :  and  confequently,  if  the  fufee  is  regulated  as  it  ought  to 
be,  the  moment  produced  in  the  wheels  and  in  the  hands  of  the  watch 
will  be  always  the  fame. 

65.  An  upper  pulley ,  that  only  turns  round  upon  its  center  and  does  not 
move  with  the  weighty  gives  no  mechanical  advantage  to  a  power. 

If  a  weight  F  Plat.  II.  fig.  14.  is  fufpended  at  one  end  of  a  rope  run¬ 
ning  acrofs  the  pulley  E  D,  which  turns  on  the  center  C,  but  is  fixed  to 
the  beam  A  in  fuch  a  manner  as  neither  to  move  upwards  nor  downwards  j 
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and  if  another  weight  B  is  fufpended  at  the  other  end  of  the  rope  :  then 
it  is  evident  that  B  cannot  defcend  through  any  fpace  B  G  but  F  muft 
rife  through  an  equal  fpace,  becaufe  all  the  rope,  which  is  drawn  to  the 
fide  of  B  in  defcending,  is  taken  from  the  other  fide  where  F  hangs; 
that  is,  as  much  as  the  fide  D  B  is  lengthened,  fo  much  the  fide  E  F  is 
fhortened.  Therefore  the  two  weights  move  with  equal  velocities,  and 
confequently,  by  propofition  13,  will  not  be  in  equilibrio,  or  have  equal 
moments,  unlefs  their  quantities  of  matter  are  equal.  In  the  fame  man¬ 
ner,  if  inftead  of  a  weight  at  B  a  power  had  been  applyed  there,  we 
might  have  proved  that  the  velocity  of  the  power  would  be  equal  to 
that  of  the  weight,  and  that  a  power,  which  could  lift  the  weight  F 
with  fuch  a  pulley  as  this,  might  lift  it  without  any  pulley  at  all. 

If  a  rope  is  thrown  acrofs  a  pulley  faftened  at  the  top  of  a  room, 
and  a  mafs  of  lead  is  hung  at  one  end  of  the  rope  ;  a  man,  who  pulls  at 
the  other  end,  cannot  raife  the  mafs,  if  it  weighs  more  than  he  does 
himfelf.  For  fuppofing  him  to  weigh  160  pounds;  and  the  lead  to 
weigh  200  pounds.  Then  if  he  pulls  with  a  force  lefs  than  his  own 
weight,  it  is  evident  that  he  cannot  raife  the  lead.  Becaufe  a  force  lefs 
than  160  pounds  cannot  raife  a  weight  of  200.  It  is  likewife  evident 
that  he  cannot  raife  it,  if  he  pulls  with  a  force  equal  to  his  own  weight. 
And  if  he  pulls  with  a  force  greater  than  his  own  weight,  inftead  of 
railing  the  lead,  he  will  draw  himfelf  up  from  the  ground.  For,  by  the 
third  law  of  motion,  the  reaction  of  the  rope  upwards  is  equal  to  his 
adtion  downwards.  Therefore  if  he  pulls  downwards  with  a  force  equal 
to  170  pounds  weight,  which  is  10  pounds  more  than  he  weighs  him- 
felf,  the  reaction  of  the  rope  upwards  is  equal  to  170  pounds  or  10 
pounds  more  than  his  weight.  And,  fince  the  rope  readts  upon  him 
with  a  force  greater  than  his  own  weight,  he  will  rife  with  the  dif¬ 
ference. 

If  the  mafs  of  lead  was  to  weigh  juft  as  much  as  the  man  himfelf 
weighs,  or  160  pounds,  he  could  not  raife  it.  Becaufe,  if  he  pulls  with 
a  force  lefs  than  his  own  weight  he  cannot  raife  a  weight  equal  to  his 
own,  or  160  pounds.  And  if  he  pulls  with  a  force  exactly  equal  to  his 
own  weight,  he  will  hang  by  his  hands  at  one  end  of  the  rope,  and  the 
mafs  of  lead,  which  hangs  at  the  other  end,  will  be  in  equilibrio  with 
him,  and  confequently  will  not  rife.  But  if  he  pulls  with  a  force  greater 
than  his  own  weight,  then,  inftead  of  railing  the  lead,  he  will  draw  him¬ 
felf  up  from  the  ground  as  before. 

But  fuppofe  inftead  of  the  mafs  of  lead  that  there  was  a  noofe  at  that 
end  of  the  rope,  and  that  the  man  was  to  put  his  foot  into  this  noofe, 
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whilft  he  pulls  at  the  other  end.  In  this  cafe  his  own  weight  is  hung  at 
that  end  of  the  rope,  where  his  foot  is;  and  his  own  ftrength  is  applyed 
at  the  other  end  to  raife  this  weight.  Let  us  therefore  enquire  whether 
he  could  in  thefe  circumftances  pull  himfelf  up  to  the  top  of  the  room. 
We  have  feen  that  he  could  not  raife  a  weight  of  160  pounds.  But 
though  he  weighs  160  pounds  yet  he  will  be  able  to  raife  himfelf.  For 
here  it  mull  be  obferved  that  his  whole  weight  cannot  hang  upon  both 
ends  of  the  rope  at  the  fame  time.  But  whatever  part  of  his  weight  he 
hangs  at  that  end  of  the  rope,  where  his  hand  is,  by  pulling  at  it ;  juft 
fo  much  he  takes  off  from  the  other  end,  where  his  foot  is  in  the  noofe. 
Thus  for  inftance,  fuppofe  him  to  puli  with  a  force  equal  to  80  pounds 
or.  half  his  own  weight ;  he  then  hangs  half  his  weight  to  that  end  of 
the  rope  where  he  pulls,  and  confequently  leaves  but  80  pounds  or  half 
his  weight  in  the  noofe  at  the  other  end.  In  this  cafe  his  weight  at  one 
end,  and  his  ftrength,  with  which  he  pulls  at  the  other,  would  juft  be 
equally  balanced.  But  fuppofe  him  to  pull  with  any  force  greater  than 
half  his  weight  he  would  raife  himfelf  from  the  ground.  Thus  if  he 
pulls  with  a  force  equal  to  90  pounds,  which  is  10  pounds  more  than 
half  his  weight ;  then  he  hangs  90  pounds  of  his  weight  at  the  end, 
where  his  hands  are,  by  pulling  at  it ;  and  confequently  leaves  only  70 
pounds  in  the  other  end,  where  his  foot  is.  Therefore  his  ftrength,  or 
the  weight  he  hangs  at  one  end  by  pulling  at  it,  will  overbalance  the 
weight,  which  he  leaves  at  the  other  end  :  and  upon  this  account  the 
end,  where  his  foot  is,  will  rife  ;  and  part  of  the  rope  will  come  over 
the  pulley  to  that  fide,  where. his  hand  is.  And  if  he  keeps  gathering  up 
this  rope  as  faft  as  it  comes  over,  he  may  raife  himfelf  up  to  the 
top  of  the  room.  From  this  inftance  the  reader  will  eafily  underftand 
what  was  before  affirmed,  that  this  will  always  be  the  cafe,  if  the  man 
pulls  with  any  force  which  is  greater  than  half  his  own  weight. 

65.  When ,  befides  the  upper  putties.,  there  is  another  lower  block  of  putties , 
which  will  move  as  the  weight  moves :  the  velocity  of  the  weight  is  to 
the  velocity  of  the  power  as  1  to  the  number  of  ropes ,  that  Jupport 
the  lower  block. 

The  weight  W  Plat.  III.  fig.  1 .  is  faftened  to  a  lower  block  with  one 
pulley  in  it ;  and  the  block  is  fupported  by  two  ropes  fe,  and  dg:  that 
is,  by  two  parts  of  the  fame  rope,  which  has  one  end  faftened  upon  the 
beam  A,  and  running  acrofs  the  lower  pulley  is  divided  by  it  into 
two  parts ;  and  then  running  acrofs  the  upper  pulley  at  d  comes  over  to 
the  fide  BP,  where  we  fuppofe  the  power  to  a<ft.  We  have  reckoned 
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only  two  ropes :  for  the  third  BP  to  which  the  power  is  applyed,  does 
not  fupport  the  lower  block. 

Now  in  this  inftance  the  velocity  of  the  weight  is  to  that  of  the 
power  as  i  to  2.  For  to  draw  the  weight  through  any  fpace,  as  HW, 
each  of  the  ropes  fe  and  dg  muft  be  fhortened  by  a  quantity  equal  to 
H  W  j  and  what  rope  is  drawn  from  this  fide  of  the  fixed  pulley  at  d 
will  run  over  to  the  fide  BP,  therefore  the  fpace,  which  the  power  de- 
fcribes,  whilft  the  weight  is  afcending  through  HW,  will  be  equal  to 
BP  or  to  twice  HW.  And,  fincethe  velocities,  by  propofition  10,  are  as 
the  fpaces  defcribed  in  the  fame  time,  the  velocity  of  the  weight  is  to 
that  of  the  power  as  1  to  2,  or  as  1  to  the  number  of  ropes. 

Univerfally  ;  whatever  is  the  number  of  ropes,  by  which  the  lower 
block  is  fupported  ;  when  the  weight  is  to  be  raifed  through  any  fpace, 
each  rope  mu  ft  be  fhortened  by  a  quantity  equal  to  that  fpace.  And, 
fince  the  fum  of  all  the  parts  taken  from  each  rope  runs  over  to  the  fide 
of  the  power ;  it  follows  that,  whilft  the  weight  is  rifing  through  any 
given  fpace  as  1,  the  power  will  defcribe  a  fpace  which  exceeds  it  as 
much  as  the  fum  of  all  the  parts  exceeds  one  part,  or  as  much  as  the 
number  of  ropes  exceeds  1.  Therefore  the  fpace  defcribed  by  the 
weight  is  to  the  fpace  defcribed  by  the  power  in  the  fame  time,  or  the 
velocity  of  the  weight  is  to  the  velocity  of  the  power,  as  1  to  the  num¬ 
ber  of  ropes. 

The  weight  W,  Plat.  III.  fig.  2.  which  hangs  to  the  lower  block, 
is  fupported  by  5  ropes :  the  rope,  to  which  P  the  power  or  the  lefier 
weight  is  applyed,  is  not  to  be  reckoned  into  the  number.  Now  to  raife 
the  lower  block  and  the  weight  along  with  it  1  foot  higher  than  it  is, 
or  one  foot  nearer  to  the  upper  block,  thefe  5  ropes  muft  be  fhortened 
1  foot  each.  And,  fince  the  fum  of  all  thefe  parts,  or  5  feet  of  rope, 
runs  over  to  the  fide  where  P  is  applyed  ;  it  follows  that,  whilft  the 
weight  is  rifing  through  one  foot,  the  power  defcribes  5  feet.  There¬ 
fore  the  velocity  of  the  weight  is  to  that  of  the  power  as  the  fpaces  de¬ 
fcribed  in  an  equal  time,  or  is  as  1  to  3,  or  as  1  to  the  number  of  ropes. 

Thefe  two  blocks  are  made  in  an  inconvenient  form.  For  by  pla¬ 
cing  the  pullies  one  below  another  the  blocks  are  made  fo  long,  that  they 
will  touch  each  other,  before  the  weight  comes  near  the  hook,  which 
the  upper  block  hangs  upon.  To  prevent  this,  the  pullies  are  ufually 
placed  fo  as  to  turn  upon  the  fame  axis :  and  then  a  blcck  for  3  pullies 
Plat.  III.  fig.  3.  is  no  longer  than  a  block  for  one.  The  weight  W  is 
here  fupported  by  6  ropes.  And  fince  each  muft  be  fhortened  1  foot  in  or¬ 
der  to  raife  the  weight  1  foot,  and  the  power  will  in  the  mean  time 
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have  6  feet  of  rope  run  over  to  the  fide,  where  it  is  applyed,  and  con- 
fequently  will  defcribe  6  feet,  whilft  the  weight  is  defcribing  1 .  There¬ 
fore  the  velocity  of  the  weight  is  to  that  of  the  power  as  1  to  6  or  as  r 
to  the  number  of  ropes. 

66.  In  pullies  the  power  and  weight  will  he  in  equilibria ,  if  the  power  is  to 
the  weight  as  1  to  the  number  of  ropes  that  fupport  the  lower  block . 

For  then,  by  proportion  65,  the  power  and  weight  are  to  each  other 
as  their  velocities  inverfely;  therefore,  by  proportion  13,  their  moments 
are  equal. 

Let  W  Plat.  III.  fg.  3.  be  6  hundred  weight,  and  P  1  hundred  ;  then 
P  is  to  W  as  1  to  the  number  of  ropes.  But  P’s  velocity  is  to  W’s  velo¬ 
city  as  the  number  of  ropes  to  1,  or  as  6  to  1.  Therefore  P  1  hundred 
weight  multiplyed  into  its  own  velocity  or  100x6  =  600,  and  W  6 
hundred  weight  multiplyed  into  its  own  velocity  or  600  x  1  =  600. 

From  hence  we  may  fee  that  a  weight  acts  with  lefs  velocity,  and 
confequently  with  lefs  moment  in  proportion  to  the  number  of  ropes 
that  fupport  it.  Therefore  1  hundred  weight  fulpenaed  at  a  hngle  rope, 
which  runs  acrofs  an  upper  pulley,  will  turn  a  jack  as  well  as  6  hundred 
weight  fuipended  at  a  lower  block  fupported  by  6  ropes.  But  there  is 
a  good  reafbn  for  preferring  6  hundred  weight  with  tackle  of  fix,  (as  it 
is  called)  or  with  a  fet  of  pullies  having  fix  ropes,  to  1  hundred  weight 
with  a  lingle  rope.  For  in  the  former  cafe  there  is  6  times  as  much  rope 
as  there  is  in  the  latter  •  and  confequently  the  weight  will  be  6  times 
as  long  in  going  down  ;  or  the  jack  will  go  6  times  longer  without 
winding  up.' 

67.  I’he  velocity  of  two  equal  refftances ,  of  which  071c  alls  perpendicularly 
upon  one  fde  of  an  ifofceles  wedge  and  the  other  perpendicularly  upon 
the  other  fde ,  is  to  the  velocity  of  a  power ,  which  alls  perpendicularly 
upon  the  back  of  it ,  as  the  bafe  of  the  wedge  is  to  the  fum  of  its  fdes. 

Let  ABC  Plat.  III.  fig.  4.  be  an  ifofceles  wedge,  that  is,  a  wedge, 
whofe  fides  AC  and  BC  are  equal  to  each  other.  And  let  PP  be  two 
equal  weights,  which  are  to  be  feparated  from  each  other  by  driving  the 
wedge  between  them.  When  the  wedge  is  quite  driven  in  by  a  power, 
fuch  as  the  Broke  of  a  hammer,  applyed  perpendicularly  to  the  back 
AB  ;  the  fpace  defcribed  by  the  refinance,  which  thefe  two  weights 
make,  will  be  to  the  fpace  defcribed  by  the  power  in  the  fame  time,  or, 
by  proportion  10,  the  velocity  of  the  refinance  will  be  to  the  velocity 
of  the  power,  as  AB  the  bafe  of  the  wedge  is  to  AC  added  to  CB  the 
fum  of  the  fides. 
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When  the  wedge  is  driven  between  the  weights  into  the  fituation 
MON  ;  one  weight  will  have  been  removed  from  P  to  on  one  fide, 
and  the  other  from  P  to  on  the  other  fide  :  fo  that  C  K  perpendi¬ 
cular  to  one  fide  is  the  fpace  defcribed  by  one  of  them,  and  CL  perpen¬ 
dicular  to  the  other  fide  is  the  fpace  defcribed  by  the  other  of  them. 
But  fince  CK  is  equal  to  CL,  the  fpace  defcribed  by  the  whole  refi¬ 
nance  is  the  fame,  whether  one  weight  defcribes  CK,  and  the  other  CL, 
or  both  together  defcribe  CL.  Or,  fince  one  weight  is  only  half  the 
refifiance,  and  the  other  weight  is  the  other  half,  C  K  added  to  C  L  is 
defcribed  by  half  the  refinance,  C  K  by  one  weight  which  is  only  half 
the  refinance  made  by  both  of  them  and  C  L  by  the  other.  But  C  K  is 
equal  to  CL.  Therefore  CK  and  CL  together  are  equal  to  twice  CL  ; 
and  confequently  as  it  is  only  half  the  refinance  which  in  driving  the 
wedge  in  defcribes  a  ipace  equal  to  twice  CL}  the  whole  refinance 
defcribes  but  half  this  fpace  or  once  CL.  In  the  mean  time  the  power, 
which  is  applyed  at  D,  having  driven  the  wedge  into  the  pofition  MON, 
has  moved  from  D  to  C  or  has  defcribed  the  fpace  DC.  Therefore,  taking 
DG  perpendicular  to  BC  and  equal  to  CL,  the  fpace  defcribed  by  the  re¬ 
finance  is  to  the  fpace  defcribed  by  the  power  in  the  lame  time,  and 
confequently,  by  propofition  io,  the  velocity  of  the  refinance  is  to  the 
velocity  of  the  power,  as  D  G  to  D  C.  But  fince  D  C  the  dire&ion  of 
the  power  is  perpendicular  to  AB  the  back  of  the  wedge,  it  follows  that 
B  D  C  is  a  rightangled  triangle.  And,  fince  DG  the  direction  in  which 
the  refinance  moves  is  perpendicular  to  B  C,  the  triangle  D  G  B  is  fimi- 
lar  to  the  triangle  BDC,  Eucl.b.VI.  pr.  8.  and  DG  is  to  DC  as  DB  is  to 
B  C.  Therefore  the  velocity  of  the  refinance  is  to  the  velocity  of  the 
power  either  as  DG  to  DC,  or  which  has  jufi  been  proved  to  be  the  fame 
thing,  as  D  B  half  the  bafe  of  the  wedge  to  B  C  one  of  its  fides.  But  as 
D  B  half  the  bafe  to  B  C  one  fide,  fo  is  twice  D  B  or  AB  the  whole  bafe 
to  twice  BC,  or  (fince  CB  is  equal  to  AC)  to  BC  added  to  AC  or  the 
fum  of  the  fides.  Therefore  the  velocity  of  the  refinance  is  to  the  ve¬ 
locity  of  the  power  as  the  bafe  of  the  wedge  to  the  fum  of  the  fides. 

68.  If  a  power  a£ls  perpendicularly  to  the  back  of  an  ifofceles  wedge ,  and 
a  refinance  is  Jo  divided  that  half  of  it  may  adi  perpendicularly  to 
one  fide  of  the  wedge  and  half  of  it  perpendicularly  to  the  other ;  they 
will  be  in  equilibria ,  if  the  power  is  to  the  ref  fiance ,  as  the  baj'e  of 
the  wedge  to  the  fum  of  its  fides . 

For,  by  the  lafi  propofition,  the  velocity  of  the  refinance  is  to  the  ve  ¬ 
locity  of  the  power  as  the  bafe  of  the  wedge  to  the  fum  of  its  fides. 

There- 
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Therefore,  if  the  power  is  to  the  refinance  as  the  bafe  to  the  fum  of  the 
fides,  the  power  and  reftftance  are  to  each  other  as  their  velocities  in- 
verfely  ;  and,  by  proportion  13,  their  moments  are  equal. 

This  propofition  may  be  proved  independently  of  the  foregoing  one. 
Let  ABC  Plat.  III.  fg.  5.  be  an  ifofceles  wedge,  that  is,  a  wedge,  whofe 
fides  AC  and  BC  are  equal  to  each  other.  A  power  applyed  perpendi¬ 
cularly  to  the  back  of  it  adts  in  the  diredtion  G  C.  Let  ED  half  the  re¬ 
finance  adt  in  the  diredtion  EG  perpendicular  to  the  fide  AC;  and  ed 
the  other  half  reftftance  adt  in  the  diredtion  e  G  perpendicular  to  the 
tide  BC.  Now  fince  EG  and  eG  are  oblique  to  GC,  that  is,  fnce  the 
rerftance  adts  obliquely  to  the  power,  it  follows  that  the  whole  ref¬ 
inance  does  not  oppofe  itfelf  to  the  power  :  for  only  that  part  of  the  re- 
fiftance,  which  is  diredtly  contrary  to  the  powers  diredtion,  or  to  G  C, 
oppofes  itfelf  to  the  power,  and  prevents  the  motion  of  the  wedge  in 
that  diredtion.  Therefore  the  power  will  be  in  equilibrio  with  the  re¬ 
rftance,  though  it  is  not  equal  to  the  whole  reftftance ;  provided  it  be 
equal  to  that  part  of  it,  which  adts  in  a  diredtion  oppoftte  to  GC.  To 
find  out  what  part  of  the  half  reftftance  ED  is  oppofed  to  the  power 
and  prevents  the  wedge  from  moving  in  the  diredtion  GC,  refolve  the 
oblique  force  ED  into  two  others,  of  which  EF  is  parallel  to  AB  the 
back  of  the  wedge  and  F  D  perpendicular  to  it.  This  is  done,  according 
to  propofition  20,  by  conf dering  ED  as  the  diagonal  of  a  parallelo¬ 
gram,  of  which  EF  and  FD  are  the  two  fides.  In  the  fame  manner  the 
other  half  reftftance  ed  may  be  refolved  into  e f  parallel  to  AB,  and  fd 
perpendicular  to  it.  Therefore  the  part  of  the  reftftance,  which  by 
adting  perpendicularly  to  the  back  of  the  wedge  oppofes  itfelf  to  the 
power,  is  to  the  whole  reftftance  as  FD  -\-fd  to  ED  -t-ed  $  or,  fince 
FD  is  equal  to  fd ,  and  ED  equal  to  ed ,  as  twice  FD  to  twice  ED. 
But  fince  the  power  will  be  in  equilibrio  with  the  reftftance,  when  it 
is  equal  to  that  part  of  the  reftftance,  which  is  oppofed  to  it,  there  will 
be  an  equilibrium,  when  the  power  is  to  the  whole  reftftance  as  twice 
FD  to  twice  ED,  that  is,  as  I  fhall  prove  prefently,  as  the  bafe  of  the 
wedge  to  the  fum  of  its  fides.  In  the  mean  time  it  will  be  neceftary  to 
fay  fomething  concerning  the  two  other  parts  of  the  half  reftftance  011 
each  fide  EF  and  ef  Now  thefe  two  parts  being  equal  and  in  contrary 
diredtions  deftroy  each  other,  and  fo  neither  oppofe  the  power  nor  hin¬ 
der  the  motion  of  the  wedge  in  the  diredtion  G  C. 

But  I  am  to  prove  that  twice  FD  is  to  twice  ED  as  the  bafe  AB  to 
the  two  fides  AC  and  CB  taken  together.  EFD  and  GDA  are  fimilar 
triangles.  For  the  angle  EFD  is  a  right  one,  becaufe  FD  is  perpendi- 

H  2  cular 
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cular  to  AB  and  EF  is  parallel  to  it.  Eucl.  b.  I.  pr.  29.  And  GDA  is 
likewife  a  right  angle,  and  therefore  equal  to  EFDj  becaufeEDG  is  per¬ 
pendicular  to  AC  by  the  fuppofition.  AGE  is  likewife  equal  to  GEF, 
becaufe  AB  and  EF  are  parallel,  and  thefe  two  are  alternate  angles.  Euc. 
b.  I.  pr.  29.  From  whence  it  follows,  that,  lince  the  three  angles  in 
every  triangle  are  only  equal  to  two  right  ones,  and  two  angles  in  the 
triangle  EFD  are  refpedtively  equal  to  two  angles  in  the  triangle  ADG, 
the  third  angle  E  D  F  in  one  is  equal  to  the  third  angle  GAD  in  the 
other.  Eucl.  b.  I.  pr.  32.  corol.  2.  and  the  two  triangles  are  fimilar.  But 
AGC  is  a  rightangled  triangle,  and  the  line  GD  drawn  from  the  right 
angle  is  perpendicular  to  AC  :  therefore  the  triangle  ADG  and  confe- 
quently  the  triangle  DFE  is  fimilar  to  the  triangle  AGC.  Eucl.  b.YI.  pr. 
8.  And  FD  is  to  ED  as  AG  to  AC,  or  twice  FD  to  twice  ED  as  twice 
AG  or  AB  the  bafe  of  the  wedge  to  twice  AC  or  AC  and  BC  together, 
which  is  the  fum  of  the  fides.  Eucl.  b.VI.  pr.  4. 

From  this  propofition,  when  it  is  thus  demonftrated,  the  foregoing 
proportion  may  be  deduced  as  a  corollary.  For  fince  the  power  and 
refinance  are  in  equilibrio,  when  the  power  is  to  the  refiftance  as  the 
bafe  of  the  wedge  to  the  fum  of  its  fides.  And  lince,  by  propofition  13, 
when  they  are  in  equilibrio,  they  are  to  each  other  as  their  velocities 
inverfely.  It  follows  that  the  velocity  of  the  refiftance  is  to  the  velo¬ 
city  of  the  power,  as  the  power  is  to  the  refiftance,  or  as  the  bafe  of  the 
wedge  to  the  fum  of  its  fides. 

69.  If  in  cleaving  wood  the  power  is  to  the  refinance  of  the  wood \  as  the 
bafe  of  the  wedge  to  the  fum  of  its  fides ,  they  will  be  in  equilibrio  ; 
and  the  power ,  if  it  be  ever  fo  little  increafedy  will  drive  in  the 
wedge . 

I  find  that  one  writer  upon  mechanics  makes  the  proportion  of  the 
power  to  the  refiftance  of  the  wood  to  be  lefs  than  this,  and  maintains 
that  there  will  be  an  equilibrium,  when  the  power  is  to  the  refiftance, 
as  a  quarter  of  the  bafe  to  one  lide,  or  as  half  the  bafe  to  the  fum  of 
the  fides.  He  fupports  his  opinion  in  this  manner.  If  the  wedge  ACB 
Plat.  III.  fig.  6,  is  driven  into  the  wood  YCF,  which  is  fplit  no  farther 
than  the  point  of  the  wedge  j  it  is  evident  that  the  velocity  of  the  wood 
at  F  and  V  muft  be  greater  than  the  velocity  of  it  any  where  elfe  be¬ 
tween  F  and  C  or  V  and  C  :  fince  the  two  pieces  C  F  and  CV  turn 
round  upon  C  as  upon  a  joynt  or  center  of  motion.  And  indeed  the  velocity 
of  each  piece,  or  the  velocity  of  the  whole  refiftance  will  in  this  cafe  be 
only  half  what  it  would  have  been,  if  the  lower  parts  had  moved  with 
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the  fame  velocity  as  the  upper  ones.  For  let  us  reckon  from  C  to  F,  and 
imagine  four  points  taken  in  CF  at  equal  diftances  from  each  other  C, 
M,  R,  and  D  ;  then  let  the  velocity  of  C=o,  the  velocity  of  M=  i ,  that 
of  R=2,  and  that  ofD=3.  Therefore  the  fum  of  all  the  velocities,  or 
the  velocity  of  the  whole  piece  =  04-1+24-3=6.  But  if  all  thefe 
points  had  moved  with  the  fame  velocity  as  D,  that  is,  if  each  point  C, 
M,  R,  D,  had  had  3  degrees  of  velocity,  then  the  fum  of  all  thefe  ve¬ 
locities  or  the  velocity  of  the  whole  piece  would  have  been  =34-3-1-3 
4-3=12.  And  univerfally,  the  velocity  of  a  refiftance  turning  round 
upon  a  joynt  as  C  may  be  reprefented  by  the  fum  of  a  number  of  terms 
in  arithmetical  progreffion  beginning  from  o  and  ending  with  the 
greateft  velocity  ;  whereas  the  velocity  of  a  refiftance,  which  does  not 
turn  round  in  this  manner,  but  has  the  fame  velocity  at  the  bottom  as 
at  the  top,  may  be  reprefented  by  the  fum  of  an  equal  number  of  terms, 
each  of  which  is  equal  to  the  laft  in  the  other  progreffion.  But  the 
former  fum  will  only  be  half  the  latter  j  as  in  the  inftance  juft  produ¬ 
ced,  6  is  the  half  of  12.  Therefore  the  velocity  and  confequently  the 
moment  of  the  whole  refiftance,  when  each  of  the  pieces  turns  round 
upon  a  joynt,  is  but  half  what  it  would  have  been  if  the  lower  parts  had 
moved  with  the  fame  degree  of  velocity  as  the  upper  parts.  Now  were 
all  the  parts  of  the  wood  to  have  the  fame  degree  of  velocity,  the 
power,  when  there  is  an  equilibrium,  would  be  to  the  refiftance  as 
AB  to  AC-f-BC  that  is  as  the  bafe  to  the  fum  of  the  fides,  or  as  G  B  to 
B  C  half  the  bafe  to  one  fide,  by  the  laft  propofition.  Therefore  when 
the  moment  of  the  refiftance  is  but  the  half  of  this,  or  when  the  re¬ 
fiftance  turns  round  on  a  joynt,  then  half  the  power  will  be  fufficient 
to  produce  an  equilibrium  :  that  is,  a  power  which  is  to  the  refiftance, 
as  half  the  bafe  of  the  wedge  to  the  fum  of  the  fides,  or  as  a  quarter  of 
the  bafe  to  one  fide. 

In  anfwer  to  this  reafoning,  I  ftiall  firft  eftablifh  the  truth  of  the  pro¬ 
pofition,  and  then  (hew  what  it  was  which  milled  this  writer. 

Firft,  I  am  to  fhew  that,  if  there  is  an  equilibrium  on  a  wedge,  the 
power  muft  be  to  the  refiftance,  as  the  bafe  to  the  fum  of  the  fides,  or 
as  half  the  bafe  to  one  fide,  not  only  when  the  lower  parts  of  the  pieces 
FC  and  VC  move  with  the  fame  velocity,  as  the  upper  parts,  but  like- 
wife,  when  they  turn  round  on  a  joynt  C  at  the  bottom.  The  parts  of 
the  wood  I,  and  Q^,  are  not  feparated  by  the  whole  wedge  ACB,  but 
by  a  fmall  wedge  ICCL  which  a  part  of  the  whole  one.  And  at  M 
the  velocity  of  the  refiftance,  which  the  wood  makes  there,  is  to  the  ve¬ 
locity  of  the  power,  by  which  this  fmaller  wedge  is  driven  in,  as  NM  to 
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N  C  or  as  N  Q_  to  QC,  that  is,  fince  G  C  B  and  N  C  Q_  are  fimilar  trian¬ 
gles,  as  GB  to  BC,  or  as  half  the  bafe  of  the  whole  wedge  to  one  fide  of 
it.  Therefore  to  make  an  equilibrium  at  M,  the  power  muff  be  to  the 
refinance  as  N  Q_  to  QC  or  as  half  the  bafe  to  one  fide.  So  likewife  the 
parts  of  the  wood  E  and  O  are  not  feparated  by  the  whole  wedge  ACB, 
but  by  a  part  of  it  ECO,  which  may  be  confidered  as  a  fmall  wedge  by 
itfelf.  And  at  R  the  velocity  of  the  refiflance  made  there  by  the  wood 
is  to  the  velocity  of  the  power  conlidered  as  driving  in  the  wedge  ECO 
in  the  proportion  of  HR  to  HC  or  of  HO  to  OC,  that  is,  becaufe  HCO 
and  GCB  are  fimilar  triangles,  as  GB  half  the  bafe  of  the  whole  wedge 
to  BC  one  of  its  tides.  And  laflly  the  velocity  of  the  refinance  at  D  is 
to  the  velocity  of  the  power,  which  feparates  that  refiflance  by  driving 
in  the  whole  wedge  as  GD  to  GC,  or  as  GB  to  BC.  But  fince  the  velo¬ 
city  of  each  part  of  the  refinance  is  to  the  velocity  of  the  power  by 
which  ^that  part  is  feparated  as  half  the  bafe  of  the  wedge  to  one  of 
its  fides ;  it  follows,  Eucl.  b.V.  pr.  12.  that  the  velocity  of  the  whole 
refi fiance  is  to  the  velocity  of  the  whole  power  in  the  fame  proportion, 
that  is,  as  GB  to  BC  half  the  bafe  to  one  fide,  or  as  AB  the  bafe  to  AC 
and  BC  together,  which  is  the  fum  of  the  fides.  But  there  will  be  no 
equilibrium  unlefs  the  power  and  the  refiflance  are  to  each  other  as 
their  velocities  inverfely,  or  unlefs  the  power  is  to  the  refiflance  as  half 
the  bafe  to  one  fide  or  as  the  whole  bafe  to  the  fum  of  the  fides. 

The  writers  miflake  was  owing  to  this.  He  had  proved  that  the  re¬ 
fiflance  made  by  the  two  pieces  FC  and  VC  if  they  turn  round  upon  a 
joynt  at  C  has  but  half  the  moment  of  the  fame  refiflance,  fuppofing 
the  two  pieces  were  feparated  as  far  at  the  bottom  as  they  are  at  the  top, 
and  therefore  he  concludes  that  half  the  power  will  be  fufficient  to  make 
an  equilibrium.  Whereas  the  fame  power  would  be  requifite  in  both 
cafes.  Becaufe  the  fame  power  has  but  half  the  moment  when  the  two 
pieces  turn  round  upon  a  joynt  at  C  that  it  would  have,  if  the  lower 
parts  were  to  move  as  far  afunder  as  the  upper  parts  do.  For  the  velo¬ 
city  of  the  power,  which  feparates  the  wood  at  C=o,  becaufe  the  point 
of  the  wedge  is  only  contiguous  to  the  wood  at  that  place  and  does  not 
enter  -it  to  any  depth.  The  fpace  defcribed  by  the  power  to  drive  in  the 
wedge  ICQ_,  which  feparates  the  wood  at  I  and  is  NC  call  this  1 
and  then  the  velocity  of  the  power  in  that  place  =  1.  The  fpace  de¬ 
fcribed  by  the  power  to  drive  in  the  wedge  ECO,  which  feparates  the 
wood  at  E  and  O  is  HC  this  is  double  NC,  therefore  the  velocity  of 
the  power  in  that  place  =2.  In  like  manner,  the  fpace  defcribed  by  the 
power,  which  drives  in  the  whole  wedge  ACB  and  feparates  the  wood 

at 
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at  the  top,  is  GC  or  triple  NC,  therefore  the  velocity  of  the  power  at  the 
top  =  3.  From  whence  it  follows  that  the  fum  of  all  the  velocities  or 
the  whole  velocity  of  the  power  reckoning  from  the  bottom  to  the  top 
=0 — f —  1  — { —  2 — { —  3 ====  6 •  But  if  the  lower  parts  of  the  wood  had  been  fepa- 
rated  as  far  as  the  upper  parts,  then  the  effedl  of  the  power  upon  the 
wood  at  C  would  have  been  as  great  as  if  the  whole  wedge  had  been  thruft 
quite  down  from  VF  to  C,  that  is  the  power  would  have  adted  in  every 
part  of  the  wood  with  the  fame  velocity  that  it  ads  with  to  drive  in 
the  whole  wedge,  or  the  fame  that  it  ads  with  upon  Y  and  F  or  with  the 
velocity  =3.  Therefore  the  fum  of  all  the  velocities  at  the  four  places 
C,  N,  H,  and  G  would  have  been  3-4-3+3+3  =  12.  And  univerfally 
the  velocity  of  a  power,  when  it  ads  by  means  of  a  wedge  on  a  refi- 
ftance,  which  turns  round  upon  a  joynt  as  C,  may  be  reprefented  by  the 
fum  of  a  number  of  terms  in  arithmetical  progrefiion,  beginning  from  o 
and  ending  with  the  velocity  with  which  the  power  ads  to  drive  in  the 
whole  wedge :  whereas  the  velocity  of  a  power,  if  the  two  refilling 
bodies  feparate  as  far  afunder  at  the  bottom  as  at  the  top,  may  be  re¬ 
prefented  by  the  fum  of  an  equal  number  of  terms,  each  of  which  is 
equal  to  the  lafi  in  the  other  progrefiion.  But  the  former  fum  will  only 
be  half  the  latter,  as  in  the  instance  juft  produced  6  is  the  half  of  12.. 
Therefore  the  fame  power  has  but  half  the  velocity  and  confequently 
but  half  the  moment,  when  the  two  refilling  bodies  turn  round  upon  a 
joynt,  that  it  would  have,  if  the  lower  parts  of  them  were  to  feparate 
as  far  afunder  as  the  upper  parts  do. 

Now  it  is  granted  that  to  make  an  equilibrium,  a  power  mull  be  to 
a  refiftance  as  half  the  bafe  to  one  fide,  if  the  lower  parts  of  the  wood 
were  to  feparate  as  far  as  the  upper  ones.  And  though  the  moment  of 
the  refiftance  is  but  half,  when  infiead  of  this,  they  turn  round  as  upon 
a  joynt  at  C  :  yet  the  fame  power  will  be  requilite  to  make  an  equili¬ 
brium  in  both  cafes.  Becaufe,  as  in  the  latter  cafe,  the  moment  of  the 
refinance  is  but  half  what  it  is  in  the  former ;  fo  the  moment  of  the 
fame  power,  when  the  parts  of  the  wood  turn  round  as  upon  a  joynt, 
will  be  but  half  the  moment  it  would  have,  if  they  feparated  as  far  afunder 
at  the  bottom  as  they  do  at  the  top.  Therefore  in  cleaving  wood  with  a 
wedge,  there  is  an  equilibrium,  when  the  power  is  to  the  refinance  as 
half  the  bafe  to  one  fide  of  the  wedge,  or  as  the  whole  bafe  to  the  fum 
of  the  fidcs, 


64  A  SYSTEM  OF 

jo.  In  a  /crew  the  velocity  of  the  weight  or  refijlance .  is  to  the  velocity  of 
the  power,  as  the  di fiance  between  two  contiguous  fpiral  rounds  of  the 
thread  to  the  circumference ,  which  the  power  defcribes  in  one  turn  of 
the  fcrew. 

An  infide  fcrew  is  a  cylinder  of  iron,  brafs,  or  wood,  or  any  other  fub- 
ftance,  with  a  fpiral  thread  winding  round  it ;  which  thread  is  made 
out  of  the  fame  piece  with  the  cylinder :  G  is  the  top  of  the  cylinder 
Plat.  III.  fig.  j.  AB  b  or  CdT>  are  parts  of  the  fpiral  thread  which  winds 
round  it.  The  outfide  fcrew,  is  a  hollow  cylinder  in  the  plank  or  plate 
of  metal  Kk>  and  in  this  hollow  cylinder  is  another  fpiral  thread  like  that 
of  the  infide  fcrew ;  this  is  called  the  nut,  and  the  thread  of  the  infide 
fcrew  turns  in  the  cavities  of  the  nut  or  outfide  one.  The  power  is  com¬ 
monly  applyed  to  a  bar  or  handle  G  F.  If  there  is  any  weight  to  be 
raifed,  fuch  as  the  beam  of  a  houfe  which  has  funk,  the  piece  I H  with 
the  whole  machine  being  fet  under  it,  the  fcrews  G  G  are  turned  round 
by  the  bars  G  F :  the  ends  of  the  fcrews  bear  againft  the  plank  ML; 
and  as  they  turn  round  the  plank  Kk ,  in  which  are  the  infide  fcrews, 
rifes  and  the  piece  HI  rifes  with  it,  by  which  means  the  weight 
at  I  is  raifed.  Now  in  one  revolution  of  the  fcrew,  the  plank  Kk,  and 
the  piece  H  I,  and  confequently  the  weight  at  I  rifes  through  a  fpace 
equal  to  D  d,  the  diftance  between  two  contiguous  rounds  of  the  fpiral 
thread  :  for  if  the  plank  hung  upon  the  lower  round  D  at  firft,  by 
turning  the  fcrew  once  round,  it  will  be  made  to  hang  on  the  next  round  d. 
In  the  mean  time  the  power  has  defcribed  the  circumference  of  a  circle, 
whofe  femidiameter  is  G  F.  But  the  velocities  are  as  the  fpaces  defcribed 
in  the  fame  time,  by  propofition  i  o ;  therefore  the  velocity  of  the  weight 
is  to  the  velocity  of  the  power  as  the  diftance  between  two  contiguous 
rounds  of  the  thread  to  the  circumference,  which  the  power  defcribes  in 
one  revolution  of  the  fcrew. 

j  i .  A  power  and  a  weight  or  refinance  are  in  equilibrio  by  means  of  a 
fcrew ,  if  the  power  is  to  the  weight  or  ref  fiance,  as  the  diflance 
between  two  contiguous  rounds  of  the  thread  to  the  circumference , 
which  the  power  defcribes  in  one  revolution  of  the  fcrew . 

For  then,  by  the  laft  propofition,  the  power  and  weight  are  to  each 
other  as  the  velocity  of  the  weight  to  the  velocity  of  the  power,  that  is, 
they  are  to  each  other  as  their  velocities  inverfely.  Therefore,  by  pro¬ 
pofition  13,  their  moments  will  be  equal. 

72.  In 
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72.  In  compound  machines  there  will  be  an  equilibrium  ;  if  the  power  is  to 
the  weight ,  as  the  velocity  of  the  weight  is  to  that  of  the  power . 

ABD  Plat.III.  fig.8.  is  a  compound  lever:  for  it  confifis  of  three  levers. 
The  velocity  of  the  weight  is  to  that  of  the  power  as  1  to  5,  in  the  firfi: 
of  them,  or  A :  as  1  to  4,  in  the  fecond  of  them,  or  B  :  and  as  1  to  6, 
in  the  third  of  them,  or  D.  By  proportion  49.  Therefore,  when  all  three  are 
ufed  together,  the  velocity  of  the  weight  is  to  that  of  the  power  as  1  to 
5  and  1  to  4  and  1  to  6  :  that  is,  as  ixixi=i  to  5x4x6=!  20. 
and  confequently  if  the  power  is  to  the  weight  as  1  to  120,  by  pro¬ 
portion  14,  their  moments  will  be  equal. 

AB  and  F  G  are  two  wheels,  C I  and  K  H  are  their  axles.  Plat.  III. 
fig.  9.  The  axle  ofthe  upper  wheel  has  a  pinion  on  it,  the  teeth  of  which, 
by  taking  the  teeth  in  the  circumference  of  the  lower  wheel,  will  turn 
it  round.  Let  the  circumference  of  the  wheel  AB  be  to  the  circum¬ 
ference  of  K  H  the  axle  of  the  other  wheel  F  G  as  8  to  1  :  and  let  the 
pinion  have  8  teeth  and  the  wheel  FG  have  40.  Then  the  circumference 
AB,  on  which  the  power  acts,  being  to  the  circumference  of  the  axle 
KH,  where  the  weight  is  fulpended,  as  8  to  1  ;  the  velocity  of  the 
weight  is  to  that  of  the  power  as  1  to  8,  by  proportion  62.  But  rnce 
there  are  only  8  teeth  in  the  pinion  at  C  and  40  in  the  circumference  P'G, 
it  follows,  that  whilft  the  wheel  A  B  and  the  pinion  are  turning  round 
five  times,  the  wheel  F  G  will  turn  round  but  once.  Therefore  again 
the  velocity  of  the  weight  fufpended  at  the  axle  KH  will  be  to  the  ve¬ 
locity  of  the  power  acting  at  the  wheel  AB  as  1  to  5.  So  that  the  ve¬ 
locity  of  the  weight  is  to  the  velocity  of  the  power,  as  1  to  8  and  as 
1  to  5,  or  as  1x1  =  1  to  8x5=40.  And  if  the  power  is  to  the  weight 
as  I  to  40,  they  will  be  as  their  velocities  inversely,  and  conlequently, 
by  propofition  14,  their  moments  will  be  equal. 

In  a  machine  compounded  of  four  pullies  with  -a  feparate  firing  for 
each  of  them,  Plat.  III.  fig.  10.  a  power  M  equal  to  1  pound  will  flip- 
porta:  weight  P  equal  to  16.  For  in  each  pulley  ufed  alone  there  would 
be  an  equilibrium,  if  the  power  was  to  the  weight  as  1  to  2.  Therefore 
when  all  four  are  ufed  together,  the  power  muft  be  to  the  weight  in  a 
ratio  compounded  of  four  times  the  ratio  of  1  to  2,  or  as  ixixixi  =  i 
to  2x2x2x2  =  16. 
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CHAP.  VII. 

Concerning  the  mutual  a&ion  of  bodies  upon  each  other, 

73.  All  attraction  is  mutual. 

IF  the  earth  attracts  a  ftone,  then,  by  the  third  law  of  motion,  pro¬ 
portion  1 5,  equal  quantities  of  motion  will  be  produced  in  each  of  them ; 
that  is,  they  will  approach  each  other  with  equal  moments,  or  the  hone 
will  attract  the  earth  juft  as  much.  For  fuppofe  the  attraction  on  the  fide  of 
the  earth  to  be  the  greater,,  and  conlequently  that  the  quantity  of  motion 
produced  by  this  attraction  is  greater  in  the  ftone  than  in  the  earth  1 
then  if  there  was  any  obftacle,  fuch  as  a  plate  of  iron,  placed  between 
the  ftone  and  the  earth  to  prevent  them  from  coming  together,  this 
plate  muft  be  more  prefled  by  the  ftone  one  way  then  it  is  by  the  earth 
the  other  way;  and  confequently  as  the  plate  is  aCted  upon  by  two- 
unequal  forces ;  the  ftone,  the  plate,  and  the  earth  would  all  begin 
to  move  in  the  direction  in  which  the  ftone  was  moving*  by  pro¬ 
pofition  1 9,  and  this  motion  fo  produced  would  always  continue;  and 
would  be  conftantly  accelerated  fo  long  as  the  moment  of  the  ftone 
was  greater  than  the  moment  of  the  earth.  But  this  is  abfurd  and 
contrary  to  the  firft  law  of  motion,  propofition  1 1  :  for  it  cannot  be 
true  unlefs  a  mafs  of  matter,  fuch  as  the  ftone,  the  plate,  and  the  earth,, 
can  move  itfelf,,  and  when  in  motion  accelerate  itfelf.  Therefore  the 
plate  could  not  be  more  prefled  one  way  by  the  ftone  than  it  is  the 
other  way  by  the  earth :  but  the  quantities  of  motion,  and  comfequently 
the  attractions  on  each  fide,  muft  be  mutual  and  equal.  Indeed  the  quan¬ 
tity  of  matter  in  the  ftone  is  fo  fmall  in  refpeCt  of  the  earth,  that,  fince, 
by  propofition  1 3 ,  to  make  the  moments  equal,  the  velocity  of  the  earth 
muft  be  fmall  in  proportion,  \ye  may  confider  the  whole  velocity  as 
belonging  to  the  ftone  without  any  fenfible  error. 

74.  'The  common  center  of  gravity  of  two,  or  more  bodies  is  not  made  to 
change  its  fate  of  refing  or  of  moving  uniformly  in  a  right  line  by 
the  mutual  aCiion  oj  the  bodies  upon  each  other . 

The  common  center  of  gravity  of  two  boats,  is  a  point  which  divides 
the  diftance  between  them  in  the  inverfe  proportion  of  the  quantity  of 
matter.  That  is ;  the  common  center  of  gravity  is  a  point  taken  between 
two  unequal  boats,  as  much  nearer  to  the  great  one  than  it  is  to  the 
little  one  as  the  quantity  of  matter  in  the  former  is  greater  than  the 
quantity  of  matter  in  the  latter,  by  propofition  50.  Now  if  a  man  in 

one 
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one  boat  pulls  a  rope',  which  is  faftened  to  the  other,  they  will  ap¬ 
proach  with  velocities  that  are  inverfely  as  their  quantities  of  matter, 
by  propofitions  47,  1 5 ;  that  is,  with  velocities  that  are  to  each  other 
as  the  refpedtive  diftances  of  the  boats  from  the  common  center  of 
gravity.  Since  therefore  the  velocities  produced  on  each  fide  of  this 
center  by  this  mutual  action  are  inverfely  as  the  quantities  of  matter,  it 
follows,  by  proportion  14,  that  the  quantities  of  motion  on  each  fide 
of  it  will  be  equal ;  that  is,  the  two  boats  will  approach  it  with  equal 
moments.  Or,  if  the  boats  were  very  near  to  each  other,  and  the  man 
in  one  of  them  was  to  pufh  with  a  pole,  or  by  any  other  means,  againft 
the  other  ;  then  likewife  by  his  adtion  againft  the  boat,  which  he  pufhes, 
and  the  reaction  of  that  againft  the  boat  in  which  he  ftands,  the  boats  will 
be  feparated  from  each  other  writh  velocities  that  are  inverfely  as  their 
quantities  of  matter,  by  proportion  16;  that  is,  wdth  velocities,  that 
are  to  each  other  as  the  refpedtive  diftances  of  the  boats  from  the  common 
center  of  gravity.  Since  therefore  the  velocities  produced  on  each  fide 
of  this  center  in  this  cafe  of  mutual  adtion  are  likewife  inverfely  as  the 
quantities  of  matter,  it  follows  as  before,  that  the  quantities  of  motion 
on  each  fide  of  it  are  equal ;  that  is,  the  two  boats  will  depart  from  it 
with  equal  moments.  In  all  inftances  of  impulfe,  and  collifion,  of  attradtion, 
and  repulfion,  or  of  mutual  adtion  of  any  fort,  the  bodies  which  adt  upon 
each  other  will  for  the  fame  reafons  either  mutually  approach  to  the 
common  center  of  gravity,  or  mutually  depart  from  it  with  equal  mo¬ 
ments:  but  whether  they  mutually  approach  to  it  or  mutually  depart  from 
it,  thefe  equal  moments  on  each  ftde  of  the  center  are  produced  in  con¬ 
trary  diredtions :  and  as  a  fingle  body  or  the  center  of  gravity  of  a  lingle 
body  would  neither  be  accelerated  nor  retarded,  nor  be  any  ways  made 
to  change  its  prefent  Rate  of  motion  or  reft,  by  equal  moving  forces 
adting  upon  it,  or  by  equal  changes  of  motion  produced  in  contrary 
diredtions,  by  proportion  195  fo  neither  can  thefe  equal  changes  of 
motion  produced  in  contrary  diredtions  on  each  fide  of  the  common 
center  of  gravity  of  two  bodies  accelerate  or  retard  that  center  or  any 
ways  change  its  ftate  of  motion  or  reft, 

Suppofe  there  were  four  bodies,  which  mutually  adted  upon  each 
other :  then,  if  A  and  B  were  two  of  them,  by  what  has  been  laid  al¬ 
ready,  the  common  center  of  gravity  would  not  change  its  ftate  of  reftiug 
or  of  moving  uniformly  in  a  right  line  on  account  of  the  mutual  adtion 
of  thefe  two  upon  each  other.  And  for  the  fame  reafon,  if  C  and  D 
were  the  other  two,  their  common  center  of  gravity  would  not  be  made 
to  change  its  ftate  by  their  mutual  adtion.  And  laftly,  fince  the  diftance 

1 2  be- 
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between  thefe  two  centers  is  divided  by  the  common  center  of  gravity 
of  all  four  in  the  inverfe  proportion  of  the  quantities  of  matter  on  each 
fide  of  it,  and  fince  thefe  two  centers  do  not  change  their  date  of  reding 
or  of  moving  uniformly,  therefore  that  center  will  not  change  its  {late, 
upon  account  of  the  mutual  adtion  either  of  A  and  B  or  of  C  and  D  upon 
each  other.  For  the  fame  reafon  it  would  not  change  its  date  upon  ac¬ 
count  of  the  mutual  adtion  either  of  A  and  C  or  of  B  and  D  upon  each 
other.  And  fince  the  mutual  adtion  of  ail  the  four  bodies  may  be  thus 
reduced  to  the  adtion  of  any  two  and  two  of  them  upon  each  other,  as 
of  A  and  B  of  C  and  D;  or  of  A  and  C  of  B  and  D  ;  or  of  C  and  B 
of  A  and  D,  &c  ;  and  fince  the  common  center  of  gravity  of  all  four 
will  not  be  made  to  change  its  date  by  the  mutual  adtion  of  any  two 
of  thefe  bodies  upon  each  other :  therefore  neither  will  it  change  its 
date  by  the  mutual  adtion  of  all  four  upon  each  other..  The  fame  fort 
of  proof  may  be  applyed,  whatever  is  the  number  of  bodies,  that  adt 
upon  each  other. 

7  5.  The  quantity  of  motion  in  the  Ja?ne  direction  is  not  altered  by  the  mu¬ 
tual  adtion  of  bodies  upon  each  other. 

If  two  bodies  move  in  the  fame  diredtion,  then  the  quantity  of  motion 
in  the  fame  diredtion  is  the  fum  of  their  moments :  but,  if  they  move 
in  contrary  diredtions,  then  it  is  the  difference  of  their  moments.  The 
former  of  thefe  aflertions  is  eafily  underdood,  and  does  not  need  any 
farther  explanation.  To  explane  the  latter  of  them,  it  is  neceffary  to 
obferve  that  if  motion  in  one  diredtion  is  affirmative*  motion  in  the  con¬ 
trary  diredtion  mudsbe  negative.  Thefe  ideas  of  affirmative  and  negative 
may  perhaps  be  made  more  intelligible  by  confidering  them  in  the  cafe 
of  two  lines  drawn  from  the  fame  point  A,  Plat. III.  fig.  1 1.  one  in  the 
diredtion  A  B  the  other  in  the  contrary  diredtion  AC.  N  ow  I  fay  if  we 
look  upon  A  B  as  an  affirmative  quantity,  then  A  C  will  be  a  negative 
one,  or  the  line  AC  in  refpedt  of  a  line  drawn  in  the  diredtion  AB  is  lefs 
than  nothing.  For  imagine  the  point  B  or  extremity  of  the  line  or  dring 
AB  to  be  in  motion,  and  that  it  runs  in  a  drait  courfe  from  B  to  A. 
Imagine  farther  that,  in  this  motion  of  the  point  B  towards  A,  the  line 
or  dring  BA  runs  up,  that  is,  contradts  itfelf,  Shortens,  or  decreafes ;  then 
at  the  indant  B  gets  to  A  and  coincides  with  it,  this  dring  will  have  no 
length  or  will  have  decreafed  to  nothing.  Since  therefore  a  motion  of 
the  point  B  in  the  diredtion  BA  diminidies  the  line  or  fhortens  the  dring 
BA;  if  we  imagine  it  to  move  farther  than  A  in  the  fame  diredtion, 
this  farther  motion  of  B  will  produce  the  fame  effedt  in  the  line  B  A 
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that  it  did  before,  or  will  Rill  diminifh  it.  But  when  B  coincided  with  A, 
AB  =  o:  therefore,  whilR  it  moves  farther  than  A  towards  C,  AB 
being  Rill  farther  diminiffied  will  become  lefs  than  nothing.  But  the 
point  B  moving  from  A  towards  C  will  begin  to  draw  the  Rring  out 
again  the  other  way,  that  is,  will  defcribe  or  by  its  motion  will  generate 
the  line  AC j  therefore  though  AC  confidered  in  itfelf  is  as  much  a 
pofitive  quantity  as  AB  is,  yet  confidered  in  refpeCt  of  AB  it  is  lefs  than 
nothing ;  that  is,  if  a  line  A  B  drawn  in  one  direction  is  looked  upon 
as  affirmative,  then  a  line  AC  drawn  in  the  oppofite  direction  muR  be- 
looked  upon  as  negative. 

From  this  inRance  of  affirmative  and  negative  lines  the  reader  I  hope 
will  be  able  to  underRand,  that,  though  a  motion  in  the  direction  AC 
is  in  itfelf  as  much  an  affirmative  motion  as  any  can  be,  yet  in  refpeCt 
of  a  motion  in  the  direction  A  B  it  may  be  looked  upon  as  lefs  than 
nothing  or  negative. 

I  do  not  know  whether  the  following  cafe  of  motion,  changing  from 
affirmative  to  negative,  will  make  this  more  intelligible.  Suppofe  a  body 
was  moving  in  the  direction  AB,  and  a  perfon  was  to  move  his  hand 
againR  it  in  the  contrary  direction  or  BA.  Then,  if  the  impulfe  of  his 
hand  was  lefs  than  the  moment  of  the  body,  he  would  deRroy  a  part  of 
the  motion ;  and  the  body  would  continue  to  move  in  the  direction  AB 
with  the  remainder.  If  he  was  to  increafe  the  impulfe  of  his  hand,  then 
he  would  deRroy  a  greater  part  of  the  bodys  motion.  And,  if  he 
made  this  impulfe  equal  to  the  moment,  then  he  would  deRroy  the 
whole  motion  or  would  Rop  the  body.  Suppofe  therefore  he  was  to  in¬ 
creafe  the  impulfe  of  his  hand  in  the  direction  BA  Rill  farther,  what  efifeCt 
muR  it  produce  in  the  bodys  motion  ?  The  impulfe  was  fufficient  to 
Rop  the  body  before  or  to  make  its  motion  =  o  :  therefore,  when  it  is 
farther  increafed,  it  will  more  than  Rop  the  body,  or  will  make  its  motion 
lefs  than  nothing  j  that  is,  will  change  it  from  affirmative  to  negative. 
But  if  a  body  is  moving  in  the  direction  AB,  and  any  perfon  impells  it 
with  his  hand  in  the  contrary  direction  or  BA  with  a  force  greater  than 
the  bodys  moment,  he  will  turn  it  back  again  and  make  it  move  in  the  di¬ 
rection  CA.  Therefore,  if  a  motion  in  the  direction  AB  is  affirmative, 
then  a  motion  in  the  contrary  direction,  or  AC,  muR  be  confidered  as 
negative.  For  the  fame  reafon,  if  a  motion  from  B  towards  A  is  affir¬ 
mative,  then  a  motion  in  the  contrary  direction  or  from  C  towards  A 
muR  be  confidered  as  negative.  The  reader  may  fee  this  matter  farther 
explaned  in  propofition  49  of  Optics. 

From  hence  we  may  be  able  to  underRand  why  the  quantity  of 
motion  in  two  bodies,  when  they  move  in  contrary  directions,  is  eRimated 
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by  the  difference  of  their  moments.  For  if  one  body  as  X  moves  in  the 
diredion  B  A,  and  another  as  Z  in  the  diredion  C  A  :  then  if  we  look 
upon  the  moment  ofXas  affirmative,  the  motion  of  Z  will  be  negative. 
Therefore  the  motion  of  both  together  muff  be  the  affirmative  moment 
of  X  and  the  negative  moment  of  Z  together  ;  that  is,  the  moment  of 
X  with  the  moment  of  Z  fubftraded  from  it,  or  the  difference  of  their 
moments ;  for  this  is  the  method  of  joyning  an  affirmative  and  negative 
quantity  together.  Let  the  moment  of  X  =  2o,  and  the  moment  of 
Z  =  8.  Then,  fince  the  moment  of  Z  is  negative  ;  the  moment  of 
both  together  is  equal  to  the  affirmative  moment  20  with  the  negative 
one  8  added  to  it ;  that  is,  it  is  equal  to  20 — 8=12  or  to  the  difference 
of  their  moments  in  contrary  diredions. 

The  reader  by  this  time  underftands,  that  to  prove  the  quantity  of 
motion  in  the  fame  diredion  not  to  be  altered  by  the  mutual  adion  of 
two  or  more  bodies  upon  each  other,  we  need  only  ffiew,  that  the  fum 
of  thejr  moments  in  the  fime  diredion  or  the  difference  of  their  mo¬ 
ments  in  contrary  diredions  is  not  altered  by  this  mutual  adion.  When 
bodies  impell  or  ftrike  upon  each  other,  then,  by  the  third  law  of  motion, 
adion  and  readion  being  equal  and  in  contrary  diredion,  whatever 
change  of  motion  is  produced  on  one  fide,  an  equal  change,  but  in  a  con¬ 
trary  diredion,  will  be  produced  on  the  other  fide.  Thus,  if  two  bodies 
X  and  Z  are  moving  the  fame  way,  and  X  overtakes  Z,  then  X  is  faid 
to  impell  Z,  and  whatever  change  it  makes  in  the  moment  of  Z  by  the 
adion  of  this  impulfe,  it  will  by  the  readion  of  Z,  have  an  equal  change 
produced  in  its  own  moment  in  the  contrary  diredion  :  that  is,  whatever 
moment  X  communicates  to  Z  juft  fo  much  it  will  lofe  itfelf.  From 
whence  it  follows,  that  the  moments  of  Xand  Z  taken  together  will  be  the 
fame  after  the  impulfe  that  they  were  before ;  fince  all  the  moment  which 
X  lofes  is  acquired  by  Z.  But  if  X  and  Z  are  moving  in  contrary  di¬ 
redions  and  ftrike  upon  each  other,  then  likewife  equal  changes  will  be 
made  in  the  moments  of  both,  that  is,  equal  moments  will  be  deftroyed 
in  both.  But,  if  equal  moments  are  taken  from  both,  the  difference  of 
their  moments  is  not  altered  by  the  ftroke. 

76.  If  two  perfectly  hard  bodies ,  which  are  void  of  elaficity ,  are  moving 
in  the  fame  dire 51  ion ;  and  one  impells  the  other  :  or  if  they  are  moving 
in  contrary  direklions,  and ftrike  upon  each  other :  the  common  velocity 
with  which  they  will  both  move  on  together,  after  the  impulfe  or  con - 
grefs,  is  as  the  fum  of  their  moments  in  the  fame  diredlion ,  or  as  the 
difference  of  their  moments  in  contrary  dirediions ,  divided  by  the  fum 
of  their  quantities  of  matter. 


When 
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When  two  bodies  void  of  elafticity,  as  2  balls  of  clay,  are  moving  in 
the  fame  direction,  and  that  which  moves  the  falter  of  the  two  over¬ 
takes  the  other ;  they  will  not  fly  off  from  each  other,  -after  the  im- 
pulfe,  but  will  continue  moving  in  the  fame  direction  as  one  mafs,  with 
a  velocity,  that  will  be  the  fame  in  both  of  them.  This,  which  is  called 
the  common  velocity,  may  be  thus  found.  The  moment  of  each  body 
before  the  impulfe  being  fuppofed  known,  add  thefe  moments  together, 
and,  by  the  laft  proportion,  this  fum  is  not  altered  by  their  mutual 
aCtion  upon  each  other.  Therefore  the  moment  after  the  impulfe,  that 
is,  the  moment  of  the  two  bodies  moving  together  as  one  mafs  is  known, 
for  it  is  the  fum  of  their  moments  before  it.  The  quantity  of  matter 
likewife  is  known,  for  it  is  the  fum  of  the  quantities  in  both  bodies. 
And  fince,  by  proportion  13,  the  moment  is  a  product  arhing  from  the 
quantity  of  matter  multiplyed  into  the  velocity,  it  follows,  that  if  the 
moment  is  divided  by  the  quantity  of  matter,  the  quotient  will  be  the 

we  will  call  A,  weighs  2  ounces,  and  ano¬ 
ther  which  we  will  call  B,  weighs  4  ounces.  Let  A  be  moving  in  any 
direction  with  3  degrees  of  velocity,  and  let  B  move  after  it  in  the  fame 
direction  with  6  degrees.  If  neither  of  the  bodies  are  elaftic,  then,  after 
B  has  overtaken  A,  they  will  move  on  together ;  and  each  of  them 
will  have  the  fame  velocity.  To  hnd  out  what  this  velocity  will  be,  we 
mud  obferve,  that  before  the  impulfe  A  containing  a  quantity  of  mat¬ 
ter  =  2  was  moving  with  3  degrees  of  velocity  and  confequently  with 
a  moment  =2x3  =  6.  For  the  fame  reafon  B’s  moment  before  the 
impulfe  was  4x6  =  24.  Therefore  the  fum  of  their  moments  in  the 
fame  direction  =  6  24=  30.  This  moment,  by  proportion  75,  con¬ 

tinues  the  fame  or  30  after  the  impulfe,  when  both  bodies  A  and  B 
move  on  together,  that  is,  when  the  quantity  of  matter  =  A  -f-  B  =  2 
-4-4  =  6.  But  if  the  moment  30  is  divided  by  the  quantity  of  matter 
6,  the  quotient,  which  is  the  common  velocity,  or  velocity  of  both 
bodies  together,  will  be  5. 

When  two  bodies  void  of  elaflicity  are  moving  in  contrary  directi¬ 
ons  and  flrike  upon  each  other  ;  they  will  after  the  congrefs  move  on 
together  as  one  mafs  in  that  direction,  in  which  the  ftronger  of  the 
two  moved  before  it.  The  moment,  when  they  move  together,  will,  by 
the  lafl  propofitlon,  be  equal  to  the  difference  of  their  moments  before 
the  congrefs.  Therefore  their  moments  before  the  congrefs  being  fup¬ 
pofed  known,  the  moment  of  them,  when  they  move  on  as  one  mafs, 
is  known  likewife  :  and  if  this  moment  be  divided  by  the  quantity  of 

matter 


velocity. 

Suppofe  a  body,  which 
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matter  in  motion,  that  is,  by  the  fum  of  the  quantities  in  both  of  them 
together,  the  quotient  will  be  the  common  velocity  after  the  congrefs. 

Suppofe  A  weighs  2  ounces  and  has  3  degrees  of  velocity,  that  is,  fup- 
pofe  A’s  moment  =2x3=6,  if  it  meets  B  which  weighs  4  ounces 
and  has  6  degrees  of  velocity,  or  has  a  moment  =4x6=24 :  then,  as  the 
difference  of  their  moments  in  contrary  directions  is  24 — 6=18,  this, 
by  the  laft  propofition,  will  be  the  moment,  when,  after  the  congrefs, 
if  they  are  void  of  elafticity,  they  both  move  together  as  one  mafs.  The 
moment  therefore  being  18,  and  the  quantity  of  matter  being  AH-B 
or  2 -4-4=6  which  is  the  fum  of  the  quantities  of  matter  in  both  bodies; 
if  1 8  is  divided  by  6  the  quotient  or  3  will  be  the  common  velocity. 

This  propofition  may  be  applyed  to  find  the  common  velocity  after 
the  Broke,  when  before  it  only  one  of  the  bodies  is  in  motion  and  the 
other  is  at  reft.  For  if  A  moves  alone  and  ftrikes  upon  B  at  reft,  then 
A’s  moment  may  be  confidered  either  as  the  fum  of  A’s  and  B’s  mo¬ 
ments  in  the  fame  direction  or  as  the  difference  of  their  moments  in 
contrary  directions. 

Suppofe  A  weighs  2  ounces  and  moves  with  3  degrees  of  velocity  or 
with  a  moment  =2x3=6  and  ftrikes  upon  B,  which  weighs  4  ounces: 
then,  becaufe  B  is  at  reft,  its  moment  =  o,  therefore  the  fum  of  their 
moments  is  6 -4- 0  =  6,  and  the  difference  of  them  is  6  —  0=6.  From 
whence  it  follows,  by  what  has  been  faid  already,  that  if  6  or  A’s  mo¬ 
ment  is  divided  by  A-P-B  or  2 -I- 4  which  is  the  fum  of  the  quantities 
of  matter  in  both  bodies,  then  the  quotient,  or  1,  will  be  the  common 
velocity,  or  the  velocity  with  which  A  and  B  will  move  on  together 
after  the  Broke. 

77.  The  change  of  velocity  which  is  wade  in  any  cafe  of  impulfe  or  congrefs. 
where  the  bodies  are  perfectly  elaflic ,  is  double  the  change ,  which 
would  be  made ,  in  like  circumfancesi  where  the  bodies  are  void  of 
elaficity. 

If  an  elaftic  body  D  Plat.  III.  fig.  12.  is  at  reft  and  another  elaftic  bo¬ 
dy  C,  which  is  moving  in  the  direction  A  B  ftrikes  upon  it,  the  fides  of 
both  of  them  will  be  preffed  in  by  the  Broke  of  impulfe,  and  C,  by  pro¬ 
portion  75,  will  lofe  velocity  in  the  direction  AB  and  D  will  acquire  it. 
But  the  elafticity  of  the  bodies  will  make  their  fides  By  out  again  with 
a  force  equal  to  that  which  preffed  them  inwards.  This  produces  a  fo- 
eond  Broke,  which  we  may  call  the  Broke  of  elafticity.  This  Broke  of 
elafticity  is  equal  to  the  former  or  to  the  Broke  of  impulfe,  becaufe  the 
parts  of  the  bodies,  which  are  prefled  in,  fly  out  again  with  a  force 
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equal  to  the  impulfe  that  prefted  them  inwards ;  and  it  is  likewife  in  the 
fame  direction  j  for  by  the  ftroke  of  impulfe  C  loft  velocity  in  the  di¬ 
rection  AB  and  D  acquired  it  5  and  it  is  evident  that  the  fide  of  the 
body  D  flying  out  towards  A  will  diminifh  C’s  velocity  in  the  directi¬ 
on  AB  and  the  fide  of  the  body  C  flying  out  towards  B  will  increafe 
D’s  velocity  in  the  fame  direction.  Therefore,  fince  in  all  cafes  the 
ftroke  of  elafticity  is  equal  to  that  of  impulfe  and  both  of  them  pro¬ 
duce  a  change  of  velocity  in  the  fame  direction,  it  follows  that  the 
change  produced  by  both  thefe  ftrokes  together  will  be  double  the 
change  produced  by  the  ftroke  of  impulfe  alone.  But  where  the  ftri- 
king  bodies  are  elaftic,  there  is  always  a  ftroke  of  impulfe  and  another 
of  elafticity,  and  where  they  are  not  elaftic,  there  is  only  a  ftroke  of  im¬ 
pulfe.  Therefore  the  change  of  velocity  produced  in  any  cafe,  where 
the  ftriking  bodies  are  elaftic,  will  be  double  the  change  produced  in 
like  circumftances,  where  they  are  void  of  elafticity. 

This  proportion,  though  true  in  theory,  cannot  be  applyed  with  ex- 
actnefs  to  any  bodies,  that  we  can  make  ufe  of  in  trying  whether  it  is 
true  by  experiments.  Becaufe  the  demonftration  of  it  depends  upon  the 
perfect  elafticity  of  the  ftriking  bodies.  Whereas  neither  glafs  balls,  nor 
ivory  ones,  nor  any  other  body  in  nature  is  perfectly  elaftic.  The  fides 
of  many  bodies  when  prefted  inwards  will  fly  out  again,  but  not  with 
a  force  equal  to  that,  with  which  they  were  prefted  inwards. 

From  this  proportion  the  two  following  rules  may  be  deduced  for  de¬ 
termining  the  velocity  and  direction  of  elaftic  bodies,  after  they  have 
ftruck  upon  each  other  direCtly. 

78.  If  a  body ,  that  is  void  of  elafticity,  would  acquire  velocity  in  any  cafe 
of  impulfe  or  congrefs  j  a  body ,  that  is  perfectly  elaftic ,  will  acquire 
twice  as  much  in  the  fame  circumftances . 

For  the  change  of  velocity  made  in  elaftic  bodies  is  always  double  the 
change  made  in  thofe  which  are  not  fo. 

79.  If  a  body,  that  is  void  of  elafticity ,  would  lofe  velocity  in  any  cafe  of 
impulfe  or  congrefs  ;  a  body ,  that  is  perfectly  elaftic ,  will  lofe  twice 
as  much  in  the  fame  circumftances . 

This  rule  is  proved  in  the  fame  manner  as  the  foregoing  one.  Only 
here  we  muft  obferve  that  the  velocity,  which  a  body  is  to  lofe  by  this 
rule,  will  often  be  greater  than  the  velocity,  which  it  has.  And  in  this 
cafe  the  difference  between  what  it  has  before  the  ftroke  and  what  it  is 
to  lofe  by  the  ftroke  is  negative,  or  is  to  be  taken  in  a  direction  contrary 

K  to 
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to  that,  in  which  the  body  was  moving.  Thus,  if  a  body  is  moving  in 
any  direction  with  3  degrees  of  velocity,  and  according  to  the  rule 
ought  by  a  Broke  on  another  body  to  lofe  4  degrees ;  by  this  lofs  it  will 
have  1  degree  of  velocity  lefs  than  nothing  or  1  degree  of  negative  velo¬ 
city,  or,  by  what  has  been  faid  already  in  explaning  propofition  75, 
it  will  be  turned  back  in  the  contrary  direction  with  1  degree  of  velo¬ 
city  ;  that  is,  with  the  difference  between  4  and  3,  or  between  what  it 
has  and  what  it  is  to  lofe. 

In  the  propofitions  which  follow  upon  this  fubjedt  we  will  apply 
thefe  rules  to  fome  particular  cafes. 

80.  If  an  elaflic  body  A  in  motion  fir  ikes  upon  another  equal  and  elajlic 
one  B  at  ref ;  then  by  thefroke  A  will  communicate  all  its  velocity  to 
B  and  will  ref  itfelf 

Since  A  and  B  are  equal,  the  quantity  of  matter  in  each  of  them  may  be 
called  1.  Let  A’s  velocity  be  called  6,  and  confequently  its  moment  will, 
be  6x1=6,  which  is  the  produdt  of  its  velocity  multiplyed  into  its  quan¬ 
tity  of  matter.  Now  if  neither  of  the  bodies  had  been  elaBic,  the  com¬ 
mon  velocity  after  the  Broke,  according  to  propofition  76,  might  have 
been  found  by  dividing  6  the  moment  by  A-{-B  or  by  i-f- 1=2  or  by  the 
fum  of  the  quantities  of  matter  in  both  bodies  together.  For  the  quo¬ 
tient  off,  or  3,  would  have  been  this  common  velocity.  And,  as  A  had 
6  degrees  of  velocity  before  the  Broke  and  has  only  3  after  it ;  A,  when 
it  is  a  body  void  of  elaBicity,  lofes  3  degrees  of  velocity.  Therefore,  by 
propofition  79,  A  an  elaBic  body  will  in  the  fame  circumBances  lofe 
double  3  degrees,  or  6  degrees  of  velocity,  which  is  all  it  has,  and  con¬ 
fequently  muB  reB  after  the  Broke.  B  likewife,  when  it  is  a  body  void 
of  elaBicity,  reBs  before  the  Broke,  but  after  the  Broke  moves  with  the 
common  velocity  3  ;  that  is,  it  acquires  3  degrees  of  velocity.  But,  by 
propofition  78,  B  an  elaBic  body  will  in  the  fame  circumBances  acquire 
twice  as  much  or  6  degrees,  which  is  the  fiune  velocity  that  A  had  be¬ 
fore  the  Broke, 

81.  If  there  are fix  equal  and  elaflic  bodies ,  of  which five  as  B,  C,  D;  E,  F, 

lie  in  a  row  contiguous  to  each  other ,  and  the  other  as  A  firikes  di~ 
redly  upon  B  the  frfl  in  the  row ;  then  A  and  all  the  other  bodies  in 
the  row  will  ref ,  except'  F  the  lafl  of  them,  and  this  will  fy  off  with 
the  fame  velocity ,  that  A  had  when  it  f  ruck  upon  B. 

By  the  laB  propofition,  A  will  communicate  all  its  velocity  to  B  and 
will  reB  itfelf.  For  the  fimfc  reafon  B  will  communicate  all  its  velocity 

to. 
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to  C  and  will  reft  itfelf.  And  then  C  becomes  the  ftriking  body,  and 
therefore  will  communicate  all  its  velocity  to  the  next  or  D  and  will 
reft  itfelf.  The  fame  may  be  faid  of  all  the  other  bodies  in  the  row, 
though  there  were  ever  fo  many  of  them,  till  we  come  to  the  laft  of 
them  or  F.  For  lince  there  is  no  other  body  beyond  F  to  which  its  ve¬ 
locity  may  be  communicated,  it  will  move  off  with  the  velocity  re¬ 
ceived  from  the  next  before  it  or  E,  that  is,  as  appears  from  what 
has  been  faid  already,  with  the  velocity,  that  A  had  when  it  ftruck 
upon  B. 

82.  If  there  are  fix  equal  and  elafiic  bodies ,  of  which  four  only  as  C,  D, 
E,  F,  lie  in  a  row  contiguous  to  each  other ,  and  two  as  A  and  B 
moving  along  clofe  together  frike  upon  C  the  firft  in  the  row ;  then 
A  ana  B  and  all  the  other  bodies  in  the  row  will  reft ,  except  E  and 
F  the  two  laft  of them ,  and  thefe  will  move  oft'  together  with  the  fame 
velocity  that  A  and  B  had  before  the  ftroke. 

Bv  the  laft  propofition,  if  B  alone  had  ftruck  upon  C  then  B  and  all 
the  others  in  the  row  would  have  refted  except  F.  But  when  B  has  loft: 
all  its  velocity  by  the  ftroke,  then  A  becomes  the  ftriking  body,  and 
will  communicate  all  its  velocity  along  the  row  to  the  laft  body,  which 
is  then  the  body  E.  Thus  B  makes  F  fly  off,  and  A  makes  E  fly  off :  and 
becaufe  A  and  B  ftrike  together,  E  and  F  will  fly  off  together. 

83.  If  an  elaftic  body  A  ftrike  s  upon  another  elaftic  body  B,  which  is  greater 
than  itfelf :  then  the  moment  of  the  body  B  after  the  ftroke ,  will  be 
greater  than  the  moment  of  A  before  it. 

Let  A  weigh  2  ounces  and  move  with  3  degrees  of  velocity  or  a  mo¬ 
ment  6,  and  let  B,  which  is  at  reft,  weigh  4  ounces.  Then  if  thefe  two 
bodies  had  been  void  of  elafticity,  their  common  velocity  after  the 
ftroke,  by  propofition  76,  (wdiere  this  cafe  is  made  one  of  the  inftances) 
would  have  been  1.  Thus  B,  when  void  of  elafticity,  acquires  by  the 
ftroke  1  degree  of  velocity,  and  confequently,  by  propofition  78,  B,  if 
elaftic,  will  acquire  twice  as  much  or  2  degrees.  Therefore  lince  B’s 
quantity  of  matter  =4,  and  its  velocity  after  the  ftroke  =2=  2,  its  mo¬ 
ment  muft  =2x4  =  8,  which  is  the  product  of  its  velocity  multiplyed 
into  its  quantity  of  matter.  Whereas  the  moment  of  A  before  the  ftroke 
*was  only  6. 

But  notwithftanding  the  moment  8,  which  is  produced  in  B  by  the 
ftroke,  is  greater  than  the  moment  6  in  A,  which  produced  it ;  yet  the 

K  2  mo- 
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moment  of  the  2  bodies  confidered  together  is  exaCtly  the  fame  after 
the  Broke  that  it  was  before  it :  as  it  ought  to  be,  by  proportion 
75.  For,  after  the  Broke,  B  moves  along  with  the  moment  8  in  the 
fime  direction  that  A  was  moving  before  it.  And  let  us  confider 
what  in  the  mean  while  becomes  of  A.  Now  A  had  3  degrees  of 
velocity  before  the  Broke,  and,  if  void  of  elafticity,  would  lofe  2  de¬ 
grees  by  it,  according  to  what  was  proved  in  this  very  inftance  under 
proportion  76.  But,  by  propofition  79,  A,  if  elallic,  will  lofe  twice  as 
much  or  4  degrees.  And,  fince  it  has  but  3  degrees  in  all,  it  will  be 
turned  back  again  or  reflected  with  the  difference  between  3  and  4  or 
with  1  degree  of  velocity :  and  f  nee  its  quantity  of  matter  =  2  its  mo¬ 
ment  =  1x2  =  2.  But  fince  after  the  Broke  B  moves  in  one  direction, 
and  A,  which  is  reflected,  moves  in  the  contrary  direction,  A’s  moment 
is  negative  in  refpeCt  of  B’s :  and  the  moment  of  the  2  bodies  taken  to¬ 
gether  will  be  8  —  2  =  6  which  is  equal  to  the  moment,  that  A  had 
before  the  Broke. 

I  rrruB  therefore  defire  the  reader  to  remember,  that  though  there  is 
motion  produced  by  the  Broke,  if  we  confider  B  or  the  greater  body 
alone,  yet  if  both  bodies  are  taken  together  there  is  no  motion  produ¬ 
ced  in  the  fame  direction  that  A  was  moving,  but  the  moment  in  that  di¬ 
rection  is  exactly  the  fame  after  the  Broke  that  it  was  before  it. 

84.  If  an  elaftic  body  A  overtakes  another  equal  one  B,  which  is  moving 
Jlower  than  it j 'elf  and  in  the  fame  dir  edit  on  ;  after  the  ftroke  they 
will  continue  to  move  in  the  fame  dir  eft  ion  with  interchanged  ve¬ 
locities* 

Let  A  have  8  degrees  of  velocity  and  B  4  degrees.  Call  A’s  quantity 
*>f  matter  1  ;  and  B’s,  which  is  equal  to  it  will  be  1  likewife.  Therefore 
A’s  moment  =8x1  =  8;  and  B’s  =  4x1=4.  The  fum  of  their 
moments  in  the  fame  direction  is  8  added  to  4  =12,  this  fum  divided 
by  the  fum  of  their  quantities  of  matter  or  by  A-f-B  =  i-f*i=2, 
gives  6  in  the  quotient.  From  whence  it  follows,,  by  propofition  76,, 
that,  if  neither  of  thefe  bodies  had  been  elaBic,  they  would  have  moved 
on  together  after  the  Broke  with  the  common  velocity  6.  Therefore 
A,  whofe  velocity  before  the  Broke  was  8,  would  have  loB  2  degrees ; 
and  B,  whofe  velocity  was  4  would  have  gained  2.  But  A,  if  it  is  per¬ 
fectly  elaBic,  will  lofe  twice  as  much  velocity  or  4  degrees :  and  B,  if  it 
is  perfectly  elaflic,  will  gain  twice  as  much  or  4  degrees :  by  propofiti- 
ons  79.  78.  And-fince  A,  which  had  8  degrees  of  velocity  at  BrB,,lofes. 
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4  of  them  by  the  ftroke  j  its  velocity  afterwards  will  be  8- — 4  =  4. 
And  fince  B,  which  had  4  degrees  of  velocity  at  firft,  gains  4  more  j  its 
velocity  afterwards  will  be  4-4-4=  8.  Thus  before  the  ftroke  A’s  ve¬ 
locity  was  8,  and  B’s  4  and  after  the  ftroke  A’s  is  4,  and  B’s  8  ;  that 
is,  their  velocities  are  interchanged. 

85.  If  an  elaftic  body  A  meets  and  ftrikes  upon  another  equal  one  B  y  after 
the  ftroke  they  will  be  reflected  with  interchanged  velocities. 

Let  A  have  8  degrees  of  velocity  and  B  4  degrees.  Call  A’s  quantity 
of  matter  1,  and  then  B’s,  which  is  equal  to  it  will  be  1.  The  moment 
ofA  =  8xi=8:  and  the  moment  of  B  =  4  x  1=4.  The  difference 
of  their  moments  in  contrary  diredtions  is  8  —  4  =  4.  Divide  this  dif¬ 
ference  4  by  A-f-B==  1  4-  1  =2,.  or  by  the  fum  of  the  quantities  of  matter,, 
and  |=2,  which  is  the  quotient,, would  be  the  common  velocity,  by  pro¬ 
portion  76,  with  which  both  the  bodies,  if  neither  of  them  had  been 
elaftic,  would  have  moved  on  together  after  the  ftroke  in  the  fame  di¬ 
redtion  that  A  was  moving  in  before  it.  Thus  A,  if  not  elaftic,  would 
lofe  6  degrees  of  velocity  ;  for  it  had  8  degrees  before  the  ftroke  and 
would  have  only  2  after  it.  Therefore,  bypropofitionyp,  A,  if  elaftic,  will 
lofe  twice  as  much  or  1 2  degrees.  But  it  has  no  more  than  8  degrees,, 
and  confequently  the  difference  between  8  and  12  or  4,  that  is,  the  dif¬ 
ference  between  the  velocity,  which  it  has,  and  the  velocity,  which  it  is 
to  lofe,  is  negative  or  is  taken  in  the  contrary  direction.  So  that  A  will 
be  refledted  with  the  velocity  4^  B  moved  with  the  velocity  4  to  meet 
A  before  the  ftroke,  and  if  neither  body  had  been  elaftic,  would  have 
moved  afterwards  with  the  velocity  2  in  the  fame  diredtion  with  A. 
Therefore  B,  if  it  was  not  elaftic,  would  lofe  4  degrees  of  velocity  in  one 
diredtion  and  acquire  2  degrees  in  the  oppofite  diredtion.  From  hence  it 
follows,  by  propofitionyS,  79,  that  B,  if  elaftic,  will  lofe  twice  as  much 
velocity  or  8  degrees  in  one  diredtion,  and  acquire  twice  as  much  or  4 
degrees  in  the  oppofite  diredtion.  But  fince  it  is  to  lofe  8  degrees  in  the 
diredtion  in  which  it  moved  before  the  ftroke  and  has  no  more  than 
4  degrees  to  lofe,  the  difference  between  8  and  4,  or  8 — 4=4  is  to  be 
taken  in  the  oppofite  diredtion  :  and  thefe  4  degrees  added  to  the  other 
4  which  it  acquires  in  that  oppofite  diredtion,  will  make  the  velocity 
with  which  it  is  refledted  =44-4  =  8.  Thus  before  the  ftroke  A’s 
velocity  was  8  and  B’s  4  $  and  when  they  are  refledted  A’s  is  4  and  B’s  8: 
that  is,  the  velocities  are  interchanged*. 
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86.  If  two  equal  and  elajlic  bodies  A  and  B,  which  are  moving  in  con¬ 
trary  directions,  meet  and  [trike  upon  each  other  with  equal  velocities', 
each  of  them  will  be  reflected  with  the  fame  velocity  that  it  had  before 
the flroke . 

This  may  be  confidered  as  one  cafe  of  the  lad:  proportion :  for  if  the 
two  bodies  had  equal  velocities  at  firft,  they  will  likewife  have  equal 
velocities  after  they  have  exchanged.  Orotherwifej  the  bodies,  if  they 
had  not  been  elaftic,  would  have  loft  all  their  velocities,  becaufe  both 
of  them  ftrike  with  equal  moments,  and  thefe  equal  and  contrary  forces 
would  have  deftroyed  each  other,  and  the  two  bodies  would  have  refted 
after  the  ftroke.  But  A,  as  it  is  fuppofed  elaftic,  will  lofe  twice  as  much 
velocity,  by  propofition  79,  that  is,  double  what  it  has,  or  will  gain  as 
much  negative  velocity  as  is  equal  to  the  difference  between  the  ve¬ 
locity,  which  it  has,  and  the  double  of  that  velocity.  This  difference  is 
plainly  equal  to  the  velocity  which  it  has.  The  fame  may  be  faid  of  the 
body  B.  Therefore  the  negative  velocity,  or  velocity  with  which 
each  body  is  reflected,  is  equal  to  that,  with  which  it  moved  before  the 
ftroke. 

87.  fo  determine  the  direction ,  in  which  two  elaftic  bodies  will  be  reflected, 

when  they  ftrike  upon  each  other  obliquely. 

Let  two  equal  and  elaftic  bodies  P  and  Qjnove  in  the  refpeCtive  di¬ 
rections  PA  and  Q a  and  ftrike  upon  each  other.  Thefe  oblique  motions 
PA  and  Qa  may  each  of  them  be  refolved  into  two  others,  by  pre- 
pofition  20,  in  fuch  a  manner,  that  one  part  of  PA,  as  PB  or  CA,  fhall 
be  parallel  to  one  part  of  Q a  as  Q b  or  ca  ;  and  the  other  part  of  PA 
as  PC  or  BA  fhall  be  direCtly  oppofite  to  the  other  part  of  Qa,  as  Q c 
or  ba.  Now  the  two  parallel  motions  CA  and  ca  will  not  be  altered 
by  the  ftroke.  For,  if  the  bodies  had  moved  in  thefe  directions  only, 
they  would  never  have  approached  each  other,  and  confequently  could 
never  have  ftruck  upon  each  other.  Therefore  as  no  part  of  the  ftroke 
is  made  by  either  of  thefe  motions,  they  can  neither  of  them  be  at  all 
affeCted  by  it.  And  if  we  take  A  E  equal  to  C  A  and  in  the  fame  di¬ 
rection  ;  and  take  ae  equal  to  ca  and  in  the  fame  direction ;  from  what 
has  been  faid  it  follows,  that  after  the  ftroke  the  parallel  motion  of  P 
will  be  AE  and  that  of  Q^will  be  ae.  The  oppofite  motions  BA  and 
ba  will  have  their  velocities  interchanged,  by  propofition  85.  Therefore 
taking  AD  equal  -to  ba,  and  ad  equal  to  BA,  AD  will  be  the  motion, 

with 
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v/kh  winch  P  will  be  reflecked,  and  ad  will  be  that,  with  which  Q^will 
be  reflecfted.  Since  therefore  after  the  ftroke  P  is  carried  on  with  the 
motion  AE  and  the  motion  AD,  make  thefe  the  two  fldes  of  a  paral¬ 
lelogram,  and,  by  proposition  16,  the  diagonal  Ap  will  be  the  line  in 
which  the  body  P  will  be  reflecked.  In  like  manner,  fince  the  two  motions 
of  Q^after  the  ftroke  are  ae  and  ad}  make  thefe  the  Aides  of  a  paral¬ 
lelogram  and  draw  the  diagonal  aq ,  then,  by  propofltion  16,  aq  is  the 
line  in  which  the  body  (Twill  be  reflecked. 

From  this  inftance  the  reader  will  underftand,  that,  in  all  other  cafes 
of  the  oblique  congrefs  of  two  elaftic  bodies,  their  motions  may  each 
of  them  be  refolved  into  a  parallel  one  and  an  oppoflte  one,  that  the 
parallel  motion  of  each  will  be  the  fame  after  the  ftroke  that  it  was 
before  it,  and  that  the  other  motion  of  each  after  the  ftroke  may  be 
found  by  the  foregoing  rules  relating  to  the  direck  congrefs  of  bodies. 
And  when  the  two  motions  of  each  body  after  the  ftroke  are  thus  found, 
then  by  making  thefe  the  fldes  of  a  parallelogram  and  drawing  the  dia¬ 
gonal,  the  direction  in  which  the  bodies  will  be  reflecked  is  deter¬ 
mined  :  for  they  will  always  be  reflecked  in  that  diagonal, 

88.  If  an  elaftic  body  ftrikes  perpendicularly  upon  an  immoveable  obftacle , 

it  will  be  reflected  in  the  fame  line  that  it  defcribed ,  and  with  the 
fame  velocity  that  it  had,  before  the  ftroke . 

If  an  elaftic  body  moves  in  the  direckion  EB  Plat.  III.  fig.  14.  and 
ftrikes  perpendicularly  on  the  immoveable  elaftic  obftacle  DBF;  the  body 
will  be  reflecked  in  the  line  BE  with  the  fame  velocity  that  it  had  before 
the  ftroke.  For  if  the  body  and  obftacle  had  been  void  of  elafticity  then 
by  the  ftroke  it  would  have  loft  all  its  velocity.  Therefore,  by  pro- 
pofition  79,  becaufe  they  are  elaftic,  it  will  lofe  twice  the  velocity  that 
it  has,  or  will  lofe  its  own  velocity,  and  acquire  a  negative  one  that  is 
equal  to  it,  that  is,  will  be  reflecked  or  be  made  to  move  in  a  contrary 
direckion  with  the  fame  velocity  that  it  had  before  the  ftroke. 

89.  When  a  body  ftrikes  obliquely  on  an  immoveable  obftacle ,  the  angle  con¬ 

tained  between  the  line ,  which  the  body  defer ibes  and  a  line ,  that  is 
perpendicular  to  the  obftacle  at  the  point  where  the  body  ftrikes  it ,  is 
called  the  angle  of  incidence . 

Thus  Plat.  III.  fig.  14.  if  AB  is  the  line,  which  the  body  deferibes, 
and  B  E  a  perpendicular  to  the  obftacle  DBF  at  the  point  B  where  the 
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body  Bribes  it,  then  the  angle  of  incidence  is  the  angle  A  B  E.  The 
reader  will  obferve  that  ABD  is  the  complement  of  the  angle  of  inci¬ 
dence  to  a  right  one. 

90.  When  a  body ,  after  Jinking  obliquely  on  an  immoveable  objlacle  is  re - 
fleeted,  the  angle  contained  between  the  line ,  in  which  it  is  reflected, 
and  a  line ,  which  is  perpendicular  to  the  objlacle  at  the  point  of  re¬ 
flection ,  is  called  the  angle  of  reflection. 

Thus  Plat.III.  hg.  1 4.  the  angle  of  reflection  is  EBC  contained  between 
BC  the  line  which  the  reflected  body  defcribes  and  EB  a  perpendicular  to 
the  obflacle  at  B  the  point  of  reflection.  CBF  is  the  complement  of  re¬ 
flection. 

In  thefe  two  definitions  of  the  angles  of  incidence  and  reflection,  I 
have  copyed  from  Sir  Ifaac  Newtons  definitions  of  them  in  his  optics. 
The  mechanical  writers  commonly  call  ABD  the  angle  of  incidence, 
and  CBF  the  angle  of  reflection. 


9 1 .  When  an  elaftic  body  jlrikes  obliquely  on  an  immoveable  and  elafic  ob - 
facie ,  and  is  reflected from  it :  the  angle  of  reflection  is  always  equal 
to  the  angle  of  incidence. 

In  order  to  prove  this,  fuppofing  the  body  to  ftrike  the  obflacle  in  the 
direction  AB,  Plat.  III.  fig.  14.  let  us  firft  trace  out  the  line  in  which  it 
will  be  reflected.  The  oblique  motion  AB  of  the  incident  body  may  be 
refolved  into  two  others,  by  propofition  20,  one  of  them  parallel  to  the 
obftacle  as  AE  equal  to  DB,  the  other  perpendicular  to  it,  as  AD  equal 
to  EB.  Of  thefe  two  motions  the  parallel  one  DB  will  not  be  altered 
by  the  Broke.  For  if  the  body  had  moved  in  this  parallel  direction 
only,  it  would  never  have  approached  the  obftacle,  and  confequently 
could  never  have  ftruck  upon  it.  Therefore  as  no  part  of  the  Broke  is 
made  by  the  parallel  motion  AE  or  DB,  it  is  not  afleCted  by  the  Broke 
but  will  be  the  fame  after  it  that  it  was  before.  And,  if  BF  is  taken 
equal  to  DB,  from  what  has  been  faid  it  follows  that  B  F  will  be  the 
direction  and  velocity  of  the  body  after  the  Broke.  The  perpendicular 
motion,  which  before  the  Broke  is  AD  or  EB,  will,  by  propofition  8$, 
be  the  fame  after  it,  only  in  a  contrary  direction  as  BE.  Therefore  after 
the  Broke  the  body  being  carryed  on  by  the  two  motions  B  F  and  B  E 
will,  by  propofition  16,  defcribe  BC  the  diagonal  of  a  parallelogram,  of 
which  BF  and  BE  are  the  fides.  Thus  BC  is  proved  to  be  the  line,  in 
which  the  body  will  be  reflected. 
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And  from  what  has  been  faid  in  tracing  out  this  line  BC,  in  which 
the  body  will  be  reflected,  we  may  (hew  that  the  angle  of  reflection 
EBC  is  equal  to  the  angle  of  incidence  ABE.  For  AE  and  DB  are 
equal  ;  becaufe  they  are  oppoflte  fldes  of  a  parallelogram.  Euc.  book  I, 
prop.  34.  And  for  the  fame  reafon  EC  and  BF  are  equal.  But  DB  and 
BF  are  equal  by  the  conftru&ion,  becaufe  one  is  the  parallel  motion  be¬ 
fore  the  ftroke  and  the  other  is  the  fame  motion  after  it.  Therefore 
AE  becaufe  it  is  equal  to  DB  and  EC  becaufe  it  is  equal  to  BF  are  likewilc 
equal  to  each  other.  The  fide  EB  is  common  to  the  two  triangles  AEB 
and  CEB.  And,  flnce  AC  is  parallel  to  DBF  and  EB  is  perpendicular  to 
it  by  the  conftruCtion,  therefore  E  B  is  perpendicular  to  AC,  and  the 
angles  AEB  and  CEB  are  equal.  But,  becaufe  AE,  EB,  in  one  of  thefc 
triangles  are  equal  to  CE,  EB,  in  the  other  and  the  angles  AEB  and  CEB 
contained  between  thefe  equal  fldes  are  likewife  equal;  it  follows, Euc.  bj. 
prop.  4.  that  the  other  two  angles  in  one  triangle  are  each  of  them  re- 
fpeClively  equal  to  the  other  two  angles  in  the  other  triangle,  which 
are  fubtended  by  equal  fldes.  Therefore  EBC  the  angle  of  reflection  is 
equal  to  ABE  the  angle  of  incidence. 

92.  If  a  body,  which  is  in  motion ,  ftrikes  upon  another  body  either  in  motion 
or  at  reft ;  the  quantity  of  the  ftroke  is  proportional  to  the  moment » 
•which  is  loft  by  the  ft  r iking  body , 

If  one  of  the  bodies  has  a  greater  moment  than  the  other,  then  that 
which  has  the  greater  moment,  or  if  their  moments  are  equal,  then 
either  of  them,  may  be  confldered  as  the  ftriking  body. 

Now  the  quantity  of  the  ftroke  is  the  force  imprefled  by  the  ftriking 
body  upon  the  other.  But  flnce,  by  the  third  law  of  motion,  pro- 
pofition  15,  reaction  is  equal  to  aCtion,  whatever  force  is  imprefled  on 
the  body,  which  is  ftruck,  will  by  its  reaction  be  deftroyed  in  the  ftrik¬ 
ing  body.  Therefore  the  motion  loft  by  the  ftriking  body  is  proportional 
to  the  force  imprefled  by  it  on  the  other,  or  to  the  quantity  of  the 
ftroke.  From  hence  it  follows,  that  when  a  moving  body  ftrikes  per¬ 
pendicularly  upon  an  immoveable  obftacle;  the  quantity  of  theilroke  will 
be  as  the  ftriking  body’s  moment  5  becaufe  its  whole  moment  is  loft  by 
the  ftroke. 

93-  ¥a  given  body  ftrikes  upon  a?iother  given  body  at  reft,  the  quantity  of 
the  ftroke  is  always  proportional  to  the  velocity  of  the  ftriking  body . 

This  follows  from  the  laft  propofition,  becaufe  the  moment  loft  is 
always  proportional  to  this  velocity.  Call  one  of  the  bodies  A  and  let 
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it  be  fuppofed  to  weigh  2  ounces  :  call  the  other  B,  and  let  its  weight 
be  4  ounces :  we  may  confider  this  proportion  in  two  cafes. 

Fil'd:,  if  B  is  the  body  at  red,  then  the  quantity  of  the  droke  or  mo¬ 
ment  lod  will  always  be  as  A’s  velocity.  If  A’s  velocity  before  the 
droke  =3,  and  confequently  its  moment  =  3x2  =  6;  then  fuppofng 
it  void  of  eladicity,  it  appears  by  proportion  76,  that  its  velocity  after 
the  droke  =1  and  confequently  its  moment  =1  X2  =  2.  Therefore 
the  moment  lod  by  the  droke  =6  —  2  =  4.  By  the  fame  76  propor¬ 
tion  it  may  be  proved  that,  if  A’s  velocity  before  the  droke  had  been  6 
and  its  moment  =6x2  =  12,  then  its  velocity  after  the  droke  would 
=  2  and  its  moment  =2x2  =  4.  Therefore  the  moment  lod  by  the 
droke  =12 — 4=8.  But  knee  as  4  is  to  8  fo  is  3  to  6,  that  is,  dnee  the 
moment  lod  is  as  A’s  velocity,  it  follows  by  the  lad  proportion,  that 
the  quantity  of  the  droke  is  as  A’s  velocity. 

The  fecond  cafe  of  this  proportion  is,  that  when  the  velocity  is  given 
the  quantity  of  the  droke  will  be  the  fame  whether  A  drikes  upon  B  or 
B  upon  A.  Thus  if  the  given  velocity  is  called  3,  the  quantity  of  the 
droke  will  be  the  fame  whether  A  with  the  velocity  3  and  confequent¬ 
ly  with  the  moment  3x2  =  6  drikes  B  at  red,  or  B  with  the  fame  ve¬ 
locity  3  and  confequently  with  the  moment  3x4  =  12  drikes  A  at  red. 
It  has  jud  been  proved  that  if  A  drikes  B  the  moment  lod  =4.  And, 
by  proportion  76,  it  may  be  fhewn  that,  if  B  weighing  4  ounces,  and 
moving  with  3  degrees  of  velocity,  that  is,  with  a  moment  =12,.  drikes 
A  at  red,  the  common  velocity  after  the  droke,  fuppoiing  both  oF 
them  void  of  eladicity,  will  be  2.  Therefore  B’s  velocity  being  this  com¬ 
mon  velocity  or  2  and  its  quantity  of  matter  4,  its  moment  after  the 
droke  will  be  2  x  4  =  8.  So  that  the  moment  lod  by  the  droke  =  12 
—  8  =  4.  And  hnce  the  moment  lod  is  4  whether  A  drikes  with  a 
given  velocity  upon  B  at  red,  or  B  drikes  with  the  fame  velocity  upon 
A  at  red  :  it  follows,  by  the  lad  proportion,  that  the  quantity  of  the 
droke  will  be  the  fame. 

We  may  by  affigning  a  reafon  for  this  lad  cafe,  which  feems  a  para¬ 
dox,  give  a  general  proof  of  the  proportion.  When  A  is  the  moving 
body  the  moment  is  6,  and  when  B  is  the  moving  body  the  moment  i& 
1 2  :  and  yet  B  will  not  hit  double  the  blow  that  A  does,  but  the  quan¬ 
tity  of  the  droke  would  in  either  cafe  be  the  fame.  For  we  mud  re¬ 
member  that  the  quantity  of  the  droke  does  not  depend  upon  the  mo¬ 
ment  of  the  driking  body  only,  but  like  wife  upon  the  refidance  of  the 
body  that  is  druck.  Thus  if  we  hold  our  hand  deady  againd  any  blow,, 
we  fhall  feel  more  of  it,  than  if  we  had  made  no  fuch  refidance,  but 

had 
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had  let  our  hand  yield  to  it.  And  in  all  other  cafes  the  more  the  body, 
which  is  hit,  bears  up  againft  the  blow,  fo  much  the  greater  ftroke  it 
will  fuftain  ;  and  if  it  makes  no  refiftance  at  all,  the  blow  will  be  no¬ 
thing.  Now,  where  the  refiftance  is  given,  the  quantity  of  the  ftroke  is 
as  the  moment  of  the  ft r iking  body,  and  where  this  moment  is  given,  it 

is  as  the  refiftance  of  the  body  that  is  ftruck.  Therefore  in  all  cafes  it  is 

* 

in  a  ratio  compounded  of  them  both  or  as  the  moment  multiplyed  into 
the  refiftance.  The  refiftance  of  the  body,  which  is  ftruck,  being,  where 
other  circumftances  are  alike,  as  the  quantity  of  matter  contained  in  it, 
when  A  ftrikes  B  with  3  degrees  of  velocity  the  quantity  of  the  ftroke 
is  as  6x4  =  24,  or  as  A’s  moment  into  B’s  quantity  of  matter.  And 
when  B  ftrikes  A  it  is  as  1 2  x  2  =  24  or  as  B’s  moment  into  A’s  quan¬ 
tity  of  matter. 

Therefore  univerfally,  where  the  quantity  of  matter  in  two  bodies, 
of  which  one  moves  and  the  other  refts,  is  given,  the  quantity  of  the 
ftroke  will  be  as  a  product  arifing  from  one  body  multiplyed  into  the 
other  and  then  multiplyed  again  into  the  velocity  with  which  the  ftrik- 
ing  body  moves.  But  this  product  will  always  be  as  this  velocity,  be- 
caufe  the  quantity  of  matter  in  both  is  given.  Therefore  the  quantity 
of  the  ftroke  will  likewife  be  as  the  velocity. 

Upon  this  principle  it  is  that  thofe,  who  call  themfelves  ftrong  men, 
will  let  a  fmith  cut  a  bar  of  iron  afunder  upon  an  anvil,  which  is  laid 
upon  their  breaft.  The  only  difficulty  in  this  is  to  bear  the  weight  of 
the  anvil :  for  the  force  with  which  the  hammer  ftrikes  it,  though  it  is 
fufficient  to  drive  a  chiflel  through  the  iron,  will  make  the  anvil  give  a 
very  inconfiderable  blow  to  their  breaft,  who  fupport  it.  They  lay  their 
back  hollow  from  the  ground,  that  they  may  have  room  to  yield  to  the 
blow ;  and  then  the  quantity  of  the  ftroke  will  be  proportional  to  the 
velocity,  with  which  the  anvil  is  driven  down  upon  their  breaft.  One  blow 
of  the  hammer  upon  their  naked  breaft  without  the  anvil  would  kill 
them.  But  though  the  hammer  ftrikes  the  anvil  with  an  equal  force,  and 
this  force  communicated  to  the  anvil  ftrikes  their  breaft  j  they  will  feel 
little  or  no  inconvenience  from  it.  Indeed  there  are  two  reafons  why  a 
blow  of  the  hammer  immediately  upon  their  breaft  fhould  hurt  them 
more,  than  the  fame  blow  would  when  communicated  firft  to  the  anvil. 
The  firft  reafon  is  becaufe  the  whole  force  of  the  hammer  ftrikes  upon 
a  very  fmall  part  of  the  breaft ;  whereas  if  by  ftriking  the  anvil  it  was 
-to  make  the  anvil  hit  as  great  a  blow,  yet  this  would  reach  over  the 
whole  breaft  and  confequently  would  be  lefs  upon  each  part,  than  if  all 
the  force  had  ftruck  one  fingle  part.  But  the  other  reafon,  why  a  blow 
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immediately  from  the  hammer  would  hurt  them  fo  much  more  than 
the  fame  blow  upon  the  anvil,  is,  that  the  anvil  moves  with  a  much  left 
velocity.  For  fuppofe  the  hammer  to  weigh  i  pound  and  the  anvil  to 
weigh  ioo  pounds.  The  hammer  by  ftriking  the  anvil  communicates 
its  motion  to  the  anvil ;  fo  that  the  moment  of  one  is  equal  to  that  of 
the  other  >  but  the  anvil  will  have  only  a  hundreth  part  of  the  hammers 
velocity,  and  confequently  will  ftrike  a  lefs  blow.  From  hence  it  is  evi¬ 
dent,  that  the  heavier  the  anvil  is  in  proportion  to  the  hammer,  the  lefs 
will  be  the  velocity  of  the  anvil  and  therefore  fo  much  lefs  the  ftroke 
upon  the  breaft  of  a  man,  which  fiipports  it.  The  greater  quantity  of 
matter  there  is  in  the  anvil,  fo  much  the  more  difficult  it  will  be  to 
fupport  it,  but  when  it  is  fupported,  this  will  make  the  blow  the  eafier  : 
and  if  the  quantity  of  matter  in  the  anvil  was  infinite,  the  velocity  com¬ 
municated  by  the  ftroke  of  the  hammer  would  be  nothing;  and  if  a 
man  could  bear  the  weight  of  fuch  an  anvil  as  that,  he  would  feel  no 
blow  at  all,  whilft  the  iron  was  cut  afunder  upon  it_ 


94.  If  a  given  body  in  motion  flrikes  direHly  upon  another  given  body , 
which  is  moving  fower  and  in  the  fame  dire  Hi  on  ;  the  quantity  of 
the  Jlroke  is  the  fame ,  as  if  the  bodyy  which  moves  fower ,  had  refedy 
and  the  other  had  fruck  upon  it  with  the  difference  of  their 
velocities. 


The  quantity  of  the  ftroke  is,  by  the  Taft  proportion,  as  the  ftriking 
velocity,  that  is,  as  the  velocity  with  which  the  two  bodies  approach 
each  other.  But  when  both  of  them  are  moving  in  the  fame  dire&ion 
they  approach  only  with  the  difference  of  their  velocities  and  fo  they 
do  when  one  of  them  refts  and  the  other  moves  with  this  difference. 
Therefore  the  quantity  of  the  ftroke  will  be  the  fame  in  both  cafes. 

Call  one  body  A  and  let  it  be  fuppofed  to  weigh  2  ounces;  call  the  other 
B  and  let  its  weight  be  4  ounces.  Then,  if  A’s  velocity  is  3,  its  moment 
will  be  3  x  2  =  6,  and  if  B  moves  after  it  in  the  fame  direction  with  the 
velocity  6,  its  moment  will  be  6  x  4=  24.  And  if  they  are  both  void  of 
elafticity,  the  cafe  will  be  fo  much  the  more  fimple  and,  by  propofttion 
76,  their  common  velocity  after  the  ftroke  will  be  5.  Therefore  B’s 
moment  after  the  ftroke  will  be  5x4  =  20  :  and  as  its  moment  before 
was  24,  it  muft  have  loft  a  moment  =24 — 20  =  4.  But  fuppofe 
A  had  been  at  reft  and  B  hadi  ftruck  upon  it  with  the  difference  of 
their  velocities,  which  is  in  the  cafe  propofed  6  —  3  =  3.  Then  B’j  mo¬ 
ment  before  the  ftroke  is  3  X4  =  i2.  And  when  this  moment  is  divi¬ 
ded  by  A-ffB,  or  2~ft4=6j  or  by  the  fum  of  the  quantity  of  matter  in  the 

two 
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two  bodies,  the  quotient  is  2,  which,  by  proportion  76,  is  the  common 
velocity  after  the  Broke.  Therefore  B’s  moment  after  the  Broke  will 
be  2  x  4=8,  and,  as  its  moment  before  was  1 2,  it  muft  have  loft  a  mo¬ 
ment  =  12  —  8  =  4.  And  fince  4  is  the  moment  loft  whether  A  and 
B  are  both  in  motion  in  the  fame  direction,  or  A  refts  and  B  Brikes  up¬ 
on  it  with  the  difference  of  their  velocities ;  it  follows,  by  proportion 
9  2 that  the  quantity  of  the  Broke  is  the  fame  in  both  cafes. 

95*  -If iw0  bodies ,  which  are  moving  in  contrary  directions ,  Jirike  upon 
each  other ;  the  quantity  of  the  flroke  is  the  fame ,  as  if  one  of  them 
had  refted  and  the  other  had  fruck  upon  it  with  the  fum  of  their  ve¬ 
locities. 

The  quantity  of  the  Broke  is,  by  proportion  93,  as  the  Briking  velo¬ 
city,  that  is,  as  the  velocity  with  which  the  two  bodies  approach  each 
other.  But  when  both  of  them  move  in  contrary  directions  they  ap¬ 
proach  with  the  Bim  of  their  velocities ;  and  fo  they  do,  when  one  of 
them  reBs  and  the  other  moves  with  this  fum.  Therefore  the  quantity 
of  the  Broke  will  be  the  fame  in  both  cafes. 

Call  one  body  A,  and  let  it  be  fuppofed  to  weigh  2  ounces  ;  call  the 
other  B,  and  let  its  weight  be  4  ounces.  Then  if  A’s  velocity  is  3,  its 
moment  will  be  3  x  2  =  6.  If  B  moves  in  a  contrary  direction  with  the 
velocity  6,  its  moment  will  be  6x4  =  24.  And,  if  they  are  both  void 
of  elaBicity,  their  common  velocity  after  the  Broke,  by  proportion  76, 
will  be  3.  Therefore  B’s  moment  after  the  Broke  will  be  3x4=12: 
and,  as  its  moment  before  the  Broke  was  24,  it  muB  have  loB  a 
moment  =24 — 12  =  12.  But  -fuppofe  A  had  been  at  reB  and  B 
had  Bruck  upon  it  with  -the  fum  of  their  velocities  which  in  the  cafe 
propofedis  6+3=9.  Then  B’s  moment  before  the,Broke  is  9x4=36. 
And  when  this  moment  is  divided  by  A +  B  or  2  +  4  =  6,  or  by  the 
fum  of  the  quantities  of  matter  in  the  two  bodies,  the  quotient  is  6, 
which,  by  proportion  76,  is  the  common  velocity  aBer  the  Broke. 
Therefore  B’s  moment  aBer  the  Broke  will  be  6x  4  =  24,  and  as  its 
moment  before  was  36  it  muB  have  loB  a  moment  =36 — 24=12. 
And  fince  12  is  the  moment  loB  whether  A  and  B  are  both  moving  in 
contrary  directions,  or  A  reBs  and  B  Brikes  upon  it  with  the  fum  of 
their  velocities,  it  follows,  by  proportion  .9  2,  that  the  quantity  of  the 
Broke  is  the  fame  in  both  cafes. 

96.  fhe  motion  of  bodies  amongfi  themfelves  is  the  fame  whether  the place 
tn  which  they  are  all  included,. refs  or  moves  uniformly  in  a  right 
line.. 

The. 
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The  motion  of  two  or  more  balls  on  a  billiard  table  on  board  a  (hip, 
is  the  fame  in  all  refpeCts  and  particularly  as  to  the  ftrokes  upon  each 
other,  whether  the  fhip  and  the  table  in  it  are  at  reft,  or  whether  they 
move  on  uniformly  in  a  right  line.  For,  by  the  two  laft  proportions, 
the  quantity  of  the  ftroke  is  always  as  the  difference  of  the  ftriking 
velocities  in  the  fame  direction  or  as  the  fum  of  them  in  contrary 
directions.  And  iince  the  uniform  motion  of  the  table,  or  place,  in 
which  all  of  the  balls  are  included,  is  common  to  all  of  them,  it  will 
not  alter  the  difference  of  their  velocities  in  the  fame  direction  or  the 
fum  of  them  in  contrary  directions.  Therefore  the  uniform  motion  of 
the  table  will  not  make  their  ftrokes  upon  each  other  different  from 
what  they  would  have  been  if  the  table  had  refted. 

We  may  apply  this  propofition  more  particularly  to  another  cafe  3  where 
it  is  of  more  importance.  If  the  earth  turns  round  its  axis  from  weft  to 
eaft  once  in  every  day 3  then  if  you  difcharge  a  bullet  from  weft  to  eaft 
againft  a  wall,  the  bullet  and  wall  are  both  moving  in  the  lame  directi¬ 
on  3  but  if  you  difcharge  it  from  eaft  to  weft  they  are  moving  in  con¬ 
trary  directions.  It  is  therefore  enquired,  why  the  ftroke  of  the' bullet 
with  the  fum  of  the  velocities,  as  in  the  latter  cafe,  fhould  not  be  greater 
than  it  is  in  the  former,  when  it  is  made  only  with  their  difference.  To 
this  I  anfwer  that  the  difference  of  the  bullets  and  walls  velocities  in  the 
former  cafe  is  exaCtly  the  fame  as  what  is  here  called  the  fum  of  their  ve¬ 
locities  in  the  latter  3  and  either  of  them  is  the  fame  as  the  velocity  with 
which  the  bullet  would  have  ftruck  the  wall  fuppofing  the  earth  and 
the  wall  had  been  at  reft.  Therefore,  by  the  three  foregoing  propofiti- 
ons,  the  quantity  of  the  ftroke  will  be  the  fame  in  all  the  three  cafes. 
Suppofe  that  the  velocity  with  which  the  earth  turns  round  its  axis  is  to  the 
velocity,  with  which  the  bullet  is  difcharged  as  1  o  to  1  :  for  though 
this  is  far  from  being  the  true  proportion,  it  will  illuftrate  the  cafe  as 
well  as  any  other  would.  Then  if  the  wall  had  been  at  reft  the  ftri¬ 
king  velocity  of  the  bullet  upon  it  would  be  =1.  But  if  the  wall  and 
earth  are  fuppofed  to  move  from  weft  to  eaft  with  the  velocity  1  o  3  .then 
it  muft  be  remembered  that  the  bullet  before  it  is  difcharged  is  moving 
along  with  the  earth  in  the  fame  direction  and  with  the  Erne  velocity  3 
and  confequently  when  it  is  difcharged  from  weft  to  eaft  there  is  1  de¬ 
gree  of  Velocity  added  to  it  in  this  direction  fo  that  it  moves  with  a  ve¬ 
locity  =  1  o-f- 1  =  1 1 .  Now  as  the  wall  moves  with  the  velocity  10, 
and  the  bullet  in  the  fame  direction  with  the  velocity  1 1  5  the  ftriking 
velocity  will  be  the  difference  between  them  or  1 1  —  10=1.  But  if 
the  bullet  is  difcharged  from  eaft  to  welt,  then  becaufe,  before  it  was 

dif- 
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difcharged  it  was  moving  along  with  the  earth  from  weft  to  eaft  with 
10  degrees  of  velocity,  and  by  being  difcharged  has  only  1  degree  of 
velocity  given  to  it  in  the  contrary  direction,  though  in  refped  of  the 
earths  lurface  and  the  things  upon  the  furface  it  appears  to  move  from 
eaft  to  weft,  yet  in  abfolute  fpace  it  will  ftill  continue  to  move  from 
weft  to  eaft  with  the  difference  between  the  velocities  10  and  1  or  with 
the  velocity  9.  So  that  what  is  called  in  the  enquiry  the  fum  of  the 
bullets  and  walls  velocity  is  properly  the  difference.  For  after  the  bul¬ 
let  is  difcharged  it  moves  from  weft  to  eaft  with  the  velocity  9  and  the 
wall  moves  in  the  fame  direction  with  the  velocity  10.  Therefore  the 
ftriking  velocity  will  be  10  —  9=1.  And  fince  the  ftriking  velocity 
is  1,  whether  the  wall  is  at  reft  and  the  bullet  is  difcharged  againft  it 
with  the  velocity  1 ;  or  the  wall  is  in  motion  and  the  bullet  is  dif¬ 
charged  againft  it  either  from  weft  to  eaft  or  from  eaft  to  weft  with  the 
fame  velocity  ;  it  follows,  by  proportions  93.  94.  95.  that  the  blow, 
which  the  bullet  hits  upon  the  wall,  will  be  the  fame  in  all  the  three 
cafes. 

97.  The  quantity  of  an  oblique  froke ,  where  the  mo?nent  is  given,  is  to  the 
quantity  of  a  dire 51  one,  as  the  cofme  of  incidence  is  to  the  radius. 

Thus  Plat.  III.  fig.  14.  if  a  given  body  ftrikes  the  bar  DBF  obliquely 
in  the  direction  AB  with  a  velocity  reprefented  by  the  fame  line  AB, 
the  blow  will  be  lefs  than  if  the  body  had  ftruck  it  directly  or  perpendi¬ 
cularly  with  the  fame  velocity,  as  much  lefs  as  AD  the  cofme,  or  fine 
of  the  complement,  of  incidence  is  lefs  than  AB,  which  is  called  the  ra¬ 
dius.  For,  by  a  confequence  deduced  from  propofition  92,  the  ftroke, 
when  a  body  ftrikes  perpendicularly  with  the  velocity  AB,  is  as  the  mo¬ 
ment,  that  is,  if  the  quantity  of  matter  in  the  body  is  given,  as  the  ve¬ 
locity.  But,  when  the  fame  body  ftrikes  with  the  fame  velocity  ob¬ 
liquely  or  in  the  dire&ion  AB,  then  this  oblique  motion  may  be  refol- 
ved  into  two  others,  of  which  one  as  AE  will  be  parallel  to  the  bar  and 
the  other  as  AD  perpendicular  to  it.  Now  it  is  evident  that  the  parallel 
part  of  this  motion  would  never  bring  the  body  to  the  bar  or  make  it 
ftrike  upon  it.  Therefore  the  whole  ftroke  is  made  with  the  perpendi¬ 
cular  part  of  the  motion  or  AD.  And,  becaufe  the  oblique  ftroke  is 
given  only  with  the  moment  AD,  but  the  dired  or  perpendicular  ftroke 
would  be  given  with  the  whole  moment  AB,  it  follows  that  the  oblique 
ftroke  is  to  the  direct  one  as  AD  to  AB,  or  as  the  coline  of  incidence  to 
the  radius. 

98.. 
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<98.  The  friBlon  of  the  parts  of  a  machine  againft  each  other  will  in  time 
deftroy  any  motion ,  that  has  been  communicated  to  it. 

Amongft  the  other  mutual  actions  of  bodies  upon  each  other  we  reckon 
fridion.  No  machine  can  have  the  furface  of  its  parts  made  exadly 
fmooth  by  polifhing,  though  their  roughnefs  may  be  made  too  fmall  for 
our  eyes  to  difco.ver  it.  And  as  a  body  by  ftriking  diredly  upon  another, 
that  is  either  at  reft  or  in  motion,  will  lofe  velocity,  fo,  as  the  parts  of 
a  machine  rub  againft  each  other,  when  the  prominence  of  one  part, 
though  ever  fo  fmall,  ftrikes  upon  the  prominence  of  another  part,  the 
motion  of  the  parts  will  by  this  means  be  diminifhed,  and  by  frequent 
ftrokes  of  the  fame  fort  will  in  time  be  entirely  deftroyed. 

From  hence  it  follows,  that  no  machine  can  be  fo  contrived  as  to 
have  a  perpetual  motion,  or  always  to  prefer ve  the  motion  once  im- 
prefied  upon  it.  For  the  motion  communicated  will  by  the  fridion  of 
the  machine  be  conftantly  decreafing,  and  muft  end  at  laft. 

To  prevent  this,  in  all  the  contrivances  for  a  perpetual  motion,  the 
ufual  attempt  has  been  to  find  out  a  way  of  reparing  the  motion  which 
is  loft  by  fridion.  And  as  bodies  move  themfelves  by  the  force  of 
gravity  j  and  as  motion  is  likewife  generated  by  the  Ipring  of  fuch  bodies 
as  are  elaftic  ;  the  way  of  reparing  the  motion,  as  it  decays  by  fridion 
muft  be  by  the  application  of  one  or  other  of  thefe  two  properties  of 
matter.  The  motion  of  iome  clocks  is  kept  up  by  the  force  of  gravity: 
but  then  this  motion  is  not  a  perpetual  one  $  for  the  clock  ftops  as  foon 
as  the  weights  are  down.  Other  clocks  are  kept  in  motion  by  elaftic 
fprings,  but  this  motion  ceafes  likewife,  when  the  fpring  by  having  ex¬ 
panded  itfelf  is  grown  too  weak  to  repare  it  any  longer.  And  indeed 
neither  of  thefe  properties  can  be  fo  applyed  as  to  make  a  perpetual 
motion.  This  I  will  endeavour  to  (hew,  from  one  or  two  of  the  prin¬ 
cipal  contrivances,  in  the  two  following  propofitions, 

99.  "The  force  of  gravity  cannot  produce  a  perpetual  motion. 

The  general  reafon  for  this  has  been  already  given.  For  fince  gravity 
produces  motion  in  bodies  only  whilft  they  can  defeend ;  the  motion 
ol  a  machine,  which  is  loft  by  the  fridion  of  its  parts,  can  be  repared 
by  a  weight  no  longer  than  till  the  weight  is  down,  or  is  come  to  the 
ground  and  is  prevented  by  it  from  defeending  any  longer. 

In  order  to  remove  this  difficulty  machines  have  been  contrived  with 
more  weights  than  one,  of  which  fome  are  to  be  conftantly  afeending, 
whilft  the  others  are  defeending.  Where  we  may  obferve  that  the  de¬ 
feending 
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fcending  weights  are  applyed  to  two  purpofes ;  they  are  to  repare  the 
motion  in  the  machine,  and  likewife  to  raife  the  other  weights  which 
were  down  as  low  as  they  could  go.  And  thefe  weights,  when  they  are 
raifed,  are  to  defcend  again  and  in  their  turn  to  anfwer  the  fame  purpofes. 
For  this  end  fome  one  or  more  of  the  mechanical  powers  is  made  ufe  of, 
by  the  a ffi fiance  of  which  the  defcending  weights  may  be  made  to  move 
always  with  a  greater  velocity  than  the  afeending  ones :  and  then,  if  the 
quantities  of  matter  in  the  weights  be  equal,  their  moments  will  be  as 
their  velocities,  and  confequently  the  defcending  weights  may  by  this 
means  have  a  moment  given  them  fo  much  greater  than  the  afeending 
ones  have,  as  to  be  fufficient  to  anfwer  the  two  purpofes  already  mentioned. 

It  would  be  endlefs  to  examine  all  the  inventions  of  this  fort.  The 
principle,  upon  which  they  depend,  is  applyed  in  the  neatefl  manner  in 
the  wheel  deferibed  by  Defaguliers:  and  by  examining  the  principle  in 
this  one  inflance,  we  fhall  fee  the  fallacy  of  it,  and  how  little  hopes  of 
fuccefs  there  is  in  any  other  application  of  it.  The  wheel  Plat.  IV.  fig.  1. 
has  two  rims  or  circumferences  D*AB  and  rhi f  The  fpace  between 
the  two  rims  is  divided  into  cells  by  the  fpokes  qA,  ft,  />D,  he ,  &c. 
which  are  bent  in  fuch  a  manner  as  to  caufe  weights  placed  loofe  in  the 
cells  to  defcend  on  the  fide  A  s  t  B  from  A  to  B,  which  is  the  lowed  point,  on 
the  outer  rim  of  the  wheel,  and  to  afeend  again  from  B  on  the  other  fide 
of  the  wheel  BD  in  the  line  B  n  mp  r,  which  comes  nearer  the  center 
C  and  touches  the  inner  rim.  Thus  the  weights  on  the  defcending  fide 
of  the  wheel  being  farther  from  the  center  of  motion  than  thofe  on  the 
afeending  fide,  it  is  imagined  that  the  moment  of  the  former  will  always 
be  greater  than  the  moment  of  the  latter.  The  weight  A  in  particular 
defeends  to  B  in  the  arc  As  /B  which  is  a  quarter  of  a  circle;  but  it 
rifes  from  B  to  D  in  the  curve  B  nmp r,  which  is  lefs  than  a  quarter  of 
a  circle.  And,  fince  the  velocity  is  as  the  fpace  deferibed  in  a  given  time, 
the  velocity,  and  confequently  the  moment  of  A,  when  it  defeends,  is 
greater  than  its  moment,  when  it  afeends.  This  will  be  the  cafe  of  every 
weight  in  its  turn  :  therefore  the  defcending  weights  will  always  have 
a  greater  moment  than  the  afeending  one. 

The  fallacy  is  this.  The  velocity  with  which  the  weight  A  defeends 
to  B  is  eftimated  by  the  line  A  r^B,  whereas  the  velocity  of  all  bodies 
in  motion  is  to  be  ellimated  in  the  line  of  their  diredion,  by  the  fecond 
law  of  motion.  For  it  is  only  in  the  line  of  diredion  that  any  force  ads 
fo  as  to  communicate  motion  to  a  body ;  and  it  is  in  the  fame  line  only 
that  the  body  in  motion  ads,  when  it  communicates  motion  and  is  itfelf 
confidered  as  a  moving  force.  From  hence  it  follows,  that  the  velocity 
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with  which  a  weight  defcends,  if  the  weight  is  confidered  as  amoving 
force,  mud  be  eftimated  in  the  line  of  its  direction,  that  is,  in  a  line  drawn 
from  its  center  of  gravity  to  the  center  of  the  earth.  Or,  the  velocity 
of  a  weight  is  proportional  to  the  approach  of  it  in  any  given  time  to  the 
earths  center.  In  like  manner  the  velocity,  with  which  the  weight  a- 
fcends,  is  to  be  eftimated  in  the  line  of  its  dire&ion,  and  in  any  given 
time  it  is  as  the  diftance  to  which  it  is  raifed  from  the  earths  center  in 
that  time.  From  hence  it  appears,  that,  though  the  weight  A  defcends 
to  B  in  the  curve  A  s  t  B,  yet  the  velocity,  with  which  it  defcends,  being 
as  its  approach  to  the  earths  center,  is  as  AG  =  CB.  And  though  the 
fame  weight  afcends  in  the  leffer  curve  B  nmpri  yet  the  velocity,  with 
which  it  afcends,  being  as  the- diftance  to  which  it  is  raifed  from  the 
earths  center  in  that  time,  is  as  Er  =  CB  =  AG.  Therefore  the  de¬ 
fending  and  afcending  velocities  are  equal,  and  confequently  the  mo¬ 
ment  of  the  defcending  weights  will  be  no  greater  than  the  moment  of 
the  afcending  ones. 

I  do  not  know  whether  this  will  be  made  more  intelligible  by  di- 
ftinguilhing  between  the  weights  velocity  whilft  it  defcends,  and  the  ve¬ 
locity  with  which  it  defcends.  This  may  appear  to  the  reader  too  nice 
a  diftindtion,  but  I  hope  he  will  underftand  my  meaning,  if  he  obferves, 
that  whilft  A  defcends,  it  does  not  move  diredtiy  downwards  in  the  line 
AG,  but  moves  partly  downwards  and  partly  in  a  horizontal  diredtion, 
and  by  both  thefe  motions  together  is  carryed  to  B.  Since  therefore,  whilft 
it  defcends,  it  is  likewife  carryed  horizontally,  I  think  it  is  evident  that 
it  does  not  defcend  with  its  whole  velocity.  Therefore  its  velocity  whilft 
it  defcends,  is  different  from  the  velocity  with  which  it  defcends,  as  dif¬ 
ferent  as  the  whole  is  from  its  part.  Or  otherwife;  whilft  A  defcends 
to  B  in  the  line  A  j^B,  we  may  confider  its  motion  as  refolved  into  the 
two  fides  of  a  parallelogram  AG  and  AC  =  GB.  Where  the  velocity 
with  which  it  defcends  is  AG,  and  the  other  part  of  its  velocity  AC  or 
GB  carries  it  horizontally.  In  like  manner  we  may  diftinguifh  between 
the  velocity  which  the  weight  has  whilft  it  afcends,  and  the  velocity 
with  which  it  afcends.  For,  if,  as  before,  the  weight  afcends  in  the 
curve  B  nrnpr^  we  may  confider  its  motion  as  refolved  into  the  two  fides 
of  a  parallelogram  BC  =  E  r  and  BE  ;  where  the  velocity  with  which 
it  afcends  is  Er,  and  the  other  part  of  its  velocity  BE  carries  it  horizon¬ 
tally.  Now  the  defcending  velocity  AG  is  equal  to  the  afcending  ve¬ 
locity  E  r:  and  therefore  the  moment  with  which  the  weight  defcends, 
will  be  equal  to  the  moment  with  which  it  afcends.  The  horizontal 
velocity  GB  of  the  defcending  weight  is  greater  indeed  than  the  hori¬ 
zontal 
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zontal  velocity  BE  of  the  afcending  one.  Bat,  I  fuppbfe  it  is  unneceffary 
to  prove  that  this.cannot  poffibly  contribute  any  thing  towards  turning 
the  wheel,  or  towards  making  the  moment  on  the  defcending  fide  greater 
than  the  moment  on  the  afcending  fide*  For,  I  imagine,  the  reader  will 
eafily  fee  that  a  motion  in  the  direction  GBE  or  AC  r  will  not  contribute 
in  the  lead:  towards  making  the  point  A  defcend,  or  towards  turning 
the  line  ACD  round  upon  the  center  of  motion. 

ioo.  fhe  force  of  elaflicity  cannot  produce  a  perpetual  motion. 

Eladic  fprings,  as  has  been  obferved  already,  by  expanding  themfelves 
grow  weak ;  and,  when  they  are  quite  expanded,  become  entirely  unable 
to  produce  any  motion  at  all.  But  in  proportion  83  it  was  fhewn  that 
if  an  eladic  ball  A  drikes  upon  another  B,  which  is  greater  than  itfelf; 
the  moment  of  B  after  the  droke  will  be  greater  than  that  of  A  was  be¬ 
fore  it.  In  like  manner,  if  B  was  to  drike  upon  C  another  eladic  body 
greater  than  itfelf,  the  motion  might  dill  be  increafed.  And  thus  by 
placing  more  eladic  bodies  in  the  row,  of  which  each  fhould  be  greater 
than  the  lad  before  it,  the  motion  might  be  increafed  in  what  proportion 
we  pleafed.  Now  why  might  not  motion  produced  in  this  manner  be 
applyed  to  repare  what  is  lod  in  a  machine  by  the  fridtion  of  its  parts, 
and  to  make  the  motion  of  the  machine  a  perpetual  one  ?  I  intended  to 
fupply  the  reader  with  an  anfwer  to  this  quedion  when  I  dedred  him 
to  remember  in  the  indance  of  two  bodies,  in  propohtion  83,  that 
though  there  is  motion  produced  if  we  confider  the  greater  body  alone, 
yet  if  both  bodies  are  taken  together  there  is  rib  motion  produced  in 
the  fame  direction  ;  but  the  moment  in  the  fame  direction  is  exadlly  the 
fame  after  the  droke,  that  it  was  before  it.  This  would  be  the  cafe 
were  there  ever  fo  many  bodies.  Bat  a  machine  can  only  be  moved  by 
moving  forces  in  the  lame  direction.  For  equal  moving  forces  in  con¬ 
trary  diredtions  would  dedroy  each  other  and  produce  no  effedt  on  the 
machine,  and  the  efFedt  produced  by  unequal  ones  in  contrary  diredtions 
will  be  as  their  difference.  Since  therefore  the  moving  force,  by  which 
the  motion  of  the  machine  diould  be  repared,  is  the  moment  of  thefe 
eladic  bodies,  and  rince  their  moment  in  the  fame  diredtion  is  the  fame 
after  the  droke  that  it  was  before  ;  it  follows,  that  no  fuch  moment  is 
produced  by  the  droke  as  can  keep  up  the  motion  of  the  machine  and 
make  it  perpetual.  For  indance,  fuppofe  the  machine  confids  of  four 
wheels ;  call  them  r,  d ,  e,  and  f  Let  c  be  the  fird  mover,  and  let  /'be 
the  lad.  Now  if  c  begins  to  move  with  8  degrees  of  moment  and  by 
the  fridtion  2  degrees  are  lod  when  the  motion  comes  to  the  wheel  j ; 
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theny'  can  return  only  6  degrees  of  motion  on  c  the  firft:  mover.  And 
thus  the  motion,  as  it  decays  in  every  round,  will  at  laft  be  entirely  loft, 
unlefs  fome  method  could  be  found  for  reparing  it.  Suppofe  therefore 
that  there  were  two  elaftic  balls  A  and  B,  and  that  A  is  to  B  as  2  to  4  5 
then,  by  proportion  83,  if  A  ftrikes  B  with  a  moment  6,  B  will  gait* 
by  the  ftroke  a  moment  8.  Now  if f  the  laft  wheel,  which  has  only 
the  moment  6,  was  to  ftrike  upon  A,  and  A  to  ftrike  upon  B,  and  B  to 
ftrike  upon  the  firft  wheel  cy  then  this  firft  mover  would  have  the  fame 
motion  8  communicated  to  it,  with  which  it  began  to  move.  And  as 
the  two  elaftic  bodies  would  always  repave  the  2  degrees  of  rpotion  that 
are  loft  by  fridtion  in  conveying  the  motion  from  c  to  f  why  might 
not  this  contrivance  be  fo  applyed  as  to>  make  the  machine  a  perpetual 
motion  ?  I  anfwer,  becaufe,  though  B  ftrikes  c  with  8  degrees  of  motion, 
yet  A  will  at  the  feme  time  be  remedied  with  2  degrees  again  ft/',  and 
ftrikingy  the  laft  mover  by  reflection  will  ftop  the  machine  with  a  force 
2,  whilft  B  is  moving  it  with  a  force  8.  Therefore  by  the  adtion  of 
both  bodies  together,  of  B  impelling  c  with  the  moment  8,  and  of  A 
refledted  back  upony*  with  the  moment  2,  the  machine  will  be  moved 
only  with  the  difterqnce  or  8  —  2  =  6.  So  that  if  c  began  to  move  at 
firft  with  the  moment  8,  and  this  moment  by  being  carried  rounds 
through  d  and  e  to  f  was  reduced  to  6,  the  two  elaftic  balls  A  and  B 
will  not  repare  the  moment  loft  ;  but  the  machine  will  have  only  6  de¬ 
grees  of  moment,  notwithftanding  the  feeming  increafe  of  motion  by 
A’s  ftriking  upon.  B. 


CHAP.  VITL 

Of  the  perpendicular  afcent  and  defcent  of  heavy  bodies, 

t* 

100  -Motion  is  faid  to  be  accelerated ,.  if  its  velocity  continually  increafes 
and:  to  be  uniformly  accelerated ,,  if  its  velocity  increafes  equally  in. 
equal  times. 

101.  Motion  is  faid  to  be  retarded,,  tf  its  velocity  continually  deer cafes  5. 
and  to  be  uniformly  retarded ,  if  its  velocity  decreafes  equally  in  equal, 
times. 

102.  When  heavy  bodies  fall perpendicularly  ,near  the  earths  furf ace,  they, 
are  uniformly  accelerated,  by.  the  force  of gravity. 

y  |  ’'HOSE,  who  are  learning  philofophy,  having  been  taught  before- 
X  hand,  that  the  force  of  gravity  increafes  as  a  body  approaches  to* 

the  earths  center,  are  apt  to  look  upon  this  as  the  reafon  why  a  heavy 

body 
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body  is  accelerated  in  falling,  and  imagine  that  it  moves  fader  at  the 
end  of  the  fall  than  it  did  at  the  beginning  of  it,  only  becaufe  the  force 
of  gravity,  which  acts  upon  it,  is  conftantly  increafing.  But  this  is  fo 
far  from  being  the  true  reafon  ;  that,  though  a  force,  which  is  greater 
at  the  end  of  the  fall  than  at  the  beginning,  would  accelerate  a  body, 
yet  it  would  not  accelerate  it  uniformly.  Upon  this  account,  I  retrain¬ 
ed  the  propofition  to  bodies  falling  near  the  earths  furface  :  for  if  they 
fall  from  inconfiderable  heights,  the  force  of  gravity  is  the  fame  through 
the  whole  line  of  defcent ;  it  is  no  greater  when  the  bodies  come  to  the 
ground  than  when  they  firt  begin  to  fall  thither.  The  femidiameter  of 
the  earth  is  about  4000  miles  long,  and  the  greateft  heights  from  whence 
we  can  let  a  body  fall,  bear  a  fmall  proportion  to  this  length.  Suppofe 
the  body  let  fall  from  feme  eminence  which  is  100  yards  from  the 
earths  furface  ;  then  at  firft:  it  is  4000  miles  H-ioo  yards  from  the  cen¬ 
ter,  and  when  it  comes  to  the  ground  it  is  4000  miles  from  thence. 
But  this  difference  is  fo- inconfiderable  in  refpedt  of  the  whole  that  we 
may  look  upon  the  force  of  gravity  as  the  fame  from  the  beginning  to  the 
end  of  the  fall :  and  the  continued  action  of  fuch  a  force  as  this  will 
produce  an  uniform  acceleration. 

For  if  we  conceive  the  whole  time  of  defcent  to  be  divided  into  infi¬ 
nitely  fmall  inftants,  which  are  equal  to  each  other ;  then  the  continued 
force  of  gravity  by  acting  equally  upon  the  body  in  each  of  thofe  in¬ 
fants,  will  communicate  equal  velocities  to  it  in  each  of  them;  that  is,, 
the  force  of  gravity  will  increafe  its  velbcity  equally  in  equal  times  or 
will  accelerate  it  uniformly.  To  explane  this  a  little  farther,  let  us  fup- 
pofe  that  one  fingle  impulfe  of  gravity  by  acting  upon  the  body  in  the 
firft  inftant  of  its  defcent  communicated  to  it  1  degree  of  velocity,  but' 
thatafterthis  impulfe  the  force  of  gravity  ceafed  entirely  andadedno  more 
upon  the  body :  then,  according  to  the  firft  law  of  motion,  the  body 
once  moved  downwards  by  this  fingle  impulfe  would  continue  to  move* 
uniformly  in  the  fame  direction,  or  to  fall  without  being  accelerated  or 
retarded.  Thus  without  any  fec-ond  impulfe  of  gravity  the  velocity  of 
the  body  in  the  fecond  inftant  of  defcent,  would  be  the  fame  that  it  was* 
in  the  firft.  But  the  force  of  gravity  does  not  ©eafe  adHng  after  one  im¬ 
pulfe  :  it  adts  as  ftrongly,  therefore  produces  as  great  a  velocity,  in  the 
fecond  inftant  as  it  did  in  the  firft.  Therefore  the  velbcity  produced  by’ 
this  fecond  impulfe  being  added  to  that  which  the  body  would  have 
had  without  it,  will  make  the  velocity  in  the  fecond  inftant  double 
what  it  was  in  the  firft.  In  like  manner,  if  at  the  end  of  the  fecond  in— 
ftant,  the  force  of  gravity  was  to  ceafe,  then  the  body  would  continue* 
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to  fall  uniformly  with  this  double  velocity.  But  in  the  third  inftant 
another  impulfe  equal  to  either  of  the  former  adts  upon  it,  and  produ¬ 
ces  a  third  degree  of  velocity,  which  added  to  what  the  body  had  be¬ 
fore  makes  the  velocity  in  this  inftant  triple  what  it  was  in  the  firffc.  An 
equal  impulfe  in  the  fourth  inftant,  will  add  an  equal  degree  of  velocity  and 
make  the  whole  velocity  4  times  what  it  was  in  the  firft.  And  by  the 
fame  means  in  the  fifth  inftant,  the  velocity  will  be  increafed  fo  as  to 
be  5  times  what  the  firft  impulfe  of  gravity  had  produced.  And  thus, 
in  every  inftant  1  degree  of  velocity  being  added  to  what  the  body  had 
before,  equal  velocities  are  produced  in  equal  times,  or  the  body  is  uni¬ 
formly  accelerated. 

103.  T’he  velocity  acquired  by  heavy  bodies falling  perpendicularly  is  as  the 
time  in  which  it  is  acquired . 

This  is  a  neceftary  confequence  of  the  foregoing  propofition.  For  if 
equal  velocities  are  produced  in  equal  times,  then  in  a  double  time  a 
double  velocity  will  be  produced,  and  in  a  triple  time  a  triple  one  :  that 
is  an  uniformly  accelerated  velocity  increafe9  in  the  fame  proportion 
with  the  time,  or  is  dire&ly  as  the  time,  in  which  it  is  produced. 

104.  When  a  body  in  a  given  time  has  fallen  from  a  certain  height ,  and 
has  acquired  any  degree  of  velocity  :  this  laf  acquired  velocity ,  if  it 
was  to  continue  uniform ,  would  carry  the  body  in  the  fame  time 
through  a  fpace  equal  to  twice  the  height  from  whence  it  fell  to  ac¬ 
quire  it . 

For  if  we  call  the  laft  acquired  velocity  V,  then  \  V  will  be  the  mid¬ 
dle  velocity  between  the  firft  and  the  laft.  Now  a  body  moving  uni¬ 
formly  with  half  the  velocity  acquired  by  falling  from  a  certain  height, 
or  with  the  middle  velocity  between  the  leaft  and  the  greateft,  in  a  time 
equal  to  what  it  has  fpent  in  falling,  will  move  juft  as  far  as  it  has  fallen. 
But  fince  |V  would  carry  it  through  a  fpace  equal  to  the  height  from 
whence  it  has  fallen,  twice  this  velocity  or  V,  that  is  the  laft  acquired 
velocity,  will  carry  it  in  the  fame  time  through  twice  the  height  from 
whence  it  fell  to  acquire  it. 

Or  otherwife.  Let  AB  Plat.  IV.  fig.  2.  reprefent  the  whole  time  of 
defeent,  and  let  BC  perpendicular  to  AB  reprefent  the  velocity  acqui¬ 
red  in  that  time,  and  fuppofe  the  time  AB  divided  into  infinitely  fmall 
inftants,  fuchas  ei,  imy  mpypoy& c.  then,  to  find  what  velocity  a  fall¬ 
ing  body  will  have  at  the  inftant  eiy  complete  the  triangle  ABC  and 
draw  ^/'parallel  to  BC.  The  velocity  BC  is  acquired  in  the  whole  time 

AB, 
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AB,  and  the  velocity  that  we  are  feeking  is  acquired  in  a  part  of  that 
time  A  e.  But,  by  the  foregoing  proportion,  the  velocities  acquired  in 
different  times  are  to  each  other  as  the  times  themfelves,  that  is,  as 
AB  the  whole  time  of  defcent  is  to  Af,  fo  is  BC  the  laft  acquired  velo¬ 
city,  to  the  velocity  acquired  in  the  time  Ae.  And  fince  the  triangles 
ABC  and  A  ef  having  one  angle  at  A  common  and  the  angles  at  e  and 
B  right  ones  are  equiangular,  Eucl.  b.  I.  pr.  32.  corol.  2.  the  fides  of 
thefe  triangles  are  proportional,  Eucl.  b.VI.  pr.  4.  or  as  AB  is  to  A e  fo 
is  VC  to  ef  Therefore  ef  is  the  velocity  of  the  body  at  the  inftant  ei> 
or  the  velocity  acquired  by  falling  for  the  time  Ae.  For  the  fame  rea- 
fon  the  velocity  at  the  inftant  i  m ,  which  is  acquired  in  the  time  A  /,  is 
proportional  to  the  line  i  k ,  that  is  drawn  parallel  to  B  C  or  to  the  bafe 
of  the  triangle  ABC  :  mn  likewife  is  the  velocity  in  the  inftant  mp  ac¬ 
quired  in  the  time  A  m.  And  univerfally,  when  the  whole  time  of  de¬ 
fcent  is  reprefented  by  AB  the  height  of  a  rightangled  triangle  and  the 
velocity  by  B  C  the  bafe  of  it ;  then  a  line  drawn  parallel  to  the  bafe  will 
be  as  the  velocity  acquired  in  fuch  a  part  of  the  whole  time  as  is  repre¬ 
fented  by  the  part  of  AB,  which  lies  between  the  point  A  and  that  line. 
Now  though  the  body  falls  with  an  accelerated  motion,  fo  that  the  ve¬ 
locity  is  conftantly  increaling  and  is  greater  in  any  inftant  than  it  was  in 
the  preceding  inftant ;  yet  we  may  fuppofe  it  to  continue  the  fame  du¬ 
ring  the  time  of  one  fingle  inftant,  efpecially  if  we  take  the  inftant  infi¬ 
nitely  fhort.  Therefore  let  ef  reprefent  the  velocity  at  the  beginning 
of  the  inftant  ei,  and  becaufe  ei  is  infinitely  fhort  a  line  equal  to  f/'will 
likewife  reprefent  the  velocity  at  the  end  of  it.  And  becaufe  the  fpaces 
defcribed,  where  the  velocity  is  uniform,  are,  by  propofition  10,  as  the 
times  and  velocities  conjointly,  it  follows  that  the  fpace  defcribed  in  the 
time  ei  with  the  velocity  ef  will  be  as  the  area  of  a  redangle,  the  fides 
of  which  are  e  i  and  ef  For  the  fame  reafon  the  fpace  defcribed  in  the 
inftant  im  with  the  velocity  ik  will  be  as  the  redangle  mk.  And  the 
fpace  defcribed  in  the  inftant  mp  with  the  velocity  mn  will  be  as  the 
redangle  pn.  But  if  we  fuppofe  the  whole  time  AB  divided  into  in- 
ftants  in  the  fame  manner,  then  the  fum  of  all  the  redangles,  to  which 
the  fpaces  defcribed  in  each  of  thefe  inftants  are  proportional,  will  fill 
up  the  whole  triangle  ABC  ;  except  only  the  fmall  triangular  fpaces  a- 
bout  the  line  AC.  But  thefe  fmall  fpaces  may  be  negleded,  fince  they 
arife  from  the  conftrudion  of  the  figure  not  agreeing  exadly  with  the 
fuppofitions  that  were  made.  For  we  fuppofed  ei  to  be  an  infinitely 
fhort  inftant,  and  the  triangular  fpac ofk  arofe  from  not  making  ei  in¬ 
finitely  fhort,  fince  if  e  and  i  had  been  clofe  together,  f  and  k  would 

have 


96  A  SYSTEM  OF 

have  been  fotoo,  and  then  there  would  have  been  nofuchfmall  trian¬ 
gle  at  fk.  And  as  we  may  account  for  all  thefe  other  fmall  triangular 
ipaces  in  the  fame  manner  ;  the  fum  of  the  fpaces  defcribed  in  the  fe- 
veral  inftants  of  the  whole  time  AB  to  acquire  the  velocity  BC  is  propor¬ 
tional  to  the  area  of  the  triangle  ABC.  Therefore  univerfally,  the  lines  de¬ 
fcribed  by  heavy  bodies  falling  perpendicularly  are  to  each  other  as  the 
areas  of  rightangled  triangles  whofe  heights  are  as  the  times  of  defcent 
and  whofe  bafes  are  as  the  laft  acquired  velocities.  Thus  Plat.  IV.  fig.  3. 
the  fpace  or  line  defcribed  in  the  time  AF  to  acquire  the  velocity  F  G, 
is  to  the  line  defcribed  in  the  time  AB  to  acquire  the  velocity  BC  as 
the  area  AFG  is  to  the  area  ABC.  But  to  return  to  the  propofition  and 
to  fig.  2.  If  a  heavy  body  is  falling  for  the  time  AB  and  acquires  the  ve¬ 
locity  B  C,  then  the  fpace  defcribed  is  as  the  area  of  the  triangle  ABC. 
But  if  with  the  laft  acquired  velocity  B  C,  it  was  to  move  on  uniformly 
for  an  equal  time  AB  then,  by  propofition  10,  the  fpace  defcribed  would 
be  as  the  area  of  the  rectangular  parallelogram  A  BCD.  But  the  paral¬ 
lelogram  ABCD  is  double  the  triangle  ABC  upon  the  fame  bafe  BC  and 
between  the  fame  parallels  AD  and  BC.  Eucl.  b.  I.pr.  41.  Therefore  a 
body  by  falling  from  a  certain  height  in  a  given  time  acquires  a  degree 
of  velocity,  which,  if  it  was  to  continue  uniform,  would  carry  the  body 
in  the  fame  time  through  a  fpace  equal  to  twice  the  height  from  whence 
it  fell  to  acquire  this  velocity. 

Near  the  furface  of  the  earth  a  heavy  body  defcends  through  1 5  £ 
French  feet  or  16  ~  Englifti  feet  in  1  fecond  of  time.  For  the  fake  of 
exprefting  this  fractional  quantity  16^  feet  by  an  integer,  fuppofe  it 
it>\  feet,  then  E  the  Ipace  through  which  a  heavy  body  falls  in  one  fe¬ 
cond  of  time  will  be  equal  to  an  Englifti  meafure  that  is  called  a  rod  or 
pole.  Therefore,  by  what  has  been  proved,  the  velocity  that  is  acqui¬ 
red  by  a  heavy  body  in  falling  through  1  pole,  or  for  1  fecond  of  time, 
would  carry  it  uniformly  through  2  poles  in  an  equal  time. 

The  fame  thing  may  be  exprefled  arithmetically.  If  a  body  is  in  mo¬ 
tion  with  6  degrees  of  velocity,  and  moves  on  uniformly  for  7  inftants, 
then  by  propofition  10,  the  fpace  defcribed  will  be  as  6x7=42,  that  is, 
the  fpace  defcribed  will  be  as  the  velocity  multiplyed  into  the  time,  or 
as  the  fum  of  all  the  velocities,  which  the  body  had  in  each  inftant. 
But  if  the  body  from  being  at  reft  had  been  uniformly  accelerated  for 
7  inftants  then  its  velocity  in  the  feveral  inftants  reckoning  from  the 
beginning  of  the  fall  would  have  been  o.  1.2.  3.  4.  5.  6.  and  the  fpace 
defcribed  in  the  7  inftants  being  as  the  fum  of  all  thefe  velocities  would 
be  as  04-14-2-P34-44-54-  6  =  2 1.  Whereas  we  have  feen  already 

that 
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€hat  the  lad  velocity,  or  6,  will  in  7  inflants  carry  the  body  through  a 
fpace  as  42,  which  is  double  2 1,  or  double  the  height  from  whence  the 
tody  fell  to  acquire  this  velocity.  And  univerfally,  the  fpace  which  a 
body  defcribes  with  a  velocity  uniformly  accelerated  is  as  the  fum  of  a 
number  of  terms  in  arithmetical  progreffion,  beginning  from  o  and 
ending  with  the  greated  velocity ;  and  the  fpace  which  it  would  de- 
fcribe  in  the  fame  time  with  the  lad  velocity  continuing  uniform  is  as 
the  fum  of  an  equal  number  of  terms,  each  of  which  is  equal  to  the 
lad  in  that  progreffion.  And  fincethis  latter  fum  will  always  be  double 
the  former,  the  fpace  defcribed  with  an  uniform  velocity  in  a  given 
time  will  always  be  double  the  height  from  whence  the  body  fell  to 
acquire  that  velocity. 

loy.  T'he  fpace s  defcribed  in  unequal  times  by  a  heavy  body  falling  per - 
ypendicularly  are ,  if  we  reckon  from  the  beginning  of  the  fall ,  as  the 
fquares  of  the  times . 

Thus,  if  a  body  falls  through  1  pole  in  1  fecond  of  time,  then  the 
inumber  of  poles,  that  it  will  fall  through  in  2  feconds,  is  to  the  num¬ 
ber  it  falls  through  in  1  as  2q  to  iq  or  as  4  to  1.  For  the  fame  reafon 
In  3  feconds,  it  will  fall  through  3^  or  9  poles,  in  4  through  4^  or 
16,  &c. 

For  let  AB  Plat.  IV.  fig.  3.  reprefent  the  whole  time  of  a  bodys  de¬ 
scent,  and  AF  a  part  of  that  time;  let  BC  reprefent  the  lad  acquired  ve¬ 
locity,  and  FG  the  velocity  acquired  in  the  time  AF.  Then,  by  what 
was  faid  in  proving  the  foregoing  proportion,  the  fpace  defcribed  in  the 
time  AF  .is  to  the  fpace  defcribed  in  the  time  AB  as  the  area  of  the  tri¬ 
angle  AFG  is  to  the  area  of  the  triangle  ABC.  But  fince  thefe  trian¬ 
gles  are  equiangular,  the  area  AFG  is  to  the  area  ABC  as  the  fquare  of 
AF  to  the  fquare  of  AB,  Eucl.  b.VI.  pr.19.  that  is,  the  fpaces  defcribed 
being  as  AFG  to  ABC  are  as  the  fquare  of  the  time  AF  to  the  fquare 
of  the  time  AB. 

The  Ipaces  defcribed  by  bodies  in  motion  are  as  the  time  multiplyed 
into  the  velocity,  or,  calling  the  time  T  and  the  velocity  V,  as  TxV 
==TV.  But  in  uniformly  accelerated  motions  V  is  as  T,  by  proportion 
49.  Therefore  TV  or  the  Ipace  defcribed  is  as  TT  the  fquare  of  the 
time.. 

I  cannot  leave  this  proportion  without  applying  it  to  one  cafe,  where 
it  is  of  lingular  ufe;  and  that  is  to  determine  how  far  an  heavy  body, 
which  is  as  far  from  the  earth  as  the  moon  is,  would  be  made  to  fall  to¬ 
wards  the  earth  in  1  minute.  A  heavy  body  near  the  earths  furface  fills, 
through  1  pole  in  1  fecond  of  time.  Therefore,  by  this  propofition,  in 

N  1  mi- 
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i  minute,  or  60  feconds,  it  will  fall  through  the  fquare  of  60  of 
through  3600  poles.  Now  the  diftance  of  the  body  from  the  earths- 
center,  when  it  is  near  the  furface,  is  only  1  femidiameter  of  the  earth ; 
but  if  it  was  as  far  off  as  the  moon  is,  then  the  diftance  from  the  center 
would  be  60  femidiameters.  But,  by  proportion  23,  the  force  of  gravi¬ 
ty  at  different  diftances  from  the  center  is  as  the  fquares  of  thole  di- 
ftances  reciprocally.  Therefore,  if  wre  call  the  force  of  gravity  at  the- 
earth’s  furface  j ,  where  the  diftance  is  1  femidiameter,  then  at  the  di¬ 
ftance  of  the  moon  or  60  femidiameters  this  force  will  be  as  much  lefts'- 
as  6oq”3ooo  is  greater  than  iq  —  i,  that  is  the  force  of  gravity  at  the 
earths  furface  is  to  the  fame  force  at  the  dilTance  of  the  moon  as  1  to 
-555.  And  confequently  the  force  of  gravity,  which  at  the  earths  furface 
makes  a  heavy  body  fall  though  3600  poles  in  a  minute,  will,  at  a  di- 
fiance  equal  to  that  of  the  moon  from  the  earth,  make  a  heavy  body  fall 
through  of  this,  or  through  1  pole  in  a  minute.  So  that  a  heavy 
body,  which  falls  1  pole  in  a  fecond  of  time  near  the  earths  furface,. 
would  take  up  a  minute  to  fall  1  pole,  if  it  was  as  far  off  as  the  moon. 

106.  ’The  j paces  defcribed  by  a  heavy  body  falling  perpendicularly  are)  if 
we  reckon  from  the  beginning  of  the  fall y  as  the  fquares  of  the  laf 
acquired  velocities. 

The  fpaces  defcribed  to  acquire  the  velocities  GF  and  CB  Plat.  IV, 
fig.  3.  are  to  each  other  as  the  triangle  AGF  to  the  triangle  ACB.  But 
thefe  triangles  being  equiangular  are  to  each  other  as  the  fquare  of  GF 
to  the  fquare  of  CB,  Eucl.  b.VI.  pr.  19.  that  is,  the  fpaces  defcribed  are 
as  the  fquares  of  the  velocities  which  are  acquired  in  deferibing  them. 

The  fpaces  defcribed  by  bodies  in  motion  are  as  the  time  multiplyed 
into  the  velocity ;  or,  calling  the  time  T,  and  the  velocity  V,  as  TxV 
=TV.  But  in  uniformly  accelerated  motions  V  is  as  T,  therefore  TV 
or  the  fpace  defcribed  is  as  V  V  the  fquare  of  the  laft  acquired  velocity. 

If  we  can  by  any  means  find  out  what  proportion  the  velocities, 
which  two  bodies  have  acquired  in  falling,  bear  to  each  other,  then  by 
this  proposition  we  may  determine  the  difference  of  the  heights  from 
whence  they  have  fallen.  For  fuppofe  their  laft  acquired  velocities  to 
be  in  the  proportion  of  2  to  6,  then  the  fpaces  defcribed  are  as  2q  to  6q 
or  as  4  to  36. 

107.  The  time  of  defeent  from  unequal  heights ,  and  alfo  the  acquired 
velocities ,  are  as  the  fquare  roots  or  in  a  fubduplicate  ratio  of  thofe 
heights. 


This 
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This  is  a  neceftary  confequence  of  the  two  laft  proportions.  For  fince 
the  fpaces  defcribed  are  as  the  fquares  of  the  times  j  therefore  the  times 
of  defcent  mult  be  as  the  fquare  roots  of  the  fpaces,  Thus,  calling  the 
fpace  defcribed  S,  and  the  time  of  defcent  T,  fince  TT  is  as  S,  T  will 
be  as  y'S  or  as  the  fquare  root  of  the  fpace  defcribed. 

And  fince  the  fpaces  defcribed  are  as  the  fquares  of  the  laft  acquired 
velocities,  therefore  thofe  velocities  are  as  the  fquare  roots  of  the  lpaces. 
Thus,  calling  the  velocity  Y,  fince  V  V  is  as  S,  V  will  be  as  y/S. 

Suppofe  a  body  to  fall  1  pole  in  a  fecond,  I  afk  how  long  it  will  be 
in  falling  25  poles.  The  anfwer,  by  this  propofition,  is  5  feconds.  For 
the  time  of  defcent  through  2  5  poles  is  to  the  time  of  defcent  through 
1  as  the  fquare  root  of  2  5  to  the  fquare  root  of  1  ;  or  as  5  to  1 . 

If  two  bodies,  which  contain  unequal  quantities  of  matter,  are  let  fall 
from  heights,  which  are  as  thofe  quantities  inverfely ;  then,  fince  by 
this  proportion,  the  velocities  acquired  will  be  as  the  fquare  roots  of 
thofe  heights,  it  follows,  from  what  we  have  here  fuppofed,  that  the  velo¬ 
cities  will  be  as  the  fquare  roots  of  the  quantities  of  matter  inverfely.  Let 
ibebody  A  weigh  9  ounces  and  the  body  B  25.  Then,  if  A  falls  from 
a  height  of  2  5  feet,  and  B  from  a  height  of  9  feet,  the  fpaces  which  they 
defcribe  in  falling,  will  be  as  their  quantities  of  matter  inverted.  N ow, 
by  this  propofition,  the  velocity  which  A  acquires  in  filling  through 
25  feet  is  to  the  velocity  which  B  acquires  in  falling  through  9,  as  5 
103.  But  the  fquare  root  of  A’s  quantity  of  matter,  or  9  ounces,  is 
to  the  fquare  root  of  B’s,  or  25  ounces,  as  3  to  5.  Therefore  the  laft 
acquired  velocities  being  to  each  other  as  5  to  3  are  as  the  fquare  roots 
of  the  quantities  of  matter  inverted. 


108.  The  fpaces  'which  a  heavy  body  falls  through  in  equal  parts  of  time , 
when  thofe  parts  are  taken  feparately ,  arc ,  if  we  reckon  from  the  be¬ 
ginning  of  the  fall,  as  the  uneven  numbers  1.  3.  5.  7.  &c. 

For  ftnee,  by  proportion  1 05,  a  heavy  body  falls  4  poles  in  2  feconds, 
therefore,  as  it  falls  1  pole  of  the  4  in  the  firft  fecond,  it  miift  fill  3  in 
the  next.  Since  it  falls  9  poles  in  3  feconds,  1  of  them  in  the  f  rft,  and 
3  in  the  next,  therefore  it  mu  ft  fall  the  remaining'5  in  the  third.  Since 
it  falls  16  poles  in  4  feconds,  1  of  them  in  the  firft,  3  in  the  next,  and 
5  in  the  third,  it  mull  fall  the  remaining  7  in  the  fourth. 

109.  ‘The  motion  of  a  heavy  body ,  when  it  is  thrown  perpendicularly  up¬ 
wards ,  is  uniformly  retarded. 

When  a  body  is  falling  the  impulfes  of  gravity  aft  in  the  fame  di¬ 
rection  in  which  the  body  moves,  and  therefore  by  communicating 
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equal  degrees  of  velocity  in  equal  times,  they  produce  an  uniform  accele¬ 
ration.  But  when  the  body  is  thrown  upwards  thefe  impulfes  adl  in  a 
dire&ion  contrary  to  the  bodys  motion,  and  therefore  by  deftroying 
equal  degrees  of  velocity  in  equal  times,  they  will  retard  it  uniformly. 

1 1  o.  Whatever  is  the  height  to  which  a  body  afcends  when  thrown  perpen¬ 
dicularly  upwards ,  it  would  have  afcended  to  the  fame  height  in  half 
the  timex  if  the  firjl  velocity  had  continued  uniform . 

For  as  the  laft  velocity,  when  the  body  has  been  uniformly  accele¬ 
rated,  would  in  a  given  time,  if  this  velocity  was  afterwards  to  continue 
uniform,  carry  the  body  through  twice  the  fpace,  which  was  defcribed 
to  acquire  it;  fo  for  the  fame  reafons,  if  the  firft  velocity  of  an  afcending 
body  was  to  continue  uniform,  it  would  carry  the  body,  in  a  given  time, 
to  twice  the  height  to  which  it  will  afcend,  when  that  velocity  is  uni¬ 
formly  retarded.  Therefore  this  firft  velocity,,  which  would  carry  the 
body  to  double  the  height  in  the  fame  time,  muft,  by  propofition  g, 
carry  it  to  the  fame  height  in  half  the  time. 

Hi.  cfhe  heights ,  to  which  heavy  bodies  afcend ,  when  they  are  thrown  per¬ 
pendicularly  upwards ,  are  to  each  other  as  the  fquares  of  the  times 
fpent  in  afcending. 

For,  as  in  uniformly  accelerated  motions,  fo  in  uniformly  retarded 
ones,  the  fpaces  defcribed  are  to  each  other  as  the  areas  of  rightangled 
triangles,  whole  heights  are  the  times  of  alcent  and  whofe  bafes  are  the 
greateft  velocity.  The  only  difference  is,  that  in  uniformly  accelerated 
motions  this  greateft  velocity  is  the  laft,  or  that,,  which-  is  acquired  in 
falling;  and,  in  uniformly  retarded  ones,  it  is  the  firft„  or  that,  with; 
which  the  body  is  thrown  upwards. 

Let  the  velocities,  with  which  two  bodies  are  thrown  perpendicu¬ 
larly  upwards,  be  to  each  other  as  GF  to  CB,  Plat.  IV.  fig.  3,  then,  be~ 
caufe  thefe  velocities  are  uniformly  retarded,  that  is,  becaule  they  de- 
creafe  as  the  times  of  afcent  increafe,  it  follows  that  the  time  in  which 
the  velocity  G  F  is  loft  will  be  to  the  time  in  which  C  B  is  loft  as  G  F  is 
to  CB,  or  as  AF  to  AB.  And  the  fpace  defcribed  by  the  body  whofe  ve¬ 
locity  is  GF,  will  be  to  the  fpace  defcribed  by  that  whofe  velocity  is  CB 
as  the  area  AGF  to  the  area  ACB  or  as  the  fquare  of  AF  to  the  fquare 
of  AB,  Eucl.  b.VI .  pr.  19.  that  is,  the  fpaces  defcribed  will  be  as  the 
fquares  of  the  times,  in  which  they  are  defcribed. 

The  fpaces  defcribed  by  bodies  in  motion  are  as  the  time  multiplyed 
into  the  velocity,  or  calling  the  time  T  and  the  velocity  V,  the  fpaces 

do- 
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defcribed  are  as  T  x  Y  =  T  V.  But  in  uniformly  retarded  motions  V 
or  the  velocity  loft  in  afcending  is  always  as  T  or  as  the  time  of  afcent,, 
therefore  T  V,  the  fpace  defcribed  is  as  T  T  or  as  the  fquare  of  the 
time. 

1 12.  When  heavy  bodies  are  thrown  perpendicularly  upwards  the  height s9 
to  which  they  afcend>  will  be  as  the  fquare s  of  their  firfl  velocities. 

After  what  has  been  faid  already  the  reader  cannot  want  a  diftm<5t 
proof  of  this  propofition,.  he  need  only  be  reminded,  that  when  the  ve¬ 
locities  are  as  GF  to  CB,  Plat.. IV.  fig.  3.  the  heights  are  as  the  areas  AGFa 
ACB  ;  that  is,  as  the  fquare  of  GF  to  the  fquare  of  CB.  Or,  that  fince 
the  fpaces  defcribed  are  as  TV,  and  in  uniformly  retarded  motions  V  is 
as  T,  therefore  T  V  the  fpaces  defcribed  are  as  V  V  the  fquares  of  the 
velocities  loft  in  afcending. 

From  this  propofition  it  follows,  that  whatever  is  the  height  to  which 
any  force  will  throw  a  bullet ;  a  double  force  communicating  twice  the 
velocity  to  the  fame  bullet  would  throw  it  to  4  times  that  height,  and 
a  triple  force  would  throw  it  to  9  times  that  height.  Becaufe  in  all  cafes 
the  height  increafes  as  the  fquare  of  the  velocity  with  which  the  bullet 
is  thrown. 

113.  Ihe  times  of  afcent ,  as  alfo  the  frf  velocities ,  are  as  the  fquare  roots 
of  the  heights  to  which  the  bodies  rife. 

This  is  a  neceflary  confequence  of  the  two  laft  propofitfcns ;  and 
needs  no  other  fort  of  proof  than  what  the  reader  will  remember  was 
made  ufe  of  in  proving  propofition  1  07, 

114.  A  heavy  body ,  when  thrown  perpendicularly  upwards ,  afcends  to  fuch 
a  height  that  in  falling  back  again  it  will  acquire  a  velocity  equal 
to  that ,  with  which  it  was  thrown. 

For  the  firft  velocity  is  'as  the  fquare  root  of  the  line  of  afcent,  by 
the  laft  propofition  ;  and  the  velocity,  which  the  body  acquires  in  falling 
back  again,  is  as  the  fquare  root  of  the  line  of  defcent,  by  propofition  1 07. 
But  fince  the  body  falls  in  the  fame  line  through  which  it  had  rifen,  the 
line  of  defcent  is  equal  to  the  line  of  afcent.  Therefore  their  fquare 
roots  are  equal;  and  confequently  the  velocities,  which  are  as  thofe  roots, 
that  is,  the  velocity  acquired  in  falling,  and  the  velocity,  with  which 
the  body  was  thrown  at  firft,  muft  be  equal  too. 

The  fame  impulfes  of  gravity,  which  retard  the  motion  of  the  body 
in  the  line  of  afcent,  accelerate  it  in  the  fame  manner  in  the  line 
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of  defcent.  Therefore  they  will  communicate  in  one  cafe  as  much  ve~ 
locity  as  they  deflroy  in  the  other,  or  the  fame  velocity,  that  was  lofl 
in  afcending,  will  be  acquired  again  in  defending. 


1 1 


5.  When  a  heavy  body  has  fallen  from  any  height ,  if  its  direction  could 
be  inverted  without  changing  the  velocity  that  it  has  acquired ;  this 
velocity  would  make  it  rife  to  the  fame  height  from  whence  it  fell . 
And  the  time  of  afcent  woidd  be  equal  to  the  time  of  defcent. 

For  the  line  of  defcent  is  as  the  fquare  of  the  laft  acquired  velocity, 
by  propofition  106,  and  when  this  acquired  velocity,  by  inverting 
the  bodies  direction,  becomes  the  firft  velocity  of  afcent,  then  the  line 
of  afcent  will  be  as  the  fquare  of  the  fame  velocity,  by  propofition  1 1 3 . 
And  lince  the  fame  fquare  is  equal  to  itfelf  the  line  of  afcent  will  be 
equal  to  the  line  of  defcent  $  or  the  body  will  rife  to  the  fame  height 
from  whence  it  fell. 

The  fame  impulfes  of  gravity,  that  accelerated  the  body  in  its  defcent,’ 
will  retard  it,  when  it  is  turned  back  again  and  made  to  rife  with  the 
laft  acquired  velocity.  Therefore  the  velocity,  which  was  communi¬ 
cated  by  thefe  impulfes  whilft  the  body  defcended,  will  not  be  loft  in 
afcending  but  by  an  equal  number  of  contrary  impulfes,  that  is,  not  till 
an  equal  time  has  paffed,  and  the  body  has  rifen  to  the  fame  height 
from  whence  it  fell. 

The  time  of  afcent  is,  by  propofition  1 13,  as  the  fquare  root 
of  the  line  of  afcent,  and  the  time  of  defcent  as  the  fquare  root  of  the 
line  of  defcent ;  and  fince  by  the  former  part  of  this  propofition  the 
body  rifes  to  the  fame  height  from  whence  it  fell,  that  is,  fince  the  line  of 
afcent  is  equal  to  the  line  of  defcent  j  therefore  the  fquare  roots  of  thofe 
lines  will  be  equal  or  the  time  of  afcent  will  be  equal  to  the  time  of 
defcent. 

From  this  propofition  it  follows,  that,  becaufe  the  fpaces  through 
which  a  body  defcends  in  equal  parts  of  time,  when  taken  feparately, 
areas  the  uneven  numbers  1,3,5, 7,^.  by  propofition  108 ;  the  fpaces 
through  which  a  heavy  body  thrown  perpendicularly  upwards  afcends  in 
equal  parts  of  time,  when  taken  feparately,  are,  if  we  reckon  from  the 
infant  of  projection,  as  the  uneven  numbers  taken  backwards.  For  the 
velocity  in  the  line  of  afcent,  and  confequently  the  fpace  run  through  in  a 
given  time,  is  every  where  the  fame  as  in  the  line  of  defcent.  So  that  if 
a  body  was  5  feconds  in  filling,  the  fpaces  run  through  in  each  fecond 
taken  feparately,  would  be  as  1,  3,  5,  7,  9.  And  if  it  was  thrown  up¬ 
wards  with  fuch  a  force  as  would  make  it  c  feconds  in  riling  to  its 
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greated  height,  the  fpaces  run  through  in  each  fecond  would  be  as  9, 
7>  5>  3>  *• 

116:  When  the  times  are  known ,  which  heavy  bodies  have  J pent  in  fallings 
the  heights  from  whence  they  fell  may  be  found . 

For  if  they  fall  1  pole  in  1  fecond  of  time,  then,  by  propofition  105, 
they  fall  4  poles  in  2  feconds,  9  poles  in  3  feconds.  And  univer- 
fally  the  number  of  poles,  through  which  they  have  fallen,  is  always 
equal  to  the  fquare  of  the  number  of  feconds,  which  they  have  fpent 
in  falling. 

The  reader  is  defired  to  obferve,  that  in  this  propofition  and  the  fol¬ 
lowing  one,  I  fuppofe  the  bodies  to  meet  with  no  refinance.  So  that 
neither  of  them  can  be  applyed  writh  exa&nefs,  to  meafure  either  the 
heights  from  whence  bodies  fall,  or  the  heights  to  which  they  rife  in 
iiich  a  relifting  fluid  as  the  air  is. 

11  y.  Stippofng  a  body,  that  is  thrown  perpendicularly  upwards >  to  move 
in  a  medium  void  of  rofftance,  the  height ,  to  which  it  afeends  may 
be  determined , 

The  time  fpent  from  its  firft  fetting  out  to  the  moment  it  returns  to 
the  place  it  was  thrown  from,  is  the  time  of  afeent  and  defeent  together. 
But  as  the  time  of  afeent  is  equal  to  the  time  of  defeent ;  half  of  this  is 
equal  to  the  time  of  defeent  alone.  And,  when  this  is  known,  the  height 
from  whence  the  body  has  fallen,  which  is  likewife  the  height  that  it 
afeended  to,  may  be  determined  by  the  lad  propofition.  If  the  time  of 
afeent  and  defeent  together  is  6  feconds :  then  the  time  of  defeent  alone 
or  the  half  of  this  is  3  feconds.  Therefore,  by  the  lad  propofition,  the 
height  from  whence  it  has  fallen,  or  the  height  to  which  it  had  afeended, 
is  9  poles.  . 

1 18.  <The  moment  of  a  given  body ,  which  is  uniformly  accelerated \  is  not 
as  the  Jquare  of  the  laji  acquired  velocity,  „ 

The  foreign  philofophers  differ  from  Sir  Ifaac  Newton  in  the  man¬ 
ner  of  edimating  the  moments  of  bodies.  His  rule  has  been  explaned 
already,  when  I  fliewed  that  the  moment  is  as  the  quantity  of  matter, 
when  the  velocity  is  given  ;  as  the  velocity,  when  the  quantity  of  matter 
is  given ;  and  univerfally  in  a  ratio  compounded  of  the  quantity  of  matter 
and  velocity.  They  on  the  other  hand  maintain,  that  the  moment  is  in¬ 
deed  as  the  quantity  of  matter,  when  the  velocity  is  given,  but  as  the 
fquare  of  the  velocity,  when  the  quantity  of  matter  is  given,  and  therefore 
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univerfally  in  a  ratio  compounded  of  the  quantity  of  matter  and  fquare 
of  the  velocity.  One  of  the  arguments.,  which  they  make  ufe  of  to  prove 
this  theory  of  the  moment  will  be  bcft  underftood  now  we  are  fpeaking 
of  uniformly  accelerated  motions. 

They  fay  that  if  you  put  a  body  in  motion  and  give  it  any  de¬ 
gree  of  velocity  by  the  adtion  of '  fome  external  force  fuch  as  the  pref- 
fure  of  your  hand  againft  it ;  then  in  order  to  double  this  degree  of  ve¬ 
locity  you  muft  double  the  force  of  your  hand.  For  if  your  hand  was 
to  keep  prefiing  the  body  only  with  the  fame  force  that  it  did  at  firft, 
they  would  both  keep  moving  on  together  in  the  fame  direction  and 
with  the  fame  velocity,  but  by  doubling  the  force  you  will  double  the 
bodys  velocity.  In  like  manner  to  triple  the  velocity  of  the  body,  your 
hand  muft  prefs  it  with  a  triple  force;  to  give  a  fourth  degree  of  velocity, 
you  muft  prefs  it  with  four  times  the  force  that  you  made  ufe  of  to  give 
it  one  degree  ;  and  univerfally  the  force  with  which  you  prefs  the  body 
muft  always  be  as  the  velocity,,  which  you  communicate  to  it.  In  the 
triangle  ABC  Plat.  IV.  fig,  2.  let  ej\  drawn  parallel  to  the  bafe  BC,  re- 
prefent  any  degree  of  velocity  communicated  to  a  body  by  the  prefture 
of  your  hand  againft  it :  then  to  increafe  this  velocity  and  make  it  i  k, 
the  force  of  your  hand  muft  be  increafed  in  the  proportion  of  i k  to  ef: 
to  give  it  the  velocity  m  n ,  the  prefture  muft  be  as  m to  give  it  the 
velocity  py,  the  force  acting  upon  it  muft  be  as  pq-t  and  to  give  it  the 
laft  velocity  BC  the  moving  force  of  your  hand  muft  be  as  BC.  There¬ 
fore  if  in  the  time  AB  the  body,  by  the  prefture  of  your  hand  againft  it, 
is  uniformly  accelerated  and  acquires  at  laft  the  velocity  B  C,  the  fum 
of  the  moving  forces,  which  have  adted  upon  it  in  that  time,  will  be  as  the 
fum  of  innumerable  lines  drawn  from  A  to  B  in  the  triangle  ABC  parallel 
to  the  bafe  of  it,  in  the  fame  manner  that  e  f  \  i  k,  m  n.  See.  are  drawn. 
But  all  thefe  lines  together  will  fill  up  the  area  of  the  triangle  ABC. 
Therefore  the  fum  of  all  the  moving  forces  are  as  the  area  of  the 
triangle,  whofe  height  is  the  tinxe  of  acceleration,  and  whofe  bafe  is 
the  laft  acquired  velocity. 

Suppofe  therefore  that  one  Body  in  the  time  AF,  Plat.  IV.  fig.  2.  ac¬ 
quires  the  velocity  GF,  and  that  another  body  in  the  time  AB  acquires 
the  velocity  BC,  then,  by  what  has  been  faid,  the  fum  of  the  moving 
forces,  that  have  adted  upon  the  former  of  them,  is  to  the  fum  of  the 
moving  forces  that  have  adted  upon  the  latter ;  as  the  area  AGF  to  the 
area  ACB ;  that  is,  fince  the  triangles  are  equiangular,  as  the  fquare  of  GF 
to  the  fquare  of  CB.  Eucl.  book  VI.  prop.  19.  Therefore  the  moving 
force  or  rather  the  fum  of  the  moving  forces,  by  which  a  body  is 
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accelerated,  is  as  the  fquare  of  the  laft  acquired  velocity.  And,  fince 
the  quantity  of  motion  or  moment  is,  by  the  fecond  law  of  motion,  as 
the  moving  force,  the  moment  mull  likewife  be  as  the  fquare  of  th<* 
lad  acquired  velocity. 

What  has  been  already  faid  concerning  the  acceleration  of  a  body  by 
the  force  of  gravity  might  ferve  to  confute  this  whole  argument.  For 
when  the  firft  impulfe  of  gravity  has  communicated  one  degree  of  ve¬ 
locity  to  it,  a  fecond  impulfe,  which  is  only  equal  to  the  former,  will 
double  the  velocity,  and  a  third  equal  impulfe  will  triple  it.  So  that  in 
the  cafe  of  this  acceleration  we  find  that  to  double  the  velocity,  which  a 
body  has,  a  double  force  need  not  be  made  ufe  of,  nor  a  triple  one  to 
triple  it :  neither  is  the  fum  of  the  accelerating  forces  as  the  fquares  of 
the  laft  velocity,  but  as  the  velocity  itfelf. 

But  the  defenders  of  the  opinion,  againft  which  I  am  difputing,  have 
an  anfwer  ready  for  this  objedion.  They  diftinguifib  between  an  internal 
force  and  an  external  one.  Gravity,  they  fay,  is  an  internal  force  j  it  ads 
upon  bodies  in  motion,  juft  as  it  does  upon  bodies  at  reft :  and  therefore 
as  one  impulfe  would  produce  one  degree  of  velocity ;  fo  the  fecond 
impulfe,  though  only  equal  to  the  former,  will  have  the  fame  effed  upon 
the  body  in  motion  as  the  firft  had  upon  it  before  it  began  to  move, 
and  will  produce  a  fecond  degree  of  velocity;  and  a  third  equal  impulfe 
will  for  the  fame  reafon  produce  a  third  degree.  But  an  external  force 
does  not  ad  upon  a  body  in  motion  and  at  reft  in  the  fame  manner. 
A  force  which  prefles  on  the  outfide  of  a  body  may  produce  one  de¬ 
gree  of  velocity,  but  if  it  continues  to  prefs  with  the  fame  force,  then 
inftead  of  doubling  or  tripling  the  bodys  velocity,  it  will  move  on  dole 
to  the  body  without  altering  its  motion  at  all.  To  double  the  velocity 
you  muft  prefs  with  twice  the  force,  and  to  triple  it  the  force  itfelf  muft 
be  tripled. 

This  miftake  in  the  cafe  of  an  external  force,  fuch  as  our  hand  is, 
has  arifen  from  not  diftinguifhing  between  the  force  with  which  our 
hand  moves,  and  the  force  with  which  it  ftrikes  or  impells  the  body. 
For  though  the  fum  of  the  moving  forces  in  our  hand  is  as  the  fquare 
of  the  velocity  laft  acquired  by  the  body  in  motion,  yet  the  moment  of 
the  body  will  not  be  in  this  proportion,  unlefs  the  fum  of  the  forces, 
with  which  the  hand  has  impelled  it,  is  likewife  as  the  fquare  of  this 
velocity.  But  it  is  eafy  to  {hew,  that  the  fum  of  thefe  impulfes,  or  forces, 
ading  upon  the  body  and  communicating  motion  to  it,  are  in  a  iimplc 
ratio  of  the  velocity,  which  it  acquires.  For  fuppole  with  a  force  or  ve¬ 
locity  of  your  hand  as  1,  you  communicate  1  degree  of  velocity  to  the 
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body  impelled  by  it  :  then  to  double  this  velocity  in  the  body  you  dou- 
le  the  force,  or,  which  is  the  fame  thing,  you  double  the  velocity  of  your 
hand.  But  though  your  hand  has  the  moving  force  2,  yet  the  moving 
force  with  which  it  adts  upon  the  body  will  not  be  2.  Becaufe  they 
both  move  in  the  fame  direction  the  body  with  the  velocity  1  your 
hand  with  the  velocity  2  ;  and  confequently  the  quantity  of  the  ftroke,, 
or  moving  force  which  adts  upon  the  body,  will,  by  propofition  94, 
be  as  the  difference  of  thefe  velocities,  or  as  2 — 1  =  1.  In  like  manner, 
when  you  would  triple  the  bodys  velocity  you  triple  the  velocity  or 
moving  force  of  your  hand  ;  but  as  the  body  is  already  moving  in  the 
fame  diredtion  with  2  degrees  of  velocity,  the  quantity  of  the  ftroke,  the 
impulfe,  or  moving  force,  will  be  as  the  difference  of  the  velocities  in 
the  fame  diredtion  or  as  3 — 2=1.  If  when  the  body  is  moving  with  3, 
degrees  of  velocity  you  want  to  communicate  a  fourth,  you  mull  move 
your  hand  againft  it  with  4  degrees  of  velocity.  But  here  again  though 
your  hand  has  the  velocity  and  confequently  the  moving  force  4,  yet  it 
will  adt  upon  the  body  with  only  the  force  1 .  Becaufe  the  body  and 
your  hand  are  moving  in  the  fame  diredtion  one  with  the  velocity  3  the 
other  with  the  velocity  4 ;  therefore,  by  propofition  94,  the  quantity 
of  the  ftroke  of  your  hand  againft  the  body  is  as  the  difference  between  4 
and  3,  or  as  4 — 3=1.  Thus  each  impulfe  or  moving  force  of  your 
hand  againft  the  body  is  only  1,  whatever  may  be  the  moving  force  in 
your  hand  itfelf ;  and  as  each  of  thefe  impulfes  communicates  1  degree 
pf  velocity ;  the  number  of  impulfes,  that  is,  the  fum  of  the  moving  for¬ 
ces  which  have  adted  upon  the  body,  will  be  proportional  to  the  num¬ 
ber  of  degrees  of  velocity  communicated.  And  confequently  the  mo¬ 
ment  or  motion  produced  by  thefe  forces  will  be  as  the  fum  of  them  or 
as  the  velocity  of  the  body* 


CHAP.  IX. 

Of  the  defeent  of  heavy  bodies  upon  inclined  planes. 

119.  A  power  will  fupport  a  weight  upon  an  inclined  plane,  if  the  power- 
is  to  the  weight ,  as  the  height  of  the  plane  is  to  the  length  of  it. 

IF  a  power  at  R,  Plat.  IV.  fig.  4.  that  acts  upon  a  weight  B  in  the  di¬ 
redtion  BR  parallel  to  the  inclined  plane  AC,  fupports  the  weight 
and  keeps  it  at  reft ;  then  the  power  R  is  to  the  weight  B  as  AD  the  per¬ 
pendicular  height  of  the  plane  to  AC  the  length  of  it. 


The 
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The  weight  upon  the  inclined  plane  is  aded  upon  by  three  forces. 
The  firft  is  its  own  gravity  in  the  line  of  direction  BE.  The  fecond  is  the 
force  of  the  inclined  plane,  which,  by  throwing  it  out  of  the  line  of  di¬ 
rection  or  preventing  it  from  falling  in  the  line  BE,  makes  it  fall  in  the 
line  BC.  This  force  ads  in  the  diredion  BIT  perpendicular  to  the  plane, 
as  all  bodies,  by  the  fecond  law  of  motion,  ad  in  lines  perpendicular  to 
their  furfaces.  The  third  force  is  the  power  R,  which  ads  in  the  di¬ 
redion  BR.  But,  by  proportion  21,  if  a  body  is  aded  upon  by  three  for¬ 
ces  at  the  fame  time  and  refts  between  them,  then  thefe  forces  are  to 
each  other  as  the  three  tides  of  a  triangle  refpedively  parallel  to  the  directi¬ 
ons  in  which  they  ad.  In  the  triangle  GBF  the  tide  BF  is  parallel  to 
BH  or  to  the  diredion  in  which  the  plane  ads,  the  fide  BG  is  parallel 
to  BR  or  to  the  diredion  in  which  the  power  ads,  and  the  fide  GF  is 
parallel  to  BE  or  to  the  line  of  diredion  in  which  the  gravity  of  the  bo¬ 
dy  ads.  Therefore  fince  thefe  three  forces  are  to  each  other  refpedively 
as  the  three  fides  of  this  triangle,  the  power  is  to  the  weight  as  GB  to  GF. 
We  muff  therefore  prove  that  GB  is  to  GF  as  AD  the  height  of  the 
plane  to  AC  the  length  of  it.  Now  BE  is  perpendicular  to  DC,  becaufe 
DC  is  a  horizontal  plane  and  B  E  is  the  line  of  perpendicular  defcent. 
AD  is  likewife  perpendicular  to  D  C,  becaufe  AD  is  the  perpendicular 
height  of  the  plane.  From  whence  it  follows  that  AD  and  BE  are  pa¬ 
rallel.  Eucl.  b.  XI.  pr.  6.  And  as  GF,  by  the  conftrudion,  is  parallel 
to  BE,  it  is  likewife  parallel  to  AD.  Eucl.  b.  I.  pr.  30.  Therefore  CA, 
eroding  GF  and  AD,  will  make  the  external  angle  CGF  equal  to  CAD 
the  internal  oppofite  one  on  the  fame  fide.  Eucl.  b.  I.  pr.  29.  Again  ADC 
is  a  right  angle  becaufe  AD,  by  the  conftrudion,  is  perpendicular  to  DC 
and  GBF  is  a  right  one,  becaufe  HF,  by  the  conftrudion,  is  perpendi¬ 
cular  to  AC.  Therefore  in  the  triangle  GBF  there  are  two  angles  reflec¬ 
tively  equal  to  two  angles  in  the  triangle  ADC,  from  whence  it  follows, 
that  the  third  angle  in  each  will  be  equal,  Eucl.  b.  I.  pr.  32.  corol.  2. 
and  the  fides  about  the  equal  angles  will  be  proportional,  Eucl.  b.VI.pr.  4, 
GB  toGF,  or  the  power  to  the  weight,  as  AD  to  AC,  or  as  the  height 
of  the  plane  to  the  length  of  it. 

We  may  prove  the  fame  proportion  in  an  eafier  manner.  For  when 
the  weight  is  drawn  quite  up  to  the  top  of  the  plane  from  C  to  A,  the 
power  in  its  line  of  diredion  muft  have  deferibed  a  fpace  equal  to  C  A  ; 
but  the  weight  in  the  mean  time,  though  it  has  palled  over  CA,  has  de¬ 
feribed  in  its  line  of  diredion  no  more  than  a  fpace  which  is  equal  to  AD, 
or  to  the  diftance  through  which  it  has  rifen  from  the  earths  center.  But 
the  velocity  of  the  power  and  weight  are  to  each  other  as  the  fpaces  which 

O  2  they 
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they  have  defcribed  in  the  fame  time  in  their  refpe&ive  lines  of  directi¬ 
on.  Therefore  the  velocity  of  the  power  is  to  the  velocity  of  the 
weight  as  CA  the  length  of  the  plane  to  DA  the  height  of  it.  And  con¬ 
sequently,  if  the  power  is  to  the  weight  as  DA  to  CA,  or  as  the  height 
of  the  plane  to  the  length  of  it,  then  they  will  be  to  each  other  as  their 
velocities  inverfely,  and  by  proportion  14,  their  moments  will  be  equal, 
or  the  power  will  be  fufficient  to  fupport  the  Weight. 

120.  The  accelerating  force  of  a  body  s  gravity,  when  it  defends  upon  an 
inclined  plane ,  is  to  the  accelerating  force  of  its  gravity ,  when  it  falls 
perpendicularly ,  or  to  the  whole  force  of  its  gravity ,  as  the  height  of 
the  plane  is  to  the  length  of  it. 

The  force  wherewith  a  body  endeavours  to  defeend,  or  the  accelera¬ 
ting  force  of  its  gravity  upon  an  inclined  plane  is  equal  to  the  power  that 
is  able  to  fupport  it.  But,  by  the  laft  propofition,  this  power  is  to  the 
whole  weight  of  the  body,  as  the  height  of  the  plane  is  to  the  length 
of  it.  Therefore  the  force,  with  which  it  endeavours  to  defeend  on  an 
inclined  plane,  is  to  the  whole  weight  in  the  fame  proportion. 

1 2 1 .  Heavy  bodies  defeend  upon  inclined  planes  with  an  uniformly  accele¬ 
rated  motion* 

The  whole  accelerating  force  of  abodys  gravity,  or  the  force  wherewith 
it  endeavours  to  defeend  perpendicularly,  is  always  the  fame  ;  and  the 
accelerating  force  of  gravity  upon  every  part  of  the  plane,  whilft  the 
body  is  delcending  from  A  to  C,  has  the  lame  proportion  to  the  whole 
force.  For,  by  the  laft  propofition,  the  gravity  upon  an  inclined  plane 
is  to  the  whole  gravity  as  the  height  of  the  plane  is  to  the  length  of  it. 
Since  therefore  the  whole  gravity  is  given  and  the  gravity  upon  the 
plane  has  always  the  fame  proportion  to  it,  it  follows  that  the  gravity 
upon  the  plane  mult  be  given  toe.  But  the  eonftant  adlion  of  an  uni¬ 
form  force,  fuch  as  the  gravity  of  a  body  upon  an  inclined  plane  has 
been  proved  to  be,  will  produce  equal  degrees  of  velocity  in  equal 
times,  that  is,  will  caufe  an  uniformly  accelerated  motion. 

From  hence  it  follows  that  all  the  propofitions,  which  have  been  al¬ 
ready  proved  in  relation  to  the  uniformly  accelerated  motion  of  a  body 
falling  perpendicularly,  are  true  likewife  of  a  body  falling  down  an  in¬ 
clined  plane.  Therefore,  without  repeating  either  the  propofitions  or  the 
demonftrations,  I  fhall  refer  the  reader  to  the  foregoing  chapter.  But 
muft  delire  him  to  remember  that  the  accelerating  force  upon  an  in¬ 
clined 
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dined  plane  is  lefs  than  the  accelerating  force  of  perpendicular  defcent,  in 
the  proportion  of  the  planes  height  to  its  length. 

122.  The  velocity ,  which  a  heavy  body  acquires  in  any  given  time  upon  an 
inclined  plane ,  is  to  the  velocity ,  which  it  would  acquire  in  the  fame 
time  by  perpendicular  defcent ,  as  the  height  of  the  plane  is  to  its  length . 

In  an  uniformly  accelerated  motion  the  velocities  produced  in  equal 
times  are  as  the  caufes,  which  produce  them,  that  is,  as  the  accelerat¬ 
ing  forces.  But,  by  propofition  120,  the  accelerating  force  upon  an  in¬ 
clined  plane  is  to  the  accelerating  force  in  perpendicular  defcent  as  the 
height  of  the  plane  to  the  length  of  it.  Therefore  the  velocities  pro¬ 
duced  in  equal  times  are  in  the  fame  proportion. 

123.  The  fpace ,  which  a  heavy  body  defcribes  in  a  given  time  upon  an  in¬ 
clined  plane ,  is  to  the  fpace ,  which  it  woidd  defcribe  in  the  fame  time 
by  falling  perpendicularly ,  as  the  height  of  the  plane  is  to  the  length 
of  it. 

The  fpaces  defcribed  in  a  given  time  are  as  the  velocities,  by  propo¬ 
rtion  10.  And  the  velocities  produced  in  a  given  time  in  two  bodies,  one 
of  which  falls  upon  an  inclined  plane  and  the  other  perpendicularly,  are,, 
by  the  foregoing  propofition,  as  the  height  of  the  plane  to  the  length  of 
it.  This  therefore  will  likewile  be  the  proportion  of  the  fpaces,  which 
they  defcribe  in  the  fame  time. 

Let  AB,  Plat.  IV.  fig.  5.  be  an  inclined  plane  and  fuppofe  a  heavy 
body  was  to  fall  perpendicularly  from  A  to  C,  or  through  a  fpace  equal 
to  the  height  of  the  plane.  How  far  would  another  heavy  body  fall  in 
the  mean  time  upon  the  plane  from  A  towards  B  ?  The  fpaces  defcri¬ 
bed  in  the  fame  time  will  be  to  each  other  as  the  height  of  the  plane  to 
the  length  of  it.  Therefore  the  fpace  fought  is  to  AC,  or  to  the  fpace 
defcribed  by  the  body  which  falls  perpendicularly,  as  the  fame  line  AC 
Is  to  AB,  or  as  the  height  of  the  plane  is  to  the  length  of  it.  Now  the 
angle  ACB  is  always  a  right  one  j  becaufe  CB  is  an  horizontal  plane, 
and  AC  is  the  perpendicular  height  of  the  inclined  one.  And,  if  from 
the  angle  C  in  the  rightangled  triangle  ACB  you  draw  the  line  CD  per¬ 
pendicular  to  AB,  then  ADC  is  fimilar  to  ACB  ;  Eucl.  b.VI.  pr.  8.  and 
AD  is  to  AC  as  AC  to  AB.  Eucl.  b.VI.  pr.  4.  Therefore  AD  is  the 
fpace  fought.  So  that,  if  the  two  bodies  were  let  fall  from  A  at  the  fame 
inftant,  when  one  had  fallen  perpendicularly  to  C,  the  other  would  have 
fallen  upon  the  plane  no  farther  than  D, 

124. 
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124.  An  heavy  body  takes  up  the  Jame  time  in  falling  either  perpendicu¬ 
larly  through  the  diameter  of  a  circle ,  or  upon  an  inclined  plane 
through  any  chord  of  it, 

A  heavy  body  will  fall  through  AD,  Plat. IV.  fig.  6.  or  AE,  or  any 
other  chord  of  the  circle  A  D  B  H  in  the  fame  time,  that  it  would  fall 
perpendicularly  through  the  diameter  AB. 

For  if  from  B,  the  loweft  point  in  the  diameter,  a  line  be  drawn  to 
D,  the  lowed:  point  of  the  chord  ;  then  the  angle,  which  this  line  makes 
with  the  chord,  being  in  a  femicircle  will  always  be  a  right  one.  Eucl. 
b.  III.  pr.  31.  Upon  which  account  from  the  anfwer  to  a  queftion, 
that  we  were  led  to  by  the  laft  proportion,  it  follows,  that,  confidering 
the  chord  AD  as  part  of  an  inclined  plane  AC,  the  chord  will  always 
be  to  the  diameter  as  AB,  which  is  the  height  of  the  plane,  to  AC, 
which  is  the  length  of  it.  Therefore,  by  the  lad:  proportion,  AD  the 
chord  and  AB  the  diameter  will  be  defcribed  in  the  fame  time. 

In  like  manner,  if  the  chord  AE  is  continued  toG,  it  might  be  proved, 
that  a  body  will  fall  in  the  fame  time  either  through  the  chord  AE,  or 
through  the  diameter  AB.  And  if  we  draw  a  chord  HB  parallel  to  AD  $ 
then,  becaufe  they  are  parallel,  they  are  equally  inclined  :  therefore  the 
accelerating  force  of  gravity,  when  a  body  is  to  defcend  upon  HB,  will 
be  the  fame  as  when  it  is  to  defcend  upon  AD.  And,  becaufe  they  are 
drawn  from  oppofite  ends  of  the  diameter  and  are  parallel,  therefore 
they  are  at  equal  diftances  from  the  center,  and  HB  is  equal  to  AD. 
Eucl.  b.  III.  pr.14.  But  fince  the  two  inclined  planes  AD  and  HB  are 
equal  to  each  other  and  the  accelerating  force  of  gravity  is  the  fame  upon 
both,  it  follows,  that  a  heavy  body  will  take  up  an  equal  time  to  defcribe 
either  of  them,  and  that  the  time  of  oblique  defcent  through  HB  as  well 
os  through  AD  is  equal  to  the  time  of  perpendicular  defcent  through  the 
diameter.  The  fame  may  be  proved  of  the  chord  FB,  which  is  parallel  to 
AE ;  and  of  any  chord,  that  can  be  drawn  in  the  circle  ADBH. 

125.  The  time  in  which  a  body  defcribes  an  inclined  plane  is  to  the  time  in 
which  it  would  fall  perpendicularly  from  the  fame  height ,  as  the 
length  of  the  plane  is  to  the  height  of  it. 

The  time  that  a  body  takes  up  to  run  from  A  to  B,  Plat.  IV.  fig.  5.  is 
juft  as  much  longer  than  the  time  it  would  take  up  to  fall  perpendicu¬ 
larly  from  A  to  C  as  AB  is  longer  than  AC. 

To  prove  this  we  muft  remember,  what  has  already  been  taken  no¬ 
tice  of,  that  AD  is  to  AC  as  AC  is  to  AB,  or  that  AD,  AC,  and  AB  are 
in  continued  geometrical  progreflion.  From  whence  it  follows,  Eucl. 

b.V. 


NATURAL  PHILOSOPHY.  in 

b.  V.  def.  io.  that  the  firfi:  of  thefe  quantities  AD  is  to  the  third  AB  as 
the  fquare  of  the  firfi:,  or  ADq,  is  to  the  fquare  of  the  fecond,  or  to  ADq. 
The  reader  may  illufirate  this  conclufion  by  trying  it  in  numbers.  3.6.1 2. 
are  in  continued  geometrical  progrefiion  for  3  is  to  6  as  6  is  to  12.  And 
3  the  firfi  number  is  to  12  the  third,  as  9  the  fquare  of  the  find  is  to 
36  the  fquare  of  the  fecond.  For  as  three  is  contained  4  times  in  12  fo 
is  9  in  36. 

This  being  premifed,  let  uS  firfi  enquire  what  proportion  the  time  of 
defcent  through  a  part  of  the  plane  AD  bears  to  the  time  of  defcent 
through  the  whole  plane  AB.  Now,  by  propofition  121,  the  motion  of 
a  body  defcending  upon  an  inclined  plane  is  uniformly  accelerated  j  and, 
by  propofition  105,  the  (paces  defcribed  by  uniformly  accelerated  mo¬ 
tions  are  as  the  fquares  of  the  times,  in  which  they  are  defcribed.  There¬ 
fore  as  AD  is  to  AB  fo  is  the  fquare  of  the  time  in  which  AD  is  defcri¬ 
bed  to  the  fquare  of  the  time  in  which  AB  is  defcribed.  So  that  if  we 
can  find  any  two  quantities,  whofe  fquares  are  to  each  other  as  AD  to 
AB,  thefe  two  quantities  are  as  the  times  of  defcent  through  AD  and 
AB.  But  by  what  was  premifed  ADq  is  to  ACq  as  AD  to  AB.  There¬ 
fore  the  time  of  defcent  through  AD  is  to  the  time  of  defcent  through 
AB  as  AD  to  AC.  And  by  what  has  been  (hewn  already  AD  is  to  AC 
as  AC  to  AB.  From  whence  it  follows  that  the  time  of  defcent  through 
AD  is  to  the  time  of  defcent  through  AB  as  AC  the  height  of  the  plane 
is  to  AB  the  length  of  it.  And,  fince,  by  propofition  1 23,  a  heavy  body 
will  take  up  the  fame'time  to  defcend  either  through  AD  upon  the  in¬ 
clined  plane  or  through  AC  perpendicularly,  we  may  conclude  that  the 
time  of  perpendicular  defcent  through  AC  is  to  the  time  of  oblique  de¬ 
fcent  along  the  inclined  plane  AB,  as  AC  the  height  of  it  is  to  AB  the 
length  of  it. 

126.  rfhe  velocity ,  which  a  body  acquires  in  falling  from  a  given  height 
is  the  fame ;  whether  it  has  fallen  perpendicularly  or  along  a  plane 
inclined  in  any  manner  whatfoever. 

The  velocity  acquired  by  a  heavy  body  is  the  fame  when  it  has  fallen 
from  the  point  A  to  the  line  CB,  Plat.  IV.  fig.  5.  whether  it  has  fallen 
perpendicularly  through  AC  or  along  the  inclined  plane  AB.  The  ve¬ 
locity  produced  in  a  given  time  is  as  the  accelerating  force  that  produces 
it,  bypropofitionsi  2. 3  i,and  the  velocity  produced  by  a  given  accelerating 
force  is  as  the  time  of  producing  it,  by  propofition  1 03 .  Therefore 
univerfally  the  velocity  is  as  the  accelerating  force  and  time  conjointly  $ 
and  confequently  if  the  accelerating  force  is  inyerfely  as  the  time  then  the 

velocity 
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velocity  produced  will  be  a  given  quantity.  But  the  accelerating  force 
upon  an  inclined  plane  is  to  the  accelerating  force  in  perpendicular  de- 
fcent,  by  propofition  120,  as  the  height  of  the  plane  to  the  length  of 
it,  and  the  times  of  defcent,  by  the  laft  propofition,  are  to  each  other 
as  the  length  to  the  height.  Therefore  the  accelerating  forces  are  in- 
verfely  as  the  times,  and  the  velocities  produced  will  be  equal. 

This  may  be  otherwife  exprefled.  The  force  of  gravity,  which  adts 
upon  a  body  defcending  perpendicularly  from  A  to  C  is  greater  than  the 
force  which  adts  upon  it  when  it  defcends  from  AtoB.  But  then  as  much 
as  this  latter  force  is  lefs  than  the  former,  juft  fo  much  longer  it  adts, 
and  therefore  in  the  end  both  will  produce  an  equal  effedt,  that  is,  an 
equal  velocity  in  the  body. 

From  what  has  been  faid  it  follows  that  a  body  by  falling  from  thfi 
line  AK,  Plat.  IV.  fig.  7.  into  the  line  CB,  that  is,  by  falling  from  a  given 
perpendicular  height,  will  acquire  the  fame  velocity,  whether  it  falls 
through  the  plane  AD,  or  AB,  or  KB,  fince  in  falling  through  any  one  of 
them  it  acquires  the  fame  velocity  as  in  falling  through  AC,  which  is 
the  perpendicular  height  of  them  all. 


127.  Heavy  bodies  by  falling  from  a  given  perpendicular  height  acquire 
the  fame  velocity ,  whether  they  fall  through  one  plane ,  or  through 
more ,  which  are  contiguous  to  each  other. 

The  perpendicular  diftance  of  the  line  HE,  Plat  IV.  fig.  8.  from  the 
line  DF  is  HD :  and  a  body  will  acquire  the  fame  velocity  in  falling 
through  this  diftance  either  along  the  inclined  plane  ED  or  along  the 
three  contiguous  ones  AB,  BC,  CD.  For  firffc  the  body  acquires  the 
fame  velocity  in  falling  to  B  either  through  GB  or  AB,  by  the  laft  pro¬ 
pofition.  Therefore  fecondly,  the  velocity  which  it  has,  when  it  comes 
to  C,  will  be  the  fame  whether  it  fell  to  C  through  the  two  planes  AB 
and  BC  or  through  the  one  continued  plane  GBC.  Becaufe  by  the  firft 
ftep  the  velocity  at  B  will  be  the  fame  in  both  cafes,  and  the  line  BC, 
which  it  defcends  through  afterwards  is  the  fame  in  both.  But  thirdly, 
the  body  acquires  the  fame  velocity  by  falling  to  C  either  through  EC 
or  GC,  by  the  laft  propofition,  that  is  either  through  EC  or  through  AB 
and  BC  by  the  fecond  ftep  of  this  demonftration.  Therefore  fourthly, 
the  velocity  which  it  has  when  it  comes  to  D  will  be  the  fame  whether 
it  fell  to  D  through  the  one  continued  plane  ECD,  or  through  the  two 
contiguous  ones  GC  and  CD,  or  through  the  three  contiguous  ones 
AB,  BC,  and  CD,  Becaufe  by  the  third  ftep  the  velocity  at  C  is  the 
fame  in  all  the  three  cafes,  and  the  line  CD,  through  which  it  defcends 
afterwards,  is  the  fame  in  all  of  them. 


128.  If 
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128.  If  two  heavy  bodies  defcend  upon  two  or  more  planes ,  which  are  fmi~ 
larly  inclined  and  proportional  5  the  time  taken  up  to  run  down  tbofe 
planes  will  be  as  the  fquare  roots  of  their  lengths . 

Let  one  heavy  body  defcend  upon  the  two  inclined  planes  AB,  BC ; 
and  the  other  upon  DE,  EF.  By  the  planes  being  fimilarly  inclined  is 
meant  that  AB  and  DE,  as  likewife  BC  and  EF  make  equal  angles  ABT 
and  DES  with  the  horizontal  planes  BT  and  ES  or  that  AB  is  juft  as 
much  inclined  as  DE  is,  and  likewife  BC  juft  as  much  as  EF.  From 
hence  it  follows,  that  ABG  andDEH  are  equi-angular  triangles.  For, 
fince  AB  and  DE  make  equal  angles  ABT  and  DES  with  the  horizon, 
they  will  likewife  make  equal  angles  at  A  and  D  with  AG  and  DH,  two 
lines  that  are  parallel  to  the  horizontal  planes  BT  and  ES,  Euc.  b.  I. 
prop.  29.  becaufe  the  angle  at  A  is  the  complement  of  ABT  and  the  angk 
at  D  is  the  complement  of  DE  S  to  two  right  ones.  And,  fince  BC  and 
EF  make  equal  angles  BCR  and  EFP  with  the  horizon,  they  will  like¬ 
wife,  if  they  are  continued  to  G  and  H,  make  equal  angles  at  G  and  H  with 
AG  and  DH  two  lines  that  are  parallel  to  the  horizontal  planes  CR  and 
FP,  Euc.  b.  I.  prop.  29.  becaufe  the  angle  at  G  is  the  alternate  of  that 
at  C,  and  the  angle  at  H  is  the  alternate  of  that  at  F.  But,  fince  there  are 
two  angles  in  the  triangle  AGB  refpedtively  equal  to  two  angles  in  the  tri¬ 
angle  DHE,  and  the  three  angles  of  every  triangle  are  only  equal  to  two 
right  ones,  it  follows  Euc.  b.  I.  prop.  32.  coroll.  2.  that  the  third  angle 
at  B  in  one  of  them  is  equal  to  the  third  angle  at  E  in  the  other. 

By  the  planes  being  proportional  is  meant,  that  AB  bears  the 
fame  proportion  to  DE  that  BC  bears  to  EF.  The  propofition  affirms, 
that  when  two  planes  AB  and  BCare  fimilarly  inclined  and  proportional  to 
two  other  planes  DE  and  EF,  then  the  time,  which  a  heavy  body  takes 
up  to  defcend  along  AB  C  is  to  the  time,  which  any  other  heavy  body 
takes  up  to  defcend  along  DEF  as  the  fquare  root  of  AB  C  is  to  the  fquarc 
root  of  DEF. 

The  reader  will  remember  that  when  I  ufe  the  word  root  in  the  fol¬ 
lowing  demonftration,  I  always  mean  fquare  root.  From  the  planes  be- 
ing  proportional,  and  from  the  fimilarity  of  the  triangles  ABG  andDEH, 
which  is  a  confequence  of  the  planes  being  fimilarly  inclined  we  have 
the  eight  following  proportions.  Firft,  AB  is  to  DE  as  BC  is  to  EF ; 
becaufe  the  planes  are  proportional.  Secondly,  AB  is  to  DE  as  GB  to 
HE  5  becaufe  the  triangles,  of  which  thefe  are  the  fides,  are  equi-angu¬ 
lar.  Euc.  b.  VI.  prop.  4.  Thirdly,  Becaufe  AB  is  to  DE  as  BC  to  EF  j 
therefore  AB  is  likewife  to  DE  as  AB  added  to  BC  is  to  DE  added  to  EF, 

P  or 
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or  as  ABC  is  to  DEF.  Euc.  b.  V,  prop.  12.  Fourthly,  Becaufe  AB  is 
to  DE  as  GB  to  HE,  and  as  BC  to  EF ;  therefore  AB  is  likewife  to  DE 
ns  GB  added  to  BC  is  to  HE  added  to  EF,  that  is  as  GC  to  HF.  Euc.  b.V. 
prop,  12.  The  other  proportions  are  deduced  from  thefe.  For  fifthly, 
fince  by  proportion  the  firft,  AB  is  to  DE  as  BC  is  to  EF ;  therefore  the 
root  of  AB  is  to  the  root  of  DE  as  the  root  of  BC  to  the  root  of  EF. 
Sixthly  for  the  fame  reafon,  by  proportion  the  fecond,  the  root  of  AB  is  to 
the  root  of  DE  as  the  root  of  GB  to  the  root  of  HE.  Seventhly,  By  pro¬ 
portion  third,  the  root  of  AB  is  to  the  root  of  DE  as  the  root  of  ABC 
to  the  root  of  DEF.  And  eighthly,  by  proportion  the  fourth,  the  root  of 
AB  is  to  the  root  of  DE  as  the  root  of  GC  is  to  the  root  of  HF. 

Now  as  AB  and  DE  are  two  planes  equally  inclined,  the  accelerating 
force  of  gravity  will,  by  proportion  120,  be  the  lame  upon  both  of 
them ;  and  two  heavy  bodies  will  defcend  upon  them,  as  if  they  were 
different  parts  of  the  fame  plane.  Therefore  by  propofitions  1 2 1 .  1 07. 
The  time  of  defcent  along  AB  is  to  the  time  of  defcent  along  DE  as  the 
root  of  AB  to  the  root  of  DE.  For  the  fame  reafon,  the  time  of  de¬ 
fcent  of  one  heavy  body  along  GC  is  to  the  time  of  defcent  of  any  other 
heavy  body  along  HF,  as  the  root  of  GC  to  the  root  of  HF,  that  is, 
by  proportion  eighth,  as  the  root  of  AB  to  the  root  of  DE.  And  again 
for  the  fame  reafon,  the  time  of  defcent  along  GB  is  to  the  time  of  de¬ 
fcent  along  HE  as  the  root  of  GB  to  the  root  of  HE,  that  is,  by  pro¬ 
portion  fixth,  as  the  root  of  AB  to  the  root  of  DE.  But,  fince  the  time 
of  defcent  along  the  whole  plane  GC  is  to  the  time  of  defcent  along  the 
whole  plane  HF  at  the  root  of  AB  to  the  root  of  DE  j  and  fince  the 
time  of  defcent  along  the  part  GB  is  likewife  to  the  time  of  defcent  a- 
long  the  part  HE  as  the  root  of  AB  to  the  root  of  DE  ;  it  follows  that 
the  time  of  defcent  along  the  remainder  BC  is  to  the  time  of  defcent  a- 
long  the  remainder  EF,  as  the  root  of  AB  to  the  root  of  DE.  Euc.  b.Y* 
prop.  19.  This  is  the  cafe  when  one  of  the  bodies  has  defeended  to  B  a- 
long  GB,  and  the  other  to  E  along  HE.  But,  by  the  laft  propofition,  the 
velocity  acquired  at  B  and  E  and  likewife  the  defcent  afterwards  along 
BC  and  EF  will  be  the  fame,  whether  the  bodies  defeended  firft  down 
GB  and  HE  or  down  AB  and  DE.  From  hence  it  follows,  fince  the; 
time  of  defcent  down  AB  is  to  the  time  of  defcent  down  DE  as  the  root, 
of  AB  to  the  root  of  DE,  and  fince  afterwards  the  time  of  defcent  down 
BC  is  likewife  to  the  time  of  defcent  down  EF  as  the  root  of  AB  to  the 
root  of  DE,  therefore  the  time  of  defcent  down  AB  added  to  BC  or  ABC 
is  to  the  time  of  defcent  down  DE  added  to  EF  or  DEF  as  the  root  of 
AB  to  the  root  of  DE,  Euc,  b.Y.  prop.  12.  But  by  proportion  the  feventh 
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as  the  root  of  AB  to  the  root  of  DE  fo  the  root  of  ABC  to  the  root 
of  DEF.  Therefore  the  time  of  defcent  along  ABC  is  to  the  time  of 
defcent  along  DEF,  as  the  root  of  ABC  to  the  root  of  DEF. 

129.  I’he  time  of  defcent  of  a  heavy  body  along  fimilar  curves ,  which  are 
in  fimilar  pofition ,  is  in  a  fub duplicate  proportion ,  or  as  the  fquare 
roots ,  of  their  lengths . 

Let  AB  and  DE,  Plat.  IV.  fig.  10.  be  two  fimilar  curves,  fuppofe  them 
for  indance  to  be  two  fimilar  arcs  of  two  circles ;  and  let  them  be  in 
fimilar  portions  or  equally  inclined  to  the  horizon.  Now  every  curve 
may  be  confidered  as  confiding  of  innumerable  infinitely  fhort  right  lines. 
Therefore  AB  and  DE  may  be  confidered  as  confiding  of  innumerable 
infinitely  fhort  inclined  planes.  But  becaufe  AB  and  DE  are  in  fimilar 
pofition,  all  the  planes  in  the  whole  curve  AB  and  all  thofe  in  the  whole 
curve  DE  are  fimilarly  inclined.  And  becaufe  AB  and  DE  are  fimilar 
arcs  therefore  they  confid  of  an  equal  number  of  planes,  each  of  which 
planes  are  proportional  to  the  refpe&ive  arcs  AB  and  DE,  or  to  their  re- 
fpe&ive  wholes  of  which  they  are  fimilar  parts,  and  confequently  all  thefe 
parts  are  proportional  amongd  themfelves.  Since  therefore  the  times  of 
defcent  of  heavy  bodies  along  fimilar  and  proportional  inclined  planes  are 
as  the  fquare  roots  of  their  length,  by  propofition  1 28,  it  follows,  that  the 
time  of  defcent  along  BA  is  to  the  time  of  defcent  along  ED,  as  the  fquare 
root  of  BA  to  the  fquare  root  of  ED. 

130.  When  a  heavy  body  has  defended  along  one  or  more  inclined  planes ; 
if  its  direction  coidd  be  changed ,  without  changing  the  velocity  that 
it  has  acquired ;  this  velocity  would  make  it  rife  to  the  fame  height 
from  whence  it  fell  ;  and  the  time  of  afeent  upon  the  fame  planes  would 
be  equal  to  the  time  of  defcent . 

When  a  body  has  fallen  down  the  planes  ABCD  Plat.  IV.  fig.  8.  if  it 
could  be  turned  back  without  dedroying  any  part  of  the  velocity, which 
it  acquired  in  defeending ;  this  velocity,  with  which  the  body  would 
begin  to  rife  from  D,  would  be  diffident  to  carry  it  up  the  planes 
DCBA  to  the  fame  height  from  whence  it  fell.  The  force  of  gravity  to 
accelerate  a  body  in  its  defcent  and  to  retard  it  in  its  afeent  is  always  the 
fame,  when  the  body  defeends  and  afcends  upon  the  fame  plane.  For  the 
whole  force  of  gravity  in  perpendicular  defcent  and  afeent,  is  always  the 
fame :  and  the  force  of  gravity  upon  a  given  inclined  plane  always 
bears  a  given  proportion  to  the  whole  force,  becaufe,  by  propofition 
120,  it  is  always  as  the  height  of  the  plane  is  to  its  length.  From  hence 
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it  follows  that  the  fame  impulfes  of  gravity,  which  accelerate  the  body 
in  its  defcent  along  ABCD,  will  retard  it  again  in  its  afcent  along  DCBA, 
when  it  is  turned  back  again,  and  begins  to  rife  with  the  laft  acquired 
velocity.  Therefore  this  propofition  may  be  proved  in  the  fame  man¬ 
ner  as  propofition  112,  for  the  velocity  which  was  communicated  by 
the  impulfes  of  gravity  whilft  the  body  defeended,  will  not  be  loft  in 
afcending  but  by  an  equal  number  of  contrary  impulfes,  that  is,  not 
till  it  has  rifen  to  the  fame  height  from  whence  it  fell,  and  has  afcend- 
ed  for  the  fame  time  that  it  fpent  in  defcending. 

Let  AB  Plat.  IV.  fig.  1 1 .  be  a  plate  of  brafs,  exa&ly  polifhed  and  bent 
into  the  arc  of  a  circle.  This  may  be  confidered  as  innumerable  inclin¬ 
ed  planes,  that  are  contiguous  to  each  other.  And,  by  this  proportion, 
a  brafs  ball  by  rolling  down  them  will  have  acquired  fuch  a  velocity 
when  it  comes  to  B,  as  is  fufficient  to  carry  it  up  again  to  the  fame 
height  from  whence  it  fell.  Therefore  if  juft  fuch  another  plate  BC 
was  to  receive  the  ball  when  it  came  to  B,  the  acquired  velocity  would 
make  it  rife  to  C,  fuppofing  A  and  C  to  be  at  the  fame  perpendicular 
diftance  from  B.  Now  when  the  ball  was  rifen  to  C  and  had  loft  all 
its  velocity,  there  being  nothing  to  flop  it,  its  own  weight  would  make 
it  fall  back  again  to  B,  and  in  defcending  it  would,  as  before,  acquire  fuch 
a  velocity  as  would  carry  it  up  to  A  the  place  from  whence  it  fell  at 
firft.  And  thus  the  ball  would  continue  alternately  defcending  and  af¬ 
cending  along  the  curve  ABC.  For  in  defcending  either  from  A  or  from 
C  to  B  it  always  acquires  velocity  enough  to  carry  it  up  to  the  fame 
height  again  on  the  oppofite  fide. 

The  reader  muft  obferve,  that  we  here  fuppofe  that  the  ball  is  not 
refilled  by  the  air,  in  which  it  moves,  and  that  none  of  its  motion  is 
loft  by  fri&ion  againft  the  planes  ABC.  For  unlefs  thefe  two  caufes  are 
fuppofed  away,  they  will  conftantly  retard  the  ball,  and  fo  flop  that 
motion  at  laft,  which  would  otherwife  have  been  a  perpetual  one. 

231,  T'he  fquares  of  the  times ,  in  which  equal  /paces  are  run  through ,  are 
inrverfely  as  the  accelerating  forces. 

If  two  bodies  defcend  upon  twoplanes  differently  inclined  5  or  if  two  bo¬ 
dies,  one  at  the  poles  where  the  force  of  gravity  is  greater,  the  other  at  the 
equator,  where  it  is  lefs,  defcend  perpendicularly,  or  upon  planes  equally 
inclined ;  or  in  any  other  cafe,  where  the  accelerating  forces  are  different, 
by  which  the  bodies  are  put  in  motion  $  then  the  fquares  of  the  times, 
in  which  equal  fpaces  are  defcribed  by  them,  will  be  inverfely  as  the  ac¬ 
celerating  forces.  Call  the  fpace  defcribed  S,  the  accelerating  force  A, 
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and  the  fquare  of  the  time  Tq.  Now,  from  propofition  105  and  the 
manner  of  proving  it,  we  fee,  that  where  the  accelerating  force  is  given 
the  fpace  deferibed  is  as  the  fquare  of  the  time  in  which  it  is  deferibed ; 
that  is,  where  A  is  given  S  is  as  Tq.  And,  fince  the  velocities  produced 
in  a  given  time  are  as  the  caufe  which  produces  them,  or  as  the  accele¬ 
rating  forces  ;  it  follows,  by  propofition  1  o,  that  where  the  fquare  of 
the  time,  or,  which  amounts  to  the  fame,  where  the  time  itfelf  is  given 
the  fpace  deferibed  is  as  the  accelerating  force,  that  is,  where  Tq  is  given 
S  is  as  A.  Therefore  univerfally  where  neither  A  nor  Tq  are  given,  S 
will  be  in  a  ratio  compounded  of  both,  as  A  dire&ly  and  as  Tq  diredtly, 
or  as  Tqx  A=T9A.  But  if  TqA  is  as  S,  then  TqA  divided  by  A  will  be 

as  S  divided  by  A.  That  is,  -^-=Tq  is  as  But  becaufe  by  the 

terms  of  the  propofition  we  are  fpeaking  of  equal  fpaces,  therefore  S  is  a 
given  quantity :  and  all  fractions,  whofe  numerators  are  given,  are  inverfe- 

s  s 

ly  as  their  denominators:  therefore  ^  is  inverfely  as  A.  But  Tq  is  as  -, 

therefore,  where  S  is  given,  Tq  is  inverfely  as  A.  That  is,  where  the 
fpaces  deferibed  are  equal,  the  fquares  of  the  times,  in  which  they  are 
deferibed,  are  inverfely  as  the  accelerating  forces. 


CHAP.  X. 

Concerning  pendulums. 

132.  A  pendulum  is  a  heavy  body  hanging  to  a  fmall  cord  or  wire,  which 
is  moveable  upon  a  center, 

133.  T?he  ofcillations  of  a  pendulum  are  produced  by  the  force  of  gravity, 

FOR  if  the  ball  D  Plat.  IV.  fig.  12.  is  drawn  up  to  A  and  let  fall 
from  thence,  its  own  weight  will  make  it  defcend,  and  the  firing 
CD  will  prevent  it  from  going  to  any  greater  diftance  from  C  the 
center  of  motion ;  therefore  it  will  defcend  in  the  arc  of  a  circle  AED 
keeping  always  at  the  fame  diftance  from  C.  But  in  defeending  to  D 
the  body  acquires  velocity,  and  with  the  acquired  velocity,  by  propofi¬ 
tion  130,  it  will  rife  on  the  oppofite  fide  to  B  the  fame  height  from 
whence  it  fell.  In  falling  back  from  B  to  D  it  will,  as  before,  acquire  a 
velocity  fufficient  to  make  it  rife  to  A  :  and  thus  it  will  alternately  by 
defeending  acquire  velocity  and  by  afeending  lofe  it,  that  is,  it  will  con¬ 
tinue  to  ofcillate  or  vibrate  backwards  and  forwards,  till  the  refiftance 
of  the  air  and  the  friction  of  the  firing  upon  the  center  of  motion 
flop  it. 
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Thus  the  vibration  of  a  pendulum  is  performed  in  the  fame  manner 
and  by  the  fame  laws,  as  the  motion  of  a  heavy  body  defeending  along 
the  innumerable  inclined  planes  AB,  Plat.  IV.  fig.  1 1.  and  afeending  a- 
long  the  innumerable  inclined  planes  BC.  And  the  fame  caufes  which 
prevent  one  of  thefe  motions  from  being  a  perpetual  one,  prevent  the 
other  from  being  fo. 

A  pendulum  may  indeed  be  made  to  vibrate  in  a  vacuum,  and  then 
the  refi (lance  of  the  air  will  be  removed.  But  dill  there  will  be  the 
fridtion  of  the  firing  upon  the  center  of  motion.  Or  fuppofe  the  firing 
was  to  be  tyed  fall  to  the  center,  fo  that  there  would  be  no  friction ; 
yet  (till  there  would  be  fomething  equivalent  to  it.  For  then  the  pen¬ 
dulum  could  not  vibrate  without  bending  and  unbending  the  firing.  And 
it  will  be  eafy  to  fee  that  this'  will  deflroy  the  motion  of  the  pendulum, 
by  imagining  the  firing  to  be  a  wire  fo  (tiff  that  the  weight  of  the  ball 
could  not  unbend  it.  For  in  this  cafe  if  the  ball  was  at  A  it  mufl  con¬ 
tinue  there,  fince  the  fliffhefs  of  the  wire  would  prevent  it  from  de¬ 
feending.  Now  if  the  firing  is  lefs  fliff  it  will  be  a  lefs  hindrance  to  its 
motion,  but  flill  let  it  be  ever  fo  flexible,  it  will  be  fome  hindrance 
every  time  it  is  to  be  bent  or  unbent :  and  this  hindrance  will  in  time 
deflroy  the  motion  of  the  pendulum  as  effectually  as  a  fridtion  upon 
the  center. 

134.  If  a  pendulum  was  to  vibrate  in  the  chords  of  a  circle ,  itifead  of  vi¬ 
brating  in  the  arcs  of  it ;  the  ti?ne  of  one  (filiation  would  be  equal 
to  the  time ,  that  a  heavy  body  would  take  up  to  fall  through  8  times 
the  length  of  the  pendulum . 

If  a  pendulum  was  to  defeend  in  the  right  line  or  chord  AD  Plat.  IV. 
fig.  1 2.  inflead  of  defeending  in  the  arc  AD,  and  was  to  rife  in  the  right 
line  or  chord  DB  inflead  of  the  arc  DB,  the  time  of  defeent  and  afeent 
together  or  of  one  ofcillation  from  A  to  B  would  be  equal  to  the  time, 
which  a  heavy  body  would  fpend  in  falling  perpendicularly  through  8 
times  CD  or  8  times  the  length  of  the  pendulum.  For,  whilfl  the  pen¬ 
dulum  is  defeending  along  AD  a  chord  of  a  circle,  a  heavy  body  would 
fall  perpendicularly  through  the  diameter  of  the  fame  circle,  by  propo- 
fition  1 24.  And,  fince  the  time  of  the  pendulums  afeent  along  DB  is 
equal  to  the  time  of  its  defeent  along  AD,  by  propofition  12 1.  130. 
therefore  the  time  of  defeent  and  afeent  together,  or  the  time  of  an  of¬ 
cillation,  is  double  the  time  of  defeent  alone,  that  is,  the  time  of  defeent 
is  to  the  time  of  an  ofcillation  as  1  to  2.  Now  in  the  time  of  the  pen¬ 
dulums  defeent  a  heavy  body  would  fall  perpendicularly  through  1  di¬ 
ameter* 
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ameter,  and  the  fpaces  defcribed  by  a  body  falling  perpendicularly,  are  to 
each  other  as  the  fquares  of  the  times,  by  proportion  105.  Therefore 
the  fpace  defcribed  by  a  body  falling  perpendicularly  in  the  time  of  defcent 
alone  is  to  the  fpace  defcribed  by  it  in  the  time  of  defcent  and  afcent  to¬ 
gether,  or  in  the  time  of  an  ofcillation,  as  the  fquare  of  1  to  the  fquare  of 
2,  that  is  as  1  to  4.  But  the  body  would  fall  perpendicularly  through 
i  diameter  in  the  time  of  defcent  alone  5  and  confequently  in  the  time 
of  an  ofcillation  it  mult  fall  through  4  diameters  of  the  circle  in  which 
AD  and  DB  are  two  chords.  Now  the  length  of  the  pendulum  CD  is 
only  a  femidiameter  of  that  circle,  and  4  diameters  =8  femidiameters. 
Therefore,  whilft  the  pendulum  is  performing  an  ofcillation  upon  the 
chords  AD  and  DB,  a  heavy  body  would  fall  perpendicularly  through 
eight  times  the  length  of  the  pendulum. 

135.  ¥he  vibrations  of  the  fame  pendulum  in  unequal  arcs  are  performed 
nearly  and  as  to  fenfe  in  the  fame  time ,  provided  the  arcs  are  very 
fmall. 

The  fame  pendulum,  whether  it  vibrates  in  the  arc  ADB  or  in  the 
leffer  arc  EDF,  will  perform  its  vibrations  nearly  and  as  to  fenfe  in  the 
fame  time,  provided  thole  arcs  are  very  fmall.  By  the  laft  proportion, 
the  time  of  vibration  along  the  two  chords  AD  and  DB  would  be  equal 
to  the  time  taken  up  by  a  heavy  body  to  fall  perpendicularly  through 
8  times  the  length  of  the  pendulum.  And  for  the  fame  reafon  the 
time  of  vibration  along  the  two  chords  ED  and  DF  would  be  equal  to 
the  time  taken  up  by  a  heavy  body  to  fall  perpendicularly  through  8 
times  the  length  of  the  pendulum.  Therefore  fince  we  fuppofe  it  to  be 
the  fame  pendulum,  which  vibrates  either  in  the  chords  AD  and  DB  or 
in  the  chords  ED  and  DF,  8  times  the  length  and  confequently.  the 
time  of  perpendicular  defcent  of  a  heavy  body  through  8  times  its 
length  is  a  given  quantity.  From  whence  it  follows  that  the  time  of  vi¬ 
bration  in  the  chords  AD  and  DB  is  equal  to  the  time  of  vibration  along 
the  chords  ED  and  DF.  Now  very  fmall  arcs  and  their  chords,  for  in¬ 
stance  the  arcs  and  chords  ED  and  DF,  differ  but  little  either  in  length  or 
declivity.  Therefore  vibrations  either  in  chords  or  in  very  fmall  arcs  will 
be  performed  nearly  in  the  fame  manner.  And  as  the  times  of  vibration 
in  the  unequal  chords  AD  and  DB,  ED  and  DF  have  been  proved  to  be 
equal,  it  follows  that  the  times  of  vibration  in  the  unequal  arcs  AD  and 
DB,  ED  and  DF,  will  be  nearly  and  as  to  fenfe  equal. 

This  is  the  reafon  why  clocks  with  long  pendulums  fhould  go  more 
exadl  for  any  long  courfe  of  time  than  thofe  with  fhort  ones.  For 

where 


120  A  SYSTEM  OF 

where  a  pendulum  vibrates  in  an  arc  of  a  given  length,  this  arc  will  be 
fo  much  lefs  in  proportion  to  the  whole  circle,  as  the  circle  is  larger  of 
which  that  arc  is  a  part.  But  fince  circles  are  as  their  femidiameters,  the 
circle  will  be  larger  as  the  pendulum,  which  is  the  femidiameter  of  it,  is 
longer.  From  whence  it  follows  that  where  pendulums  vibrate  in  arcs  of 
a  given  length,  this  arc  is  fo  much  the  lefs  in  proportion,  as  the  pendu¬ 
lum  is  longer.  Or  where  two  pendulums  of  different  lengths  fwing 
through  an  equal  fpace  the  arc  in  which  the  longer  pendulum  vibrates, 
though  equal  in  length  to  that  in  which  the  fhorter  vibrates,  may  be 
looked  upon  as  a  fmaller  arc,  fince  it  is  lefs  in  proportion  to  the  whole 
circle  of  which  it  is  a  part.  Now  when  a  clock  is  clean  and  the  parts  of 
it  move  more  freely,  upon  that  account  the  force,  with  which  the  fwing- 
wheel  adls  upon  the  pallets  of  the  pendulum,  will  be  fo  much  the  grea¬ 
ter;  and  when  it  is  foul  and  the  parts  are  clogged  this  force  will  be  fo 
much  the  lefs.  For  this  reafon  the  pendulum  of  a  clock,  when  it  is  clean, 
being  thrown  out  more  forcibly  will  fwing  farther  or  vibrate  in  a  longer 
arc,  than  when  the  clock  is  foul.  And  unlefs  the  arcs,  when  they  are  the 
longefl,  are  very  fmall  in  proportion  to  the  whole  circle  of  which  they  are 
parts,  a  pendulum,  will  take  up  more  time  to  vibrate  in  a  long  arc  than 
in  a  fhort  one.  But  the  longer  the  time  is  which  a  pendulum  takes  up  to 
vibrate  fo  much  the  flower  the  clock  will  move.  Therefore  unlefs  a  pen¬ 
dulum  vibrates  in  very  fmall  arcs,  the  clock,  if  it  goes  right,  when  it  is 
clean,  will  go  too  faft  when  it  is  foul.  But,  where  other  circumflances 
are  equal,  long  pendulums  vibrate  in  fmaller  arcs  than  fhort  ones  do. 
Therefore  a  clock  with  a  long  pendulum  will  go  more  exadlly  alike, 
when  it  is  clean  and  when  it  is  foul,  than  a  clock  with  a  fhort  pendulum. 

136.  The  vibrations  of  the  fame  pendulum  in  unequal  arcs  of  a  cycloid  are 
performed  in  the  fame  time. 

If  the  circle  BS,  Plat  IV.  fag.  13.  is  rolled  along  the  right  line  BH  like 
a  wheel  upon  a  plane  furface,  till  it  has  gone  once  round,  or  till  the 
point  b  which  touched  that  line  at  B,  when  the  circle  began  to  move,  is 
brought  round  and  touches  it  again  at  H,  fo  that  the  generating  circle 
as  it  is  called,  is  got  to  HT.  The  curve  BGH  which  this  point  b  has 
deferibed  in  one  revolution  of  the  generating  circle  is  called  a  cycloid. 

To  make  a  pendulum  vibrate  in  a  cycloid  the  firing  of  it  AF,  Plat  V. 
fig.  1 .  mufl  be  pliable,  and  it  mull  fwing  between  two  plates  ACB,  and 
AED,  which  are  femicycloids :  by  which  means  the  firing  conflantly  ap¬ 
plying  itfelf  to  the  plate  towards  which  the  ball  moves,  and  bending  itfelf 
into  the  form  of  the  plate,  will  make  the  ballP,  that  is  faflened  to  it,  vi¬ 
brate  in  the  curve  J3FD. 


For 
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For  the  ufe  of  thofe,  who  are  not  much  acquainted  with  the  mathe¬ 
matics,  it  will  be  neceflary  to  mention  two  properties  of  the  cycloid. 
Firft.  If  a  tangent  CF  is  drawn  to  any  point  C  in  the  cycloid,  Plate  IV. 
fig.  13.  and  a  right  line  CE  is  drawn  from  the  fame  point  perpendicular 
to  GA  the  axis  of  the  cycloid,  and  from  D,  where  the  right  line  inter- 
fedts  the  generating  circle,  a  chord  DG  is  drawn  in  the  generating  circle 
to  G  the  vertex  of  the  cycloid.  Then  CF  the  tangent  is  parallel  to  DG 
the  chord.  Secondly.  If  from  any  points  H  and  K  the  lines  PIM  and 
KR  in  a  cycloid  ACDPlatV.  fig.  2.  are  drawn  perpendicular  to  EC  its 
axis,  and  the  chords  GC  and  LC  are  drawn  in  the  generating  circle  as 
before.  Then  the  arc  HC  in  the  cycloid  is  double  the  chord  GC,  and 
the  arc  KC  is  likewife  double  the  chord  LC. 

If  GC  and  LC  were  two  inclined  planes,  in  the  fame  time  that  one 
heavy  body  fell  down  GC  any  other  heavy  body  would  fall  down  LC. 
For  the  time  of  defcent  down  either  of  them,  though  they  are  of  diffe¬ 
rent  lengths,  mu  ft  be  the  fame ;  becaufe  as  they  are  chords  of  the  fame 
circle  the  time  of  defcent  down  either  of  them  is  equal  to  the  time  of  per¬ 
pendicular  defcent  down  EC  the  diameter  of  that  circle,  by  propofition 
124.  But  when  two  unequal  fpaces  are  defcribed  in  the  fame  time,  the  ve¬ 
locities  of  the  moving  bodies  muft  be  as  thofe  fpaces,  the  body  which  falls 
down  GC  muft  move  as  much  fafter  than  the  body  which  falls  down  LC  as 
GC  is  longer  than  LC,  by  propofition  10.  And,  fince  the  caufe  is  propor¬ 
tional  to  the  effedt,  the  forces  which  produce  thofe  velocities,  that  is,  the 
accelerating  forces  of  gravity  muft  be  as  the  velocities  themfelves  ;  or  the 
accelerating  force  of  gravity  on  the  plane  GC  is  to  the  accelerating  force 
of  gravity  on  the  plane  LC  as  GC  to  LC.  And  fince  twice  GC  is  to 
twice  LC  as  GC  to  LC,  thefe  accelerating  forces  are  to  each  other  as 
twice  GC  to  twice  LC,  that  is,  by  the  fecond  property  of  the  cycloid,  as 
HC  to  KC.  Thus  we  have  proved  that  the  force  of  gravity,  that  adts 
upon  a  body  to  make  it  defcend  along  GC  is  as  much  greater  than  the 
force  of  gravity,  that  adts  upon  a  body  to  ;make  it  defcend  along  LC, 
either  as  GC  is  greater  than  LC  or  as  HC  is  greater  than  KC.  But  fince, 
by  the  firft  property  of  the  cycloid  a  tangent  at  H  would  be  parallel  to- 
GC  and  a  tangent  at  K  would  be  parallel  to  LC,  therefore  the  point  H 
and  the  plane  GC,  becaufe  they  are  parallel  to  each  other,  are  equally  incli¬ 
ned,  and  fo  likewife  are  the  point  K  and  the  plane  LC.  But  fince  H  and  GC, 
as  likewife  K  and  LC  are  planes  equally  inclined,  the  accelerating  force 
which  adts  upon  a  heavy  body  atH  will  be  the  fame  as  that  which  adts  upon  a 
heavy  body  at  G :  and  likewife  the  accelerating  force  upon  a  heavy  body  at 
K  will  be  the  fame  as  upon  a  heavy  body  at  L,  Therefore  the  force  of  gra- 
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that  ads  upon  a  heavy  body  at  H  is  to  the  force  of  gravity  that  ads  upon 
another  heavy  body  at  K  as  HC  to  KC.  The  fame  might  be  proved  in 
every  point  of  one  bodys  defcent  fromH  toC  down  the  arc  HC  of  the  cy¬ 
cloid,  and  likewife  in  every  point  of  the  other  bodys  defcent  from  K  to 
C,  down  the  arc  KC,  that  is,  it  might  be  proved  in  the  fame  manner  that 
the  accelerating  force  is  always  as  the  bodys  diftance  from  C.  But  the 
velocities  produced  are  as  the  caufes  which  produce  them,  that  is  as  the 
accelerating  forces.  Therefore  the  velocity  of  the  body  which  defcends 
along  HC  is  to  the  velocity  of  the  body  which  defcends  along  KC  as  HC 
is  to  KC.  And  fince  their  velocities  are  as  the  fpaces  to  be  defcribed  in 
defcending,  that  is,  fince  as  much  longer  as  HC  is  than  KC,  fo  much 
fafter  the  body  moves  which  is  to  defcribe  HC,  than  the  body  which  is 
to  defcribe  KC ;  it  follows  that  one  of  thefe  two  bodies  will  defcribe 
HC  and  the  other  KC  in  the  fame  time. 

In  the  fame  manner  it  might  be  fhewn,  that  the  time  of  afeent  will 
be  the  fame  either  through  CB  =CH  or  through  CF  =  CK.  For  the 
force  of  gravity,  which  retards  the  body  in  its  afeent  will  always  be  as  the 
diftance  from  the  point  C.  Therefore  the  time  of  a  vibration,  or  the  time 
of  afeent  and  defcent  together,  through  HCB  is  equal  to  the  time  of  a 
vibration  through  KCH, 

137.  'The  times  in  which  pendulums  perform  their  vibrations ,  where  the 
accelerating  farce  of  gravity  is  given ,  are  as  the  J qua  re  roots  of  their 
lengths. 

Suppofe  two  pendulums  AB  and  CD,  Plat.V.  fig.  3.  to  vibrate  in  fimi- 
lar  arcs  of  circles  EF  and  GH,  that  is,  in  arcs,  which  bear  the  fame  pro¬ 
portion  to  each  other  that  the  circles  do,  of  which  they  are  parts.  Now 
the  circumferences  of  all  circles  are  to  each  other  as  their  diameters  or 
as  their  femidiameters,  and  fimilar  arcs  are  in  the  fame  proportion  5  there¬ 
fore  the  arc  EF  is  to  the  arc  GH  as  AB  the  femidiameter  of  one  circle  or 
length  of  one  pendulum,  to  CD  the  femidiameter  of  the  other  circle  or 
length  of  the  other  pendulum.  But  if  EF  and  GH  are  fimilar  arcs  their 
halves  or  EB  and  GD  muft  be  fimilar  too,  and  they  are  likewife  in  fimi¬ 
lar  pofition.  Therefore,  by  propofition  129,  the  time  of  defcent  along 
EB  is  to  the  time  of  defcent  along  GD  as  the  fquare  root  of  EB  to  the 
fquare  root  of  GD,  that  is,  fince  EB  is  to  GD  as  AB  to  CD,  as  the  fquare 
root  of  AB  to  the  fquare  root  of  CD.  But  the  time  of  defcent  is  half  the 
time  of  a  vibration.  Therefore  fince  the  whole  times  of  vibration  mail  be 
in  the  fame  proportion  with  their  halves,  the  time  of  a  vibration  in  the  arc 
EF  is  to  the  time  of  a  vibration  in  the  arc  GH,  in  a  fubduplicate  ratio  of  the 

lengths 
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lengfhs  of  the  pendulums,  that  is,  as  the  fquare  root  of  AB  to  the  fquare 
root  of  CD. 

But,  if  AB  vibrates  in  a  cycloid,  then,  by  the  lad:  proportion,  the  time 
of  vibration  will  not  be  altered,  whether  the  arc  of  vibration  is  longer 
or  fhorter  than  EF.  So  likewife  if  CD  vibrates  In  a  cycloid  the  time  of 
vibration  is  not  altered,  whether  the  arc  of  vibration  is  longer  or  (liorter 
than  GH.  Therefore  in  a  cycloid  the  times  of  vibration,  and  confe- 
quently  the  proportion  which  the  times  of  vibration  bear  to  each  other, 
will  be  the  fame,  though  EF  and  GH  by  lengthening  or  by  Ihortening 
either  of  them  are  fo  altered  as  not  to  be  fimilar.  From  whence  it  fol¬ 
lows,  that  when  pendulums  vibrate  in  cycloids,  whether  the  arcs  of 
their  vibration  are  fimilar  or  not,  the  times  of  vibration  will  be  as  the 
fquare  roots  of  their  lengths.  So  that  if  the  lengths  of  the  pendulums 
are  as  1 6  to  9,  the  times  of  vibration  will  be  as  the  fquare  roots  of 
thofe  lengths  or  as  4  to  3 , 

From  hence  we  may  find  how  long  a' branch  is  which  hangs  down 
from  the  roof  of  a  church,  and  confequently,  by  meafuring  from  the  ball 
-of  the  branch  to  the  floor  and  adding  this  to  the  length  of  the  branch, 
we  may  find  how  high  the  church  is.  For  fuppofe  the  branch,  when 
you  fwing  it,  to  vibrate  once  in  3  feconds,  then,  fince  the  time  of  vi¬ 
bration  is  as  the  fquare  root  of  a  pendulums  length,  it  follows,  that 
the  lengths  of  pendulums  are  as  the  fquares  of  their  times  of  vibration, 
and  that  the  length  of  the  branch  is  to  the  length  of  a  pendulum,  which 
performs  a  vibration  in  1  fecond,  as  the  fquare  of  3  to  the  fquare  of  i, 
or,  as  9  to  1.  Now  the  length  of  a  pendulum  which  vibrates  feconds, 
being  39  inches  and  2  tenths,  this  multiplyed  by  9  will  give  3  ^2  inches 
and  8  tenths  for  the  length  of  the  branch.  And  fo  univerfally,  if  the  length 
of  a  pendulum,  which  vibrates  feconds,  is  multiplyed  by  the  fquare  of  the 
number  of  feconds  contained  in  the  time  of  one  vibration  of  the  branch, 
the  product  will  be  the  length  of  the  branch. 

138.  fhe  times ,  in  which  a  pendulum  of  a  given  length  performs  its  vibra¬ 
tions ,  are  inverfely  as  the  Jquare  roots  of  the  accelerating  forces. 

If  the  pendulum  vibrates  in  the  cycloid  ACD.  Plat,  V.  fig.  2.  the 
time  of  a  vibration  either  in  the  arc  HCB  or  KCF,  or  any  other  arc, 
will  be  inverfely  as  the  fquare  root  of  the  accelerating  force  of  gravity, 
which  produces  the  motion  of  the  pendulum.  The  reader  will  remem¬ 
ber,  that  hanging  a  different  weight  to  the  pendulum  does  not  alter  the 
accelerating  force.  For  fince,  by  propofition  26,  bodies  of  different 
weights  fall  with  the  fame  velocity,  the  accelerating  force,  which  is 

CL  2  pro- 
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proportional  to  the  velocity  produced  in  a  given  time,  is  no  greater? 
when  the  ball  of  a  pendulum  weighs  io  pounds  than  when  it  weighs 
only  i  pound.  The  moving  force  of  gravity  is  indeed  different,  for  this 
is  as  the  quantity  of  motion  produced  in  a  given  time,  that  is,  fince  the 
velocity  is  given,  as  the  quantity  of  matter  :  and  confequently  the  mov¬ 
ing  force  of  gravity  in  one  ball  would  be  io  times  what  it  is  in  the  other, 
though  the  accelerating  force  is  the  fame.  The  accelerating  force  can 
then  only  be  greater  or  lefs,  when  heavy  bodies  in  the  fame  circum- 
fiances  are  made  by  the  force  of  gravity  to  defcend  with  a  greater  or  a 
lefs  velocity.  Thus,  as  will  be  proved  in  its  proper  place,  a  heavy  body- 
acquires  a  greater  velocity  in  a  given  time,  when  it  falls  perpendicular¬ 
ly  at  either  of  the  poles  than  when  it  falls  perpendicularly  at  the  equa-- 
tor.  Therefore  the  accelerating  force  of  gravity  at  the  poles  is  greater 
than  at  the  equator.  And  the  times  of  vibration  of  the  fame  pendulum 
at  the  poles  and  at  the  equator  will  be  inverfely  as  the  fquare  roots  of 
thofe  accelerating  forces.  The  fquare  of  the  time  of  defcent  along  the 
given  fpace  HC,  Plat.V.  fig.  2.  is  inversely  as  the  accelerating  force,  by 
proportion  1313  and  confequently  the  time  of  defcent  is  inverfely  a* 
the  fquare  root  of  the  accelerating  force.  But  the  time  of  an  ofcillation , 
in  the  arc  HB  is  double  the  time  of  defcent  along  HC.  Therefore  the 
time  of  an  ofcillation  in  the  arc  H  B  is  likewife.  inverfely  as  the  fquare 
root  of  the  accelerating  force.  And  fince  the  time  of  vibration  of  the, 
fame  pendulum  in  the  arc  KF  or  in  any  other  arc  of  a  cycloid  is  equal  , 
to  the  time  of  vibration  in  the  arc  HB,  it  follows  that  the  time  of  vi¬ 
bration  of  the  fame  pendulum  in  any  arc  of  a  cycloid  is  inverfely  as  the 
fquare  root  of  the  accelerating  force. . 

139..  If  the  lengths  of  two  pendulums  are  to  each  other  as  the  accelerating, 
forces ,  which  all  upon  them  j  they  will  perform  their  vibrations  in  the 
fame  time . 

Call  the  length  of  one  pendulum  L  and  the  length  of  the  other  1.  Call 
the  accelerating  force,  which  adts  upon  the  former  A,  and  the  accelera¬ 
ting  force  which  adts  upon  the  latter  a.  Then  by  the  fuppofition  L  is  to 
1  as  A  is  to  a.  Now,  by  propofition  137,  138,  the  times  of  vibration  are 
as  the  fquare  roots  of  the  lengths  diredfly,  and  as  the  fquare  roots  of  the 

accelerating  forces  inverfely.  But  L  divided  by  A,  is  to  1  divided  by  a,  or 

X  *s  t0  “j  as  L  t0  1  diredtly  and  as  A  to  a  inverfely.  Therefore  the  times 

of  vibration  are  as  the  fquare  root  of  ^  to,  the  fquare  root  of  And* 

fince 
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iince  L  is  to  1,  as  A  is  to  a,  the  firft  quantity,  or  L,  divided  by  the 

third,  or  by  A,  is  equal  to  the  fecond,  or  1,  divided  by  the  fourth,  or 

by  a,  that  is,  ^  is  equal  to  therefore  the  fquare  roots  of  ^  and  ^  are  e- 
qual  5  and  confequently  the  times  of  vibration  are  equal. 

140.  The  center  of  cfcillation  is  that  point  of  a  pendulum  on  each  fide  of 
which  the  quantities  of  motion  are  equaf  or  in  which  all  the  gra¬ 
vity  of  the  pendulum  might  be  colle died  without  altering  the  time  of 
its  vibrations. . 

It  is  evident  that  this  center  of  ofcillation  mull;  be  different  from  the 
center  of  gravity.  For  if  we  imagine  a  plane  perpendicular  to  the  firing 
CD,  Plat.  IV.  fig.  12.  to  pafs  through  the  center  of  the  ball  D  and  to  di¬ 
vide  it  into  two  equal  parts  :  then,  as  the  ball  ofcillates  upon  the  center 
of  motion  C,  the  lower  half  of  it  being  farther  from  C  mu  ft  in  the  time 
of  one  vibration  deferibe  a  greater  arc  than  the  upper  half.  Therefore  the 
velocity  of  the  lower  half,  and  confequently  the  quantity  of  motion,  muft 
be  greater  than  that  of  the  upper  half.  From  whence  it  follows  that  the 
quantities  of  motion  on  each  fide  the  center  of  gravity  being  unequal, 
this  cannot  be  the  center  of  ofcillation.  But  the  center  of  ofcillation 
muft  be  farther  from  C  than  the  center  of  gravity  is ;  fo  that  a  plane 
palling  through  it  may  divide  the  ballD  into  two  unequal  parts  in  fuch  a 
manner  as  to  make  the  greater  quantity  of  matter  above  it  compenfate 
for  the  greater  velocity  below  it,  that  the  quantity  of  motion  on  each 
fide  may  be  the  fame, . 

1 41.  The  center  of  ofcillation  is  likewife  the  center  of  percvfion. 

Any  weapon  will  ftrike  the  greateft  blow,  when  the  ftroke  is  given- 
with  that  part  of  it,  where  the  whole  motion  adts :  now  this  is  the  part 
on  each  fide  of  which  the  quantities  of  motion  are  equal,  or  the  com¬ 
mon  center  of  ofcillation  of  the  weapon  and  our  arm.  For  if  an  obfta- 
cle  flops  this  center,  the  whole  motion  is  deftroyed  at  once,  and  confe¬ 
quently  the  whole  force  of  that  motion  is  fpent  upon  the  obftacle.  That 
end  of  a  cane,  which  is  fartheft  from  our  {boulder,  will  not  ftrike  the 
greateft  blow,  becaufe,  it  doth  not  ftrike  with  the  accumulated  weight 
of  the  cane  and  our  arm,  fince  this  weight  all  adts  in  their  common  cen¬ 
ter  of  gravity.  Neither  will  this  common  center  of  gravity  ftrike  the 
greateft  blow,  becaufe  there  are  other  parts  which  move  with  a  grea¬ 
ter  velocity.  But  it  will  be  the  center  of  ofcillation,  which  ia  a  point  be¬ 
tween  . 
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tween  both  fo  fituated  that  the  greater  quantity  of  matter  on  one  fide  of 
it  makes  amends  for  the  greater  velocity  on  the  other  fide.  If  we  ftrike 
an  obftacle  with  any  part  of  the  cane,  which  is  farther  from  our  fhoul- 
der  than  the  center  of  ofcillation,  as  if  we  ftrike  with  the  end  of  itj  then" 
the  whole  motion  is  not  lpent  in  the  blow:  but  the  part  of  the  cane  be¬ 
tween  us  and  the  obftacle  will  continue  to  move  after  the  end  is  flop¬ 
ped  by  the  obftacle  j  therefore  the  cane  will  be  bent  and  may  be  broken. 
In  like  manner,  if  we  ftrike  with  any  part  of  the  cane,  which  is  nearer 
to  us  than  the  center  of  ofcillation,  fo  that  this  center  is  beyond  the  ob¬ 
ftacle,  then  the  whole  motion  is  not  fpent  in  the  blow,  but  the  part  of 
the  cane  beyond  the  obftacle  will  continue  to  move,  after  the  part  we 
ftruck  with  is  flopped  by  the  obftacle,  and  in  this  cafe  too  the  cane  will 
be  bent  and  will  be  in  danger  of  breaking.  But  if  we  ftrike  with  the  cen¬ 
ter  of  ofcillation,  there  will  be  no  danger  of  breaking  the  cane,  fince  the 
whole  motion  of  it  is  fpent  in  the  blow  upon  the  obftacle,  and  is  flopped 
by  it  at  once. 

CHAP.  XI. 

Of  the  motion  of  projectiles. 


142.  The  random  of  a  projeBile  is  the  horizontal  diftance  to  'which  a  heavy 
body  is  thrown. 

143.  Heavy  bodies ,  when  they  are  thrown  either  obliquely  or  horizontally , 
defcribe  a  curve. 

LET  a  heavy  body  be  thrown  in  the  direClion  AV ,  Plat.  V.  fig.  4.  then, 
by  propofition  1 1,  or  the  firft  law  of  motion,  if  no  other  force  aCted 
upon  the  body  but  the  projectile  force,  or  force  with  which  it  is  thrown, 
it  muft  continue  to  move  on  uniformly  in  the  right  line  ABCV.  But 
becaufe  the  body  is  a  heavy  one,  the  force  of  gravity  will  draw  it  out 
of  the  line  AV  or  will  make  it  conftantly  fall  from  the  line  of  its  di¬ 
rection  towards  the  earths  center.  Suppofe  that  the  force  of  gravity  was 
not  a  continued  one,  but  that  it  aCted  at  certain  intervals,  fo  that  fome 
little  time  fliould  pafs  between  one  of  its  impulfes  and  the  next.  Thus 
for  inftance,  fuppofe  that,  when  the  body  was  thrown  in  the  line  AV, 
ihe  force  of  gravity  did  not  aCl  upon  it,  till  it  wTas  come  to  B;  and  then 
let  this  force,  which  aCts  always  towards  the  earths  center,  or  in  the  di¬ 
rection  BE,  be  to  the  projeClile  force  in  the  line  AV  as  BE  to  BC.  The 
body  aCted  upon  by  thefe  two  forces  would,  by  propofition  1 6,  defcribe 
the  diagonal  BD  of  a  parallelogram  whofe  two  fides  are  BE  and  BC.  Sup- 
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pofe  the  interval  of  time  between  this  firff  impulfe  of  gravity  and  the 
next  to  be  long  enough  for  the  body  to  pafs  from  B  to  D.  Now  if  no 
other  impulfe  befides  the  firff  was  to  aft  upon  it  at  all,  then,  by  the  frit 
law  of  motion  or  proportion  1 1,  it  would  continue  to  move  uniformly 
in  the  line  BDF.  But  when  the  body  comes  to  D  there  is  a  fecond  im¬ 
pulfe  of  gravity  fuppofed  to  aft  upon  it  in  a  direftion  parallel  to  FG,  and 
let  the  force  of  this  impulfe  be  to  the  projeftile  force  as  FG  to  DF,  then 
making  thefe  two  lines  the  two  fides  of  a  triangle  and  drawing  DG  the 
third  fide,  it  is  evident  that  this  triangle  is  half  a  parallelogram  of  which 
DF  the  projeftile  force  and  FG  equal  to  the  force  of  gravity  are  two 
fides  and  DG  is  the  diagonal.  Therefore  the  body  afted  upon  by  two 
forces  in  the  direftions  DF  and  FG  the  two  lides  of  the  triangle  will 
defcribe  the  third  lideDG,  by  proportion  16.  The  body,  when  once 
moving  in  this  direftion,  would,  if  left  to  itfelf,  go  on  uniformly  in  the 
right  line  DGH.  But  a  third  impulfe  of  gravity  towards  the  earths  cen¬ 
ter,  or  in  a  direftion  parallel  to  HI,  being  fuppofed  to  aft  upon  it,  when 
it  comes  to  G,  if  this  impulfe  is  to  the  projeftile  force  as  HI  to  GH,  then, 
as  before,  making  GH  and  HI  two  fides  of  a  triangle,  the  body  afted  up¬ 
on  by  two  forces  as  GH  and  HI  will  defcribe  the  third  fide  GI.  And  if, 
after  another  interval  of  time  fufficient  for  the  body  to  move  as  far  as  I  in 
the  new-acquired  direftion  GL,  a  fourth  impulfe  of  gravity  was  to  aft 
upon  it,  the  projeftile  force  IL  and  an  impulfe  of  gravity  acting  at  I  in  a 
direftion  parallel  to  LK  would  make  it  defcribe  IK.  Thus  by  the  pro¬ 
jeftile  force,  or  force  with  which  it  is  thrown,  and  the  force  of  gravity 
together,  fuppofing  an  interval  of  time  to  pafs  between  the  impulfes  of 
gravity,  the  body  is  made  to  defcribe  the  polygon  ABDGIK.  Now  the 
length  of  the  fides  of  this  polygon  as  AB,  BD,  DG,  GI,  and  IK,  depends 
upon  the  interval  of  time  between  any  one  impulfe  of  gravity  and  the 
next.  For  if  the  aftion  of  gravity  is  a  continued  one,  that  is,  if  the  in¬ 
tervals  between  any  one  impulfe  and  the  next  are  infinitely  fhort,  the  body 
in  fuch  an  interval  or  inffant  of  time  could  only  move  to  an  infinitely 
fmall  diftance.  And  fince  the  length  of  thefe  fides  is  the  fpace  defcribed 
by  the  body  between  any  two  impulfes,  it  follows  that  if  thefe  impul¬ 
fes  were  continued  ones,  or  the  intervals  between  them  were  infinitely 
fhort,  thefe  fides  muff  be  infinitely  fhort  too.  Since  likewife  in  the  time, 
which  the  body  takes  up  to  move  from  A  to  K,  there  muff  be  innume¬ 
rable  fuch  inffants,  therefore  when  the  fides  of  the  polygon  are  infinite¬ 
ly  dimimfhed  in  length,  they  will  be  infinitely  increafed  in  number. 
But  the  impulfes  of  gravity  are  continued,  and  do  not  adt  at  any  inter¬ 
val  of  time  from  each  other :  therefore  the  body  will  defcribe  a  polygon 
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of  innumerable  and  infinitely  fhort  Tides  j  and  fiich  a  polygon  is  a  curve-4 
fiich  an  one  as  is  reprefented  Plat.  V.  fig.  7.  Therefore  a  heavy  body, 
which  is  thrown  obliquely,  is  by  the  projectile  force  and  force  of  gravity 
together  made  to  defcribe  a  curve. 

We  need  not  be  particular  in  proving  this  propofition  when  the  body  is 
thrown  horizontally.  For  it  is  only  fuppofing  the  body  to  be  thrown 
originally  in  the  dire&ion  DGH  Plat.  V.  fig.  4.  and  then  the  proof  will 
be  the  fame  as  that  already  made  ufe  of  in  tracing  out  the  line  DGIK, 
which  a  heavy  body  defcribes  in  the  latter  part  of  its  motion,  when  it  is 
thrown  obliquely. 

144.  A  heavy  body ,  which  is  thrown  either  horizontally  or  obliquely,  defcribes 
a  parabola. 

Suppofe  the  body  to  be  thrown  in  the  dire&ion  AF  Plat.  V.  fig.  5.  The 
projectile  velocity  is  uniform,  by  the  fift  law  of  motion,  for  all  bodies 
added  upon  by  only  one  force  move  uniformly,  and  confequently  this 
velocity  would  carry  the  body  in  the  line  AF  through  equal  fpaces  in 
equal  times :  fo  that  if  it  defcribed  AB  in  one  fecond  of  time,  it  would 
defcribe  BC  in  the  next,  CD  in  the  third,  DE  in  the  fourth,  and  EF 
in  the  fifth.  Upon  fuppofition  that  all  thefe  lines  are  refpeCtively  equal 
to  each  other.  Or  if  the  body  moved  from  A  to  B,  or  through  a  fpace, 
which  we  will  call  1  ,in  1  fecond  of  time,  and  at  the  end  of  that  fecond  was 
at  B,  then  in  2  feconds  it  would  move  twice  as  far  from  A  or  through 
the  fpace  AC  =  2  and  at  the  end  of  this  next  fecond  would  be  at  C. 
In  the  fame  manner  in  3  feconds  it  would  have  moved  from  A  through 
the  fpace  AD  =  3.  In  4  feconds  through  the  fpace  AE  =  4.  And  in  5 
feconds  through  the  fpace  AF  =  5.  Thus  the  fpaces  defcribed  by  the 
force  of  projection  in  the  times  1,  2,  3,  4,  5,  are  to  each  other  as  j,  2, 
3,  4,  5,  or  as  the  times,  in  which  they  are  defcribed.  But  the  body  is 
not  carryed  on  by  the  projectile  force  alone,  but  will,  becaufe  it  is 
heavy,  fall  towards  the  earths  center.  And  the  motion  produced  by  the 
force  of  gravity  is  uniformly  accelerated,  by  propofition  102.  60  that  if 
we  compute  tne  fpaces  through  which  the  body  falls  from  the  line  AF 
in  each  of  the  5  feconds  of  time,  thefe  fpaces  are  to  each  other  as  the 
uneven  numbers  r,  3,  5,  7,  9,  by  propofition  108.  Thus  if  the  body  falls 
from  A  to  G  or  through  1  pole  in  the  firfl:  fecond,  it  will  fall  through  GH 
or  3  poles  in  the  next,  through  HI  or  5  in  the  third,  through  IK  or  7  in 
the  fourth,  and  through  KL  or  9  in  the  fifth,  by  propofition  108.  Since 
therefore  if  we  reckon  from  the  beginning  of  the  fall  the  body  falls  from  A 
to  G  or  1  pole  in  1  fecond,  from  A  to  H  or  4  poles  in  2  feconds,  from  A 

to 
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to  I  or  9  poles  in  3  feconds,  from  A  to  K  or  16  poles  in  4  feconds,  and  from. 
A  to  L  or  25  poles  in  5  feconds;  it  follows  that  in  the  unequal  times  1,2,3, 
4,  5,  the  fpaces  defcribed  are  as  the  fquaresof  the  times,  that  is  as  1 ,  4,  9, 
16,  25.  Let  us  next  trace  out  the  line,  which  the  two  forces  of  projection 
and  gravity  together  will  make  the  body  defcribe.  By  the  force  of  projection 
it  is  carryed  in  the  fir  ft  fecond  from  A  toB  and  by  the  force  of  gravity  it 
falls  through  AG  or  1  pole,  and  by  both  forces  together  it  defcribes  Ab  the 
diagonal  of  a  parallelogram,  of  which  thefe  two  forces  are  the  fides.  It  can¬ 
not  in  the  next  fecond  be  carryed  in  the  line  of  projection  from  B  toC,  be- 
caufe  at  the  beginning  of  the  fecond  it  is  at  b  and  not  at  B  :  but  however  the 
force  of  projection  aCts  upon  it,  when  it  is  at  b,  juftas  it  would  have  done  if  it 
had  been  at  B,  and  therefore  will  make  it  defcribe  in  that  fecond  bk  parallel 
and  equal  to  BC.  But  the  force  of  gravity  in  this  fecond  will  make  it  fall 
•through  3  poles  or  through  M=GH  :  andconfequently  both  forces  toge¬ 
ther  will  make  it  defcribe  be.  In  the  fame  manner  the  projectile  force  will 
carry  it  in  the  third  fecond  through  cd'nzCD  and  the  force  of  gravity  will 
make  it  fall  through  ci  =  HI  or  5  poles ;  and  both  forces  together  will  make 
it  defcribe  cd.  In  the  fourth  fecond  it  will  defcribe  di  =DE  by  one  force, 
and  d^ c  =  IK  or  7  poles  by  the  other,  that  is  de  by  both  together.  And 
in  the  fifth  fecond  it  will  defcribe  e(p  =  EF  by  one,  and  el  by  the  other, 
that  is  ef  by  both  together.  Thus  by  the  projectile  force  and  force  of 
gravity  together  the  body  will  defcribe  the  curve  Kbcdef.  Now  the 
reader  will  remember  that  the  unequal  fpaces  AB,  AC,  AD,  AE  and  AF, 
defcribed  by  the  projeClile  force  are  as  the  times  in  which  the  body  de¬ 
fcribes  them :  and  that  the  fpaces  B b,  C c,  Dd,  Ee ,  and  Ef,  the  fpaces 
through  which  the  body  is  made  to  fall  by  the  force  of  gravity,  are  as 
the  fquares  of  the  times  in  which  the  body  defcribes  them.  But  fince 
the  fpaces  defcribed  in  the  line  AF  are  as  the  times,  and  the  fpaces 
through  which  the  body  falls  from  AF  to  the  curve  Kbcdef  are  as  the 
fquares  of  the  times,  it  follows  that  thefe  latter  fpaces  are  to  each  other  as 
the  fquares  of  the  former,  or  thatB^,  C  c,  Dd,  Ee ,  and  F f,  are  to  each  other 
as  ABq,  ACq,  ADq,  AEq,  and  AFq,  or  taking  AB,  AC,  AD,  AE  and  AF, 
in  the  proportion  of  1,  2,  3,  4,  5,  Eb,  Cc,  Dd,  Ee ,  and  F/will  be  in 
the  proportion  of  1,  4,  9,  16,  25.  If  the  reader  underifands  this  he  will 
not  find  any  great  difficulty  in  the  following  demonftrations. 

Suppofe  a  heavy  body  to  be  thrown  horizontally,  or  in  the  direction 
AB,  Plat.  V.  fig.  6.  then,  by  what  has  been  proved  already,  taking  AC, 
AD,  AE,  AF,  AB,  in  the  proportion  of  1,  2,  3,  4*  5,  thefe  will  be  the 
fpaces  defcribed  in  the  line  AB  by  the  projectile  force  alone,  in  the  times 
i,  2,  3,  4,  5.  And  taking  CH,  DI,  EK,  FL,  BP,  in  the  proportion  of 
1,  4,  9,  16,  25,  thefe  will  be  the  fpaces  through  which  the  body  would 
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fall  by  the  force  of  gravity  alone  in  the  times  1,  2,  3,  4,  5.  Bat  when 
both  forces  adt  together  the  body  defcribes  a  curve,  by  propofition  143. 

Let  AB  be  a  tangent  to  A  the  higheft  point  or  vertex  of  the  curve : 
from  A  draw  AN  perpendicular  to  this  tangent;  and  draw  HG,  IM, 
KN,  parallel  to  the  tangent.  AN  is  called  the  axis  of  the  curve,  which 
the  projectile  defcribes.  HG,  IM,  and  KN  are  called  ordinates  to  the 
axis.  And  AG,  AM,  AN,  the  parts  intercepted  between  the  vertex 
and  each  of  thefe  ordinates,  are  called  abfeifies  in  the  axis.  Now,  fince 
AC  is  equal  to  GH,  and  MI  is  equal  to  AD,  and  NK  is  equal  to  AE ; 
becaufe  they  are  oppofite  fides  of  a  parallelogram,  Euc.  b.  I.  prop.  34. 
lince  likewife,  for  the  fame  reafon,  AG  is  equal  to  CH,  AM  equal  to 
DI,  and  AN  equal  to  EK,  it  follows,  that  if  HG,  IM,  and  NK,  &c.  are 
taken  in  the  proportion  of  1,  2,  3,  &c.  then  AG,  AM,  AN,  &c.  will  be 
in  the  proportion  of  1 ,  4, 9,  &c.  that  is,  the  abfeifies  in  the  axis  AG,  AM, 
AN,  &c.  are  to  each  other  as  the  fquares  of  the  ordinates  GH,  MI,  NK, 
&c.  But  the  mathematicians  prove  this  to  be  a  property  of  no  curve  but  the 
parabola.  Therefore  the  curve  which  a  heavy  body  defcribes,  when  it 
is  thrown  horizontally,  is  a  parabola. 

If  the  body  is  thrown  obliquely,  as  in  the  line  AB  Plat.  V.  fig.  7.  then 
let  AB  be  a  tangent  to  the  curve  at  the  point  A  from  whence  the  body 
is  thrown,  draw  AN  parallel  to  the  axis  and  HG,  IM,  KN,  parallel  to 
the  tangent  AB.  AN  is  called  a  diameter  of  the  curve,  HG,  IM,  and 
KN  are  ordinates  to  the  diameter,  and  AG,  AM,  AN  are  abfeifies  in  the 
diameter.  Now  if  AC,  AD,  AE,  AF,  and  AB,  are  to  each  other  as  1, 
2,  3,4,  5,  or  if  the  fpaces  deferibed  in  unequal  times  by  the  projectile 
force  are  as  the  times,  then  from  what  has  been  faid  already  it  appears, 
that  CH,  DI,  EK,  FL,  and  BP,  or  the  fpaces  through  which  the  body 
falls  by  the  force  of  gravity  are  as  the  fquares  of  the  times,  or  as  1,  4,  9, 
16,  25.  And  fince,  as  before,  AC  =  GH,  AD  =  MI,  and  AE  =  NK  > 
fince  likewife  AG  =  CEI,  AM  =  DI,  and  AN==EK,  it  follows,  that 
if  GH,  MI,  and  NK  are  to  each  other  in  the  proportion  of  1,  2,  3,  then 
AG,  AM,  and  AN,  will  be  as  the  fquares  of  GH,  MI,  and  NK,  or  as  the 
fquares  of  1,  2,  3,  that  is  as  1,  4,  9.  Therefore  in  the  curve,  which  a 
heavy  body  defcribes,  when  it  is  thrown  obliquely,  the  abfeifies  in  the  di¬ 
ameter  are  as  the  fquares  of  the  ordinates.  But  this  property  belongs  on¬ 
ly  to  the  parabola.  And  confequently  a  parabola  is  the  curve,  which  a 
body  projected  obliquely  will  deferibe. 

145.  Though  a  heavy  body ,  when  it  is  thrown  perpendicularly  upwards ,  ap¬ 
pears  to  afeend  and  defeend  in  a  right  line  j  yet,  fuppofoig  the  earth  to 
turn  round  its  axis ,  the  body  does  really  deferibe  a  parabola . 
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If  a  done  upon  the  earths  furface  would  move  in  a  certain  time,  as  in 
5  feconds,  fromyr,  Plat.V.  fig.  5.  toL,  this  motion,  which  the  done  has 
in  common  with  the  earth,  is  not  dedroyed  by  throwing  it  in  the  direc¬ 
tion  /F  perpendicular  to  the  earths  furface.-  But  after  the  projection  the 
done  will  be  moved  by  two  forces,  one  in  the  direction  jrL,  the  other 
in  the  direction  f  F  ;  and  by  both  of  them  together  will  begin  to  rife  in 
the  diagonal  of  a  parallelogram  whofe  fides  are  fF  and  fL,.  So  that 
though  the  projectile  force  aCts  perpendicularly  to  the  earths  furface,  yet 
this  compounded  with  the  force  that  carryes  the  Hone  along  with  the 
earth  produces  a  motion  in  it,  as  it  rifes,  in  the  direction  f  e ,  which  is 
oblique  to  the  earths  center.  And  thus  the  cafe  of  a  done,  though 
thrown  perpendicularly,  is  reduced  to  the  cafe  of  an  oblique  projection 
as  explaned  in  the  lad  propofition,  and  confequently  the  Hone  muH  de~ 
fcribe  a  parabola ;  which  it  will  do  by  rifing  in  the  half  parabola  fA 
and  by  falling  again  in  the  other  half  of  the  fame  parabola. 

To  be  more  particular;  fuppofe  that  the  earths  furface  and  Hone  along 
with  it,  if  the  Hone  was  not  thrown  upwards  but  reded  on  the  furface, 
would  move  from/to  P  in  one  fecond,  from  P  to  O  in  another  fecond,  from 
O  to  N  in  a  third,  from  N  to  M  in  a  fourth,  and  from  M  to  L  in  a  fifth. 
But  fuppofe,  when  the  Hone  was  at  f  it  was  to  be  thrown  upwards  with 
fuch  a  force  as  would  carry  it  in  5  feconds  to  its  greated  height  /'F ;  then 
the  fpaces  through  which  it  would  afcend  in  each  of  the  five  leconds  taken 
feperately,  would  be  to  each  other  as  the  five  fird  uneven  numbers  taken 
backwards,  or  as  9,  7,  5,  3,  1.  by  propofition  1 15.  That  is,  it  wrould  af¬ 
cend  through  9  poles  in  the  fird  fecond,  through  7  in  the  next,  through  c 
in  the  third,  through  3  in  the  fourth,  and  through  1  in  the  fifth.  Now  to 
trace  out  the  line  which  the  done  will  defcribe,  we  mud  compound  thefe 
two  motions  together.  For  the  motion,  which  the  done  had  in  common 
with  the  earth,  is  not  dedroyed  by  throwing  it  perpendicularly  upwards, 
but  continues  the  fame,  whild  the  done  is  in  the  air,  that  it  was,  whild  it 
laid  upon  the  earths  furface.  By  one  of  thefe  motions  it  is  to  be  carryed 
in  a  fecond  from  f  to  P  and  by  the  other  it  is  to  afcend  through  fp  fup- 
pofing  fp  equal  to  9  poles,  and  therefore  by  both  together  it  will  de¬ 
fcribe  fe  the  diagonal  of  a  parallelogram,  whofe  fides  are  fF  and  fp. 
In  the  next  fecond  the  motion,  which  the  done  has  in  common  with 
the  earth,  will  carry  it  through  a  fpace  equal  to  PO,  but  the  done  at 
the  beginning  of  this  fecond  is  not  at  P  but  at  e ,  therefore  it  will  be  car¬ 
ryed  through  <?x,  =  PO  :  and  iince  it  will  in  the  mean  time  by  the  pro¬ 
jectile  force  afcend  through  e  e  equal  to  7  poles,  by  both  forces  together 
it  will  defcribe  ed3  by  propofition  16.  In  the  third  fecond  it  will  be 
carryed  in  the  lame  direction  as  the  earth  from  d  to  i  or  through  a  fpace 
equal  to  ON,  and  will  rile  from  d  to  or  5  poles ;  therefore  by  both 
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motions  compounded  together  it  will  defcribe  dc.  In  the  fourth  fecond, 
the  motion  common  to  the  ftone  and  earth  will  carry  it  through  ch  =  NM, 
and  the  projectile  force  will  make  it  afcend  through  ck  or  3  poles,  there¬ 
fore  by  the  compound  motion  it  will  defcribe  cb.  In  the  fifth  fecond  it 
moves  as  if  it  was  ftill  on  the  earths  furface  through  b  G  =  ML  and  af~ 
cends  1  pole,  by  both  which  motions  together  it  will  be  carryed  in  the 
line  b  A,  and  will  then  be  arrived  at  its  greateft  height.  After  this  it  will 
defcend  again  but  will  in  the  mean  time  ftill  be  carryed  on  by  the  motion 
common  to  itfelf  and  the  earth :  and  therefore  for  the  fame  reafon  that 
it  afcended  in  the  femi-parabola  fedcb  A  it  will  defcend  in  the  other  half 
of  the  fame  parabola.  But  to  any  fpeClator  on  the  earths  furface,  as  parti¬ 
cularly  to  the  perfon  who  throws  the  (tone,  it  will  appear  to  afcend  and 
defcend  in  a  right  line.  For  the  fpeClator  is  carryed  along  with  the  earth 
juft  as  faft  as  the  ftone  is  and  in  the  fame  direction :  fo  that  when  the 
ftone  was  at  e  the  fpeClator  would  be  at  P,  when  the  ftone  was  at  d  he 
would  be  at  O ;  and  in  every  point  either  of  the  ftones  afcent  or  its  de~ 
fcent,  it  would  be  direCtly  over  his  head ;  and  it  will  fall  at  laft  on  the 
point  f  from  whence  it  was  thrown,  becaufe  this  point  has  moved  as 
faft  as  the  ftone  has  and  in  the  fame  direction.  The  fpeClator  in  the  mean 
time  confidering  his  own  place  as  at  reft,  does  not  attend  to  the  motion, 
which  is  common  to  himfelf  and  the  ftone,  but  feeing  the  ftone  always 
over  his  head  and  attending  only  to  the  afcent  and  defcent  of  it,  it  ap¬ 
pears  to  him  to  have  rifen  and  fallen  in  a  right  line. 

If  fF  is  the  mail  of  a  fhip,  and  an  arrow  is  fliot  direCtly  up  the  fide 
of  it ;  then  fuppofing  the  fhip  to  move  uniformly  in  a  right  line  f  L  and 
to  defcribe  this  line,  whilft  the  arrow  is  afcend ing  to  the  top  of  the  maft ; 
if  we  divide  the  line  f  L  into  5  equal  parts,  when  a  fifth  part  of  the  whole 
time  is  over,  the  mail  will  be  at  PE,  and  the  arrow,  as  appears  from  what 
has  been  faid  already,  will ,  from  its  motion  upwards  and  the  motion  which 
it  has  in  common  with  the  fhip,  be  at  e ;  and  by  the  fame  fort  of  reafoning 
as  was  ufed  above,  when  the  mad  is  come  to  OD  the  arrow  will  be  at  f 
and  fo  on  till  when  the  maft  is  at  LA  the  arrow  will  be  at  A  ;  and  thus 
in  the  courfe  of  its  motion  it  will  have  defcribed  the  line  fedcb  A.  But 
it  has  all  along  afcended  up  the  fide  of  the  maft :  and,  will  for  the  fame 
reafon,  as  the  fhip  goes  on,  defcend  again  down  the  fide  of  it,  and  will 
alight  at  the  foot  of  it :  and  confequently  to  thofe,  who  are  in  the  fhip 
and  do  not  attend  to  the  motion  of  the  maft,  the  arrow  will  appear  to 
have  defcribed  a  line  as  ftrait  as  the  fide  of  the  maft  is. 
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246.  When  a  heavy  body  is  thrown  obliquely  with  a  given  velocity ;  if  the 
/pace,  through  which  it  mujl  have  fallen  perpendicularly  to  acquire  that 
velocity ,  is  made  the  diameter  of  a  circle ,  the  height  to  which  the  body 
will  rife  is  equal  to  the  verfed  fne  of  double  the  angle  of  elevation, 

Suppofe  a  heavy  body  to  be  thrown,,  or  a  bullet  to  be  {hot  from  a  gun, 
in  the  direction  BE  with  a  certain  velocity ;  and  fuppofe  this  velocity  to 
be  the  fame  that  this  or  any  other  heavy  body  would  acquire  by  falling 
perpendicularly  down  AB,  Plat.V.  fig.  8.  Now  as  the  bullet  moves  in 
the  direction  BE  if  partly  afcends  and  is  partly  carryed  forwards  in  an  ho¬ 
rizontal  direction :  and  i£  AB  is  made  the  diameter  of  a  circle  the  greateft 
height  to  which  the  bullet  will  afcendin  this  oblique  projection  will  beBD. 

This  I  fhall  prove  immediately,  after  having  {hewn  that  BD  is  the  ver¬ 
fed  fine  of  double  the  angle  of  elevation.  IBL  is  in  the  plane  of  the  ho¬ 
rizon,  and  the  angle  EBI,  which  the  projectiles  direction  makes  with  the 
horizon,  is  called  the  angle  of  elevation.  But  fince  the  line  IL  is  a  tan¬ 
gent  to  the  circle,  and  BE,  which  is  drawn  from  the  point  of  contaCt,  cuts 
the  circle,  therefore  the  angle  EAB  in  the  alternate  fegment  is  equal  to 
the  angle  EBI,  which  EB  makes  with  the  tangent,  that  is,  EAB  is  equal 
to  the  angle  of  elevation,  Euc.  b.  III.  prop.  32.  And  ECB  an  angle  at  the 
center  is  double  EAB  an  angle  at  the  circumference,  which  Bands  on  the 
feme  arc  EB,  Euc.  b.  III.  prop.  20.  Therefore  ECB  is  double  the  angle  of 
elevation  EBI.  But  BD  is  the  verfed  fine  of  ECB,  that  is,  it  is  the  verfed 
fine  of  double  the  angle  of  elevation. 

I  am  now  to  prove  that  if  a  body  is  thrown  in  the  direction  BE  with 
fuch  a  velocity  as  might  be  acquired  by  falling  down  AB;  the  greatefl 
height,  to  which  it  will  afcend  in  this  oblique  projection,  is  equal  to  BD. 
Let  the  line  BE  reprefent,  not  only  the  direction  of  the  body,  but  like- 
wife  the  velocity  with  which  it  is  thrown.  Then,  fince  this  velocity  is 
fuch  as  might  be  acquired  by  falling  down  AB,  it  follows  by  proposi¬ 
tion  1 1 5,  that  if  the  body  was  thrown  perpendicularly  upwards  with 
the  velocity  BE,  fo  that  the  whole  of  the  velocity  might  be  employed 
in  afcending,  it  would  rife  to  the  height  BA.  But  the  body  is  thrown  ob¬ 
liquely;  and  therefore  only  part  of  the  velocity  will  be  employed  in 
afcending,  and  the  other  part  in  carrying  the  body  forwards  horizontally. 
The  proportion  of  thefe  parts  to  each  other  and  to  the  whole  velocity 
may  be  thus  found.  Refolve  the  oblique  velocity  BE,  by  propofition  20, 
into  two  others,  one  in  the  direction  BD  perpendicular  to  the  horizon, 
and  the  other  in  the  direction  DE  parallel  to  it.  Then  the  afcending 
velocity  is  to  the  horizontal  velocity  as  BD  to  DE,  and  to  the  whole 
velocity  as  BD  to  BE.  We  know  already  how  high  the  whole  velocity 

would 
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would  carry  the  body,  it  would  carry  it  to  the  height  BA.  We  only  want 
to  find,  when  the  body  is  thrown  obliquely,  how  high  it  will  be  carryed 
by  BD,  or  by  only  that  part  of  the  whole  velocity  which  is  then  employed 
in  its  afcent.  Now  the  heights  to  which  different  velocities  will  carry  a 
body  are  to  each  other  as  the  fquares  of  thofe  velocities,  by  proportion 
1 1 2 .  Therefore  as  the  fquare  of  BE  to  the  fquare  of  BD,  fo  would  be  the 
height  of  a  body  afcending  with  the  whole  velocity  BE,  to  the  height 
when  it  afcends  with  the  part  BD.  But  AEB  is  a  right  angle  becaufe  it 
is  in  a  femicircle,  Euc.  b.  III.  prop  3  1 .  and  ED  is  perpendicular  to  AB, 
becaufe  it  is  parallel  to  the  horizon.  Therefore  the  triangle  EDB  is  fimi- 
lar  to  the  triangle  AEB,  Euc.  b.VI.  prop.  8.  and  BD  is  to  EB  as  EB  ia 
to  BA.  Therefore  lince  BD,  BE,  and  BA  are  in  continued  geometrical 
progreffion,  the  firfl  or  BD  is  to  the  third  or  BA  as  the  fquare  of  the 
ifrft  or  BD11  is  to  the  fquare  of  the  fecond  or  BEq.  But  the  height  to 
which  the  velocities  BE  and  BD  will  make  the  body  afcend  are  to  each 
other  as  BEq  to  BDq.  that  is,  as  BA  to  BD.  And  it  has  been  proved  al¬ 
ready  that  the  firfl  of  thefe  velocities  or  BE  would  make  the  body  af¬ 
cend  to  a  height  equal  to  BA,  therefore  the  other  or  BD,  which  is  that 
part  of  the  whole  velocity  that  the  body  afcends  with  when  it  is  thrown 
in  the  direction  BE,  will  make  it  afcend  to  a  height  equal  to  BD,  which 
Is  the  verfed  fine  of  double  the  angle  of  elevation. 

In  the  fame  manner  we  might  fhew,  if  the  direction  had  been  BG, 
and  the  angle  of  elevation  GBI,  that  GAB  is  equal  to  GBI,  and  GCB  is 
double  the  angle  of  elevation,  and  that  BH  the  verfed  fine  of  GCB,  or  of 
double  the  angle  of  elevation  GBI,  is  the  greatefl  perpendicular  height  to 
which  a  body  can  rife,  when  it  is  thrown  in  the  direction  BG  with  fuch 
a  velocity  as  it  might  have  acquired  by  falling  down  AB.  Or  if  FBI, 
which  is  half  a  right  angle,  had  been  the  angle  of  elevation,  then  BC, 
which  is  the  verfed  fine  of  FCB,  or  of  a  whole  right  angle,  or  of  double 
the  angle  of  elevation,  would  have  been  the  greatefl  height  to  which  the 
fame  velocity  of  projection  would  make  it  afcend. 

1 47.  When  a  heavy  body  is  thrown  obliquely,  with  a  given  velocity ,  if  the 
fpace ,  through  which  it  mufl  have  fallen  perpendicularly  to  acquire 
that  velocity ,  is  made  the  diameter  of  a  circle ,  the  random  will  be  equal 
to  four  times  the  fine  of  double  the  angle  of  elevation. 

By  what  has  been  fhewn  in  demonftrating  the  laft  propofition,  if 
EBI  is  the  angle  of  elevation,  ECB  is  double  that  angle,  and  confequent- 
ly  DE,  which  is  the  fine  of  ECB,  is  the  fine  of  double  the  angle  of  eleva- 
.  tion,  I  affirm  therefore,  that  if  a  body  is  thrown  from  the  point  B  and 
in  the  direction  BE,  with  fuch  a  velocity  as  might  be  acquired  by  fall- 
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ing  perpendicularly  down  AB,  then  the  random  or  horizontal  diflance 
from  B,  at  which  the  body  will  fall,  is  equal  to  four  times  DE.  For 
it  has  been  obferved  already  under  proportion  146,  that  the  whole  ve¬ 
locity,  if  BE  is  put  to  reprefent  it,  may  be  refolved  into  two  others,  BD, 
which  makes  the  body  afcend,  and  DE,  which  carryes  it  forwards  in  the 
direction  DE  or  horizontally.  Since  therefore  the  afcending  velocity  is 
to  the  horizontal  velocity  as  BD  to  DE,  it  follows  by  proportion  1  o, 
that,  if  thefe  two  velocities  were  to  continue  uniform,  the  fpaces  defcri- 
bed  in  equal  times  would  be  as  the  velocities  themfelves,  and  confequent- 
ly,  whilft  the  body  was  riling  to  its  greateft  perpendicular  height  BD,  it 
would  be  carryed  forwards  through  a  fpace  equal  to  DE.  Now  of  thefe 
two  velocities  only  the  horizontal  one  or  DE  is  uniform,  or  continues 
always  the  fame}  for  the  force  of  gravity  can  neither  accelerate  nor  re¬ 
tard  a  motion  in  this  direction,  which  neither  carryes  the  body  farther 
from  the  earths  center  nor  brings  it  nearer  to  it.  But  the  afcending  ve¬ 
locity  or  BD  does  not  continue  the  fame  that  it  was  when  the  body 
firft  begins  to  rife,  but  is  uniformly  retarded,  according  to  proportion 
109  }  therefore,  by  proportion  no,  it  will  be  twice  as  long  in  afcen¬ 
ding  to  its  greateft  height  BD  as  it  would  have  been,  if  the  afcending 
velocity  had  been  uniform  or  had  continued  the  fame  that  it  was  at  firft. 
But  if  the  f  rft  afcending  velocity  had  been  uniform,  then  in  the  time  of 
afcent  through  BD  the  body  would  have  been  carryed  forwards  through 
once  DE,  as  has  been  proved  already,  therefore  in  double  the  time,  that 
is,  in  the  time  of  afcent  through  BD  with  an  uniformly  retarded  velocity, 
it  will  be  carryed  forwards  through  twice  DE.  And  fince,  by  propor¬ 
tion  1 1 5,  the  time  of  defcent  is  equal  to  the  time  of  afcent,  it  will 
likewife  in  the  time  of  defcent  be  carried  forwards  through  twice  DE. 
And  therefore  in  the  times  of  afcent  and  defcent  together  it  will  move 
forwards  through  four  times  DE.  Therefore  a  body  thrown  in  the  di¬ 
rection  BE  with  fuch  a  velocity  as  might  be  acquired  by  falling  down 
AB  the  diameter  of  a  circle,  if  it  is  thrown  from  the  point  B,  will  fall  at 
the  diftance  of  four  times  the  f  ne  of  double  the  angle  of  elevation. 

In  the  fame  manner  we  might  fhew,  if  the  angle  of  elevation  had 
been  GBI,  equal  to  GAB,  that  the  random  would  have  been  equal  to 
four  times  HG,  which  is  the  fine  of  GCB  or  of  double  GAB,  that  is  of 
double  the  angle  of  elevation.  Or  if  FBI  half  a  right  angle  had  been  the 
angle  of  elevation  then  the  random  would  have  been  four  times  CF,. 
which  is  the  radius,  whole  fine,  or  fine  of  a  right  angle,  that  is  of  double 
the  angle  of  elevation,. 
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148.  When  the  velocity  is  given ,  random  of  a  projectile  will  be  the 

greatefl  pojfble  with  that  velocity ,  z/f  the  a?igle  of  elevation  is  half  a 
right  one  or  an  angle  of  45  degrees . 

For  when  the  velocity  is  given,  the  height  from  -whence  a  heavy  body 
muft  have  fallen  to  acquire  that  velocity,  or  the  diameter  of  the  circle 
AB  is  a  given  quantity.  And  in  a  given  circle  the  longed  fine  that  can 
be  drawn  is  the  femidiameter,  whole  fine,  radius,  or  fine  of  a  right  angle. 
Thus  FC,  Plat.V.  fig.  8.  is  longer  than  GH  or  than  ED,  or  than  any 
other  fine  which  can  be  drawn  in  the  circle  whofe  diameter  is  AB„ 
Therefore  four  times  the  radius  is  longer  than  four  times  any  other  fine: 
and  confequently  the  random  will  be  the  greateft,  when  it  is  equal  to 
four  times  the  radius  or  four  times  the  fine  of  a  right  angle  ;  and  this 
will  be  the  cafe,  by  propofition  147,  when  the  double  angle  of  eleva¬ 
tion  is  a  right  one,  or  when  the  angle  of  elevation  itfelfis  half  a  right  one. 

149.  When  the  velocity  is  given  ^  the  random  of  a  projectile  will  be  the  fame 
at  two  different  elevations ,  provided  thofe  elevations  differ  equally 
from  half  a  right  angle . 

Before  we  prove  this  it  mud  be  obferved,  that  two  angles,  which  differ 
equally  from  a  right  one,  have  the  fame  or  equal  fines.  Thus  GCB  and 
GCA,  Plat.V.  fig.  8.  are  two  angles  which  differ  equally  from  a  right 
one.  For  GCB  is  greater  than  FCB  a  right  one  by  the  difference  GCF :  and 
GCA  is  lefs  thanFCA  a  right  one  by  the  fame  difference  GCF'.  ButGH 
is  the  fine  both  of'the  angle  GCA  and  of  the  angle  GCB.  Therefore  two 
angles,  which  differ  equally  from  a  right  one,  have  the  fame  or  equal 
fines.  Now,  if  the  angles  of  elevation  differ  equally  from  half  a  right 
one,  the  double  angles  of  elevation  will  differ  equally  from  a  whole  right 
one.  Thus,  if  EBI  is  an  angle  of  30  degrees,  or  15  degrees  lefs  than 
45,  or  than  half  a  right  one,  then  twice  EBI  is  60  degrees  or  30  degrees 
lefs  than  90,  or  than  a  whole  right  one.  And  if  GBI  is  an  angle  of  60 
degrees,  or  15  degrees  greater  than  45  or  than  half  a  right  one;  then 
twice  GBI  is  120  degrees,  or  30  degrees  greater  than  90,  or  than  a 
whole  right  one.  Therefore  when  the  two  angles  of  elevation  differ  each 
of  them  15  degrees  from  half  a  right  one,  the  double  angles  of  eleva¬ 
tion  will  each  of  them  differ  30  degrees  from  a  whole  right  one.  And 
fo  it  will  be  in  all  other  cafes.  From  hence  it  follows,  that  if  two  pro¬ 
jectiles  are  thrown  at  different  elevations,  which  differ  equally  from  half 
a  right  angle,  the  double  angles  of  elevation  will  have  equal  fines,  becaufe 
thefe  angles  differ  equally  from  a  whole  right  one  :  and  confequently 
four  times  their  fines,  that  is,  by  propofition  147,  the  randoms  of  the  two 
projectiles,  will  be  equal.  Thus  when  the  elevation  is  EBI  the  random 
is  four  times  DE,  and  when  the  elevation  is  GBI  the  random  is  four 

times 
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times  HG.  Bat  fuppofing  EBI  and  GBI  to  differ  equally  from  half  a 
right  angle,  then  double  thefe  angles  orGCB  and  ECB  will  differ  equally 
from  a  whole  right  angle ;  therefore  the  fines  of  thefe  double  angles,  or  GH 
and  ED,  will  be  equal,  and  confequently  four  times  GH  and  four  times 
ED,  or  the  randoms  of  the  projectiles  thrown  at  thefe  two  different  ele¬ 
vations,  will  be  the  fame. 

150.  When  the  velocity  of  a  projeffile  is  given ,  its  greatefl  random  is  double 
the  height ,  to  which  it  would  rife ,  if  it  was  to  be  thrown  perpendi¬ 
cularly  upwards  with  the  fame  velocity . 

The  greatefl;  random  of  a  projedile  is,  when  it  is  thrown  at  the  ele¬ 
vation  of  45  degrees,  or  when  its  diredion  makes  half  a  right  angle  with 
the  horizon.  This  random,  when  the  velocity  is  given,  is,  by  propoii- 
tion  148,  equal  to  four  femidiameters  of  a  circle  whofe  diameter  is  the 
height  from  whence  a  heavy  body  mufl  have  fallen  to  acquire  the  velo¬ 
city  of  projedion.  But  if  the  body  was  to  be  thrown  perpendicularly  up¬ 
wards  with  this  velocity,  the  height,  to  which  it  would  afcend  being,  by 
propofition  115,  the  fame  that  it  muff  have  fallen  from  to  acquire  this 
velocity,  would  only  be  equal  to  the  diameter  of  fuch  a  circle.  There¬ 
fore  the  greatefl  random,  or  four  femidiameters,  is  double  this  perpendi¬ 
cular  height. 

_  If  a  bullet  was  to  be  fhot  in  the  diredion  BF,  Plat.VL  fig.  8.  making 
half  a  right  angle  with  the  horizontal  plane  IBL,  or  from  a  gun  ele¬ 
vated  to  an  angle  of  45  degrees;  and,  if  the -bullets  velocity  was  equal  to 
what  a  heavy  body  would  acquire  in  falling  down  AB,  then,  by  propo¬ 
fition  148,  the  random  will  be  the  greatefl,  and  will  be  equal  to  four 
times  CF,  or  to  twice  BA.  But  if  the  bullet  had  been  fhot  perpendicularly 
upwards  with  the  fame  velocity,  then  the  height  to  which  it  would  have 
rileaw’ould,  by  propofition  115,  be  equal  to  BA.  Therefore,  when  the 
velocity  is  given,  the  greatefl  random  is  double  the  height  to  which  the 
fame  velocity  would  carry  a  body,  if  it  was  to  be  thrown  perpendicular¬ 
ly.  The  reader  will  not  want  to  be  put  in  mind,  that  when,  by  pro¬ 
pofition  1 1 7,  we  have  determined  to  what  height  a  gun  will  carry,  it 
will  be  eafy  to  determine  the  guns  greatefl  random  from  this  propofition, 
when  the  charge  of  powder  and  the  weight  of  ball  is  the  fame. 

1 5 1 .  dfhe  randoms  of  proje5lilesi  whofe  elevation  is  given ,  are  as  the  fquares 
of  their  velocities . 

■  By  propofition  147,  if  a  body  is  thrown  in  any  given  direction,  as  fup- 
pofe  in  the  diredion  BE,  its  random  will  be  equal  to  four  times  DE,  or  to 

S  four 
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four  times  the  fine  of  double  the  angle  of  elevation.  But  then  we  mud: 
remember  that  DE  is  always  to  be  the  line  of  double  the  angle  of  elevation  in 
a  circle  whofe  diameterAB  is  the  height  from  whence  a  heavy  body  muft 
fall  to  acquire  the  velocity  of  projedion.  And  fince,  where  we  are  com¬ 
paring  the  randoms  of  projediles  which  are  thrown  with  different  ve¬ 
locities,  we  conlider  the  velocity  as  a  variable  quantity,  greater  in  fome 
bodies  than  in  others ;  confequently  the  height  AB  from  whence 
a  heavy  body  mu  ft  have  fallen  to  acquire  the  velocity  of  projection  mult 
likewife  be  confidered  as  a  variable  quantity.  For  a  body  muft  fall  from 
a  greater  height  to  acquire  a  great  velocity,  than  it  need  fall  from  to  ac¬ 
quire  a  fmall  one.  But  if  AB  was  variable,  if  it  was  either  longer  than 
in  the  figure,  or  fhorter,  then  DE  would  vary  in  the  fame  propor¬ 
tion,  or  DE  is  diredly  as  AB,  longer  as  AB  is  longer,  and  fhorter 
as  AB  is  fhorter.  For  in  the  triangle  ECD  the  angle  at  D  is  invariable,, 
whether  AB  increafes  or  decreafes :  becaufe,  as  the  angle  of  elevation  or 
EBI  is  fuppofed  to  be  given,  ECD  which  is  double  the  angle  of  elevation 
muft  be  given  too.  And  DE  by  the  conftrudion  is  perpendicular  to  AB, 
becaufe  it  is  the  fine  of  ECD,  for  which  reafon  the  angle  EDC  in  the 
fame  triangle  is  likewife  given,  for  it  is  always  a  right  one.  And  confe¬ 
quently,  fince  the  three  angles  of  every  triangle  are  only  equal  to  two 
right  ones,  the  third  angle  or  CED  is  given.  Euc.  b.  I.  prop.  32.  corol.  2 * 
From  hence  it  follows,  that  in  all  ftates  of  AB,  whether  it  is  longer  or 
fhorter,  the  triangle  ECD  is  always  equiangular  and  fimilar  to  itfclfr 
therefore  its  fides  are  always  in  the  fame  proportion  to  each  other/ or  ED 
varyes  in  the  fame  proportion  with  E  C,  that  is,  ED  is  diredly  as  EC. 
Euc.  b.VI.  prop.  4.  But  EC  is  a  femidiameter  of  the  circle,  whofe  dia¬ 
meter  AB  is  the  height  from  whence  a  heavy  body  muft  fall  to  acquire 
the  velocity  of  projedion  ;  and  the  femidiameter  varyes  in  the  fame  pro¬ 
portion  as  the  diameter,  or  EC  is  direCtly  as  AB.  Now  fince  ED  is  di¬ 
reCtly  as  EC,  and  EC  is  direCtly  as  AB,  ED  or  the  fine  of  a  given  angle 
muft  be  direCtly  as  AB  the  diameter.  But  four  times  the  fine  is  direCt¬ 
ly  as  the  fine  itfelf  j  that  is,  the  random  at  the  given  elevation  being  equal 
to  four  times  ED  is  greater  as  ED  is  greater  or  lefs  as  ED  is  lefs.  And 
ED  is  direCtly  as  AB,  therefore  the  random  at  the  given  elevation  will 
be  directly  as  AB,  or  direCtly  as  the  height  from  whence  a  heavy  body 
muft  fall  to  acquire  the  velocity  of  projection.  But,  by  proposition  106, 
the  height  from  whence  a  heavy  body  muft  fall  to  acquire  the  velocity 
of  projection,  whatever  it  is,  will  be  as  the  fquare  of  that  velocity.  There¬ 
fore  the  random  of  a  given  elevation  will  likewife  be  as  the  fquare  of  that 
velocity.  Thus  if  two  balls  were  fiiot  at  the  fame  elevation  but  with 
different  velocities,  and  thefe  velocities  were  to  each  other  as  2  to  3, 
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the  randoms  would  be  in  the  proportion  of  the  fquares  of  2  and  3,  or 
of  4  and  9  :  fo  that  if  one  of  the  balls  was  to  alight  at  the  diftance  of 
400  feet  the  other  would  fly  500  feet  farther  ;  that  is,  it  would  not  alight 
till  it  came  to  the  diftance  of  900  feet  from  the  place  where  it  wTas  dif- 
charged. 

CHAP.  XII. 

Of  central  forces. 

152.  A  body,  which  is  conjlantly  drawn  or  impelled  towards  any  point ,  may 
be  made  to  defcribe  round  that  point  as  a  center  a  curve  returning  into 
itfelf if  the  body  is  thrown  in  a  line  that  does  not  pafs  through  the. 
center . 

IF  T,  Plat.V.  fig.  9.  is  the  earths  center  and  ADEI  its  furface;  the 
force  of  gravity  will  conftantly  draw  or  impell  any  heavy  body  to¬ 
wards  the  point  T.  And  if  fuch  a  body  is  thrown  in  any  direction  as 
GH,  which  does  not  pafs  through  the  point  T,  it  may  defcribe  round  T 
as  a  center  the  curve  GKMF  which  returns  into  itfelf ;  that  is,  after  its 
firft  projection  from  G  in  the  line  GH  it  may  continue  to  revolve  round 
T  in  the  orbit  GKMF.  If  a  ball  was  let  fall  from  G  it  would  drop  down- 
right  to  A :  but  if  it  was  {hot  from  a  cannon  in  the  direction  GH,  the 
projectile  force  and  the  force  of  gravity  together  would  make  it  defcribe 
a  curve  GB,  by  prop.  143.  144.  If  the  projectile  force  was  to  be  en- 
creafed  it  would  make  the  ball  defcribe  the  curve  GC,  and  if  it  was  {till 
farther  encreafed  the  ball  would  defcribe  the  curve  GD.  For  the  greater 
the  force  is  with  which  the  ball  is  {hot,  the  greater  muft  neceflarily  be 
the  diftance  to  which  it  will  fly,  before  it  falls  to  the  earths  furface.  It 
is  therefore  poflible  to  imagine  a  heavy  body  to  be  thrown  with  a  force 
great  enough  to  carry  it  half  round  the  earth,  as  far  as  M,  without  fuf- 
fering  it  to  fall  to  the  furface.  But  if  the  body  has  not  fallen  to  the  fur- 
face  in  going  half  round,  it  can  never  fall  thither  at  all.  For  fuppofe  it 
to  have  been  conftantly  approaching  the  earth,  fo  as  to  be  nearer  to  the 
center,  when  it  is  at  M,  than  when  it  was  at  G :  then  the  body  in  its 
defeent,  for  io  its  motion  from  G  to  M  may  be  called,  muft  have  acqui¬ 
red  velocity,  and  confequently  will  be  moving  fafter  when  it  is  at  M, 
than  it  moved  at  firft,  when  it  was  thrown  from  G.  But  the  velocity 
which  it  had  at  G  was  fo  great  as  not  to  fuffer  it  to  fall  to  the  furface 
in  going  half  round  the  earth.  Therefore  certainly  the  velocity,  which 
it  has  at  M,  will  be  fufficient  to  carry  it  the  other  half  round,  and  will 
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make  it  complete  its  orbit.  As  it  fell  or  approached  the  center  T  in  the 
curve  GKM,  fo  it  will  rife  or  depart  from  the  center  in  the  fimilar 
curve  MFG.  And  fince  the  velocity,  which  the  body  muft  lofe  in  riling 
from  M  to  G,  muft:  neceffarily  be  the  fame  that  it  acquired  in  falling 
from  G  toM;  its  velocity  upon  the  whole,  when  it  returns  to  G,  will  be 
the  fame  that  it  had,  when  it  firft  fet  out  from  thence.  And  consequent¬ 
ly  this  fame  velocity  will  produce  the  fame  effedt  as  before,  that  is,  it  will 
make  the  body  defcribe  the  orbit  GKMF  a  fecond  time.  And  as  the  ve¬ 
locity,  when  it  returns  to  G,  will  always  be  the  fame,  it  will  continue 
to  revolve  always  in  the  fame  orbit  GKMF  round  the  center  T. 

To  make  the  cafe  we  have  been  defcribing  a  little  more  intelligible,  and 
to  fhew  the  reafon  why  the  body,  when  it  has  kept  approaching  to  the 
center,  whilft  it  moved  from  G  to  M,  fhould  afterwards  depart  from 
it  and  rife  from  M  to  G  j  it  will  be  neceffary  to  confider  another  cafe  of 
a  body  projected  or  thrown  in  like  mannfer  from  G,  but  with  a  greater 
velocity  than  was  fuppofed  in  the  former  cafe. 

-  When  the  body  is  thrown  in  the  line  GH,  the  projedtile  force,  which 
adts  in  that  direction,  carryes  the  body  farther  from  the  center  T ;  and 
the  force  of  gravity  impells  it  towards  the  center.  Now  if  the  force, 
with  which  the  body  is  carryed  from  the  center  in  the  line  GH,  is  exadtly 
equal  to  that,  with  which  it  is  impelled  towards  it  3  the  body  muft  al- 
'  ways  keep  at  the  fame  diftance  from  the  tenter,  and  the  curve  that  it  de- 
fcribes  muft  be  a  circle.  And  fince,  when  the  body  has  performed  half 
a  revolution  and  is  arrived  at  N  in  the  circle  GN,  it  is  neither  nearer  to  the 
center  T  nor  farther  from  it  than  it  was,  when  it  firft  fet  out  from  G, 
it  cannot  in  its  motion  from  G  to  N  have  either  acquired  any  velocity  or 
loft  any  3  and  confequently  it  will  go  on  from  N  in  the  fame  manner  as  at 
firft  fromG,  and  will  defcribe  the  other  femicircle,  ftill  keeping  as  before  at 
the  fame  diftance  from  the  center  T.  But  if,  when  the  body  arrived  at 
N,  the  velocity  of  it  had  been  greater  than  when  it  firft  fet  out,  that  is* 
if  the  projedtile  force  in  the  line  NR  after  half  a  revolution  was  greater 
than  in  the  line  GH  at  firft  5  then  it  is  evident  that  as  the  body  moved 
from  N  it  would  have  been  conftantly  carryed  off  farther  from  the  cen¬ 
ter,  fo  that  the  diftance  NT  would  have  kept  encreafing  as  the  body  mo¬ 
ved  on. 

Now  this  is  the  cafe,  when  the  body  performs  the  firft  half  of  its  re¬ 
volution  in  the  curve  GKM.  For  the  velocity  at  M,  after  half  a  revolu¬ 
tion,  is  greater  than  it  was  at  firft,  when  the  body  began  to  move  from 
G.  Therefore  as  the  body  moves  on  from  M,  the  diftance  TM  will  keep 
encreafing.  And  fince  the  body  in  its  afcent  from  the  center  lofes  velo- 
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city  in  the  fame  manner  and  by  the  fame  degrees  that  it  acquired  velo¬ 
city  in  its  defcent  the  curve  MFG,  in  which  it  rifes,  will  be  fimilar  and 
equal  to  the  curve  GKM,  in  which  it  fell.  This  may  perhaps  be  more 
evident,  if  we  confider  how  the  body  would  move  from  M,  fuppofing 
that  when  it  comes  thither,  any  force  fhould,  without  altering  its  velo¬ 
city,  change  the  diredion  of  its  motion,  and  make  it  move  back  again. 
Upon  this  fuppofition  there  can  be  no  doubt,  but  it  would  return  to  the 
point  G  in  the  fame  curve  MKG,  in  which  it  had  before  defcended  to 
M.  Now  in  order  to  turn  the  body  back  again,  no  alteration  is  made 
in  the  force  which  impells  it  to  the  center  T :  for  this  force  ads  in  the 
fame  manner  and  in  a  line  drawn  from  the  body  to  T  which  way  foever 
the  body  is  moving.  The  only  alteration,  that  is  made,  is  in  the  direction 
of  the  projedile  force.  Thus,  when  the  body  is  at  M,  it  is  impelled 
towards  the  center  T,  and  is  carrved  on  at  the  fame  time  by  the  projedile 
force  in  the  diredion  ML.  Juft*  as,  when  it  was  G  it  was  impelled  to¬ 
wards  the  feme  center,  and  was  carryed  on  by  the  projedile  force  in  the 
line  GH.  But  if,  when  the  body  is  at  M,  the  projedile  force  ads  in  the 
diredion  ML,  aiid  to  turn  it  back  again  nothing  need  be  altered  but  the 
diredion  of  the  projedile  force  ;  then  it  is  evident  that,  when  the  body 
is  arrived  at  M,  and  is  moving  by  the  projedile  force  in  the  line  ML,  if 
by  any  means  it  is  made  to  move  in  the  contrary  diredion  MP  with  the 
fame  velocity,  this  alteration  together  with  the  conftant  adion  of  the 
force,  that  impells  it  towards  T,  will  turn  it  back  again  in  the  curve 
MKG  which  it  had  defcribed  before.  Now  if  a  projedile  force  in  the  di¬ 
redion  MP  can  make  the  body  defcribe  the  curve  MKG,  then  an  equal 
force  in  the  diredion  ML  will  make  it  defcribe  a  limilar  and  equal  curve 
MFG.  But  when  the  body,  after  defeending  in  the  curve  GKM,  arrives 
at  the  point  M  5  its  projedile  velocity  in  the  diredion  ML  is  the  feme  as 
the  velocity,  with  which  we  fuppofed  it  to  be  thrown  back  in  the  di¬ 
redion  MP.  Therefore  when  the  body  has  defcended  in  the  curve  GKM, 
it  will  go  on  to  move  in  the  curve  MFG,  and  will  return  to  the  point 
from  whence  it  fet  out. 

We  may  now  confider  the  third  cafe  of  a  heavy  body  thrown  from 
G  and  impelled  conftantly  towards  the  center  T.  We  have  feen  already 
that  a  certain  projedile  velocity  would  make  the  body  revolve  in  the 
curve  GKMF ;  in  which  cafe  it  conftantly  approaches  the  center,  till 
it  arrives  at  M,  and  conftantly  departs  from  it,  after  it  leaves  M,  till  it 
arrives  at  G.  Therefore  in  the  orbit  GKMF,  the  point  M  is  neareft  of 
all  to  the  center  T,  and  the  point  G,  from  whence  we  fuppofed  the  body 
to  fet  out,  is  fartheft  of  all  from  that  center,  We  have  feen  like  wife  that 
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a  greater  projectile  velocity  would  make  the  body  revolve  in  the  circle 
GN ;  all  the  parts  of  which  are  at  the  fame  diftance  from  the  center  T. 
And  from  hence  it  is  obvious*  in  the  third  place,  that  a  projectile  veloci  - 
ty  ftill  greater  would  make  the  body  begin  to  depart  from  the  center  T 
at  its  firft  fetting  out ;  and  might  make  it  defcribe  the  curve  GO.  For 
as  the  body  departs  from  the  center  its  velocity  will  conftantly  decreafe  5 
becaufe  the  force*  which  impells  it  to  the  center,  a<fts  in  a  direction  con¬ 
trary  to  the  bodys  motion  and  therefore  mud  retard  it.  When  the  body 
has  afcended  in  the  curve  GO ;  and  the  force,  which  impells  it  towards 
T,  aCts  again  at  right  angles  to  the  projectile  force  in  the  line  CX/,  as  it 
did  in  the  line  GH,  when  the  body  was  firft  thrown  from  G,  then  the 
body  will  begin  to  defcend  towards  the  center  T  in  a  curve  OG  limilar 
and  equal  to  GO  the  curve  in  which  it  afcended  from  thence  j  fo  that 
this  third  cafe  is  like  the  firft,  with  this  difference  only,  that  in  the  firft 
cafe  the  point  G,  from  whence  the  body  fets  out,  is  farthed  of  all  from 
the  center  T,  whereas  in  this  third  cafe  the  point  G  is  neared  of  all  to 
to  that  center. 

The  curve  GKMF,  as  alfo  the  other  curve  GO,  is  an  ellipfis.  Such  a 
curve  is  drawn  upon  two  centers  as  a  circle  is  upon  one.  The  manner 
of  drawing  it  is  this.  Plat.V.  fig.  10.  A  dring  F df  which  is  longer  than 
being  fadened  to  two  pins  at  F  and/’  is  kept  dretched  by  a  pen  di 
and  as  this  pen  is  moved  round  the  two  points  F /,  in  fuch  a  manner 
as  to  return  to  the  place,  from  whence  it  fets  out,  it  will  defcribe  the 
elipfis  mb?ib.  The  two  points  F  and  f  are  called  the  focufes.  A  line 
mn  drawn  through  the  focufes  F  and  f  is  called  the  longer  axis  of  the 
ellipfis.  The  point  c  which  divides  the  longer  axis  into  two  equal  parts, 
is  called  the  center  of  the  ellipfis.  And  a  line  bcby  drawn  through  this 
center  perpendicular  to  the  principal  or  longer  axis,  is  called  the  fhorter 
axis. 

Plat.Vl.  fig.  1.  Let  S  be  the  earth,  and  let  any  heavy  body,  the  gra¬ 
vity  of  which  impells  it  condantly  towards  the  earth,  be  thrown  at  A 
in  the  direction  At.  Then  if  the  force,  with  which  the  body  is  thrown, 
is  to  the  force,  which  impells  it  towards  the  earth,  as  A /is  to  AM  5  that 
is,  if  in  the  fame  time  that  one  force  would  carry  the  body  along  A  /, 
the  other  would  make  it  defcend  through  AM  ;  the  body  by  both  for¬ 
ces  together  will  defcribe  the  diagonal  AB  of  a  parallelogram  whofe  fides 
are  A  /  and  AM,  by  propofition  16.  Now  this  diagonal  is  a  part  of  the 
ellipfis  ADPG,  one  of  whofe  focufes  is  S,  where  the  earth  is  fuppofed  to 
be,  and  the  other  is  s .  Therefore  if  the  moon  gravitates  towards  the 
earth  and  was  thrown  in  the  direction  A/,  or  was  moving,  according 
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to  the  firft  law  of  motion,  in  the  right  line  A  /,  it  would  by  this  force 
and  the  force  of  gravity  together  be  made  to  fet  out  in  an  ellipfis  with  the 
earth  in  one  of  its  focufes :  and  at  the  point  A  from  whence  it  is  thrown 
it  would  be  at  its  greateft:  diftance  from  the  earth.  This  is  the  firft:  of 
the  three  cafes,  before  explaned. 

If  the  heavy  body  was  to  be  thrown  with  a  greater  force,  fuch  an  one 
as  fhould  be  to  the  force,  that  impells  it  to  the  center  S,  as  Ar  to  AM ; 
then  Ar  and  AM  will  be  the  fides  of  the  parallelogram,  and  A  m  will  be 
the  diagonal  in  which  the  body  will  begin  to  move.  Now  A  m  is  a  part 
of  a  circle,  which  has  S  for  its  center.  Therefore,  if  a  certain  degree  of 
velocity  would  make  the  heavy  body  fet  out  from  A  to  move  in  fuch  an 
ellipfis  that  A  fhould  be  the  greateft:  diftance  from  the  point  S  towards 
which  it  is  impelled ;  a  greater  degree  of  velocity  might  make  it  fet  out 
to  move  in  a  circle  having  S  for  its  center,  and  to  revolve  round  S  keep¬ 
ing  always  at  the  fame  diftance  from  it.  This  is  the  fecond  of  the  three 
cafes  before  explaned. 

A  ftill  greater  force,  one  for  inftance,  that  is  to  the  force  which  impells 
the  body  to  the  point  S,  as  A  t  to  AM,  would  make  it  defcribe  the  diagonal 
An ,  and  this  An  is  part  of  fuch  an  ellipfis  as  has  S  for  one  of  its  focufes,  and 
AS  for  the  lead:  diftance  of  the  revolving  body  from  the  point  S,  towards 
which  it  is  impelled.  This  is  the  laft  of  the  three  cafes  before  explaned. 

The  firft  of  thefe  cafes  may  eafily  be  reduced  to  the  laft  by  only  fup- 
pofing  the  body  to  be  thrown  originally  from  P  inftead  of  A,  in  the  di¬ 
rection  P />,  and  with  the  fame  velocity  that  it  will  acquire  in  moving 
from  A  to  P,  that  is,  with  a  velocity  too  great  to  fuffer  it  to  keep  al¬ 
ways  at  the  fame  diftance  from  S,  or  too  great  to  make  it  defcribe  a  circle 
round  S  having  PS  for  its  femidiameter. 

We  may  now  anfwer  fome  queftions,  which  are  ufually  afked  in  rela¬ 
tion  to  a  body  that  is  made  to  defcribe  an  ellipfis  by  the  adtion  of  two 
forces,  one  of  which  is  a  projedtile  force,  that  adts  in  a  tangent  to  the 
orbit,  as  in  the  line  A  /,  when  the  body  is  at  A,  in  the  line  D  dy  when 
it  is  atD,  in  the  line  P p  when  at  P,  and  in  the  line  F f3  when  at  F  5  and 
the  other  force  impells  the  revolving  body,  not  towards  the  center  of 
the  ellipfis,  but  towards  S  one  of  its  focufes.  When  the  body  is  at  A  or 
at  the  greateft  diftance  from  S  the  two  forces  adt  at  right  angles  to  each 
other,  one  in  the  line  A  t,  the  other  in  the  line  AS.  They  a<ft  like  wile 
at  right  angles  again,  when  the  body  is  at  P,  or  at  the  leaft  diftance  from 
S.  Now,  if  a  body  revolves  in  a  circle,  the  projedtile  force,  which  aCts 
in  the  tangent,  is  always  in  every  part  of  the  circle  at  right  angles  to 
the  other  force,  which  impells  the  revolving  body  towards  the  center  of 
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the  circle,  as  is  obvious  from  a  bare  infpection  of  Plat.  VI.  fig.  2.  where 
BG  the  tangent  or  direction  of  the  projectile  force  when  the  body  is  at 
Bis  perpendicular  to  BA,  or  to  the  direction  in  which  it  is  impelled  towards 
the  center  A.  So  likewife  CF  is  perpendicular  to  CA,  DH  to  DA,  and 
LK  to  LA  :  and  univerfaily  the  tangent  is  always  perpendicular  to  a  line 
drawn  from  the  point  of  contaCt  to  the  center.  Euc.  b.  III.  prop.  1 8. 
Therefore,  fince  this  is  the  direction  of  the  two  forces  in  refpeCt  of  each 
other,  when  the  revolving  body  defcribes  a  circle;  it  may  be  asked, 
why  the  body  fetting  out  from  A,  Plat.  VI.  fig.  1.  in  the  line  A  t  per¬ 
pendicular  to  AS  does  not  move  in  a  circle  having  S  in  its  center,  and  AS 
for  its  femidiameter,  rather  than  in  an  ellipfis  having  S  in  its  focus.  Or 
why,  when  it  is  come  to  P,  where  the  two  forces  are  perpendicular  a- 
gajn,  does  not  it  go  on  to  move  in  a  circle  having  PS  for  its  femidiame¬ 
ter.  The  reader  is,  I  imagine,  by  this  time  able  to  tell  any  one  who  fhould 
make  fuch  an  enquiry,  that  the  revolving  bodys  velocity  at  A  is  too  fmall 
to  make  it  defcribe  a  circle  having  AS  for  its  femidiameter,  and  at  P  is 
too  great  to  make  it  defcribe  a  circle  having  PS  for  its  femidiameter.  The 
force,  with  which  the  body,  when  it  is  at  A,  moves  in  the  tangent  A t% 
is  fo  fmall,  that  the  other  force,  which  impells  it  towards  S,  will  make 
it  approach  nearer  to  S  than  it  is  at  A,  or  the  diftance  of  it  from  S  will 
keep  decreafing  as  the  body  moves  on.  Till  at  laid  it  arrives  at  P  where 
the  two  forces  are  perpendicular  again.  But  then,  as  in  cafe  the  third, 
the  velocity  is  fo  great  in  the  tangent  P  />,  that  the  force,  which  impells 
the  body  towards  S,  will  not  be  fufficient  to  prevent  its  running  out  to 
a  greater  diftance  from  S  than  PS,  fo  that  its  diftance  from  S,  will,  as  it 
goes  on  from  P,  keep  conlhantly  encreafing  in  the  fame  manner  that  it 
decreafed  before,  and  the  body  will  return  from  P  to  A  in  a  curve  PGA 
equal  and  fimilar  to  the  curve  ADP,  in  which  it  defcended  from  A  toP. 

But  fince  the  velocity  of  the  revolving  body  is  too  fmall,  when  at  A, 
aad  too  great,  when  at  P,  to  make  it  defcribe  a  circle  round  S ;  it  may¬ 
be  farther  afked,  whether,  in  fome  intermediate  part  of  the  orbit  between 
A  and  P,  the  velocity  is  not  fuch  as  would  make  it  defcribe  a  circle;  and 
if  there  is  fuch  a  velocity,  why  does  not  the  body,  when  it  has  that 
velocity  go  on  to  defcribe  a  circle  for  the  future  ?  There  may,  and  in¬ 
deed  will  be,  fuch  a  velocity  of  the  revolving  body,  in  fome  point  of 
its  orbit,  whilft  it  is  moving  from  A  to  P.  And  fuppofe  the  body  to  be 
at  the  point  D,  when  it  has  this  velocity.  Then  the  queftion  is,  why  it 
does  not  go  on  from  the  point  D  to  defcribe  a  circle  round  S  at  the  di- 
dance  DS  ? 

Now  it  mud  be  oblerved,  in  anfwer  to  this,  that  when  the  revolving 
body  is  at  D,  the  projectile  force  aCts  in  the  line  D  d3  which  is  a  tangent 

to 
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to  the  orbit  at  the  point  D  :  for  if  the  force,  which  impells  the  body  to¬ 
wards  the  center,  was  to  ceafe  adting,  when  it  is  at  that  point,  it  would 
then  be  adted  upon  by  the  projectile  force  only,  and  would,  by  the  firft 
law  of  motion,  run  out  in  a  right  line  D  d.  But  fince  that  force  does  not 
ceafe  to  adt,  the  body,  when  it  is  at  the  point  D,  will  be  adted  upon  by 
both  the  forces,  by  one  of  them  in  the  direction  D d,  and  by  the  other  in 
the  direction  DS.  Thefe  two  lines  D d  andDS  make  an  acute  angle  with 
each  other,  and  confequently  the  direction  of  the  two  forces  is  not  fuch 
as  it  ought  to  be  in  order  to  make  the  body  defcribe  a  circle :  for  when 
a  body  revolves  in  a  circle,  the  projeCtile  force  and  the  force,  which  im- 
pelis  it  towards  the  center,  aCt  at  right  angles  to  each  other  j  as  was  juft 
now  obferved.) 

When  the  body  by  the  projeCtile  force  is  moving  in  the  line  Dd,  and 
the  force,  which  impells  it  to  the  center,  aCts  at  an  acute  angle  in  the  line 
DS,  this  latter  force  does  in  fome  fort  confpire  with  the  bodys  motion, 
and  confequently  will  accelerate  it.  For  this  reafon,  though  the. veloci¬ 
ty  of  the  body,  when  at  !D,  was  fuch  as  would  make  it  defcribe  a  circle 
round  S  at  the  diftance  DS,  if  the  two  forces  had  adted  at  right  angles 
to  each  other ;  yet  as  they  adt  obliquely  to  each  other,  this  velocity  will 
immediately  be  changed,  and  the  body  will  go  on  to  defcribe  an  ellipfis. 
In  like  manner,  when  the  body  is  afcending  from  P  towards  A,  fup- 
pofe  the  velocity  of  it  at  G  Ihould  be  fuch  as  would  make  it  defcribe  a 
circle  round  S  at  the  diftance  GS,  if  the  two  forces  adted  at  right  angles 
to  each  other;  yet  as  the  projedtile  force  adts  in  the  line  Gg,  and  the. 
force,  which  impells  it  towards  the  center,  adts  in  the  line  GS  at  an  obtufe 
angle  to  G^,  this  latter  force  does  in  fome  meafure  oppofe  the  bodys 
motion  and  confequently  retards  it :  for  which  reafon  the  velocity,  that 
would  have  made  it  move  in  a  circle,  if  the  two  forces  had  a  died  at  right 
angles,  is  by  their  adting  at  an  obtufe  angle  immediately  altered,  and  the 
body  goes  on  to  defcribe  an  ellipfis. 

A  ftone  whirled  round  in  a  fling  defcribes  a  circle ;  and  fo  do  moft 
bodies  that  are  made  by  artificial  motions  to  defcribe  curves  returning 
into  themfelves.  And  as  we  are  moft:  ufed  to  this  fort  of  orbit,  and  fcarce 
ever  faw  a  body  defcribe  an  ellipfis ;  we  are  apt  to  think  a  motion  in  an 
ellipfis  lefs  natural  than  the  other,  and  to  make  the  enquiryes  that  have 
juft  now  been  explaned.  For,  if  it  was  not  on  account  of  this  prejudice, 
we  might  as  well  afk  why  a  body,  when  it  is  moving  in  a  circle,  does 
not  change  the  form  of  its  orbit,  and  move  in  an  ellipfis,  as  why  a  body, 
when  it  is  moving  in  an  ellipfis,  does  not  change  the  form  of  its  orbit, 
and  move  in  a  circle. 
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We  may  explane  the  motion  of  a  body  in  an  elliptical  orbit,  when 
it  is  impelled  towards  one  of  the  focufes,  in  another  manner,  fo  as  to 
give  the  reader  a  farther  notion  of  the  reafon  why  fuch  a  body,  after  it  has 
approached  the  focus  towards  which  it  is  impelled,  whilft  it  is  moving 
from  A,  Plat.  VI.  fig.  i.  to  P  in  the  line  ADP,  fhould  again  depart  from 
that  focus,  notwithftanding  the  fame  force  continues  to  impell  it  thither3, 
and  fhould  go  round  from  P  to  A  in  the  line  PGA. 

If  the  body,  inftead  of  being  thrown  from  A  at  firft  in  the  direction 
A/,  had  received,  when  it  was  at  A,  no  impulfe  at  all  from  any  pro- 
jedtile  force,  but  had  only  been  impelled  towards  the  center  S,  or 
which  amounts  to  the  fame  thing  had  been  let  fall  from  A,  it  would 
have  defcended  diredtly  to  S,  in  the  line  AS.  But  if  it  is  thrown  in  the  line. 
Alrt  which  makes  a  right  angle  with  AS,  or  is  impelled  in  that  direc¬ 
tion  by  any  projedtile  force,  at  the  fame  time  that  the  other  force 
impells  it  towards  S,.  thefe  two  forces  by  their  joynt  adtion  will  make  the 
body  defcribe  a  curve.  One  impulfe- in  the  line  Alrt  will  be  fufficient : 
for,  by  the  firft  law  of  motion,  a  body  once  put  in  motion  will  always 
continue  to  move  on  uniformly  in  the  fame  direction,  if  no  other  caufe- 
prevents  it.  Now  the  force,  which  conftantly  impells  the  body  to¬ 
wards  S,  is  fuch  a  caufe  as  muft  change  its  direction,  and  may  pre¬ 
vent  it  from  moving  uniformly.  That  this  force  .will  neceftarily 
change  the  bodys  diredtion,  is  evident  after  what  has  been  fhewn  iiii 
propofition  1 6.  For  when  the  body  is  thus  adted  upon  by  two  for¬ 
ces,  inftead  of  moving  in  the  diredtion  of  either  of  them,  it  will  defcribe 
the  diagonal  of  a  parallelogram,  whofe  two  fides  will  lie  in  the  diredtiom 
of  thefe  two  forces.  And  confequently  the  diagonal,  which  the  body  de- 
fcribes  cannot  lie  in  the  fame  diredtion  in  which  the  projedtile  force 
acted  at  firft.  Thus  if  AB  is  the  diagonal,  and  A  /  and  AM  the  two 
fides,  the  body  acted  upon  by  two  forces  in  the  diredtions  A/  and  AM, 
will  move  in  neither  of  thefe  two  diredtions,  but  in  the  diredtion  of  the 
diagonal  AB.  If  the  force  which  urges  the  body  towards  S  was  to  ceafe: 
adting,  when  the  body  arrives  at  B,  there  is  no  occafion  for  any  new  im¬ 
pulfe  of  the  projedtile  force  to  carry  it  on  ftrait  forwards  from  B  in  the 
line  B  <£,  for  a  body  once  in  motion  will,  by  the  firft  law  of  motion,  con¬ 
tinue  to  move  on  in  the  fame  right  line,  unlefs  fome  external  caufe  pre¬ 
vents  it.  But,  inftead  of  running  out  in  the  tangent  B b,  it  is  made  by 
this  projedtile  force  and  the  other  force  together  to  defcribe  the  diagonal  of 
a  parallelogram,  one  of  whofe  fides  is  in  the  diredtion  B b  in  which  the 
projedtile  force  adts  when  the  body  is  at  B,  and  the  other  is  in  the  diredtion: 
BSa  in  which  the  body  is  at  the  fame  time  impelled  towards  S.  By  the 

joynt 
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joynt  aCtion  of  thefe  two  forces  the  body  is  made  to  revolve  round  S  in 
the  curve  ADPG. 

Here  we  are  to  obferve  that  the  angle  /  AS  which  is  contained  be¬ 
tween  the  line  A  /  in  which  the  projectile  force  aCts,  and  the  line  AS,  in 
which  it  is  urged  towards  S,  is  a  right  angle,  when  the  body  is  at  A. 
And  fince  A  /  is  a  tangent,  and  fince,  if  the  body  moves  in  a  circle,  and 
is  impelled  towards  the  center  of  its  circular  orbit,  AS  would  be  a 
femidiameter  of  that  circle,  it  follows  that  thefe  two  forces  will  always 
aCt  at  right  angles  to  each  other  in  every  part  of  fuch  an  orbit.  Be- 
caufe  a  tangent  to  any  point  in  a  circle  is  always  perpendicular  to  a 
femidiameter  drawn  from  the  center  to  that  point.  Euc.  b.  III.  prop.  18. 
We  have  already  feen  that  if  the  body,  when  it  is  at  A,  was  to  be 
thrown  with  a  force  which  is  to  the  centripetal  force  as  A  /  to  AM, 
the  diagonal  of  the  parallelogram,  which  the  joynt  aCtion  of  thefe  two 
forces  would  make  the  body  defcribe,  is  AB,  or  a  part  of  the  elliplis 
ADPG.  But  if  the  projectile  force  is  to  the  centripetal  one  as  Ar  to 
AM,  then  the  diagonal  will  be  A  m,  which  is  part  of  a  circle  having 
AS  for  its  femidiameter.  From  hence  then  we  may  conclude  that  when 
the  body  lets  out  from  A  the  projectile  force,  which  could  make  it  de¬ 
fcribe  a  circle,  mull  be  greater  than  that  which  makes  it  defcribe  the  el- 
Tipfis  ADPG.  For  the  former  is  to  the  latter  as  A r  to  A/.  Now  if  the 
Body  had  not  been  thrown  at  all  from  A,  but,  inftead  of  being  put  in 
motion  in  the  direction  A/,  had  been  fuffered  to  fall  towards  S,  by  the 
aCtion  of  the  centripetal  force  only  it  would,  as  we  have  obferved  before, 
defcend  in  the  line  AS.  And  if  this  line  AS  would  be  the  direction  of 
the  bodys  motion,  fuppofing  it  not  to  have  been  aCted  upon  by  any  pro¬ 
jectile  force ;  it  follows  that  the  lefs  the  projectile  force  is,  the  nearer  will 
the  direction,  in  which  the  body  moves,  approach  to  AS.  But  fuch  a  pro¬ 
jectile  force  as  would  be  fufficient  to  make  the  body  defcribe  a  circle, 
would  keep  the  angle  at  A,  or  the  angle  made  by  the  projeCtilc  and  cen¬ 
tripetal  forces,  in  this  or  in  any  other  part  of  the  orbit,  always  a  right 
*>ne.  Therefore,  lince  with  a  lefs  projectile  force,  or  with  fuch  an  one 
-as  would  make  the  body  begin  to  revolve  in  the  elliplis  ADPG,  the  di¬ 
rection  of  the  bodys  motion  will  approach  nearer  to  AS,  it  follows  that 
as  the  body  goes  on  from  A  the  projectile  and  centripetal  forces  will  ap¬ 
proach  nearer  to  each  other,  that  is,  the  angle  made  by  thefe  two  for¬ 
ces  will  become  lefs  than  a  right  one,  as  it  is  at  B,  where  B  b  is  the  di¬ 
rection  of  the  body  as  it  moves  by  the  projectile  force  only,  and  BS  is 
fche  direction  of  the  centripetal  force,  and  the  angle  £BS  is  an  acute 
one,. 
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As  long  as  the  projectile  velocity,  or  the  velocity  with  which  the  body- 
would  run  off  in  a  tangent  to  its  orbit,  is  lefs  than  the  velocity  that  \9 
requifite  to  make  the  body  revolve  in  a  circle  round  S  ;  fo  long  the  di¬ 
rection  of  its  motion,-"  for  the  reafons  juft  now  explaned,  will  keep  ap¬ 
proaching  to  the  line  AS,  if  the  body  was  at  A,  or  to  BS,  if  it  was  atB, 
or  to  CS,  if  it  was  at  C.  That  is,  as  long  as  the  projectile  force  is  too 
fmall  to  make  the  body  move  in  a  circle,  the  dire&ion  of  the  projectile 
force  will  keep  approaching  to  the  direction  of  the  centripetal  force,  or 
the  angle  made  by  thefe  two  forces  will  keep  diminithing.  Thus  the 
angle  />BS  is  lefs  than  /AS.  And  cCS  is  lefs  than  £BS.  And  JDS  is  lefs 
than  cCS. 

But  fuppofe  the  body,  by  defending  from  A  to  D,  to  acquire  filch-  a 
velocity  as  would  be  fufficient  to  make  it  revolve  round  S  in  a  circle 
whofe  femidiameter  fhould  be  DS.  Then,  after  the  body  is  paffed  the 
point  D,  the  angle  contained  between  the  projeCtile  and  centripetal  for¬ 
ces  will  begin  to  encreafe.  So  that,  when  the  body  is  arrived  at  E,  the 
angle  e  ES  will  be  greater  than  JDS.  This  is  evident  from  what  has  been 
faid  before.  For  if  when  the  velocity  is  lefs  than  what  is  required  to  make 
the  body  revolve  in  a  circle,  the  direction  of  the  projeCtile  force  will  ap¬ 
proach  to  that  of  the  centripetal  force,  or  the  angle  made  by  thefe  two 
forces  will  conftantly  diminish,  it  follows,  that  when  the  velocity  is  greater 
than  what  is  required  to  make  it  revolve  in  a  circle,  the  direction  of  the 
bodys  motion  will  conftantly  depart  from  the  line  DS,  and  the  angle  made 
by  the  projeCtile  and  centripetal  forces  will  conftantly  encreafe,  as  the  bo¬ 
dy  moves  on  from  the  point  D. 

When  the  body  arrives  at  P,  and  this  angle  has  encreafed  to  SP p  and 
fo  is  become  a  right  one ;  the  body  is  then  at  its  leaft  diftance  from  S. 
And  as  it  was  eafy  to  underftand,  how  the  body,  when  thrown  from  A 
in  the  direction  A  /  at  right  angles  to  AS,  might  have  a  lefs  projeCtile. 
force  in  the  line  A  /  than  is  requiiite  to  keep  it  always  at  the  fame  di¬ 
ftance  AS  from  the  point  S,  and  might  upon  this  account  conftantly  ap¬ 
proach  to  the  point  S  in  the  curve  ADP.  So  it  feems  to  be  as  eafy  to  un¬ 
derhand,  that,  when  the  body  is  at  P,  and  the  projeCtile  force,  which  aCts 
in  the  line  P^>,  is  again  at  right  angles  to  the  centripetal  force,  which 
aCts  in  the  line  PS,  the  projeCtile  force  in  the  line  P/>,  or  the  velocityj 
with  which  the  body  is  then  moving  in  that  direction,  may  be  greater  than 
it  ought  to  be  for  the  body  to  continue  to  revolve  round  S  in  a  circle 
having  PS  for  its  femidiameter.  But  if  the  velocity  of  the  body  in  the 
line  Yp  is  fo  great  that  the  centripetal  force,  which  impells  it  towards 
Sy  is  not  fufftcient  to  keep  the  body  always  at  the  fame  diftance  from  it  j 
becaufe  the  body  by  its  projeCtile  force  is  more  carryed  oft*  from  the  cen¬ 
ter 
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term  the  line  P^  than  it  is  impelled  towards  it  in  the  line  PS 3  then- 
one  difficulty  about  a  bodys  moving  in  an  ellipfis,  whilft:  it  is  impelled 
towards  one  of  the  focufes,  is  quite  removed.  For  though  the  body  has 
kept  approaching  towards  S,  whilft  it  defcendcd  from  A  to  P,  yet  it  can¬ 
not  poffibly  approach  towards  it  any  longer :  fince  that  force,  which  is 
not  fufficient  to  keep  the  body  always  at  the  fame  diftance  PS  from  the 
point  S  and  to  make  it  defcribe  a  circle  round  that  point,  muft  certainly 
be  inefficient  to  bring  the  body  nearer  to  S,  or  to  make  it  approach  to¬ 
wards  S,  after  it  is  pafted'  P. 

This  may  be  a  little  farther  explaned,  if  we  go  on  with  confidering 
the  angle  made  by  the  projectile  and  centripetal  forces.  This  angle  is  the 
leaft  of  all  when  the  body  is  at  D,  and  keeps  encreafing  conftantly,  till 
it  becomes  a  right  one,  when  the  body  arrives  at  P.  The  reafon  of  its 
encreafing  after  the  body  has  palled  by  D  is,  becaufe  the  projectile  velocity, 
or  velocity  with  which  the  body  endeavours  to  move  in  the  tangent,  is 
greater  than  what  would  be  requifite  to  make  the  body  revolve  round  S 
in  a  circle.  But  the  fame  reafon  holds  when  the  body  is  at  P  5  its  velo¬ 
city  is  ftill  too  great  to  fuffer  it  to  move  in  a  circle  having  PS  for  its  ra¬ 
dius  or  femidiameter.  Therefore  the  angle  SP^,  as  the  body  moves  on,, 
will  keep  Rill  encreafing,  and  confequently  mull  become  greater  than  a 
right  one.  From  hence  it  is  evident  that  after  the  body  is  arrived  at  P, 
that  is,  after  the  angle  made  by  the  projectile  and  centripetal  forces  is 
become  a  right  one,  it  can  approach  towards  S  no  longer.  For  if  the 
body  was  to  approach  nearer  to  S,  the  angle  made  by  the  lines  Yp  and 
PS  muft  decreafe:  juft  as  the  angle  made  by  the  lines  A/ and  AS  decrea- 
fed  in  the  approach  of  the  body  towards  S,  when  it  fet  out  from  A.  But 
the  angle  at  P  will  encreafe,  as  has  been  proved,  whilft  the  body  moves 
forward  from  P.  Therefore  it  will  not  approach  nearer  to  S  than  when 
it  is  at  P :  but  the  point  P,  where  this  angle  is  a  right  one,  will  be  its 
leaft  diftance  from  S. 

When  the  body  goes  on  from  P,  the  velocity  being  too  great  for  it 
either  to  approach  nearer  to  S  or  to  keep  at  the  fame  diftance  from  S5, 
it  will  depart  from  S,  and  the  angle  made  by  the  projectile  and  centri¬ 
petal  forces  will  encreafe;  fo  that  when  the  body  arrives  at  F  it  will  be 
SF f  greater  than  a  right  one.  And  becaufe,  as  the  body  rifes  or  departs 
from  S,  the  centripetal  force,  though  it  is  not  fufficient  to  draw  it  back, 
again,  will  retard  its  motion,  the  projeCtile  velocity  will  keep  decreafing. 
Till  at  laft,  in  the  return  of  the  body  towards  A,  this  velocity  will  be 
fuch  an  one  as  would  juft  be  fufficient  to  make  the  body  revolve  in  a  circle 
round  the  point  S.  Now,  whilft  the  bodys  velocity  was  greater  than  this. 


150  A  SYSTEM  OF 

the  direction,  in  which  it  endeavours  in  every  point  of  its  orbit  to  fly  off 
in  a  tangent  to  that  point,  that  is,  the  direction  of  the  projectile  force  de¬ 
parted  farther  from  the  direction  of  that  force  by  which  it  is  impelled  to¬ 
wards  the  center,  or  the  angle  made  by  thefe  two  forces  encreafed.  Thus 
when  the  body  was  at  P,  the  angle  was  SPj*> ;  when  it  was  at  F,  the 
angle  was  at  SF/-  and  when  it  arrives  at  G,  the  angle  becomes  SGg.  But 
fince,  as  the  body  goes  on  from  G,  it  will  be  ftill  retarded,  the  tangent,  or 
direction  of  the  projectile  force,  will  approach  towards  the  line,  in  which 
the  centripetal  force  aCts,  that  is,  this  angle  will  conftantly  decreafe  ;  at 
H  it  will  be  SH/>,  lefs  than  SGg;  at  I,  it  will  be  SI/  lefs  than  SH£ ; 
and  at  laft  at  A,  it  will  be  fo  far  diminifhed  as  to  be  a  right  one  again. 

Three  queftions  may  here  be  afked  in  relation  to  the  bodys  motion,, 
when  it  is  at  or  about  the  point  D.  The  firft  is  this.  Since  the  velocity 
at  D  is,  by  the  fuppofition,  juft  fuch  an  one  as  is  requifite  to  make  it 
defcribe  a  circle  round  S  with  the  radius  or  femidiametetjDS,  or  to  keep 
it  always  at  the  fame  diftance  DS  from  the  point  S  ;  whence  does  it  hap¬ 
pen  that  in  going  on  from  D  it  does  not  keep  at  the  fame  diftance  from  Ss 
but  continues  to  approach  to  S  ?  This  queftion  has  been  anfwered  already  * 
but  we  may  now  put  that  anfwer  into  another  form.  The  body,  when 
it  has  pafled  by  the  point  D,  continues  to  approach  to  S,  not  becaufe  its 
projectile  velocity  is  then  too  fmall  to  keep  it  always  at  the  fame  diftance 
from  S,  but  becaufe  this  velocity  lies  in  fuch  a  direction  as  would  make 
it  approach  to  S  even  though  no  force  impelled  it  thither.  For  if  the 
force,  which  impells  the  body  thither  when  it  is  at  D,  was  to  ceafe  aCting, 
and  the  body  was  to  run  out  from  D  in  a  tangent,  this  tangent  would  be 
D d,  and  the  body,  when  it  arrives  at  d ,  would  be  nearer  to  S  than  when 
it  fet  out  fromD.  Therefore  certainly  the  force,  which  impells  the  body 
towards  S,  and  the  projeCtile  force  together  will  make  it  approach  S,  af¬ 
ter  it  has  pafled  by  D :  and  confequently  the  body  cannot  move  in  a  circle, 
notwithftanding,  when  it  is  at  D,  it  has  fuch  a  velocity  in  the  tangent 
Ddy  as  would.be  proper  for  that  purpofe  provided  this  tangent  was  per¬ 
pendicular  to  SD. 

The  fecond  queftion  which  may  be  aiked  in  relation  to  the  body,  when 
it  pafles  by  the  point  D  is,  why  the  velocity,  which  it  then  has,  fhould 
not  continue,  till  the  body  arrive*  at  P,  and  the  two  forces  aCt  at  ijight 
angles  to  each  other  ?  The  moft  obvious  anfwer  to  this  queftion  is,  that 
the  body,  after  it  has  pafled  by  the  point  D,  continues  ftill  to  approach 
or  fall  towards  S.  and  confequently  in  falling  will  acquire  velocity.  Or 
otherwife  j  when  the  body  is  at  D,  the  force,  which  impells  it  towards  S, 
.and  the  projectile  force  aCt  at  an  acute  angle,  the  former  in  -the  lineDS 
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and  the  latter  in  the  lineD^.  Suppofe  therefore  the  former  force  to  be  to 
the  latter  as  D$  to  Dei.  Make  thefe  the  two  fides  of  a  parallelogram, 
and  the  diagonal  DE  will  be  the  line,  that  the  body  will  deferibe  by  the 
two  forces  together  in  the  fame  time  that  it  would  have  deferibed  D  d 
by  the  projectile  force  alone,  agreeably  to  what  has  been  proved  in  pro¬ 
portion  16,  and  the  velocity  produced  by  both  forces  together  will  be 
to  the  projeCtile  velocity  as  DE  to  D d.  Now  the  diagonal  DE,  being 
drawn  from  an  acute  angle,  is  longer  than  either  fide  of  the  parallelogram, 
aild  confequently  longer  than  D d.  Therefore  the  bodys  velocity  produ¬ 
ced  by  both  forces,  or  the  velocity  with  which  it  moves  in  its  orbit,  will 
be  greater  than  its  projeCtile  velocity.  That  is  the  body  will  be  accele¬ 
rated,  as  long  as  the  two  forces  continue  to  aCt  at  an  acute  angle.  For 
thus  again  at  E,  where  the  angle  eEe  is  an  acute  one,  if  the  force 
which  impells  the  body  towards  S,  is  to  the  projeCtile  force  as  Eg  to  Ee$ 
the  body  by  the  joynt  aCtion  of  thefe  two  forces  will  deferibe  EP,  and 
the  velocity  with  which  it  moves  in  the  diagonal  EP,  will  be  to  the  pro¬ 
jeCtile  velocity  as  EP  to  Ee.  And  EP  the  diagonal  drawn  from  an  acute 
angle  is  longer  than  the  fide  De .  Therefore  the  body  isftill  accelerated. 

The  third  queftion  that  may  here  be  afked  is  this.  Since,  if  a  body 
revolves  in  a  circle  the  angle  made  by  the  two  forces  is  a  right  one,  and 
fince  as  foon  as  the  body  has  pafifed  by  the  point  D,  its  projeCtile  velo¬ 
city  becomes  too  great  for  it  to  move  in  a  circle  having  S  for  its 
center,  why  does  not  the  angle  made  by  thefe  forces  immediately 
become  greater  than  a  right  one,  and  the  body  immediately  begin  to  de¬ 
part  from  S?  Fqr  as  this  is  the  reafon  given  why  the  body,  when  it  is 
at  P,  approaches  to  S  no  longer,  but  begins  to  depart  from  S,  becaufe  the 
velocity  is  too  great  for  it  to  continue  to  move  in  a  circle ;  ought  not  the- 
fame  reafon  to  take  place  as  foon  as  ever  the  body  has  pafifed  by  D  ;  and 
ought  not  the  body  then  to  begin  to  depart  from  S,  fince  the  velocity 
is  then  too  great  for  it  to  continue  to  move  in  a  circle  ?  To  this  it  may  be 
anfwered  5  that  if  the  angle  made  by  the  projeCtile  and  centripetal,  forces 
was  a  right  one,  as  foon  as  the  body  is  pafifed  by  D,.  then  upon  the  veloci- 
tys  becoming  too  great  for  it  to  move  in  a  circle,  this  angle  would  im¬ 
mediately  become  greater  than  a  right  one,  and  the  body  would  imme¬ 
diately  begin  to  depart  from  S.  But  the  angle  both  at  D  and  after  the 
body  is  pafifed  by  D  is  an  acute  one,  and  the  body  by  the  projectile  force 
alone  will  continue  to  approach  S,  infiiead  of  departing  from  it.  There¬ 
fore,  fince  it  would  not  depart  from  S  even  by  the  projeCtile  force 
-  alone,  it  is  certain  that  the  aClion  of  the  other  force  which  impells 
k  towards  S,  cannot  make  it  depart  from  thence.  But  both  thefe  forces 

aCting. 
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acting  together  will  caufe  the  body  ftill  to  approach  to  S.  The  immediate 
efFedt  produced  by  the  velocitys  being  too  great  for  the  body  to  move  in 
a  circle  round  S.  is  not  to  make  the  body  depart  farther  from  S,  but 
to  make  the  angle  contained  between  the  tangent  and  a  line  drawn  to  S„ 
or  the  angle  contained  between  the  two  forces,  begin  to  encreafe.  And 
as  the  body  moves  on  from  D  to  P  this  angle  keeps  encreafing,,  till  at  P 
it  . becomes  a  right  one,  and  then,  and  not  till  then,  the  body  will  begin 
to  depart  from  S. 

It  is  eafy  to  apply  thefe  queftions  andthe  anfwer  to  them  to  the  mo¬ 
tion  of  the  body  as  it  afcends  from  P  towards  A.  For  firft,  though  the 
body  at  G  be  luppofed  to  have  fuch  a  velocity  as  in  proper  circumftan- 
ces  would  make  it  revolve  round  S  in  a  circle  at  the  diftance  GS  ;  yet* 
when  the  body  pafles  on  from  G,  it  ought  not  .to  beep  at  the  fame  di dance 
GS  from  the  point  S,  becaufe  the  tangent  Gg  or  direction,  in  which  the 
body  would  move  by  the  projedtile  velocity  only,  is  not  perpendicular  to 
SG  the  line  in  which  the  body  is  impelled  towards  S,  but  makes  a  greater 
angle  with  it  than  a  right  one :  confequently  the  projedtile  force  in  this  line 
Gg  makes  the  body  depart  farther  from  S  in  any  given  time  than  fuch 
a  projedtile  force  would  do  as  adted  in  a  line  perpendicular  to  GS.  Se¬ 
condly,  fince  the  body  after  it  leaves  the  point  G  keeps  departing  from 
S,  the  velocity,  which  it  had  at  G,  will  not  continue  till  it  arrives  at  A, 
for  the  body  in  its  afcent  will  be  retarded.  Or  otherwife.  When  the 
angle  made  by  the  two  forces  is  fo  obtufe  as  it  is  at  G,  the  di¬ 
agonal  drawn  from  the  obtufe  angle  SGg  will  be  fhorter  than  either 
lide  of  a  parallelogram  having  one  fide  in  the  diredtion  Gg  and  the 
ether  fide  in  the  diredtion  GS.  For  which  reafon  the  velocity  in  the  di¬ 
agonal,  or  the  velocity  produced  by  both  the  forces,  will  be  lefs  than 
the  velocity  in  the  fide  Gg,  or  than  the  velocity  arifing  from  the  pro¬ 
jedtile  force  alone.  Thirdly.  Though  the  velocity  of  the  body  as  foon 
as  it  is  pafled  G  becomes  too  little  to  make  it  move  in  a  circle;  yet  it 
will  not  immediately  begin  to  approach  to  S,  as  it  does  after  it  has  arrived 
at  A.  But  as  the  body  goes  on  from  G  towards  A  the  angle  made  by  the 
projedtile  and  centripetal  forces  will  conftantly  diminifh,  till  the  body 
comes  to  A,  at  which  time  this  angle  will  be  a  right  one ;  and  after  that, 
as  the  angle  diminifhes  (till  farther,  the  body  having  pafled  A  begins  to  ap¬ 
proach  towards  S  as  before. 

If  the  revolving  body  deferibes  the  ellipfis  mbnb>  Plat.V.  fig.  io.  and 
F  is  the  point,  towards  which  it  is  conftantly  impelled ;  then  m  is  the 
greateft  diltance  of  the  revolving  body,  n  is  its  leaft  diftance,  and  b  is  its 
middle  diftance  from  the  point  F, 


That 
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That  m  is  the  greateff  diflance,  and  that  n  is  the  leaft  diflance  is  appa¬ 
rent;  and  if  the  reader  thinks  it  worth  his  while  to  attend  to  what  fol¬ 
lows,  it  will  be  no  difficult  matter  to  prove  that  when  the  body  is  at  b  it 
is  at  the  middle  diflance  from  F  or  at  a  didance  which  differs  equally 
from  the  greateff  and  the  lead.  That  is,  bF  is  juft  as  much  lefs  than 
m  F  as  it  is  greater  than  n  F. 

When  the  pen  d  in  drawing  the  ellipfis  is  at  m>  that  is,  when  d and  m 
coincide,  df  is  equal  to  mf  and  dF  is  equal  to  mF.  But  df  added  to  wF 
is  always  equal  to  the  whole  length  of  the  firing.  Therefore  mf  add¬ 
ed  to  mF  is  equal  to  the  length  of  the  firing.  In  the  fame,  manner  it  may 
be  proved  that  n  F  added  to  n f  is  equal  to  the  length  of  the  firing.  Again : 
when  the  pen  is  at  m  the  firing  is  ffretched  out  that  way,  and  when  the 
pen  is  at  n  the  fame  firing  is  ffretched  out  the  other  way.  Now  we  may 
take  it  for  granted  in  this  cafe,  that  the  fame  firing  ffretched  out  upon 
the  fame  two  points  F  and  f  will  reach  to  an  equal  diflance  from  thofe 
points  either  way  ;  and  confequently  mf  and  nF  are  equal  to  each  other. 
Therefore  mf  added  to  nf  that  is  the  longer  axis,  is  equal  to  mf  add¬ 
ed  to  mF.  But  mf  added  to  mF  has  juff  been  proved  equal  to  the  length 
of  the  firing.  Therefore  m  f  added  to  nf  that  is  the  longer  axis  mn,  is 
equal  to  the  length  of  the  firing.  From  hence  it  follows,  lince  c  divides 
the  longer  axis  into  two  equal  parts,  that  me  or  nc  are  equal  to  half  the 
length  of  the  firing. 

Now  as  me  and  nc  are  equal,  and  like  wife  mf  and  n  F  equal,  me — mf 
or  fc  is  equal  to  nc — 11F  or  Fc  :  that  is,  the  center  c  divides  the  di- 
ftance  between  the  focufes  F  and  y'into  two  equal  parts.  When  the  peri 
in  deferibing  the  ellipfis  is  at  b,  then  bf  and  bF  is  the  length  of  the 
firing,  and  bf  is  equal  to  bF.  For  in  [the  two  triangles  bef  and  bcF 
the  angles  at  c  are  both  of  them  right  ones  and  confequently  equal  to 
•each  other ;  the  fide  be  is  common;  and  the  fide  fc  in  one  is  equal  to 
the  fide  F  c  in  the  other.  From  whence  it  follows,  Euc.  b.  I.  prop.  4. 
that  bf  the  third  fide  in  one  is  equal  to  bF  the  third  fide  in  the  other  : 
and  fince  bf  and  bF  together  make  up  the  whole  firing,  bF  muff  behalf 
the  firing.  But  me  or  ?ic  are  equal  to  half  the  firing.  Therefore  bF  is 
equal  to  either  me  or  nc .  That  is,  bF,  which  I  am  to  prove  to  be  the 
middle  diflance,  is  equal  to  half  the  longer  axis. 

rnF  is  the  greateff  diflance,  which  is  greater  than  me,  or  than  half  the 
longer  axis,  by  the  quantity  cF ;  and  nF  is  the  leaft  diflance,  which  is 
likewife  lefs  than  nc,  or  than  half  the  longer  axis,  by  the  fame  quantity 
cF.  Therefore  half  the  longer  axis,  or  bF  which  is  equal  to  half  the  lon¬ 
ger  axis,  differs  equally  from  the  greateff  and  leaft  diffances;  and  confe¬ 
quently  is  the  middle  diflance. 
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The  reader  is  defired  to  obferve  farther,  that,  if  F  and  f  the  two  fo- 
cufes  of  the  ellipfis,  or  the  two  pins,  to  which  the  ends  of  the  firing  are 
faftened,  were  to  be  brought  dole  together  at  c,  then  the  pen,  which  de- 
fcribes  the  ellipfis,  would  in  going  round  be  always  at  the  fame  diftance 
from  c,  and  this  diftance  would  be  equal  to  half  the  length  of  the  firing, 
to  bj  or  b¥.  Confequently  the  curve  defcribed  in  this  cafe,  would  be  a 
circle,  whofe  femidiameter  would  be  equal  to  ^F,  or,  which  amounts  to 
the  fame  to  mct  or  to  nc.  From  hence  it  appears,  that  a  circle  may  be 
confidered  as  an  ellipfis,  the  focufes  of  which  coincide,  or  an  ellipfis  may 
be  confidered  as  a  circle  drawn  upon  two  centers. 

153.  A  bcdy  that  revolves  in  an  orbit ,  endeavours  in  every  point  of  the 
orbit  to  fly  off  in  a  right  line ,  which  is  a  tangent  at  that  pointy  and 
to  depart  from  the  center ,  towards  which  it  is  impelled. 

Whilft  a  ftone  is  whirled  round  in  a  fling,  it  deferibes  a  circle ;  be- 
caufe  it  is  conftantly  impelled  towards  the  hand,  which  is  the  center* 
and  is  kept  from  flying  off  by  the  force  of  the  firing.  But  if  the  firing 
breaks,  or  if  one  end  of  it  is  flipped,  then  the  ftone,  being  no  longer  im¬ 
pelled  towards  the  hand  or  kept  from  flying  off,  will  continue  its  circu¬ 
lar  motion  no  longer,  but  fetting  out  from  the  place  where  it  was, when, 
the  firing  broke,  and  when  the  force,,  which  before  impelled  it  to  the 
center,  ceafed  to  a£t  upon  it  any  longer,  it  will,  by  the  firft  law  of  mo¬ 
tion  propofition  1 1,  go  on  to  deferibe  a  right  line.  If  BCD L  Plat.  VI„ 
fig.  2.  is  the  circle,  which  the  ftone  deferibes,  and  one  end  of  the  fling 
was  to  be  flipped,  or  the  firing  was  to  break, when  the  ftone  is  at  B ;  the 
ftone,  by  the  firft  law  of  motion,  would  run  off  from  the  point  B  in  the- 
right  line  BG,  which  is  a  tangent  to  the  circle  at  B.  In  the  fame  man¬ 
ner,  if  the  firing  was  to  break,  when  the  ftone  is  at  C,  it  would  fly  off 
in  the  line  CF  ;  if  at  D,  in  the  line  DH  ;  if  at  L,  in  the  line  LK ;  or  if 
at  any  other  point  of  the  circle,  it  would  fly  off  in  a  tangent  at  that, 
point. 

This  is  equally  true  of  bodies  that  revolve  in  any  other  orbit,  as  of 
thofe  that  revolve  in  a  circle.  For  if  the  force,  which  impells  a  body  to 
the  point  S,  Plat. VI.  fig.  1.  and  makes  it  deferibe  the  ellipfis  ADPG,was 
to  ceafe  adling,  when  the  body  is  at  P,  or  at  H,  or  at  C,  or  at  any  other 
place  in  its  orbit,  it  would,  by  propofition  1 1,  run  out  in  a  right  line 
which  is  a  tangent  to  the  ellipfis  at  that  point. 

Now  the  fame  force  with  which  the  body  would  fly  off,  if  it  was 
not  impelled  towards  the  center,  conftantly  a£ls  upon  it,  whilft  it  is 
deferibing  the  curve  and  is  impelled  thither.  Therefore  fince  this  force 

would 
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would  make  the  body  fly  off  in  a  tangent,  if  no  other  caufe  prevented  it, 
the  fame  force  conftantly  adting,  whilft  the  body  revolves  in  an  orbit, 
makes  it  endeavour  to  fly  oft' in  the  lame  manner,  and  is  prevented  from 
producing  its  effedf  by  the  other  force, which  conftantly  impclls  the  body 
towards  the  center. 

Now  as  the  body  moves  on  in  the  tangent,  it  will  be  every  where 
farther  from  the  center,  towards  which  it  is  impelled,  than  if  it  was  to 
move  in  the  curve.  Thus,  Plat.VI.  flg.  3.  if  the  body  defcribes  the  tan¬ 
gent  B a  inftead  of  the  arc  Bn  it  departs  from  the  center. C,  or  is  farther 
from  that  center,  when  it  is  at  m ,  or  at  any  other  point  in  the  tangent, 
than  it  would  have  been  if  it  had  defer  ibed  Bn.  In  like  manner,  Plat.VI. 
fig.  1.  if  a  body  is  conftantly  impelled  towards  S  and  revolves  in  the 
curve  ADPG  the  force,  with  which  it  endeavours  to  fly  off  in  a  tan¬ 
gent,  makes  it  likewife  endeavour  to  depart  from  the  point  S.  If  the  body 
is  at  D,  then  in  deferibing  the  tangent  Dr/,  though  it  approaches  the  center, 
and  is  nearer  to  it  when  it  comes  to  d ,  then  when  it  was  at  D  ;  yet  by 
•deferibing  the  tangent  it  does  not  approach  S  fo  much  as  it  would  do  by 
deferibing  the  curve,  or  in  the  tangent  it  is  every  where  farther  from  S  than 
it  would  have  been,  if  it  had  gone  on  in  the  arc  DE.  For  though  the  body 
by  deferibing  the  tangent  D d  is  nearer  to  the  center  S  at  d  than  at  D,  yet  it 
is  farther  oft*  from  the  center,  when  it  is  at  dy  than  it  would  have  been, 
if  it  had  deferibed  the  arc  DE,  and  fo  had  been  at  E.  Therefore  lince 
the  body  will  be  every  where  farther  from  the  center  by  deferibing 
the  tangent  than  it  will  by  deferibing  the  curve,  it  follows  that  the  fame 
force,  which  makes  it  endeavour  to  fly  off  in  a  tangent,  makes  it  like¬ 
wife  endeavour  to  depart  from  the  center,  towards  which  it  is  impelled. 

From  hence  we  may  fee  the  reafon,  why  we  may  turn  a  pail  full  of 
water  over  our  heads,  and  none  of  the  water  be  fpilled,  when  the  pail 
has  its  bottom  upwards.  For  the  pail  and  the  water  in  it  being  turned 
round  in  a  circle,  the  water  will  every  where  endeavour  to  depart  front 
the  center  of  that  circle.  Therefore  when  the  pail  in  this  circular  mo¬ 
tion  is  over  our  heads  and  its  bottom  is  upwards,  though  the  weight  of 
the  water  would  make  it  fall  out  of  the  pail,  yet  as  it  cannot  fall  with¬ 
out  approaching  to  the  center  of  the  circle  which  it  defcribes,  the  force 
with  which  it  avoids  this  center  will,  if  the  pail  is  whirled  round  fall 
enough,  be  fufficient  to  keep  it  in  the  pail. 

154.  The  force ,  which  imp.  ells  a  body  towards  the  center ,  when  it  revolves 
in  an  orbit ,  is  called  the  ce?itripetal  force . 

155.  The  force ,  by  which  a  body  revolving  in  an  orbit  endeavours  to  depart 
from  the  center ,  is  called  the  centrifugal  force, 
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156.  When  a  body  defcribes  a  curve  returning  into  itfelf \  the  centripetal 
force  is  equal  to  the  centrifugal  force  ;  and  they  are  called  by  one 
common  name  the  central  forces. 

If  a  body  revolves  in  the  circle  BD,  Plat. VI.  fig.  3.  then  in  the  time 
that  it  defcribes  the  arc  B ny  it  will  have  been  impelled  towards  the  cen¬ 
ter  through  the  fpace  an ;  for  if  it  had  been  left  to  itfelf  and  had  not 
been  impelled  thither  at  all,  the  projectile  force  alone  would  have  carry- 
ed  it  in  that  time  along  the  tangent  from  B  to  a .  Therefore  fince  the 
line  an  is  the  fpace  defcribed  by  means  of  the  centripetal  force,  this 
force  is  proportional  to  an.  But  if,  when  the  body  was  at  B  no  centripe¬ 
tal  force  had  aCted  upon  it,  then  inftead  of  defcribing  the  arc  Bn  it 
would  in  the  fame  time  have  moved  along  the  tangent  B a,  and  the  line 
n'a  would  have  been  the  fpace  through  which  it  would  have  departed 
from  the  center.  Therefore  the  centrifugal  force  is  proportional  to  na. 
And  confequently,  as  both  thefe  forces  are  reprefented  by  one  and  the 
fame  line,  they  muffc  be  equal  to  each  other. 

Though  three  forces  are  here  fpoken  of,  the  centripetal,  the  centri¬ 
fugal,  and  the  projeCtile  force  ;  yet  two  are  all  that  are  required  to  make 
a  body  revolve  in  an  orbit.  For  the  centrifugal  and  projeCtile  forces  differ 
from  each  other  only  as  a  part  differs  from  the  whole.  The  projeCtile 
force  is  that,  with  which  the  body  would  run  out  in  a  tangent  to  its 
orbit,  if  there  was  no  centripetal  force  to  prevent  it ;  and  the  centrifu¬ 
gal  force  is  that  part  of  the  projectile  force,  which  carryes  the  body  off 
from  the  center,  whilft  it  is  defcribing  the  tangent.  Thus  if  the  body  re¬ 
volved  in  the  orbit  BD,  Flat. VI.  fig.  3.  the  projeCtile  force  is  what  would 
make  it  defcribe  the  tangent  Bay  if  the  centripetal  force  was  to  ceafe 
aCting.  But  in  the  mean  time  the  whole  force  B  a  does  not  carry  it  off 
from  the  center  C  j  when  it  is  arrived  at  a ,  it  is  farther  from  the  center 
than  when  it  was  at  B  only  by  the  quantity  an ;  and  as  much  of  the  pro¬ 
jectile  force  as  aCts  in  this  line  an  is  what  carryes  the  body  off  from  the 
center,  and  is  called  the  centrifugal  force. 

1 57.  The  periodical  time  of  a  body  revolvmg  in  an  orbit  is  the  time  that  it 
takes  up  to  perform  one  complete  revolution. 

158  .  The  plane  of  an  orbit ,  in  which  a  body  revolves ,  pajjes  through  the 
line  of  project  ion ,  and  through  the  center  to  which  the  centripetal 
force  is  dire  died. 

Suppofe  ADPG,  Plat.VI.  fig.  1.  to  be  the  orbit,  which  the  body  de¬ 
fcribes,  and  S  to  be  the  point  or  center,  to  which  the  centripetal  force  is 
directed ;  for  though  S  is  not  the  center  of  the  ellipfis  but  one  of  its  fo- 

cufes^ 
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cufes,  yet  as  it  is  the  point  towards  which  the  body  is  impelled,  or  the 
point  in  which  the  centripetal  force  ads,  we  therefore,  call  it  the  center. 
What  is  affirmed  in  the  proportion  amounts  to  this.  The  plane  of  the 
orbit  paffes  through  A  t  the  line  of  projection  and  S  the  center  in  which 
the  centripetal  force  ads.  Or,  finee  the  projedile  force  continues  to  ad 
upon  the  body  in  every  point  of  its  whole  revolution,  and  in  a  line  which 
is  a  tangent  to  that  point,  by  proportion  1 53,  the  orbit  lies  in  the  fame 
plane  with  the  line  Cc  in  which  the  projedile  force  ads,  when  the  body 
is  at  C ;  or  in  the  lame  plane  with  P p,  or  with  Ggy  or  I/,  lines  in  which 
the  projedile  force  ads  in  different  parts  of  the  orbit ;  and  likewife  in  the 
fame  plane  with  S  the  center  towards  which  the  centripetal  force  tends. 

If  S  is  the  earth  and  ADPG  the  moons  orbit;  upon  fuppofition  that 
the  moon  is  impelled  towards  the  earth  conftantly  by  the  force  of  gra¬ 
vity,  and  that  this  is  the  centripetal  force,  which  retains  it  in  its  orbit,  and 
prevents  it  from  flying  off  in  a  tangent ;  the  plane  of  the  moons  orbit 
muftpafs  through  any  line  as  A/,  D J,  F fy  or  H h,  in  which  the  projec¬ 
tile  force  ads,  and  through  S  the  earth.. 

So  likewife  if  S  is  the  fun,  and  ADPG  is  the  orbit  of  any  planet,  as 
of  Jupiter  for  inftance  ;  upon  fuppofition  that  the  planet  gravitates  to¬ 
wards  the  fun,  and  that  gravity  is  the  centripetal  force,  which  retains 
it  in  its  orbit;,  the  plane  of  the  orbit  defcribed  by  it  paffes  through  any 
line  as  At ,  Dd,  P />,  or  Gg  in  which  the  projedile  force  ads,,  and  through 
S  the  fun,  or  point  towards  which  the  centripetal  force  is  direded. 

Since  the  whole  motion  of  the  body  arifes  from  two  forces,  of  which 
one  ads  in  the  line  A/,  and  the  other  in  the  line  AS  ;  it  feems  to  follow 
that  the  firft  of  theie  forces  or  the  projedile  force  can  never  make  the  bo¬ 
dy  leave  the  plane,  in  which  the  line  A /  is,  and  that  the  other  can  never 
make  it  leave  the  plane,  in  which  AS  or  S  is.  Therefore  it  mufl  always 
be  found  in  the  fame  plane  with  A /  the  projedile  force  and  with  S  the 
point  towards  which  it  is  impelled  by  the  centripetal  force. 

This  may  be  proved  more  exadly  in  the  following  manner.  Let 
ABCD,  Plat  VI-  fig.  4.  reprefent  a  part  of  the  orbit,  which  is  defcribed 
by  a  body  that  is  conftantly  impelled  towards  S.  BC,  CD,  or  DE,  or 
any  other  part  of  this  orbit  lies  in  the  fame  plane  with  AZ  the  line  of 
projedion  and  with  S  the  point,  in  which  the  centripetal  force  ads  and 
towards  which  the  revolving  body  is  impelled.  If  the  body  begins  to 
move  by  the  projedile  force  from  A  in  the  diredion  ABZ  ;  then,  accor¬ 
ding  to  the  firft  law  of  motion  propofition  11,  if  no  other  force  was 
to  ad  upon  it,  and  to  alter  the  courfe  of  its  motion,  it  would  continue 
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to  move  on  uniformly  in  a  right  line  in  the  fame  direction  AZ.  But  the 
centripetal  force  bends  the  courfe  of  its  motion  towards  S,  and  makes  it 
conBantly  change  the  direction  of  its  motion  fo  as  to  deferibe  an  orbit 
round  S,  of  which  ABCDEis  a  part.  Let  us  fuppofe  that  the  action  of 
this  centripetal  force  is  not  continued,  but  that  it  exerts  itfelf  by  fepa- 
rate  Brakes  after  certain  intervals  of  time.  Thus  for  inBance  j  let  us  fup¬ 
pofe,  that  the  body,  after  it  has  fet  out  from  A,  may  move  on  uniform¬ 
ly  by  the  projectile  force  for  as  long  a  time  as  is  requifite  to  deferibe 
the  line  AB ;  but  when  it  is  arrived  at  B,,  and  would,  if  left  to  itfelf,  move 
on  in  the  fame  uniform  manner,  and  in  an  equal  time  deferibe  Be,  which 
is  equal  to  AB ;  then  fuppofe  one  Broke  of  the  centripetal  force  to  aCt 
upon  it,  and  to  bend  its  courfe  or  alter  its  direction  from  Be  to  BC,  fo 
that  both  forces  together  {hall  make  it  deferibe  BC  in  the  fame  time  that 
the  projectile  force  alone  would  have  made  it  deferibe  Be.  Again,,  when 
the  body  is  arrived  at  C,  fuppofe  another  Broke  of  the  centripetal  force 
to  aCt  upon  it,  and  to  bend  its  courfe  towards  S,  fo  as  to  make  it  de¬ 
feribe  CD,  inBead  of  moving  Brait  forwards  from  Cin  the  direction  C 
as  it  would  do  according  to  the  firB  law  of  motion,  if  none  but  the  pro¬ 
jectile  force  was  to  aCt  upon  it.  And  fuppofe  in  like  manner,  after  an 
equal  interval  of  time  was  paffed  and  the  body  was  arrived  at  D,  that 
another  Broke  of  the  centripetal  force  was  to  aCt  upon  it,  and  to  bend 
its  courfe  from  the  direction  CD  into  the  direction  DE.  In  this  cafe 
either  BC,  or  CD,  or  DE,  are  in  the  fame  plane  with  AZ  and  with  the 
point  S.  When  the  body  is  at  B.,  there  are  two  forces  aCt  upon  it  5  the 
projeCtile  force  in  the  direction  BZ  and  the  .centripetal  force  in  the  direc¬ 
tion  BS.  Now  as  BZ  and  BS  reprefent  the  directions  of  the  two  forces, 
fo  let  Be  taken  in  the  direction  of  the  projeCtile  force  and  BG  taken  in 
the  direction  of  the  centripetal  force  reprefent  the  proportion  of  thefe 
two  forces  to  each  other.  That  is ;  let  the  projeCtile  force  be  to  the  cen¬ 
tripetal  force  as  Be  to  BG.  From  what  was  proved  in  propofition  16,  it 
follows  that  the  body  thus  aCted  upon  by  two  forces  Be  and  BG,  will  de¬ 
feribe  BC  the  diagonal  of  a  parallelogram,  of  which  Be  and  BG  are  the 
lides.  But  BC  the  diagonal  of  a  parallelogram  is  in  the  fame  plane  with 
its  two  fides  Be  and  BG.  Euc.  b.  XI.  prop.  2.  And  Be  which  is  part  of 
the  right  line  AZ  is  in  the  fame  plane  with  the  whole  line,  Euc.  b.  XI. 
prop.  1.  as  alfo  BG ‘which  is  part  of  the  right  line  BS,  is  in  the  fame  plane 
with  the  whole  line.  Therefore  BC  is  in  the  fame  plane  with  AZ  the 
line  of  projection  and  with  BS,  and  confequently  with  S  the  point,  to 
which  the  centripetal  force  is  directed.  In  like  manner  it  may  be  pro- 
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ved  that  the  next  part  of  the  orbit  CD  is  in  the  fame  plane  with  Qd  and 
CH  the  two  fides  of  a  parallelogram,  of  which  CD  is  the  diagonal.  For 
here,  as  before,  the  projedile  force  alone  would  make  the  body  move 
Brait  forwards  from  C  in  the  direction  Qd.  But  at  C  the  centripetal  force 
impellsit  towards  S  in  the  direction  CS.  And,  fuppofing  thefe  two  for¬ 
ces  to  be  to  each  other  as  C d  to  CH,  their  joynt  adion  will  make  the 
body  move  in  the  diagonal  CD,,according  to  proportion  16.  Therefore 
CD  is  in  the  fame  plane  with  Qd  and  with  CH,  that  is,  with  CS,  and  con- 
fequently  with  S.  But  Qdy  being  the  right  line  BC  continued,  is  in  the 
fame  plane  with  BC.  Euc.  b.  II.  prop.  1,  and  BC  has  been  proved  to  be 
in  the  fame  plane  with  AZ.  Therefore  CD  is  likewife  in  the  fame  plane 
with  AZ  the  line  of  projedion,  and  with  S  the  point  to  which  the  cen¬ 
tripetal  force  is  direded.  The  fame  thing  may  be  proved  in  the  fame 
manner  of  DE  and  of  every  other  part  of  the  orbit.  And  confequently  the 
whole  orbit  is  in  the  fame  plane  with  the  line  AZ  and  with  the  point  S. 

A  B  C  D  E  is  not  a  curve,  but  a  polygon,  which  is  owing  to  the  fup- 
pofition  we  fet  out  with,,  that  the  centripetal  force  does  not  ad  conti¬ 
nually,  but  by  feparate  Brokes  repeated  at  certain  intervals  of  time  For 
upon  this  fuppoiition,  the  length  of  AB,  BC,  CD,  or  DE,  will  always 
be  equal  to  the  Ipace,  which  the  body  can  deferibe  in  the  interval  of 
time  between  any  one  Broke  of  the  centripetal  force  and  the  next  that 
follows  it.  Becaufe  between  any  one  of  thefe  Brokes  and  the  next,  the 
body  is  aded  upon  only  by  the  projedile  force,  and  therefore  will,  by 
the  BrB  law  of  motion,  move  on  in  a  right  line  during  that  interval. 
But,  if  we  corred  this  fuppoiition  and  make  the  cafe  of  the  revolving 
body  what  in  fad  it  is  5  that  is,  if  we  conlider  the  centripetal  force  as  a 
continued  adion  ;  then  the  interval  between  any  two  Brokes  of  it  will 
be  infinitely  Biort ;  and  confequently  the  Ipace  deferibed  by  the  revol¬ 
ving  body  during  fuch  an  interval  will  be  infinitely  Ihort  too.  That  is, 
the  fides  AB,  BC,  CD,  DE,  &c.  of  the  polygon  will  be  infinitely  Ihort. 
And,  as  in  the  time  of  a  whole  revolution  there  mufi  be  innumerable 
fuch  Brokes  of  a  continued  centripetal  force,  thefe  fides  will  be  innu¬ 
merable,  as  well  as  infinitely  fliort.  But  a  polygon  confiding  of  innume¬ 
rable  infinitely  fiiort  fides  is  a  curve.  And  if  the  propofition  is  true  in 
one  fort  of  polygon,  it  willnecefiarily  be  true  in  every  other  fort.  There¬ 
fore,  when  a  body  revolves  in  a  curve,  its  orbit  is  always  in  the  fame 
plane  with  the  line  of  projedioa  and  with  the  point  to  which  the  cen¬ 
tripetal  force  tends. 
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i  59.  If  a  body  revolves  in  a  curve  returning  into  itfelf, \  it  defcribes ,  by  a 
radius  drawn  to  the  point  where  the  centripetal  force  a  Sis,  equal 
areas  in  equal  times,  and  in  unequal  times  areas  proportiojial  to  the 

times . 

If  a  body  revolves  in  the  curve  mbnb,  Plat.V.  fig.  10.  and  F  is  the 
point  where  the  centripetal  force  ads,  or  the  center  towards  which  the 
body  is  confiantly  impelled  ;  and  if  a  radius  or  line  as  F m  is  drawn 
from  the  center  F  to  the  body  at  m,  and  this  radius  or  line  is  fuppofed 
to  turn  round  upon  the  point  F  and  to  attend  the  body  in  its  motion, 
fo  that  when  the  body  is  at  l,  the  radius  is  F 4,  when  the  body  is  at  r,  the 
radius  is  F r,  when  as  s,  Fr,  and  when  at  n ,  Fn,  Then  it  is  obvious,  that 
whilfi  the  body  moves  from  m  to  /  the  radius  F  m  by  moving  at  the 
fame  time  from  Fm  to  F  /  will  defcribe  or  fweep  the  area  of  the  mixt 
triangle  mYl :  in  like  manner,  whilfi  the  body  moves  from  /  tor,  a  radius 
drawn  from  the  body  to  F  defcribes  or  fweeps  the  area  or  fpace  dFr-i 
whilfi:  the  body  moves  from  r  to  s,  the  radius  defcribes  or  pafifes  over 
the  area  rFj  :  and  whilfi:  the  body  moves  from  s  to  n,  the  radius  de¬ 
fcribes  the  area  sFn.  The  propofition  affirms,  that  the  areas,  which  the 
radius  thus  defcribes  in  equal  times,  are  equal  to  each  other.  For  inftance, 
if  the  body  takes  up  jufi  as  much  time  to  move  from  m  to  /  as  it  does 
to  move  from  r  to  s ,  -then  7/2  f  and  rs  ai;e  the  arcs  defcribed  in  equal 
times  by  the  body,  and  mFl  and  rFs  are  the  areas  -defcribed  in  equal 
times  by  a  radius  drawn  to  the  center ;  now  we  are  not  to  prove  that 
the  arcs  ml  and  rs  are  equal,  though  they  are  defcribed  in  equal  times, 
for  thefe  arcs  are  lines  and  not  areas ;  and  in  the  figure  before  us  they  are 
plainly  unequal.  But  we  are  to  prove  that  the  area  or  fpace  contained 
within  the  triangle  mFl,  which  is  fwept  by  the  radius  in  a  certain  time, 
is  equal  to  the  area  or  fpace  contained  within  the  triangle  rFs,  which  is 
fwept  by  the  radius  in  an  equal  time.  The  propofition  farther  affirms 
that  the  areas  defcribed  in  unequal  times  by  the  radius  round  the  point 
F  are  proportional  to  the  times,  in  which  they  are  defcribed.  By  this  we 
mean,  that  if  a  radius  or  line  drawn  from  the  revolving  body  to  the 
point  F,  where  the  centripetal  force  a6ts,  defcribes  the  area  mFl  in  a  cer¬ 
tain  times  then  in  twice  that  time,  it  will  defcribe,  an  area  double  to 
mFl  1  in  thrice  that  time  it  will  defcribe  a  triple  area;  and  in  all  cafes  the 
area  defcribed  by  fuch  a  radius  will  be  greater  or  lefs'in  proportion  as 
the  time  is  greater  or  lefs,  which  is  taken  up  to  defcribe  it. 

Having  thus  explaned  the  meaning  of  the  propofition,  we  may  apply  it 
to  an  infiance  or  two,  that  the  reader  may  underfiand  the  ufe  of  it,  be¬ 
fore  we  go  on  to  prove  it.  If  mbnb  is  the  moons  orbit,  and  F  the  place 
of  the  earth  round  which  the  moon  revolves.  Then  fuppofe  the  moon 

to 
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to  be  heavy  as  other  bodies  are  and  to  gravitate  towards  the  earth ;  and 
fuppofe  likewife  that  its  weight  or  gravity,  is  the  centripetal  force,  by 
which  it  is  conftantly  impelled  towards  the  earth,  and  made  to  deferibe 
an  orbit  inftead  of  moving  on  in  a  right  line,  as  it  would  do,  if  no  cen¬ 
tripetal  force  aded  upon  it.  A  right  line  or  radius  drawn  from  the  moon 
to  the  earth  muft,  upon  thefe  fuppofttions,  deferibe  round  the  earth 
equal  areas  in  equal  times.  In  like  manner,  if  F  is  the  fun  and  mbnb  is 
the  orbit  of  any  planet  revolving  round  the  fun  ;  upon  fuppofition,  that 
the  planet  is  continually  impelled  towards  the  fun  by  its  own  weight  or 
by  the  force  of  gravity,  it  will  follow,  if  this  proportion  is  true,  that 
fuch  a  planet  by  a  radius  drawn  to  the  fun  deferibes  equal  fpaces  round 
it  in  equal  times.  A  farther  ufe  of  this  proportion  will  appear  in  pro¬ 
portion  1 6 1. 

We  have  feen  already  that  as  the  revolving  body  approaches  the 
point  F  it  moves  fatter  than  it  did,  when  it  was  at  m .  Therefore  if  two 
arcs  as  ml  and  r s  are  deferibed  in  equal  times,  it  is  evident  that  ml  the 
bafe  of  the  triangle  7/zF/,  where  the  body  moves  ilowly,  mufl  be  (hotter 
than  rs  the  bafe  of  the  triangle  r  Fj  where  the  body  moves  fatter.  For 
this  reafon  though  the  triangle  m  Fl  is  higher  than  the  triangle  or  area 
rF  j,  yet  the  former  will  be  narrower,  or  will  have  a  fhorter  bafe  in  pro¬ 
portion  ;  and  confequently  one  of  thefe  areas  or  triangular  fpaces  will  be 
equal  to  the  other. 

To  prove  this  more  exadly  let  us  confider  A B CDE,  Plat.YI.  fig.  4. 
as  part  of  an  orbit  deferibed  by  a  body,  that  revolves  round  the  point  S 
by  means  of  a  centripetal  force,  which  impells  the  body  towards  that 
point.  And  let  us  fuppofe  here,  as  we  did  in  the  laft  propofition,  that  the 
action  of  this  centripetal  force  is  not  continued,  but  that  its  impulfes  are 
repeated  after  certain  intervals  of  time.  So  that  the  body  may  move 
from  A  to  B  in  a  ftrait  line,  and  not  be  impelled  towards  S  by  the  cen¬ 
tripetal  force  that  ads  there,  till  it  is  arrived  at  B.  The  body  left  to 
itfelf  would  move  on  from  B,  by  the  firtt  law  of  motion,  in  the  ftrait 
line  B  c.  But  if  it  is  there  impelled  towards  S  by  the  centripetal  force, 
if  will  deferibe  neither  Bf  which  is  in  the  direction  of  the  projectile 
force,  nor  B  G,  which  is  in  the  direction  of  the  centripetal  force  ;  but 
BC  which  is  the  diagonal  of  a  parallelogram,  whofe  two  fides  are  Be  and 
BG  the  two  forces  that  joyntly  ad  upon  the  body.  When  the  body  has 
been  juft  as  long  moving  in  the  diredion  BC  as  it  was  before  in  the  di- 
redion  AB,  that  is,  after  an  equal  interval  of  time,  fuppofe  another  im- 
pulle  of  the  centripetal  force  to  be  exerted  upon  it  and  to  draw  it,  when 
it  is  arrived  at  C,  out  of  the  diredion  C d  into  the  diredion  CD.  And 
when,  after  an  equal  interval  of  time  is  patted,  the  body  arrives  at  D, 
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let  it  be  impelled  towards  S  by  another  ftroke  of  the  centripetal  force^. 
and  be  made  to  deferibe  DE.  Since  AB,  BC,  CD,  DE,  &c,  are  the  lines 
defcribed  in  equal  times  by  the  revolving  body,  the  areas  fwept  round  S- 
in  equal  times  by  a  radius  drawn  from  the  body  to  S  are  ASB,  BSC, 
CSD,  DSE,  &c,,  Thefe  areas  we  muft  prove  to  be  equal  to  each  other 
upon  fuppofition,  that  S  is  the  point  towards  which  the  body  is  im¬ 
pelled.  We  will  therefore  fhew  that  upon  this  fuppofition,.  the  triangle 
ASB  is  equal  to  the  triangle  BSC.  Now  AB  is  the  fpace,  which  the 
body  defcribes  in  a  certain  time  by  the  projedtile  force  only  :  and  if  only 
this  force  adted  upon  the  body,,  it  would  go  (trait  forwards  in  the  fame- 
right  line  and  would  in  an  equal  time  deferibe  Be,  which  is  equal  to  AB., 
For,  by  the  firft  law  of  motion,  a  body  adted  upon  by  only  one  force 
continues  to  move  on  uniformly  in  the  fame  right  line.  And  if  it  moves 
on  the  fame  pace  after  it  is  palled  B,  that  it  did  in  coming  to  it,  the  fpace 
AB  defcribed  in  a  certain  time  muft  neceflarily  be  equal  to  the  fpace  Be, 
which  the  body  left  to  itfelf,  or  not  impelled  by  the  centripetal  force, 
would  deferibe  in  an  equal  time.  From  hence  it  follows  that  the  triangle 
ASB  is  equal  to  the  triangle  BSc :  for  their  bafes  AB  and  Be  are  equal,  and 
as  they  are  both  terminated  at  the  fame  point  S  their  perpendicular  heights 
are  the  fame.  Eucl.  b.  I.  prop.  38.  Now  the  centripetal  force,  which  im¬ 
pelled  the  body,  when  it  was  at  B,  is  fuppofed  to  adt  in  the  diredtion  BS:. 
and  let  the  centripetal  force  in  this  diredtion  be  to  the  projedtile  force  in  the 
diredtion  AZ  as  BG  to  Be.  The  body  impelled  by  both  forces  together  is 
made  to  deferibe  BC  the  diagonal  of  a  parallelogram  of  which  Be  is  one 
lide,  and  the  other  fide  or  BG  is  in  the  diredtion  BS.  But  when  one  fide  is 
BG  and  the  diagonal  is  BC,  the  oppofite  fide  or  *rC  is  parallel  to  BG.  Eucl,. 
b.  I.  prop.  34.  Therefore  c C  and  BS,  of  which  BG  is  a  part  are  like- 
wife  parallel  to  each  other.  But  BS  is  the  bafe  both  of  the  triangle  BSC 
and  of  the  triangle  BSc;  and  thefe  two  triangles  are  both  of  them  be¬ 
tween  the  lines  BS  and  C  c ,  which  we  have  juft  proved  to,  be  parallel  to, 
each  other*  Therefore,  fince  all  triangles  upon  the  fame  bafe  and  be¬ 
tween  the  fame  parallels  are  equal,  Eucl.  b.  I.  prop.  37*  the  triangle  BSC 
is  equal  to  the  triangle  B  S  c.  And  fince  ASB  has  been  likewife  proved 
to  be  equal  toBSc,  it  follows  that  ASB  and  BSC,  the  areas  defcribed  in 
equal  times  round  Sr  are  equal  to.  each  other ;  becaufe  each  of  them  is 
equal  to  B  S  c. 

When  the  body  is  arrived  at  C,  the  projedtile  force,,  if  it  was  left  to 
itfelf,  wrould  carry  it  ftrait  on  from  thence  in  the  fame  diredtion,  in  which 
it  was  moving  before  :  and,  becaufe  all  motion  arifing  from  the  fingle 
adtion  of  one  force  is  uniform,  by  proportion  1 1,  the  body,,  after  it  is 
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pafled  C,  would  take  up  juft  as  much  time  to  defcribe  C  d  equal  to  BC, 
as  it  took  up  before  in  defcribing  BC.  That  is  to  fay,  BC  and  Cd  the 
fpaces  defcribed  in  equal  times  by  the  projectile  motion  are  equal ;  be- 
caufe  the  body,  when  it  is  once  put  into  motion  by  the  projectile  force, 
will  continue  always  to  move  on  the  fame  pace,  and  confequently  will 
defcribe  equal  fpaces  in  equal  times.  But  fince  BC  and  C  d  the  bafes  of 
the  two  triangles  BSC  and  CS^are  equal,  and  the  height  of thefe  two 
triangles  is  the  fame,  as  they  are  both  terminated  at  the  fame  point  S,  it 
follows  that  the  triangles  are  equal.  Eucl.  b.  I.  prop.  38.  Now  the  time 
of  the  bodys  motion  from  B  to  C  being  the  interval  between  two 
ftrokes  of  the  centripetal  force ;  upon  its  arrival  at  C  it  will  be  impelled 
towards  S ;  as  S  by  the  fuppofition  is  the  point  to  which  this  force  tends. 
Let  the  centripetal  force  in  the  direction  C  S  be  to  the  projectile  force 
in  the  direction  C^as  CH  to  C  d:  and  the  body  aCted  upon  by  both 
forces  together  will  defcribe  the  diagonal  CD  of  the  parallelogram 
whofe  two  Tides  areCH  and  C  dt  jjy  propofition  16,  and  the  area  palled 
■over  by  a  radius  drawn  from  thd  body  to  the  center  u  will  be  CSD. 
Now  the  triangle  CSD  is  equal  to  t^ie  triangle  CSd.  For,  fince  HC^/D 
is  a  parallelogram,  the  two  oppofite  fides  are  parallel  5  that  is,  D  d  is  pa¬ 
rallel  to  HC ;  and  confequently  Da  is  parallel  to  SC,  of  which  HC  is  a 
part.  Therefore  the  triangles  CSD  and  CSd ,  being  between  the  two 
lines  Dd  and  CS,  or  between  the  fame  parallels,  and  being  likewife  upon 
the  fame  bafe  SC,  are  equal.  But  BSC  has  likewife  been  proved  to  be 
equal  to  CS  d.  Therefore  BSC  the  area  fwept  by  the  radius,  whilft  the 
body  is  palling  from  B  to  C,  is  equal  to  CSD  the  area  fwept  by  the  fame 
radius  whilft  the  body  is  pafting  from  C  to  D.  And  confequently,  fince 
the  body  is  juft  as  long  in  pafting  from  B  to  C  as  from  C  to  D,  the  areas 
fwept  in  equal  times  round  S,  the  point  where  the  centripetal  force  is 
placed,  are  equal  to  each  other. 

What  has  here  been  proved  to  be  true  of  a  body  moving  in  a  poly¬ 
gon,  if  the  centripetal  force  aCts  at  certain  intervals,  is  equally  true,  when 
a  body  moves  in  a  curve ;  fince  a  curve  may  be  confidered  as  a  poly¬ 
gon  confifting  of  innumerable  infinitely  fmall  fides.  And  if  the  intervals 
between  the  feveral  impulfes  of  the  centripetal  force  are  infinitely  fhort, 
that  is,  if  the  centripetal  force  is  continued,  or  acts  conftantly  upon  the 
revolving  body  in  every  inftant  of  its  motion,  then  the  fides  AB,  BC, 
CD,  DE,  &c,  muft  be  infinitely  fhort.  Becaufe  thefe  are  the  lines  de¬ 
fcribed  by  the  revolving  body  between  any  two  impulfes  of  the  centri¬ 
petal  force :  which  lines  muft  neceftarily  be  infinitely  fhort,  when  thefe 
impulfes  are  continued,  or  fucceed-fo  clofely  to  each  other  that  no  time 
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pafies  between  any  one  of  them  and  the  next  that  follows  it.  And  when 
the  fides  are  infinitely  ftiort,  there  will  of  courfe  be  innumerable  fuch' 
fides  in  the  whole  orbit  defcribed  by  the  body. 

But  after  we  have  fhewn  that  the  areas  defcribed  by  the  radius  in  equal' 
times  round  the  point  S,  where  the  centripetal  force  adts,  are  equal;  it 
follows  that  in  double  times  a  double  area  will  be  defcribed,  and  in  tri¬ 
ple  times  a  triple  area,  that  is,  that  the  areas  defcribed  in  unequal  times 
are  greater  in  proportion  as  the  times  of  defcribing  them  are  greater,  or 
lefs  as  the  times  are  lefs. 

160.  JVhen  a  body  by  a  radius  drawn  to  any  immoveable  point  within  its: 
orbit  defcribes  equal  areas  in  equal  times  round  that  point ,  or  in  une¬ 
qual  times  areas  proportional  to  the  times ,  it  is  impelled  towards 
that  point  by  the  centripetal  force ,  which  retains-  it  in  its  orbit. 

This  propofition  is  the  converfe  of  the  foregoing  one.  In  the  laid 
propofition  we  fuppofed-  that  S,  Plat. VI.  fig.  4.  was  the  point  towards 
which  the  body  is  made  to  tend  by  the  centripetal  force :  and  from 
thence  we  proved  that  the  body  by  a  radius  drawn  to  S  mud  necefiarf- 
ly  defcribe  equal  areas  in  equal  times  round  S.  But  in  this  propofition 
we  fuppofe  that  equal  areas  are  defcribed  in  equal  times  round  S  ;  and 
from  thence  we  are  to  prove  that  S  is  the  point  towards  which,  the 
body  is  impelled  by  the  centripetal  force. 

The  ufe,  which  is  made  of  this  propofition,  will  help  to  explane  the 
meaning  of  it.  If  from  obfervation  it  appears  that  the  moon  by  a  radius 
drawn  to  the  earth  defcribes  equal  areas  in  equal  times ;  and  if  the  earth 
is  an  immoveable  point  within  the  moons  orbit  ;  then,  from  this  propo¬ 
fition,  it  will  follow  that  the  moon  is  retained  in  its  orbit  and  kept  from 
running  off  in  a  tangent  by  a  centripetal  force,  which  adts  in  the  earth 
and  conftantly  impells  it  thither. 

In  like  manner,  if  it  is  found  by  obfervation,  that  all  the  planets  by  a 
radius  drawn  to  the  fun  defcribe  equal  areas  in  equal  times ;  and  if  the 
fun  is  an  immoveable  point  within  the  refpedtive  orbits  of  the  planets  ; 
then,  from  this  propofition,  we  may  (hew  that  the  planets  are  condantly 
urged  towards  the  fun  by  a  centripetal  force  ;  or  that  the  force,  which 
retains  them  in  their  orbits,  adts  in  the  fun  and  by  conftantly  impelling 
the  planets  makes  them  tend  thither. 

If  a  body  revolves  in  the  orbit  mb  fib ,  Plat.V.  fig.  10.  and  defcribes 
by  a  radius  drawn  to  F  equal  areas  in  equal  times:  for  infiance,  if  it  is 
juft  as  long  in  moving  from  m  to  /  as  from  r  to  s  ;  and  wF/,  which  is 
the  area  pafied  over,  whilft  the  body  moves  from  m  to  /,  is  equal  to  rF  s 
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the  area  palled  over,  whilft  it  moves  for  an  equal  time  from  r  to  s  j  then 
fince  we  have  feen  by  the  laft  propofition  that  a  centripetal  force  acting 
in  F  or  conftantly  impelling  the  body  thither  will  make  the  body  move 
in  fuch  a  manner,  it  is  probable,  that  where  there  isfuch  a  motion  as  this 
it  is  owing  to  a  centripetal  force  a&ing  inthe  point  F» 

This  we  mayftemonftrate  more  exactly  in  the  following  manner.  Let 
AB,  BC,  CD,  DE,&c,  Plat.  VI.  fig.  4.  be  the  lines  which  a  revolving  body 
defcribes  in  equal  times,  that  is,  fuppofe  the  body  to  be  juft  as  long  in 
moving  from  A  to  B  as  from  B  to  C,  or  from  C  to  D,  or  from  D  to  E. 
Suppoie  farther  that  the  centripetal  force  adts  at  certain  intervals  of 
time,  and  that  one  ftroke  of  it  impells  the  body  when  at  B,  another 
when  at  C,  a  third  when  at  D.  And  let  S  be  the  point  round  which 
equal  areas  are  defcribed  in  equal  times.  Then  from  the  fuppofition  it 
follows,  that,  fince  the  body  takes  up  an  equal  time  to  move  from  A  to 
B,  and  from  B  to  Cj  the  area  fwept  by  the  radius  whilft  the  body  is 
moving  from  A  to  B,  muft  be  equal  to  the  area  fwept  by  it,  whilft  the 
body  is  moving  from  B  to  C  ;  that  is,  the  triangular  fpace  ASB  by  the 
fuppofition  is  equal  to  the  triangular  fpace  BSC.  Now  as  only  the  pro¬ 
jectile  force  a<fts  upon  the  body,  whilft  it  moves  from  A  to  B,  the  line  AB 
will  be  defcribed  with  an  uniform  velocity,  by  the  firft  law  of  motion, 
propofition  1 1 .  And  if  no  centripetal  force  was  to  aft  upon  the  body, 
when  it  arrives  at  C,  it  would  continue  to  move  on  uniformly  as  before 
in  the  fame  right  line,  and  in  an  equal  time  would  defcribe  the  line  B  c 
equal  to  the  line  AB.  From  the  equality  of  the  two  lines  AB  and  Be, 
which  are  the  bafes  of  the  triangles  ASB  and  B  Sc,  it  follows,  that  thefe 
two  triangles,  being  both  of  the  fame  height,  are  equal  to  each  other. 
Fuel.  b.  I.  prop.  38.  But  ASB  and  BSC  are  equal  by  the  fuppofition. 
Therefore  BS^  and  BSC  are  equal.  Now  BSC  and  BS<:  becaufe  they 
are  upon  the  fame  bafe  SB,  and  are  equal  to  each  other,  muft  be  be¬ 
tween  the  fame  parallels.  Eucl.  b.  I.  prop.  39.  But  they  are  between  the 
lines  Cc  and  SB  j  and  confequently  C c  and  SB  are  parallel  to  each 
other.  When  the  body  arrived  at  B,  if  it  had  been  left  to  itfelf,  the  mo¬ 
tion  communicated  by  the  projectile  force  would  have  carryed  it  on 
uniformly  from  B  to  c.  But  the  centripetal  force  impelled  it  at  B  and 
made  it  move  inthe  line  BC  inftead  of  Be.  Since  therefore  the  body 
when  at  B,  was  aCted  upon  by  two  forces,  the  projectile  force  in  the 
line  B  c  and  the  centripetal  force,  and  thefe  two  forces  together  made  it 
defcribe  BC,  it  follows  that  BC  is  the  diagonal  of  a  parallelogram,  of 
which  B<;  is  one  fide,  and  the  centripetal  force  aCts  at  B  in  the  direction, 
ot  the  other  fide.  The  queftion  then  isj  in  what  direction  this  other 
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fide  of  the  parallelogram  lies  at  B  ;  for  when  this  is  determined  the  di¬ 
rection  of  the  centripetal  force  will  be  known.  Now  in  a  parallelogram, 
whofe  diagonal  is  BC  and  one  of  whofe  tides  is  Be,  Cc  muft  be  another  : 
and  as  the  oppotite  tides  of  a  parallelogram  are  always  parallel  to  each 
other,  the  direction  of  the  centripetal  force,  when  the  body  was  at  B, 
muft  be  parallel  to  cC.  But,  from  the  defeription  of  equal  areas  round 
the  point  S,  we  have  juft  now  proved  that  cC  and  BS  are  parallel  to  each 
other.  Therefore  from  the  defeription  of  equal  areas  round  S  it  follows 
that  the  centripetal  force,  when  the  body  is  at  B  aCts  in  the  direction 
BS  or  makes  the  body  tend  towards  S. 

When  the  body  is  moving  in  the  direction  BC  and  arrives  at  C  ;  it 
would,  if  no  new  force  was  to  aCt  upon  it,  go  on  uniformly  from  C  to 
d  in  the  fame  right  line,  in  which  it  was  moving  before.  But  at  C  ano¬ 
ther  impulfe  of  the  centripetal  force  changes  its  direction  and  makes  it 
move  in  the  line  CD.  Therefore  CD  is  the  diagonal  of  a  parallelogram* 
and  fince  Cd  is  one  of  its  tides,  dD  muft  be  another.  And,  when  the  body- 
was  at  C  the  centripetal  force  impelled  it  in  a  -diredtion  parallel  to  this 
other  tide  or  to  dD .  But,  becaufe  equal  areas  are  deferibed  in  equal  times 
round  S,  CS  is  parallel  to  dD  j  therefore  the  line  CS  is  parallel  to  dD , 
and  confequently,  the  centripetal  force  impelled  the  body,  when  at  C  in 
the  diredtion  CS  or  made  it  tend  towards  S.  The  fame  may  be  fhewn  in 
every  other  point  of  its  orbit.  Therefore  the  centripetal  force  tends  to 
that  point  round  which  the  body  by  a  radius  drawn  thither  deferibes  e- 
qual  areas  in  equal  times.  In  what  manner  it  follows  from  the  deferip¬ 
tion  of  equal  areas  in  equal  times  round  S,  that  dD  is  parallel  to  CS  has 
been  fhewn  already. 

But  to  make  it  the  more  intelligible  and  to  fix  it  the  better  in  the  rea¬ 
ders  memory ;  we  will  go  over  the  proof  of  it  again  in  a  different  man¬ 
ner.  BC  and  CD  are  deferibed  by  the  body  in  equal  times,  and  there¬ 
fore  BSC  and  CSD  the  areas  deferibed  in  the  mean  time  by  a  radius 
drawn  to  S  are  equal  by  the  fuppofition.  But  fince  CD  is  the  diagonal, 
and  Cd  is  one  tide  of  the  parallelogram  C^DH,  it  follows,  by  propofition 
16,  that  the  body  deferibes  this  diagonal  CD  by  the  centripetal  and  pro¬ 
jectile  forces  together,  in  the  fame  time  that  it  would  deferibe  Cd  by  the 
pfojeCtile  force  alone.  But  fince  BC  and  CD, are  deferibed  in  equal  times, 
and  likewife  CD  and  Cdf  it  follows  that  BC  and  Cd  would  be  deferibed 
in  equal  times,  if  the  body  was  left  to  be  carryed  on  by  the  projectile 
force  only :  and  as  the  velocity  ariting  from  the  aCtion  of  this  one  force 
is  uniform,  the  fpaces  deferibed  by  fuch  a  velocity  in  equal  times  muft  be 
equal.  Therefore  BC  is  equal  to  Cd.  F rom  hence  it  follows  that,  fince  BC 
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and  Cd  the  two  bafes  of  the  triangles  BSC  and  CSd  are  equal  and  fince 
thefe  triangles  have  the  fame  height,  their  areas  are  equal,  or  BSC  is  equal 
to  CSd.  But  BSC  is  likewife  equal  to  CSD  by  the  fuppofition.  Therefore 
CSD  is  equal  to CSd.  Now  two  triangles  fuch  as  CSD  andCS^/  upon 
the  fame  bafe  SC  and  equal  to  each  other  are  between  the  fame  parallels, 
Euc.  b.  I.  prop.  39.  But  CSD  and  CSd  are  between  the  lines  dD 
and  CS.  Therefore  dD  and  CS  are  parallel.  And  when  the  body  was  at 
C  the  centripetal  force  impelled  it  in  a  line  parallel  to  dD ,  that  is  in  the 
line  CS  towards  the  point  S,.  round  which  it  defcribes  equal  areas  in  equal 
lines. 

What  has  thus  been  proved  in  this  part  of  the  orbit  ABCD,.  might  be 
fhewn  to  be  equally  true  in  every  other  part  of  the  orbit.  And  though 
ABCD  is  a  polygon  and  not  a  curve ;  yet  in  a  curve  likewife,  if 
equal  areas  are  defcribed  in  equal  times  by  a  radius  drawn  to  S,  S  is 
the  point  in  which  the  centripetal  force  ads.  Becaufe  a  curve  is  only 
a  polygon  of  innumerable  infinitely  fhort  fides..  The  line  here  defcribed , 
as  has  been  oblerved  already  under  the  two  foregoing  propofitions,  is  a 
polygon  and  not  a  curve  for  no  other  reafon,  but  becaufe  we  fuppofed 
the  feveral  flrokes  of  the  centripetal  force  to  be  repeated  feparately  from 
each  other  and  after  certain  intervals  of  time :  fo  that,  if  the  body  be¬ 
gins  to  move  from  A,,  there  fhould  be  time  enough  allowed  for  it  to  ar¬ 
rive  at  B  before  any  impulfe  of  that  force  urged  it  towards  S,  and  af¬ 
ter  this  ftroke  there  fhould  be  an  interval  of  time  long  enough  for  the 
body  to  move  from  B  to  C  before  it  is  impelled  by  a  fecond :  and 
the  third  ftroke  fhould  not  ad  upon  it  till  it  had  defcribed  CD.  Now 
if  thefe  intervals  are  infinitely  fhort,  that  is,  if  the  addon  of  the  centri¬ 
petal  force,  is  continued*  which  is  the  cafe  when  the  body  revolves  in  a 
curve ;  thefe  impulfes  will  be  infinitely  near  to  each  other  :  and  confe- 
quently  the  fpaces  AB,  BC,  CD,  & c.  which  are  defcribed  between  any 
one  impulfe  and  the  next  will  be  infinitely  fhort.  And  fince  in  the  time 
of  a  whole  revolution  there  muff  be  innumerable  ftrokes  or  impulfes  of 
the  centripetal,  force,,  if  they  are  thus  repeated  without  any  interval  be¬ 
tween  themj  it  folio W3  that  when  thefe  fides  AB,  BC,  CD,  &c.  are  in¬ 
finitely  fhort,  there  will  be  innumerable  of  them,  and  the  polygon  will 
be  changed  into  a  curve. 

16 1.  The  velocity  of  a  body\  which  is  impelled  towards  an  immoveable  cen  ¬ 
ter  ^  and  revolves  in  Jpaces  where  it  meets  with  no  ref  fiance ,  is  in  diffe¬ 
rent  parts  of  the  orbit  inverfely  as  a  perpendicular  let  fall  from  that 
center  upon  a  tangent  to  that  part* 

Let 


r  68  A  SYSTEM  OF 

Let  mbnby  Plat.V.  fig.  10.  reprefent  the  orbit,  which  any  planet  de* 
fcribes  round  the  fun  at  reft  in  the  point  F.  Then  if  the  planet  is 
conftantly  attracted  by  the  fun  or  impelled  towards  it  by  the  force  of 
gravity,  and  moves  in  a  vacuum  fo  as  to  meet  with  no  refiftance ;  the 
velocity  of  the  planet  in  any  one  part  of  its  orbit  as  m  may  be  thus  com¬ 
pared  with  its  velocity  in  any  other  part  as  r.  To  the  point  m  draw  the 
tangent  tint ,  and  to  the  point  r  draw  the  tangent  trty  and  from  F  draw 
F m  perpendicular  to  tint ,  and  F^  perpendicular  to  trt .  The  velocities  at 
thefe  two  points  m  and  r  will  be  to  each  other  as  thefe  perpendiculars 
Fm  and  Fe  inverfcly :  by  which  we  mean  that  the  velocity  of  the  pla¬ 
net  at  m  is  to  its  velocity  at  r  as  Fm  to  Fe  inverted,  or  as  Fe  to  Fm.  That  * 
is  to  fay  the  velocity  of  it  at  in  is  as  much  lefs  than  at  r  as  Fm  is  greater 
than  Fe,  or  as  Fe  is  lefs  than  Fm. 

This  follows  from  propofition  159.  For  fince  a  radius  drawn  from 
the  body  to  the  point  F  defcribes  equal  areas  in  equal  times  round  F, 
mFl  and  rFs  being  fuppofed  to  be  areas  defcribed  in  equal  times  are  two 
equal  triangles.  Therefore  as  much  higher  as  mFl  is  than  rFr,  fo  much 
broader  rFj  is  than  mFl.  For  if  rFs  had  not  in  breadth  what  it  wants  in 
height  it  could  not  be  equal  to  mFl.  Now  the  height  of  mFl  means  its 
perpendicular  height  or  Fni,  and  its  breadth  is  its  bafe  ml.  So  likewife 
the  height  of  rFr  is  its  perpendicular  height  Fe,  and  its  breadth  is  its  bale 
rs.  Therefore,  becaufe  the  triangles  are  equal,  ml  is  as  much  lefs  than 
rs  as  F in  is  greater  than  F^.  Or  the  bafes  ml  and  rs  are  to  each  other  as 
Fm  to  Fe  inverted,  that  is  as  Fe  to  Fm.  But  the  velocity  of  the  body 
either  at  m  or  at  r  is  proportional  to  the  Ipace  defcribed  by  it  in  e- 
qual  times.  And  fince  ml  and  rs  are  the  arcs  defcribed  by  the  body, 
whilft  the  radius  drawn  to  the  center  F  defcribes  equal  areas ;  thefe  arcs 
or  the  bafes  ml  and  rs  are  the  fpaces  defcribed  by  the  body  in  equal  times ; 
and  confequently  the  velocities  at  m  and  r  muft  be  to  each  other  in  the 
fame  proportion  as  thefe  bafes  ml  and  rs.  But  the  bafes  are  to  each  other 
inversely  as  the  perpendiculars  let  fall  from  F  to  the  tangents  at  the  points 
m  and  r .  Therefore  the  velocities  of  the  body  at  m  and  rare  likewife  in- 
verfely  as  thofe  perpendiculars. 

Here  it  will  not  be  improper  to  obferve  that,  if  a  body  revolves  in  an 
elliptical  orbit,  fiich  as  mbiib,  and  the  centripetal  force  impells  it  towards 
one  of  the  focufes  F,  the  tangent  is  perpendicular  to  the  line  in  which 
this  force  a£ts,  when  the  body  is  either  at  the  greateft  diftance  my  or  at 
the  leaft  diftance  n.  Therefore  at  thefe  two  diftances,  the  perpendicu¬ 
lars  are  the  diftances  themfelves :  and  fince  the  velocity  in  every  point  of 
the  orbit  is  inverfcly  as  the  perpendicular  to  a  tangent  at  that  point,  the 

refpective 
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refpedlive  velocities  of  the  body  at  the  greateft  and  leaft  distances  will  be 
as  Ym  to  F/z  inverfely,  or  inverfely  as  the  diftances  of  the  revolving  bo¬ 
dy  from  F. 

162  .In  circles ,  and  in  all  curves  which  have  the  fame  curvature  with 
circles ,  the  nafcent  or  evaisefcent  fubtenfe  of  the  angle  of  contadl  is 
as  the  fquare  of  the  contermmous  arc. 

To  the  point  A  Plat.  VI.  fig.  5.  in  the  femicirclc  ADC  draw  the  tangent 
AB.  Then  the  angle  BAD,  which  this  tangent  makes  with  the  curve  at  the 
point  A,  is  called  the  angle  of  contact.  Draw  BD  and  likewife  bd parallel 
to  AC  the  diameter.  Either  of  thefe  lines  BD  or  bd  is  called  the  fubtenfe 
of  the  angle  of  contact ;  for  both  of  them,  though  at  different  distances 
from  A,  fubtend  the  angle  at  A.  AD  an  arc,  which  begins  at  the  point 
of  contact  A  and  is  terminated  at  BD,  is  called  the  conterminous  arc  to 
the  fubtenfe  BD.  And  Ad  is  the  conterminous  arc  to  the  fubtenfe  bd. 
The  right  line  AD,  which  is  the  chord  of  the  arc  AD,  is  called  the  conter¬ 
minous  chord  to  the  fubtenfe  BD.  And  the  right  line  Ad  is  called  the  con¬ 
terminous  chord  to  the  fubtenfe  bd.  From  D  draw  the  line  DC;  and  from  d 
draw  the  line  dC.  If  thefe  two  lines  DC  and  dC  are  conceived  to  turn  round 
upon  the  point  C  as  upon  a  center,  fo  that  the  two  points  D  and  d ,  and  with 
them  the  two  fubtenfes  BD  and  bd,  may  approach  towards  A ;  then  it 
is  evident  that  as  thefe  fubtenfes  BD  and  bd  come  nearer  to  A,  they  will 
be  fhorter,  and  will,  as  they  keep  moving  on,  continue  to  decreafe  till 
at  lad  they  become  points,  coincide  with  A,  and  fo  vanifh.  The  ulti¬ 
mate  ratio  of  thefe  fubtenfes  is  their  laft  proportion,  or  that  proportion, 
which  they  bear  to  each  other  when  they  are  evanefeent,  that  is,  when 
they  are  the  neared  poffible  to  A,  or  at  the  inflant  when  they  vanifh. 

The  propofition  affirms  that,  whatever  may  be  the  proportion  of  BD 
and  bd  to  each  other  at  any  other  time,  yet  ultimately,  attheinftantthey. 
vanifh,  or  when  they  are  the  neared  poffible  to  A,  BD  is  to  bd  as  the 
fquare  of  the  arc  AD  is  to  the  fquare  of  the  arc  Ad.  For,  from  what 
has  been  faid,  it  appears  that  this  is  what  we  mean  by  affirming  that 
the  evanefeent  fubtenfes  of  the  angle  of  contact  are  ultimately  as  the 
fquares  of  the  conterminous  arcs. 

In  order  to  prove  this  we  mud  fird  fihew  that  the  fubtenfes  BD  and 
bd,  not  only  when  they  vanifh,  but  at  all  times,  and  in  all  dates  or  con¬ 
ditions,  are  to  each  other  as  the  fquare  of  the  chord  or  right  line  AD  to 
the  fquare  of  the  chord  or  right  line  Ad.  Let  ED  be  drawn  parallel  to 
AB,  and  ed  parallel  to  A b.  Then,  becaufe  AB  is  a  tangent  at  the  point 
A  and  confequently  is  perpendicular  to  the  diameter  AC,  Eucl.  b.  III. 

Y  prop. 
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prop.  iB.  ED  which  is  parallel  to  AB  muft  likewife  be  perpendicular, 
to  AC.  And  the  fame  may  be  fhewn  to  be  true  of  ed  for  the  fame  rea- 
fon.  Now  the  angle  ADC,  and  likewife  the  angle  A  dC}  are  right  ones: 
becaufe  they  are  both  in  a  femicircle.  Eucl.  b.  III.  prop.  31.  Therefore 
in  the  right-angled  triangle  ADC  the  line  DE  is  drawn  from  the  right 
angle  at  D  perpendicular  to  AC  the  bafe,  and  confequently  AED  one  of 
the  fmaller  triangles  into  which  this  line  divides  ADC  is  fimilar  to  ADC. 
Eucl.  b.VI.  prop.  8.  So  that  AE  the  fhorteft  fide  of  the  triangle  AED 
bears  the  fame  proportion  to  AD  its  longed:  fide,  that  the  fame  AD, 
which  is  the  fhorteft  fide  of  the  triangle  ADE,  bears  to  AC  its  longeft 
fide.  Eucl.  b.VI.  prop.  4.  That  is  to  fay,  AE  is  to  AD,  as  AD  to  AC. 
Or,  AE,  AD,  and  AC,  are  in  continued  geometrical  progreffion.  There¬ 
fore  AE  multiplyed  into  AC  is  always  equal  to  the  fquare  of  AD.  Eucl. 
b.VI.  prop.  17.  But  AE  and  BD,  being  parallel  to  each  other,  by  the 
conftru&ion  of  the  figure,  are  the  oppoiite  fides  of  a  parallelogram  and 
confequently  are  equal  to  each  other.  Eucl.  b.  I.  prop.  34.  Therefore 
BD  multiplyed  into  AC  is  equal  to  AE  multiplyed  into  AC,  or,  by  what 
has  juft  been  proved,  to  the  fquare  of  AD.  That  is,  the  fubtenfe  of  the 
angle  of  contact  multiplyed  into  the  diameter  is  always  equal  to  the 
fquare  of  the  conterminous  chord.  Now,  if  two  quantities  are  always 
equal  to  each  other,  when  one  of  the  quantities  decreafes,  or  is  by  any 
means  made  lefs,  the  other  muft  neceffarily  decreafe  in  the  fame  propor¬ 
tion.  For  if  one  of  them  was  to  decreafe  in  a  greater  proportion  than  the 
other  does,  then  that  quantity  which  decreafes  the  fafteft  would  become 
lefs  than  the  other ;  whereas  they  are  fuppofed  to  be  always  equal.  But 
BD  multiplyed  into  AC  is  equal  to  the  fquare  of  AD :  and  for  the  fame 
reafon  bd  multiplyed  into  AC  is  equal  to  the  fquare  of  A  d.  That  is, 
when  the  fubtenfe  is  BD,  the  produdt  of  it  multiplyed  into  the  diame¬ 
ter  AC  is  equal  to  the  fquare  of  the  conterminous  chord  AD.  And  when 
the  fubtenfe  is  nearer  to  A,  and  confequently  is  lefs  than  BD,  as  fup- 
pofe  it  equal  to  bd ,  VCiWbd the  fubtenfe  multiplyed  into  AC  the  diame¬ 
ter  is  equal  to  the  fquare  of  the  conterminous  chord  Ad.  Therefore  the 
product  arifing  from  BD  multiplyed  into  AC  always  decreafes  in  the 
fame  proportion  with  the  fquare  of  AD.  But  in  all  multiplication, 
where  the  multiplicand  is  given,  the  product  will  be  proportional  to 
the  multiplicator.  And  in  the  product  arifing  either  from  BD  multi¬ 
plyed  into  AC,  or  from  bd  multiplyed  into  AC,  or  from  any  fubtenfe 
whatever  multiplyed  into  the  diameter,  this  diameter,  which  is  the  mul¬ 
tiplicand,  is  a  given  quantity,  and  confequently  the  product  will  be  pro¬ 
portional  to  the  fubtenfe.  Thus  BD  multiplyed  into  AC,  is  to  bd  mul- 

tiplyed 
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tiplyedinto  AC,  as  BD  to  bd.  But  rhefe  products  of  the  diameter  mul- 
tiplyed  into  the  fubtenfes  are  proportional  to  the  fquares  of  the  contermi¬ 
nous  chords.  BD  multiplyed  into  AC  bears  the  fame  proportion  to  bd 
multiplyed  into  AC,  that  the  fquare  of  AD  bears  to  the  fquare  of  Ad. 
Therefore,  becaufe  AC  is  a  given  quantity,  BD  is  to  bd  as  the  fquare  of 
AD  to  the  fquare  of  Ad.  That  is,  the  fubtenfes  are  proportional  to  the 
fquares  of  the  conterminous  chords. 

But  when  BD  and  bd  are  evanefcent,  that  is,  when  they  are  the 
neareft  poffible  to  A,  or  at  the  inflant  when  they  vanifh,  the  arcs  AD 
and  Ad  are  fo  fmall  as  not  to  differ  from  right  lines  or  from  their  re- 
fpedtive  chords.  Therefore  whatever  is  the  proportion  of  the  chords  the 
fame  is  ultimately  the  proportion  of  the  conterminous  arcs.  And  fince 
the  fubtenfes  of  the  angle  of  contad;  are  univerfally  as  the  fquares  of  the 
conterminous  chords ;  it  follows,  that,  when  they  are  evanefcent  they 
are,  ultimately,  as  the  fquares  of  the  conterminous  arcs.  In  the  con- 
flru&ion  of  this  figure,  the  fubtenfes  BD  and  bd  were  fuppofed  to  be 
drawn  parallel  to  the  diameter  AC,  and  the  foregoing  demonftration 
depends  upon  this  fuppofition.  But  yet,  though  the  fubtenfes  fhould  not 
be  parallel  to  the  diameter,  we  may  Bill  demonflrate  that  they  are  ulti¬ 
mately  as  the  fquares  of  the  conterminous  arcs,  provided  they  are  only 
parallel  to  each  other. 

By  what  has  been  already  proved  mn  and  fg,  Plat. VI.  fig.  3.  being 
fubtenfes  of  the  angle  of  contad  at  B  drawn  parallel  to  the  diameter  BD 
are  ultimately  as  the  fquares  of  the  centerminous  arcs  B n  and  B^.  Draw 
og  and  an  two  fubtenfes,  which  are  parallel  to  each  other,  but  not  to  the 
diameter ;  thefe  fubtenfes  are  likewile  ultimately  as  the  fquares  of  their 
conterminous  arcs.  For  fince  Ba  is  a  tangent  at  the  point  B,  and  is 
therefore  perpendicular  to  BD  :  Eucl.  b.  III.  prop.iB.  and  fince  mn  and 
fg  are  parallel  to  BD,  it  follows  that  mn  and  f g  are  likewife  perpendi¬ 
cular  to  BD,  and  confequently  the  angles  ofg  and  amn  are  both  of  them 
right  ones  and  equal  to  each  other.  But  becaufe  og  and  an  are  parallel 
to  each  other,  by  the  conflrudion,  the  angle  fog  is  equal  to  the  angle 
man,  for  one  is  the  external  angle  and  the  other  is  the  internal  oppofite 
angle  on  the  fame  fide  made  by  the  line  Ba  croffing  the  two  parallel 
lines  og  and  an.  Fuel.  b.  I.  prop.  29.  And  fince  in  the  triangle  fgo 
there  are  two  angles  refpedively  equal  to  two  angles  in  the  triangle 
mna ,  and  all  the  three  angles  of  each  are  only  equal  to  two  right  ones, 
it  follows,  that  the  third  angle  at  g  in  one  of  them  is  equal  to  the  third 
angle  at  n  in  the  other.  Eucl.  b.  I.  prop.  32.  coroll.  2.  But  fimilar  or 
equiangular  triangles  have  then*  fides  proportional.  Eucl.  b.VI.  prop.  4. 

y  2  There- 
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Therefore  an  is  to  og  as  mn  is  to  fg.  And  we  have  already  proved  that 
ninis,  ultimately  to  fg  as  the  fquares  of  the  conterminous  arcs.  From 
whence  it  follows  that  an  is  likewife  ultimately  to  og  as  the  fquares  of 
the  conterminous  arcs  B n  and  Bg. 

Or  laftly,  fuppofe  an  and  og  were  both  of  them  directed  to  C  the 
center  of  the  circle.  In  this  cafe  they  would  each  of  them  be  a  femidi- 
ameter  continued  from  g  and  n  refpe&ively  to  the  tangent  Ba  and  would 
neither  be  parallel  to  each  other  nor  to  BD  in  any  but  their  evanefcent 
ftate.  But  when  they  are  the  neareft:  poffible  to  B,  though  they  are  di¬ 
rected  to  C,  they  will  be  parallel  to  each  other :  for  when  an  and  og  va- 
nifh  at  B,  they  muft  be  parallel  to  each  other ;  becaufe  then  they  both 
coincide  with  the  fame  point  B  in  the  fame  right  line  BC,  and  therefore, 
by  the  foregoing  demonflration,  they  will  be  ultimately  as  the  fquares 
of  the  conterminous  arcs. 

When  D  and  d  coincide  with  A,  Plat.VI.  fig.  5.  fuppofe  them  to 
fet  out  from  A  and  to  move  back  again,  the  lines  DC  and  d C  turning 
Hill  upon  the  point  C  as  they  did  before,  only  the  contrary  way.  In  this 
cafe,  as  D  and  d  move  away  from  A,  the  fubtenfes,  which  were  no¬ 
thing  when  they  coincided  with  A,  will  begin  to  exifl,  and  the  firfl  pro¬ 
portion  which  they  bear  to  each  other,  when  they  thus  begin,  is  their 
prime  ratio  in  their  nafcent  Hate.  Now  the  reader  will  eafily  conceive 
that  they  begin,  when  D  and  d  are  thus  moving  from  A,  in  the  fame 
proportion  that  they  before  ended,  when  D  and  d  were  confidered  as 
moving  towards  A.  Therefore  the  nafcent  as  well  as  the  evanefcent  fub- 


tenfe  of  the  angle  of  contact  is  as  the  fquare  of  the  conterminous  arc. 

This  propofition  is  true  of  other  curves  as  well  as  circles,  provided 
they  are  fuch  that  a  circle  may  be  drawn  of  the  fame  curvature.  Let 
Eg-  and  B?z,  Plat.VI.  fig.  6.  be  nafcent  arcs  in  an  ellipfis.  The  points  g 
and  n  in  the  nafcent  arcs  Bg  and  Bn  are  the  neareft  poffible  to  B ;  and 
therefore  they  are  not  only  arcs  in  the  ellipfis,  but  are  likewife  arcs  in  a 
circle  which  has  the  fame  curvature  that  the  ellipfis  has  at  B.  But,  fince 
sn  and  rg ,  or  the  nafcent  fubtenfes  in  any  circle,  have  been  proved  to  be 
as  the  fquares  of  the  nafcent  arcs  Bn  andBg,  it  follows  that  the  fame  fub¬ 
tenfes  sn  and  rg ,  when  thofe  arcs  are  in  an  ellipfis,  are  likewife  in  the  fame 
proportion. 


163.  ‘The  nafcent  or  evanefcent  fubtenfe  of  the  angle  of  contabl  in  circles  is 
equal  to  the  fquare  of  the  conterminous  arc  divided  by  the  diameter . 

BD,  Plat.VI.  fig.  5.  is  equal  to  the  fquare  of  AD  divided  by  AC  ;  if 
BD  and  AD  are  in  their  nafcent  ftate,  that  is,  if  the  point  D  is  fuppofed 
to  be  the  neareft  poffible  to  A.  We  have  already  feen  in  the  foregoing 

propofition. 
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propofition,  that  univerfally  B  D  the  fubtenfe,  AD  the  conterminous 
chord,  and  AC  the  diameter,  are  in  continued  geometrical  progreffion  j  and 
that,  when  D  is  taken  the  neareft  poffible  to  A,  the  chord  and  arc  AD 
do  not  differ  from  one  another.  Therefore  the  nafcent  fubtenfe  BD,  the 
nafcent  arc  AD,  and  the  diameter  AC  are  in  continued  geometrical  pro- 
greflion.  And  confequently  BD  multiply ed  into  AC  is  equal  to  the 
fquare  of  AD,  Eucl.  b.VI.  prop.  17.  that  is,  the  produdtBD  x  AC,  where 
BD  is  the  multiplicator  and  AC  the  multiplicand,  =ADl  But  when¬ 
ever  two  quantities  are  equal,  if  they  are  divided  by  equal  divifors  the 
quotients  will  be  equal.  Therefore  if  BDx  AC  and  AD q  are  each  of 
them  divided  by  AC  the  quotients  will  be  equal.  But  if  BDx  AC  is 
divided  by  AC  the  quotient  is  BD  :  becaufe  when  any  product  is  divi¬ 
ded  by  the  multiplicand  the  quotient  is  the  multiplicator.  Therefore 

BD  is  equal  to  the  fquare  of  AD  divided  by  AC,  that  is  BD=  —5.. 

164.  When  bodies  deferibe  circles ,  and  the  centripetal  forces  tend  to  the 
centers  of  thofe  circles ;  thefe  forces  in  different  circles ,  a?id  like  wife 
the  centrifugal  forces ,  are  to  one  another  as  the  fquares  of  the  arcs 
that  the  bodies  deferibe  in  the  fame  time ,  divided  by  the  femi diameters 
cf  the  circles . 

Let  there  be  two  bodies  revolving  round  the  center  C  \  one  in  the 
circle  BzzD,  Plat.VI.  ffg.  3.  and  the  other  in  the  circle  R/E  :  and  fuppofc 
that  the  centripetal  force,  which  retains  them  in  their  refpe&ive  orbits* 
impells  them  towards  C.  One  of  thefe  bodies  fetting  out  from  B 
would  by  the  firff  law  of  motion  go  on  in  the  right  line  B  a,  if  there 
was  no  centripetal  force  which  adted  upon  it,  and  which  by  impelling  it 
conftantly  towards  C  made  it  deferibe  the  curve  B  n.  When  the  body 
has  moved  in  this  curve  through  the  arc  Bgy  or  from  B  to  gy  the  ipace 
through  which  it  has  been  drawn  from  the  tangent  B a  towards  the  cen¬ 
ter  C  is  fg :  and  confequently,  ffnee  it  is  the  centripetal  force,  which  has 
thus  drawn  it,  this  force  is  proportional  to  the  fpace  which  it  has  made 
the  body  deferibe,  or  proportional  to  fg.  In  like  manner  the  body  which 
revolves  in  the  circular  orbit  R/E  describes  the  arc  R/  and  does  not  run 
out  from  R  in  the  tangent  R  j,  as  it  would  have  done  by  the  adtion  of 
the  projedtile  force  alone.  And  the  centripetal  force  which  has  drawn  it 
from  this  tangent  muff  be  proportional  to  the  effedt  produced  by  it.  But 
the  effedt  produced  by  it,  whilft  the  body  is  moving  from  R  to  /,  is  to 
impell  or  draw  the  body  from  the  tangent  through  the  fpace  hi.  There¬ 
fore  the  centripetal  force  is  proportional  to  hi.  Now  if  and  R  /  are 
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the  arcs  which  thefe  two  bodies  defcribe  in  equal  times  in  their  refpe&ive 
orbits,  fg  and  hi ,  or  the  centripetal  forces,  are  to  each  other  asthefquare 
of  Bo-  divided  by  BC  is  to  the  fquare  of  R/  divided  by  RC. 

For  fuppofe  hg  and  R/  to  be  the  lead:  arcs  poffihle,  or  nafcent  arcs, 
then/g  is  equal  to  the  fquare  ofBg  divided  by  BD;  and  hi  is  equal 

to  the  fquare  of  R  /  divided  by  RE.  That  is,  fg  =  and  hlz=. 
t»y  proportion  163.  Therefore  fg  is  to  hi  as  ~  is  to  For  fince  the 

firft  term  or  fg  has  been  proved  to  be  equal  to  the  third  or  to  and  the 

fecond  term  or  hi  has  likewife  been  proved  to  be  equal  to  the  fourth  or  to 
R/q 

££,  it  follows  that  the  firft  mud;  bear  the  fame  proportion  to  the  fecond 


T>  q 

that  the  third  bears  to  the  fourth.  Now  the  proportion,  which  and 

bear  to  each  other,  will  not  be  altered  by  changing  the  two  divifors 

BD  and  RE  for  two  other  divifors  that  are  in  the  fame  proportion.  But 
BC,  which  is  half  BD,  and  RC,  which  is  half  RE,  are  in  the  fame  pro- 

portion  to  each  other  with  BD  and  RE.  Therefore  “  is  to  ^  as 


BE:  *s  to  RC*  And  confequentlyy£  anc^  hi  are  to  each  other  as  to 

R/q 

That  is  the  nafcent  fubtenfes  fg  and  hi ,  and  confequently  the  cen¬ 
tripetal  forces,  by  which  the  revolving  bodies  are  impelled  towards  C, 
are  as  the  fquares  of  the  arcs  Bg  and  R /  divided  refpe&ively  by  the  femi- 
diameters  BC  and  RC. 

This  will  be  equally  true  though  Bg  and  R/ are  not  nafcent  arcs  or 
the  fmalleft  arcs  poffible,  provided  they  are  arcs,  which  the  bodies  de¬ 
fcribe  in  the  fame  time,  that  is,  provided  one  of  the  bodies  defcribes  the 
arc  Bg,  whilfl  the  other  is  defcribingthe  arc  B  /.  For  whatever  are  thd 
velocities  with  which  one  body  fets  out  from  B  and  the  other  from  R, 
the  arcs  which  they  defcribe  will  begin  in  the  fame  proportion  with 
thofe  velocities  j  the  nafcent  arc  at  B  will  be  juft  as  much  greater  or  lefs 
than  that  at  R,  as  the  velocity  of  the  body  which  fets  out  from  B  is 
greater  or  lefs  than  the  velocity  of  the  other  body  which  fets  out  from 
R.  But  the  arc,  which  one  body  defcribes  in  any  given  time,  will  like¬ 
wife  be  to  the  arc,  which  the  other  defcribes  in  an  equal  time  as  the  ve¬ 
locity  of  the  former  body  is  to  the  velocity  of  the  latter.  Therefore  the 
arcs  defcribed  in  a  given  time  are  to  one  another  as  the  nafcent  arcs ; 
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and  confequently  the  fquares  of  the  arcs  defcribed  in  a  given  time  are 
as  the  fquares  of  the  nafcent  arcs.  But  the  centripetal  forces  have  been, 
proved  to  be  as  the  fquares  of  the  nafcent  arcs  divided  by  the  femidia- 
meters.  Therefore  the  centripetal  forces  are  likewife  as  the  fquares  of 
the  arcs  defcribed  in  a  given  time  divided  by  the  femidiameters. 

We  may  apply  this  reafoning  to  another  cafe  by  obferving  farther  that  the 
two  curves  B?zD  and  R/E  are  fimilar  and  confequently  BD  is  to  RE,  or  BC 
to  RC,  as  the  whole  curve  B«D  is  to  the  whole  curve  R/E.  Upon  which 
account,  we  may  change  the  two  divifors  BC  and  RC  in  the  fractional 

quantities  and  for  two  others  B«D  and  R/E  without  changing  the 

proportion  of  the  fractions.  That  is,  bears  the  fame  proportion  to  g^g 

that  bears  to  But  the  centripetal  forces,  by  which  the  two  bo- 
130  xvO 


dies  are  retained  in  their  refpeCtive  orbits,  are  to  each  other  as 


BC  u  RC 


and  confequently  are  likewife  to  each  other  as  to  ggg.  That  is  the 

centripetal  forces  are  as  the  fquares  of  the  arcs  defcribed  in  the  fame  time 
divided  refpe&ively  by  the  whole  curves. 

What  has  here  been  faid  concerning  bodies  that  revolve  in  circles, 
may  be  applyed  to  bodies  that  revolve  in  fimilar  elliptical  orbits.  For 
if  they  defcribe  equal  areas  in  equal  times  round  one  of  the  focufes,  that 
is,  by  propofition  160,  if  the  centripetal  force  tends  to  one  of  the  focu¬ 
fes,  then  in  parts  of  their  orbits,  which  are  fimilar  and  likewife  fimilar- 
ly  placed  in  refpeCt  of  that  focus,  the  centripetal  force  will  be  as  the 
fauare  of  the  arc  defcribed  in  a  given  time  divided  by  the  diftance  from  the 
focus.  Suppofe  that  one  body  revolves  in  the  elliplis  BT,  Plat. VI.  fig.  6. 
and  another  in  the  elliplis  RP,  and  that  each  of  them  defcribes  equal  areas  in 
equal  times  round  F.  Then,  by  propofition  1 60,  the  centripetal  force  tends 
to  the  point  F,  that  is,  the  force,  which  retains  each  body  in  its  orbit,  im- 
pells  it  conftantly  towards  this  focus.  Now  if  Bg  and  R/  are  the  fmalleft 
arcs  poffible,  and  are  defcribed  in  the  fame  time,  thefpaces,  through  which 
the  bodies  are  refpedtively  impelled  towards  F,  whilft  one  of  them  is 
defer ibing  the  arc  Bg  and  the  other  the  arc  R /,  are  rg  and  hi.  From 
whence  it  follows  that  thefe  fubtenfes  rg  and  hi  are  to  each  other  as  the 
centripetal  forces,  which  make  the  bodies  tend  to  F.  And  if  B  and  R, 
have  the  fame  curvature  or  are  fimilar  places  of  thefe  elliptical  orbits,  and 
are  likewife  fituated  in  the  fame  manner  in  refpedl  of  F,  as  they  will  be 
for  inftance  when  B  is  thegreateft  diftance  from  F  in  one  orbit,  andR  is 
the  greateft  diftance  from  F  in  the  other  y  then  rg  is  to  hi,  as  the  fquare  of 
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the  arc  Bg  divided  by  BF  is  to  the  fquare  of  the  arc  R/  divided  by  RF.  That 
is,  fg  is  to  hi  as  to  For  from  what  has  juft  been  proved  con¬ 
cerning  bodies  revolving  in  circular  orbits,  it  follows  that  as  B  and  R  are 
fimilar  parts  of  fimilar  orbits  and  are  likewife  fimilarly  fituated  in  refpedl 
of  F,  rg  is  to  hi  as  the  fquare  of  Bg  divided  by  the  whole  curve  BgT  to 
the  fquare  of  R/  divided  by  the  whole  curve  R/P.  That  is  rg  is  to  hi  as 
Bjf 


R/< 


_  ~  is  to  YTTn*  But  BF  is  to  RF  as  BpT  to  R/P  ;  becaufe  the  curves  are 

hg  I  K/r  0 

fimilar.  Therefore  in  the  fra&ional  quantities  and  the  two  divifors 


Bp-T  and  R/P  may  be  changed  into  BF  and  RF  without  affecting  the  propor- 

tion  of  the  fractions.  And  confequently  rg  is  to  hi  as  ~  is  to  ^-p.  That 

is,  the  centripetal  forces  are  as  the  fquares  of  the  arcs  deferibed  in  the 
fame  time  divided  by  the  diftances  from  F. 

What  has  here  been  proved  of  the  centripetal  force  need  not  be  par¬ 
ticularly  fhewn  to  be  true  likewife  of  the  centrifugal  force ;  fince  it  can¬ 
not  poftibly  be  otherwife:  becaufe,  by  proportion  156,  thefe  two  forces 
are  always  equal  to  one  another* 


165.  When  bodies  revolve  in  orbits  of  equal  femi diameters,  the  central  for¬ 
ces  are  proportional  to  the  fquares  of  the  velocities  with  which  the  bo¬ 
dies  ?novey  or  are  as  thofe  fquares  direSlly. 

If  two  bodies  revolve  round  different  centers  in  equal  orbits,  or  round 
the  fame  center  C,  Plat. VI.  fig.  3.  in  one  and  the  fame  orbit,  where  BC 
is  the  common  femidiameter  of  the  orbit  they  deferibe ;  then,  fuppofing 
their  velocities  to  be  unequal,  the  forces  that  impell  them  towards  this 
center  muft  be  unequal  too.  A  greater  force  will  be  requifite  to  retain 
that  body  in  its  orbit,  which  moves  the  fafter  of  the  two,  than  what  will 
be  fufficient  to  retain  the  other  body,  which  moves  llower,  in  the  fame 
or  in  an  equal  orbit.  And  fuppofing  the  velocity  of  one  to  be  to  the  velo¬ 
city  of  the  other  as  5  to  2,  the  centripetal  forces  muff:  be  as  the  fquares  of 
thefe  velocities,  that  is,  as  the  fquare  of  5  to  the  fquare  of  2,  or  as  2  5  to  4. 
And  whatever  may  be  the  proportion  of  the  velocities,  with  which  the 
bodies  revolve,  the  centripetal  forces,  when  the  femidiameters  of  the  orbits 
are  equal,  muft  always  be  as  the  fquares  of  the  velocities. 

The  nafeent  arcs  are  proportional  to  the  velocities,  with  which  the 
bodies  begin  to  move.  Thus  the  nafeent  arc  B n,  is  to  the  nafeent  arc 
Bg,  as  the  velocity  of  one  body  is  to  the  velocity  of  the  other. 
The  centripetal  forces,  which  have  a<fted  in  the  mean  time  upon  thefe 

tw© 


NATURAL  PHILOSOPHY.  177 

two  bodies  to  retain  them  in  their  orbit,  are  to  each  other  as  mn  to  fg,  that 
is  as  the  nafcent  fubtenfes  of  the  angle  of  contact.  But  thefe  fubtenfes 
in  the  fame  circle  or  in  equal  ones,  by  propolitioni62,  are  to  each  other  as 
the  fquares  of  the  conterminous  arcs  Bn  and  Bg.  And  fince  thefe  arcs  are 
proportional  to  the  velocities  with  which  the  bodies  revolve ;  the  fquares 
of  thefe  arcs  muft  be  proportional  to  the  fquares  of  the  velocities.  There¬ 
fore  the  centripetal  forces  being  as  the  nafcent  fubtenfes  are  likewife  as  the 
fquares  of  the  conterminous  arcs,  or  as  the  fquares  of  the  velocities  with 
which  the  bodies  move. 

We  may  likewife  deduce  this  proportion  from  the  foregoing  one. 
For  fince  the  arcs  defcribed  in  equal  times  are  in  all  cafes  as  the  velo¬ 
city  with  which  the  body  revolves,  and  fince,  by  propofition  164,  the 
centripetal  force  is  as  the  fquare  of  the  arc  defcribed  in  a  given  time  di¬ 
vided  by  the  femidiameter  j  it  follows  that  the  centripetal  force  is  as 
the  fquare  of  the  velocity  divided  by  the  femidiameter.  Thus  if  one 
body  defcribes  the  arc  B n  in  the  fame  time  that  another  body  de- 
fcribes  the  arc  Bg,  the  centripetal  forces,  by  which  thefe  two  bodies 
are  impelled  to  the  center  C,  will  be  to  each  other,  as  the  quotient  arifing 
from  the  fquare  of  Bn  divided  by  BC  is  to  the  quotient  arifing  from  the 

fquare  of  Bg  divided  by  BC,  that  is  as  to  But  in  all  divifion,  where 

the  divifor  is  given  the  quotients  are  as  the  dividends.  NowBC,  or  the  divi- 
for  is  here  a  given  quantity,  becaufe  the  bodies  are  fupppofed  to  revolve 
cither  in  the  fa  me  circle  or  in  circles  Of  equal  femidiameters.  Therefore  the 

quotients,  which  are  here  exprefled  by  the  two  fractions  ^  and  are 

to  each  other  as  the  dividends,  or  asB«q  toBg'3,  which  are  the  numerators 
of  thofe  fractions.  And  confequently  the  centripetal  forces  are  to  each 
other  as  the  fquare  of  Bn  to  the  fquare  of  Bg,  that  is,  as  the  fquares  of 
the  arcs  defcribed  in  a  given  time,  or  as  the  fquares  of  the  velocities 
with  which  the  bodies  revolve. 

The  reader  muft  remember  that  when  we  have  proved  a  propofition 
to  be  true  of  the  centripetal  force,  it  muft  neceflarily  be  true  of  both 
the  central  forces,  the  centrifugal  as  well  as  the  centripetal;  becaufe  one 
of  thefe  forces  is  equal  to  the  other. 

j66.  When  bodies  revolve  with  equal  velocitiei  in  unequal  circles,  the  cen¬ 
tral  forces  are  inverfely  as  the  femidiameters  of  the  circles. 

If  one  body  revolves  in  the  orbit  B^D,  Plat.VI.  fig.  3.  and  another  in 
the  lefter  orbit  R/E  the  centripetal  force,  which  retains  the  former  body 

Z  in 
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in  the  orbit  B/zD  is  to  the  centripetal  force,  which  retains  the  latter  in 
the  orbit  R/E,  as  BC  to  RC  inverfely,  or  as  BC  to  RC  inverted,  that  is 
as  RC  to  BC,  Or  otherwife  j  when  one  body  moves  with  the  fame  velo¬ 
city  in  the  orbit  Bz/D  that  another  moves  with  in  the  orbit  R/E ;  the 
force  which  impells  the  former  body  towards  C  is  as  much  lefs  than  that 
which  impells  the  latter  body  thither,  as  BC  is  greater  than  RC,  or  as 
RC  is  lels  than  BC. 

Let  Bo-  and  R/  be  the  arcs,  which  the  two  bodies  deferibe  in  equal 
times  in  their  refpedtive  orbits.  Then  becaufe  they  move  with  equal 
velocities,,  by  the  fuppofition,  the  fpaces  deferibed  in  equal  times,  or  Bg 
and  R /,  muft  be  equal.  And  confequently  the  fquare  of  Bg  is  equal  to 
the  fquare  of  R/:  that  is,  Bgq  =  R/q.  But,  by  propofition  164,  the  cen¬ 
tripetal  forces,  by  which  thefe  bodies  are  impelled  towards  C,  are  to  each 
other  as  the  fquares  of  the  arcs  deferibed  in  the  fame  time  divided  by 
the  femidiameters ;  or  as  the  quotient  arifing  from  the  fquare  of  Bg  di- 


qual,  the  quotients  are  inverfely  as  the  divifor,  lefs  as  the  divifor  is  greater, 
and  greater  as  the  divifor  is  lefs.  Therefore  fince  Bg'1  and  R/q  are  equal 
dividends,  the  quotients,  which  are  expreffed  by  the  two  fractions 

^  and  are  as  BC  to  RC  inverfely.  And  the  centripetal  forces,  fince 

they  are  as  thefe  quotients,  are  likewife  as  BC  to  RC  inverfely,  that  is, 
as  the  femidiameters  inverfely. 

167.  When  bodies  revolve  in  circles  and  tend  towards  the  center  of  thefe 
circles ,  the  central  forces  are  always  as  the  fquares  of  the  velocities  di- 
reftly  and  as  the  femidiameters  of  the  orbits  inverfely . 

If  the  femidiameters  are  equal  and  the  velocities  different,  then  the 
central  forces  are  as  the  fquares  of  the  velocities  diredtly,  by  propofition 
165.  And  if  the  velocities  are  equal,  but  the  femidiameters  unequal,, 
then  the  central  forces  are  as  the  femidiameters  inverfely,  by  propofi¬ 
tion  166.  Therefore,  where  both  the  velocities  and  the  femidiameters 
are  different,  the  central  forces  will  be  as  the  fquares  of  the  velocities  di- 
re&ly,  and  as  the  femidiameters  inverfely.  So  that  this  propofition  is  no¬ 
thing  more  than  the  two  foregoing  ones  joyned  together* 

Call  the  velocity  with  which  one  body  revolves  V,  and  the  velocity 
with  which  any  other  body  revolves  v.  Call  the  femidiameter  of  the 
orbit  deferibed  by  the  former  R,  and  the  femidiameter  of  the  orbit  de¬ 
feribed 
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fcribed  by  the  latter  r.  By  proportion  164,  the  central  forces  are  as  the 
fquares  of  the  arcs  defcribed  in  the  fame  time  divided  by  the  femidiame- 
ters,  and  becaufe  the  arcs  defcribed  in  the  fame  time  are  as  the  velocities, 
the  fquares  of  thofe  arcs  will  be  as  the  fquares  of  the  velocities.  There¬ 
fore  the  central  forces  are  as  the  fquare  of  V  divided  by  R  to  the  fquare 

of  v  divided  by  r,  or  as  ^-q  to  ~  .  And  lince  in  all  divifion  the  quotient 

is  directly  as  the  dividend  and  inverfely  as  the  divifor,  thefe  two  quo- 

tients  exprefled  by  the  two  fractions  p-  and  —  are  as  Vq  to  vq  diredtly 

and  as  R  to  r  inverfely.  But  Vq  and  vq  are  the  fquares  of  the  velocities, 
and  R  and  r  are  the  lemidiameters  of  the  refpe<5tive  orbits  defcribed  by 
the  bodies.  Therefore  the  central  forces  are  as  the  fquares  of  the  velo¬ 
cities  directly  and  as  the  femidiameters  inverfely. 

The  165,  166,  and  167  propofitions  concerning  the  central  forces 
of  bodies  revolving  in  circles  have  been  all  of  them  deduced  from  pro¬ 
portion  1 64.  Where  we  proved  that  the  central  forces  are  univerfally 
as  the  fquare  of  the  arc  defcribed  in  a  given  time  divided  by  the  femi- 
diameter.  Now  this  propofition  164  was  (hewn  to  be  true  of  bodies  re  ¬ 
volving  in  fimilar  curves,  when  they  are  in  parts  of  thefe  curves  that  are 
fimilar  and  alfo  fimilarly  placed  in  refpedt  of  the  center  towards  which 
the  bodies  tend,  provided  wc  fubftitute  the  diftances  from  that  center  for 
the  femidiameter.  In  particular  it  was  (hewn  that  at  B  and  R,  Plat.VX. 
fig.  6.  which  are  fimilar  points  of  two  fimilar  elliptical  orbits,  and  are 
fimilarly  placed  in  refpedl  of  F  the  focus,  towards  which  the  revolving 
bodies  tend,  the  central  forces  are  to  each  other  as  the  fquare  of  the  arc 
Bg  divided  by  BF,  to  the  fquare  of  the  arc  R l  divided  by  RF  :  that  is,  as 
the  fquares  of  the  arcs  defcribed  in  the  fame  time  divided  by  the  diftan¬ 
ces  from  the  focus  F,  towards  which  they  are  impelled.  From  hence  there¬ 
fore  it  follows,  that  the  165,  166,  and  167  propofitions  are  applicable  to 
bodies  that  revolve  in  elliptical  orbits.  And  if  two  bodies  wrere  to  revolve 
in  the  orbit  BgT  with  unequal  velocities  the  centripetal  forces  at  B  would 
*be  as  the  fquares  of  thofe  velocities.  If  one  body  revolved  in  the  orbit 
BgT,  and  the  other  in  a  fimilar  orbit  R/P  with  the  fame  velocity,  then 
the  centripetal  forces  at  B  and  R  would  be  as  BF  to  RF  inverfely.  And 
univerfally  in  fimilar  parts  that  are  fimilarly  placed  in  refpedt  of  the  point 
F,  towards  which  the  revolving  bodies  are  impelled,  the  centripetal  force 
is  as  the  fquare  of  the  velocity  diredtly  and  as  the  diftance  from  F  in¬ 
verfely. 


z  2 
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168.  When  bodies  revolve  in  equal  circles ,  the  central  forces  are  inverfely 
as  the  fquares  of  their  periodical  times. 

If  two  bodies  were  to  revolve  either  in  the  fame  circle  B nD,  Plat. VI. 
fig.  3.  round  the  lame  center  C,  or  in  equal  circles  round  different  centers, 
and  each  body  was  to  take  up  a  different  time  to  defcribe  its  refpe&ive 
orbit,  as  fuppofe  the  periodical  time  of  one  of  them  to  be  10  days  and 
of  the  other  6  days :  the  fquares  of  their  periodical  times  are  then  to  each 
other  as  100  to  36.  And  thefe  fquares  inverted  are  to  each  other  as  36 
to  100.  The  centripetal  forces,  which  impell  them  towards  the  center 
of  their  orbits,  will  be  in  this  proportion.  And,  whatever  may  be  the 
proportion  of  the  periodical  times  of  the  revolving  bodies,  the  centripe¬ 
tal  forces,  and  coniequently  the  centrifugal  forces  likewife,  will  always  be 
as  the  fquares  of  thefe  times  inverted. 

The  orbits,  or  the  fpaces  which  the  bodies  have  to  defcribe  in 
the  time  of  a  revolution,  are  equal  by  the  fuppofition.  Therefore  the 
fafter  any  body  moves  the  fooner  it  will  go  round  in  its  orbit,  and  the 
flower  it  moves  the  longer  it  will  be  in  going  round.  That  is,  fince  the 
fpaces  to  be  defcribed  by  each  body  are  equal,  the  times  taken  up  to  de¬ 
fcribe  thofe  fpaces,  or  the  periodical  times,  will  be  inverfely  as  the  bodys 
velocity,  by  propofition  9.  But,  becaufe  the  periodical  times  are  inverfely 
as  the  velocities,  therefore  the  fquares  of  the  periodical  times  are  inverfe¬ 
ly  as  the  fquares  of  the  velocities :  or,  which  is  the  fame  thing,  the  fquares 
of  the  velocities  are  inverfely  as  the  fquares  of  the  periodical  times.  Now 
by  propofition  165,  when  the  orbits  are  equal,  the  central  forces  are 
as  the  fquares  of  the  velocities.  And  by  what  has  juft  been  proved  the 
fquares  of  the  velocities  are  inverfely  as  the  fquares.  of  the  periodical 
times.  Therefore  the  central  forces  are  inverfely  as  the  fquares  of  the 
periodical  times. 

169.  When  bodies  defcribe  unequal  circles ,  if  their  periodical  times  are  equal , 
the  central  forces  are  proportional  to  the  Jemidiameters  of  their  re - 
fpeBive  orbits ,  or  are  as  thofe  femidiameters  direffly . 

If  one  body  revolves  in  the  orbit  B»D  and  any  other  body  revolves  in 
an  equal  time  in  the  orbit  R/E ;  then  their  orbits  are  unequal  and  their 
periodical  times  are  the  fame.  In  this  cafe  the  centripetal  force  by  which 
the  former  body  is  retained  in  the  orbit  B«D  is  as  much  greater  than 
that  which  retains  the  latter  in  the  orbit  R/E,  as  BC  the  femidiameter  of 
the  former  bodys  orbit  is  greater  than  RC  the  femidiameter  of  the  latters 
orbit. 


Each 
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Each  body  defcribes  its  refpedlive  orbit  in  the  fame  or  an  equal  time, 
by  the  fuppofition.  And,  fince  each  orbit  contains  360  degrees,  each 
body  defcribes  360  degrees  in  its  refpedtive  orbit  in  the  fame  time.  But 
if,  whilft  one  is  defcribing  360  degrees,  the  other  defcribes  juft  as  ma¬ 
ny;  then  whilft  one  is  defcribing  180  degrees  or  half  its  orbit,  the  other 
muft  likewife  defcribe  180  degrees  or  half  its  orbit ;  whilft  one  is  de¬ 
fcribing  90  degrees  or  a  quarter  of  its  orbit,  the  other  muft  likewife  de¬ 
fcribe  90  degrees  or  a  quarter  of  its  orbit;  whilft  one  is  defcribing  60 
degrees  the  other  muft  defcribe  60 ;  and  univerfally,  when  the  periodi¬ 
cal  times  are  equal,  each  body  in  any  given  part  of  its  periodical  time  de¬ 
fcribes  an  equal  number  of  degrees  in  its  refpedive, orbit.  But  arcs,  that 
contain  an  equal  number  of  degrees,  bear  the  fame  proportion  to  their 
refpe&ive  orbits,  or  are  fimilar  arcs :  as  for  inftance  if  B;z  and  R /  contain 
each  of  them  60  degrees,  then  the  arcs  Bn  and  R/  are  fimilar,  that  is, 
Bn  bears  the  fame  proportion  to  the  whole  orbit  B«D,  that  R/  bears  to 
the  whole  orbit  R/E.  Therefore,  when  the  whole  periodical  times  of 
the  revolving  bodies  are  equal,  the  arcs  defcribed  by  them  in  any  equal 
parts  of  thole  times  are  fimilar.  But,  by  propofition  164,  the  central 
forces  are  as  the  fquares  of  the  arcs  defcribed  in  the  fame  time  divided 
by  the  femidiameters  ;  and  confequently;  when  the  periodical  times  are 
equal,  the  central  forces  are  as  the  fquares  of  fimilar  arcs  divided  by  the 
femidiameters.  Thus  if  two  bodies  revolve  round  C  one  in  the  orbit  BnD 
the  other  in  the  orbit  R/E  in  equal  times ;  any  arcs  as  Bn  and  R/,  which 
they  defcribe  in  the  fame  time  in  their  refpedtive  orbits,  will  be  fimilar: 
and  the  centripetal  force  by  which  one  of  the  bodies  tends  to  C  will  be 
to  the  centripetal  force  by  which  the  other  tends  thither,  as  the  fquare  of 

Bn  divided  by  BC  to  the  fquare  of  R/  divided  byRC;  that  is,  as  to 
R/’ 

But  fimilar  arcs  are  in  the  fame  proportion  to  each  other  that  the 

whole  orbits  are,  or  that  the  femidiameters  of  the  orbits  are.  Thus  Bn 
is  to  R /  as  BC  to  RC  :  and  confequently  the  fquare  of  Bn  is  to  the  fquare 
of  R /  as  the  fquare  of  BC  to  the  fquare  of  RC :  that  is  Bn q  is  to  R/q  as 

BCq  to  RCq.  Therefore  in  the  two  fractions  ^  and  BCq  may  be 

fubftituted  for  B«q  and  RCq  for  R/q  without  changing  the  proportion 

which  thofe  fractions  bear  to  each  other,  that  is  qgg  is  to  ^  as  is 

to  But  when  the  fquare  of  any  quantity  is  divided  by  the  quantity 

itfelf,  the  quotient  is  likewife  the  fame  quantity.  Therefore  or 

the 
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the  fquare  of  BC  divided  by  BC  is  equal  to  BC,  and  likewife  ^  is  for 
the  fame  reafon  equal  to  RC.  From  whence  it  follows  that  ^  is  to 

as  BC  to  RC.  But  the  centripetal  forces  are  to  each  other  as  to 

Therefore  they  are  likewife  to  each  other  as  BC  to  RC,  or  as  the  femidia- 
meters  of  the  orbits  in  which  the  bodies  revolve. 


170.  When  bodies  revolve  in  circles  and  are  impelled  towards  the  centers  of 
thofe  circles ,  the  central  forces  are  always  as  the  ferni diameters  of 
their  orbits  dirctlly  and  as  the  fquares  of  their  periodical  times  in - 
verfely. 

If  the  periodical  times  are  equal,  and  the  femidiameters  unequal,  the 
central  forces  are  as  the  femidiameters  diredtly,  by  propofition  169.  And 
if  the  femidiameters  are  equal,  and  the  periodical  times  unequal,  the  central 
forces  are  in  verfely  as  the  fquares  of  the  periodical  times  by  propofition 
1 6 8.  Therefore  where  both  the  femidiameters  and  the  periodical  times 
are  unequal,  the  central  forces  will  be  in  a  ratio  compounded  of  both, 
or  as  the  femidiameters  dire&ly  and  as  the  fquares  of  the  periodical  times 
inverfely. 

Call  the  femidiameter  of  one  bodys  orbit  R,  and  the  femidiameter  of 
any  other  bodys  orbit  r.  Call  the  periodical  time  of  the  former  T  and 
the  periodical  time  of  the  latter  t.  The  fquares  of  the  periodical  times 
will  be  TxT  and  txt,  that  is  Tq  and  tq,  or  TT  and  tt.  For  the  fquares 
of  T  and  t  are  expreffed  in  all  thefe  three  different  ways.  Now  lince  in 
all  divifion  the  quotient  is  diredtly  as  the  dividend  and  inverfely  as  the 
divifor,  and  fince  the  central  forces  are  as  the  femidiameters  diredtly  and 
as  the  fquares  of  the  periodical  times  inverfely,  they  will  be  as  R  divided 

by  TT  to  r  divided  by  tt,  or  as  =5^,  to  - . 

The  168,  169,  and  1 70  proportions  are  deduced  as  we  have  feen  from 
propofitions  1 64  and  165,  which  have  already  been  fliewn  to  be  applicable 
not  only  to  bodies  revolving  in  circular  orbits,  but  alfo  to  bodies  revolving 
in  fimilar  elliptical  ones,  when  they  are  in  parts  of  thefe  orbits,  that  are 
iimilar  and  alfo  f  milarly  placed  in  refpedt  of  the  center  towards  which  the 
bodies  are  impelled;  provided  we  fubflitute  the  diftanccs  from  that  center 
for  the  femidiameters.  Therefore  with  thefe  reftridtions  the  168, 169,  and 
170  proportions  are  true  of  bodies  revolving  in  elliptical  orbits.  The 

central 
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central  forces,  when  the  periodical  times  are  equal,  will  be  as  the  diftan- 
ces  from  the  focus  towards  which  the  bodies  are  impelled.  When  the 
diftances  from  that  focus  are  equal,  they  will  be  inverfely  as  the  fquares 
of  the  periodical  times.  And  when  neither  the  periodical  times  nor  diftan- 
ces  are  equal,  they  will  be  in  a  ratio  compounded  of  both,  that  is,  as  the 
diftances  diredtly  and  the  fquares  of  the  periodical  times  inverfely ;  or  call¬ 
ing  the  diftances  of  two  bodies,  that  revolve  round  the  fame  point,  D  and  d 
and  their  periodical  times  T  and  t,  the  central  forces  will  be  as  D  to  d  di¬ 
rectly  and  as  XT  to  tt  inverfely,  that  is,  by  what  has  been  fhewn,  as 
_D_  d 
TT  t0  tt* 


17 1.  When  bodies  revolve  round  the  fame  center ,  if  the  fquares  of  their  pe¬ 
riodical  times  are  to  each  other  as  the  cubes  of  their  difiances  from 
that  center ,.  the  central  forces  of  thofe  bodies  are  inverfely  as  the  fquares 
of  their  difiances . 

The  planets  revolve  round  the  fun  and  the  fquares  of  their  periodical 
times  are  found  by  obfervation  to  be  to  each  other,  as  the  cubes  of  their 
diftances.  For  inftance,  The  fquare  of  Jupiters  periodical  time  bears  the 
fame  proportion  to  the  fquare  of  Mercurys  periodical  time,  that  the  cube 
of  Jupiters  diftance  from  the  fun  bears  to  the  cube  of  Mercurys  diftance. 
And  the  fame  analogy,  or  proportion,  holds  good  in  all  the  other  pla¬ 
nets  that  revolve  round  the  fun  and  are  impelled  towards  it.  And  from 
hence  we  are  to  prove  that  the  force,  with  which  the  fun  a<5ts  upon  them 
to  retain  them  in  their  refpeCtive  orbits,  is  at  different  diftances  from  the 
fun  inverfely  as  the  fquares  of  thofe  diftances. 

Call  the  diftance  of  Jupiter  from  the  funD  and  the  diftance  of  Mer¬ 
cury  d.  Call  the  periodical  time  of  Jupiter  T,  and  the  periodical  time 
of  Mercury  t.  Then,  by  what  is  fuppofed  in  the  propofition,  TT  or  the 
fquare  of  Jupiters  periodical  time,  bears  the  fame  proportion  to  tt  or  to  the 
fquare  of  Mercurys  periodical  time,  that  DxDxD  or  Dc  or  DDD  or  the 
cube  of  Jupiters  diftance  bears  to  dxdxd  or  dc  or  to  ddd,  or  to  the  cube  of 
Mercurys  diftance.  Now  by  what  was  fhewn  in  the  laft  propofition  the  cen¬ 
tripetal  force  that  retains  Jupiter  in  its  orbit  is  to  the  centripetal  force  that 

retains  Mercury  in  its  orbit  as  to  i.  But  DDD  bears  the  fame 

proportion  to  ddd  that  TT  bears  to  tt,  by  the  fuppofition.  Therefore  in 

the  two  fractions  and  i  inftead  of  TT  and  tt,  we  may  fubfti- 

tute  DDD  and  ddd.  And  becaufe  thefe  quantities  DDD  and  ddd  bear  the 
feme  proportion  to  each  other  with  TT  and  tt,  the  proportion  of  the 

two. 
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two  fractions  will  not  be  altered  by  this  change,  but  and  ^  . 

will  be  to  each  other  as  ^  and  ~.  But  the  centripetal  force 

of  Jupiter  is  to  that  of  Mercury  as  to  Therefore,  fmce 

the  fquares  of  their  periodical  times  are  as  the  cubes  of  their  di- 
flances,  the  centripetal  force  of  Jupiter  is  likewife  to  that  of  Mercury  as 

— —  to  -4-r.  Now  neither  of  thefe  fractions  are  in  their  lead;  terms.  The 
ODD  ddd 

way  of  reducing  them  to  their  lead:  terms  is  this :  let  D  the  numerator 

of  jyjyg  be  divided  by  D,  that  is,  by  itfelf,  and  the  quotient  arifing  from 

thence  will  be  1  ;  for  the  quotient  arifing  from  any  quantity  divided  by 
itfelf  is  always  1  :  and  let  the  denominator  DDD,  or  the  cube  of  D,  be 
likewife  divided  by  D,  and  the  quotient  will  be  DD  ;  for  when  the 
cube  of  any  quantity  is  divided  by  that  quantity  the  quotient  will  be  its 
fquare.  And  taking  1  the  firfl  quotient  for  a  new  numerator  and  DD 
the  other  quotient  for  a  new  denominator  we  fhall  have  a  new  fra&ion 

equal  to  So  likewife  if  d  the  numerator  of  the  fraction 

is  divided 

ddd 

the  denominator  is  divided  by  the  fame  quantity  d  we  fhall  have  dd  for 
a  new  denominator.  And  when  the  numerator  and  denominator  of  the 

fraction  ~  are  thus  reduced  to  their  lead:  terms 

add 

them  by  the  fame  quantity  d,  the  fra&ion  is  changed  into  which  is 
equal  to  But,  fince  the  centripetal  forces  are  as  to  and 
fince  jyqyQ  is  equal  to  ^  and  is  equal  to  ~  j  it  follows  that  the 

centripetal  force  of  Jupiter  is  to  that  of  Mercury  as  —y  to  But 

all  fra&ions  exprefs  a  quotient  aridng  from  a  divifion  of  their  nu¬ 
merator  by  their  denominator.  And  in  all  divifion,  where  the  dividend 
is  given,  the  quotient  is  inverfely  as  the  divifor.  Therefore  all  fractions, 
whofe  numerators  are  equal  mud:  be  inverfely  as  their  denominators. 

From  hence  it  follows,  that  the  two  fractions  ^  and  whofe  nu- 

•  DD  dd1 

merators  are  each  of  them  1  and  confequently  equal,  mud:  be  to  each  other 
inverfely  as  DD  to  dd.  But  DD  and  dd  are  the  fquares  of  the  diflances. 

There¬ 


by  dividing  both  of 


by  itfelf  we  fhall  have  1  for  a  new  numerator,  and  if  ddd 
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Therefore  thefe  fractions,  and  confequently  the  centripetal  forces,  which 
are  as  thefe  fractions,  are  to  each  other  inverfely  as  the  fquares  of  the  di¬ 
dances. 

From  this  propofition  it  appears  that  the  force,  which  impel  Is  the 
planets  towards  the  fun,  and  by  impelling  them  prevents  them  from 
running  out  in  right  lines  and  retains  them  in  their  refpedive  orbits, 
may  be  the  force  of  gravity.  Since  this  force  at  different  didances  from 
the  fun  is  varyed  in  the  fame  proportion  that  the  force  of  gravity 
would  be.  It  has  been  fhewn,  in  propofition  23,  that  the  weight  of  bo¬ 
dies  or  the  force  of  gravity  that  ads  upon  them  at  different  didances 
from  the  earths  center  is  inverfely  as  the  fquares  of  thofe  didances. 
From  whence  we  may  conclude  that,  if  heavy  bodies,  fuch  as  the  pla¬ 
nets  are,  tend  towards  the  fun,  in  the  fame  manner  that  other  heavy 
•bodies  tend  towards  the  earth  ;  the  force  of  gravity,  that  ads  upon  the 
planets  and  impells  them  towards  the  fun,  would  at  different  didances' 
from  the  fun  be  inverfely  as  the  fquares  of  thofe  didances.  And  fince  it 
is  found  by  obfervation  that  the  fquares  of  the  periodical  times  of  the 
planets  are  as  the  cubes  of  their  didances,  it  follows  from  this  propo¬ 
fition,  that  the  force,  which  retains  them  in  their  relpedive  orbits,  is  like- 
wife  at  different  didances  from  the  fun  inverfely  as  the  fquares  of  thofe 
didances  ^  and  confequently  this  force  may  be  the  force  of  gravity ;  fince 
at  different  didances  from  the  central  body  both  thefe  forces  are  found 
to  be  varyed  by  the  fame  law. 

172.  If  a  body ,  that  revolves  in  an  ellipfis. ,  defcribes  equal  areas  in  equal 
times  by  a  radius  drawn  to  one  of  the  focufcs ;  the  centripetal  force , 
which  retains  this  body  in  its  orbit,  is,  at  different  diflances  from, 
the  focus ,  inverfely  as  the  fquares  of  the  difiances. 

If  the  moon  revolves  in  the  elliptical  orbit  ADPG.  Plat.  VI.  fig.  1. 
and  a  radius  or  line  drawn  from  the  moon  to  the  earth  at  S  in  one  of 
the  focufes  defcribes  equal  areas  in  equal  times  as  the  moon  goes  round 
in  its  orbit  \  then,  by  propofition  160,  the  centripetal  force  condantly 
impells  the  moon  towards  the  earth  :  and  in  this  propofition  we  are  to 
fhew  that  in  this  cafe  the  centripetal  force,  that  retains  the  moon  in  its 
orbit,  mud  at  diderent  didances  from  the  earth  be  inverfely  as  the 
fquares  of  the  didances.  In  like  manner  we  may  apply  this  propofition 
to  any  of  the  planets:  for  as  they  revolve  in  elliptical  orbits  having  the 
fun  in  one  of  their  focufes,  and  deferibe  by  a  radius  drawn. to  the  fun 
equal  areas  in  equal  times,  this  propofition  affirms  that  the  centripetal 
force,  which  tends  towards  the  fun  and  prevents  them  from  running 
out  in  rectilinear  tangents,  is,  at  different  didances  from  the  fun,  inverfely 
as  the  fquares  of  thofe  didances. 
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In  order  to  prove  this  we  will  fhew,  that  at  A  and  P,  or  at  the  greateft 
and  lead:  diftances  of  the  revolving  body  from  S  the  central  body,  the 
centrifugal  force  is  inverfely  as  the  fquares  of  the  diftances :  and  from 
hence  it  will  follow  that  the  centripetal  force  likewife,  which  is  equal 
to  the  other,  muft  be  varyed  in  the  fame  proportion.  It  was  proved,  in 
propofition  165,  that  when  bodies  revolve  in  equal  circles,  that  is,  in 
circles  which  in  equal  parts  have  the  fame  curvature,  the  centrifugal 
force  is  as  the  fquare  of  the  velocity  with  which  the  body  moves.  Now 
at  A  and  P  the  greateft:  and  leaft  diftances  from  S  the  curvature  of  the 
ellipfis  in  equal  parts  is  equal.  Therefore  the  centrifugal  force,  when  the 
body  is  at  A,  is  to  the  centrifugal  force  of  it  when  at  P,  as  the  fquare  of  its 
velocity  at  A  to  the  fquare  of  its  velocity  at  P.  But,  by  propolition  161, 
the  velocity  of  the  revolving  body,  when  it  is  at  A,  is  to  its  velocity,  when 
it  is  at  P,  as  the  diftances  inverfely.  From  whence  it  follows  that  the  fquare 
of  its  velocity  at  A  is  to  the  fquare  of  its  velocity  at  P  as  the  fquares  of  the 
diftances  inverfely.  But  the  centrifugal  forces  are  as  the  fquares  of  the  ve¬ 
locities.  Therefore  the  centrifugal  forces  at  A  and  at  P  are  likewife  as  the 
fquares  of  the  diftances  inverfely.  And  ftnce  the  centripetal  force  is  equal 
to  the  centrifugal  force,  it  muft  be  varyed  by  the  fame  law  3  and  confe- 
quently  at  A  and  at  P  the  centripetal  force  muft  be  inverfely  as  the  fquares 
of  the  bodys  diftances  from  the  point  S,  towards  which  it  is  impelled. 

The  application  of  propolition  1 67  to  the  cafe  of  bodies  moving  in 
elliptical  orbits  may  occafion  a  difficulty  here,  which  we  Ihould  take 
care  to  clear  up.  It  is  there  afferted  that  the  central  forces,  of  which 
the  centrifugal  force  is  one,  are  in  elliptical  orbits  directly  as  the  fquare 
of  the  revolving  bodys  velocity  and  inverfely  as  its  diftance  from  the 
focus,  towards  which  it  tends,  that  is,  as  the  fquare  of  the  velocity  di¬ 
vided  by  the  diftance.  Now  here  without  any  regard  to  the  diftance 
from  S  we  fay,  that  the  centrifugal  force  is  as  the  fquare  of  the  velocity. 
But  the  reader  will  remember  that  propofition  167  relates  to  bodies 
that  are  in  fuch  parts  of  their  orbits  as  are  fimilarly  placed  in  refpedt  of 
the  focus.  Whereas  we  are  now  fpeaking  of  the  fame  body  in  different 
parts  of  the  fame  orbit  A  and  P,  which,  becaufe  one  is  the  greateft  and 
the  other  the  leaft  diftance  from  S,  are  not  fimilarly  placed  in  refpedt 
of  S.  Therefore  what  was  faid  in  propofition  1 67  about  the  centrifu¬ 
gal  force  cannot  be  fo  applyed  here  as  to  be  made  the  foundation  of  any 
objection . 

By  the  foregoing  propofition  we  prove  that  the  centripetal  force,  by 
which  the  planets  that  move  round  the  fun  are  retained  in  their  refpec- 
tive  orbits,  is*  at  different  diftances  from  the  fun*  inverfely  as  the  fquares 

of 
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of  thofe  diftances.  For  the  fquares  of  the  periodical  times  of  the  planets 
that  move  round  the  fun  are  found  by  obfervation  to  be  to  each  other  re- 
Ipe&ively  as  the  cubes  of  their  diftances.  Thus  the  fquare  of  Mercury? 
periodical  time  bears  the  fame  proportion  to  the  fquare  of  Jupiters;  that 
the  cube  of  Mercurys  diftance  bears  to  the  cube  of  Jupiters.  And  in  the 
foregoing  proportion  we  determined  the  law  by  which  the  centripetal 
force  is  varyed,  wherever  this  analogy  or  proportion  obtains.  But  that 
propofition  will  never  demonftrate  that  the  centripetal  force,  by  which 
the  moon  is  retained  in  the  orbit  that  it  defcribes  round  the  earth,  is,  at 
different  diftances  from  the  earth,  inverfely  as  the  fquares  of  thofe  diftan¬ 
ces:  becaufe  this  analogy  or  proportion  cannot  be  apply ed  where  there 
is  only  one  body  revolving  round  the  fame  center,  which  is  the  cafe  of 
the  moon  revolving  round  the  earth.  For  the  nature  of  the  analogy  re¬ 
quires  that  there  fhould  be  the  fquares  of  two  different  periodical  times, 
and  the  cubes  of  the  diftances  of  two  different  bodies  to  compare  with 
one  another.  And  ftnce  we  cannot  lay  the  fquare  of  the  moons  periodi¬ 
cal  time  is  to  the  fquare  of  the  periodical  time  of  fome  other  body  re¬ 
volving  round  the  earth,  as  the  cube  of  the  moons  diftance  is  to  the  cube 
of  that  other  bodys  diftance,  becaufe  there  is  no  other  body  befides  the 
moon,  that  does  revolve  round  the  earth;  it  follows  that  we  cannot  ap¬ 
ply  that  analogy  to  the  cafe  of  the  moon,  but  mu  ft  make  ufe  of  fome 
other  argument  to  prove  that  the  centripetal  force,  which  retains  it  in 
its  orbit,  is,  at  different  diftances  from  the  earth,  inverfely  as  the  fquares 
of  thofe  diftances.  The  propofition  now  before  us  fupplies  us  with  fuch 
an  argument.  For  fince  it  is  found,  by  obfervation,  that  if  the  moons  mo¬ 
tion  was  not  to  be  difturbed  by  the  fun,  it  would  defcribe  an  immoveable 
cllipfis  fuch  as  ADPG  round  the  earth  atS,  or  in  one  of  the  focufes,  it  fol¬ 
lows  that  the  centripetal  force,  by  which  it  is  impelled  towards  the  earth, 
is,  at  different  diftances,  inverfely  as  the  fquares  of  thofe  diftances.  And, 
ftnce  it  has  been  proved  that  the  force  of  gravity  decreafes  and  encreafes 
by  the  fame  law  at  different  diftances  from  the  earths  center,  it  follows 
farther  that  the  force,  which  impells  the  moon  towards  the  earth  and  by 
fo  impelling  it  retains  it  in  its  obit,  may,  as  far  as  yet  appears,  be  the  force 
of  gravity  or  the  fame  force  that  makes  heavy  bodies  defcend. 

173.  When  a  body  moves  in  an  elliptical  orbit  and  the  centripetal force  im¬ 
pells  it  towards  one  of  the  focufes ,  the  great ef  difiance  of  the  revol¬ 
ving  body  from  t  bat  focus  is  called  the  higher  apfs ,  and  the  leaf  di - 
fiance  is  called  the  lower  apfs . 

Thus  Plat.  VI.  fig.  1.  A  is  the  higher  apfis  and  P  is  the  lower. 

a  a  2  174.  A 
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174.  A  line  drawn  from  one  apfis  to  the  other  is  called  the  line  of  the  apjes„ 

Such  is  the  line  ASP,  which  is  the  longer  axis  of  the  orbit  defcribed 
by  the  revolving  body. 

175.  If  in  the  departure  of  the  revolving  body  from  the  focus  where  the 
centripetal  force  aids,  this  force  decreafes  f after  than  the  fquares  of 
the  di fiances  from  that  focus  encreafe ;  or  if  in  the  approach  of  it  to. 
the  focus ,  the  centripetal  force  encreafes  f after  than  the  fquares  of  the 
di  fiances  decreafe  ;  the  orbit  will  be  a  moveable  ellipftsy  and  the  line' 
of  the  apfes  will  turn  round  upon  the  focus  in  the  fame  direBion  in 
which  the  body  revolves. 

For  the  better  underftanding  this  proportion,  we  will  firft  explane 
what  is  meant  by  a  centripetal  force  that  in  the  departure  of  a  body 
from  the  focus,  towards  which  that  force  impells  it,  decreafes  fafter  than 
the  fquares  of  the  distances  encreafe,,  and  will  fhew  that  a  force,  which* 
decreafes  too  fall  in  the  departure  of  the  revolving  body,  will  likewife, 
encreafe  too  faft  in  the  approach  of  it  to  the  point  S  or  focus,  towards  which 
that  body  is  impelled.  Whilft  a  body  moves  round  in  the  orbit  ADPG 
Plat. VI.  fig.  1 .  it  is  fometimes  nearer  to  S  and  fometimes  more  remote 
from  it :  fuppofe  four  different  diftances  of  the  body  in  four  different  parts 
of  the  orbit,  that  are  to  each  other  in  the  proportion  of  the  following 
numbers,,  1,  2,  3,  4,  the  fquares  of  thefe  numbers  are  1,  4,  9,  16,  and 
the  reciprocals  of  thefe  fquares  are  f,  ~,  |,  -*s.  And  any  centripetal  force, 
which  at  the  different  diftances  I,  2,  3,  4,  is  inversely  or  reciprocally 
as  the  fquares  of  thefe  diftances,  decreafes  in  the  fame  proportion  with 
thefe  fractions  r,  ~g,  which  are  the  reciprocals  of  the  fquares  of  the  di¬ 
ftances  1,  2,  3,4.  The  force  of  gravity  in  departing  from  the  earths 
center  decreafes  in  this  proportion.  So  that  if  we  call  the  force  1  which 
impells  the  moon  towards  the  earth,  when  its  diftance  from  the  earth  is 
called  1,  then,  if  the  moon  was  at  the  diftance  2  from  the  earth  or  at 
twice  the  former  diftance,.  the  force  of  gravity,  that  impells  it  towards 
the  earth,  wrould  be  lefs  than  before  j  nor  does  it  decreafe  only  as  the  di¬ 
ftance  itfelf,  but  as  the  lquare  of  the  diftance  encreafes :  thus  at  the  dh 
fiance  2  the  force  of  gravity  is  not  ~  of  what  it  is  at  the  diftance  1 ,  but 
only  i.  So  likewife  at  the  diftance  3  this  force  is  not  -*  of  what  it  is  at 
the  diftance  1,  but  only  And  at  the  diftance  4,  the  gravity,  is  reduced 
to  x  of  what  it  is  at  the  diftance  1 .  But  if  the  force  of  gravity  in  the  de¬ 
parture  of  the  moon  or  any  other  heavy  body  from  the  earths  center, 
decreafes  in  the  proportion  of  i,  J,  J,  whilft  the  diftances  of  the  moon 
encreafe  in  the  proportion  of  1,  2,  3,  45  it  is  evident  that  in  the  ap¬ 
proach 
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proach  of  the  moon  towards  the  earth  again,  whilft  the  diftances  decreafe 
in  the  proportion  of  4,  3,2,  1,  the  force  of  gravity  muft  neceflarily  en- 
ereafe  in  the  proportion  of  |,  \.  A  force  of  this  fort,  which  at  diffe¬ 

rent  diftances  from  the  center  is  inverfely  as  the  fquares  of  thofe  diftan¬ 
ces,  will,  as  has  been  faid  before,  make  a  revolving  body  defcribe  round 
any  point  S,  towards  which  that  body  is  impelled,  an  ellipfis  ADPG  ha¬ 
ving  S  in  one  of  its  focufes. 

The  different  diftances  of  the  revolving  body  from  S,  as  we  juft  fup- 
pofed  them,  are  1,  2,  3,  4.  The  cubes  of  thefe  diftances  are  1,  8,  27,. 
64.  The  reciprocals  of  thefe  cubes  are  f,  i,  And  a  force,  which  in 
the  departure  of  the  body  from  S  at  the  diftances  1,  2,  3,  4,  decreafes  in 
the  proportion  of  f,  §,  is  as  the  reciprocals  of  the  cubes  of  the  di¬ 

ftances,  or  decreafes  as  the  cubes  of  the  diftances  encreafe.  Nowit  is  plane 
that  the  fractions  ~,  f,  decreafe  fafter  than  thofe  mentioned  in  the 
laft  paragraph,  that  is,  fafter  thanb  J,  i,  Therefore  a  force,  which  in 
the  departure  of  the  revolving  body  decreafes  as  the  cubes  of  the  diftan¬ 
ces  encreafe,  decreafes  fafter  then  the  force  of  gravity,  which  decreafes 
only  as  the  fquares  of  the  diftances  encreafe.  The  fame  may  likewife  be 
faid  of  any  force,  which,  though  at  the  diftances  1 ,  2,  3, 4,  it  does  not  de¬ 
creafe  fo  faft  as  b  i,  yet  decreafes  fafter  than  },  i,  J,  js.  Now  it  is 
plane  that  a  force,  which  at  the  diftances  1,  2,  3,  4,  decreafes  in  the  pro¬ 
portion  of  b  f,  l~y  i,  in  the  departure  of  the  revolving  body  from  the 
center  towards  which  it  is  impelled,  will  at  the  diftances  4,  3,  2,  1,  in 
the  approach  of  the  body  encreafe  in  the  proportion  of  £,  i,  But 
thele  fractions  increafe  fafter  than  /g,  J,  J,  r,  that  is,  fuch  a  force  will  en¬ 
creafe  fafter  than  the  fquares  of  the  diftances  decreafe,  or  a  centripetal 
force  which  decreafes  too  faft  in  the  departure  of  the  revolving  body  will 
likewife  encreafe  too  faft  in  the  approach  of  it. 

But  before  we  go  on  to  fhew  that  fuch  a  force  as  this  will  make  the 
body  defcribe  a  moveable  ellipfis,  it  will  be  neceflary  to  explane  what  is 
meant  by  fuch  an  ellipfis.  In  order  to  do  this  we  muft  obferve  that  the 
line  of  the  apfes  always  paftes  through  the  greateft  and  leaft  diftances. 
Now  fuppofe  A,  Plat.VI.  fig.  7.  to  be  the  greateft  diftance  of  the  revol¬ 
ving  body  from  the  focus  T,  B  to  be  the  leaft  diftance,  and  ATB  the 
line  of  the  apfes.  Let  the  body  fet  out  from  A,  in  the  di region  AH, 
and  by  feme  centripetal  force,  which  urges  it  towards  T,  let  it  be  drawn 
from  the  tangent  AH  and  be  made  to  move  in  an  elliptical  orbit  round  T. 
This  orbit  would  be  an  immoveable  one,  if  the  body  fetting  out  from 
A  or  the  greateft  diftance  was  to  come  to  the  leaft  diftance  by  moving  to  B, 
that  is,  by  going  half  round  the  focus  T.  But  fuppofe  that  the  body  was 

nor. 
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not  to  come  to  its  leaft  diftance  till  it  had  gone  more  than  half  round  T, 
but  that  after  it  had  pafled  by  B  it  was  ftill  to  approach  nearer  to  T,  till  it 
came  to  D,  fo  that  D  fhould  be  the  leaft  diftance  when  the  body  fet  out 
from  A.  ATB  paffing  through  A  the  higher  apfis,  through  T  the  focus,  and 
through  B,  that  was  the  lower  apfis  of  the  orbit  in  which  the  body  began  to 
move,  was  the  line  of  the  apfes :  but  after  the  body  has  arrived  at  its  leaft 
diftance,  then,  becaufe  D  is  this  leaft  diftance,  the  line  of  the  apfes,  which 
always  paftes  through  the  leaft  diftance,  muft  have  changed  place,  and 
inftead  of  being  ATB  as  it  was  at  firft,  is  now  got  into  the  fituation  DTC. 
That  is,  during  the  motion  of  the  body  in  its  orbit  from  the  higher  to 
the  lower  apfis,  the  line  of  the  apfes  has  turned  round  upon  the  point 
T  in  the  fame  direction,  in  which  the  body  was  moving.  In  like  man¬ 
ner  if  the  body  fets  out  from  D  the  lower  apfis,  and  in  going  half  round 
the  focus  T  comes  to  the  greateft  diftance  at  C,  then  the  orbit  itfelf 
would  be  immoveable  during  this  part  of  the  bodys  revolution.  But  if  it 
muft  go  more  than  half  round  T  before  it  arrives  at  its  greateft  diftance, 
as  fuppofe  this  greateft  diftance  to  be  at  G,then,  whilft  the  body  is  mo¬ 
ving  from  the  lower  apfis  to  the  higher,  this  higher  apfis  fhifts  its  place 
and  moves  oh  before  the  body,  that  is,  the  line  of  the  apfes,  and  con- 
fequently  the  whole  orbit  along  with  this  line,  does  likewife  in  this  part 
of  the  bodys  revolution  turn  a  little  way  round  upon  the  point  T  in  the 
fame  direction  in  which  the  body  itfelf  is  moving.  So  that  this  part  of 
the  motion  is  performed  in  part  of  an  ellipfis  whofe  higher  apfis  is  at  G 
and  its  lower  apfis  about  F. 

Having  thus  explaned,  what  is  meant  by  the  terms  of  the  proportion* 
we  may  now  go  on  to  fliew  the  truth  of  it  by  proving  that  if  a  centripe¬ 
tal  force  in  the  departure  of  a  revolving  body  from  the  center,  towards 
which  it  is  impelled,  decreafes  fafter  than  the  fquares  of  the  diftances  en- 
creafe,  or  in  the  approach  of  the  body  towards  that  center  encreafes  fafter 
than  the  fquares  of  the  diftances  decreafe,  the  orbit  defcribed  in  this  cafe 
may  be  confidered  as  a  moveable  ellipfis,  the  line  of  whofe  apfes  keeps 
turning  round  upon  the  focus,  towards  which  the  body  is  impelled,  in 
the  fame  direction  in  which  the  body  itfelf  is  moving. 

We  have  feen  that  if  a  body  fets  out  from  A  to  move  round  the  fo¬ 
cus  S  in  the  ellipfis  ADPG,  Plat.VI.  fig.  i.  then  in  fome  part  of  its 
motion  between  A  and  P,  fuppofe  at  D,  it  has  fuch  a  velocity  as,  if 
the  centripetal  and  projectile  forces  were  perpendicular  to  each  other, 
would  make  the  body  move  in  a  circle  round  S  at  the  diftance  DS.  And 
we  have  feen  befides  that  the  centripetal  force,  which  makes  a  body  re¬ 
volve  in  fuch  an  orbit,  muft,  at  different  diftances  from  S,  be  inverfe- 
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ly  as  the  fquares  of  thofe  diftances.  Now  if  the  centripetal  force,  in  the 
approach  of  the  body  towards  S,  encreafes  fafter  than  the  fquares  of  the 
diftances  decreafe,  this  force  will  be  every  where  greater  in  proportion 
than  fuch  a  force  as  would  make  the  body  defcribe  the  orbit  ADPG. 
Therefore  though  the  bodys  velocity  when  it  is  at  D,  would  be  fuffi- 
cient  to  make  it  defcribe  a  circle  round  S,  if  the  centripetal  force  encrea- 
fed  only  as  the  fquares  of  the  diftances  decreafe,  yet  fince  the  centripetal 
force  does  by  the  luppofition  encreafe  fafter  and  Ip  is  every  where  great¬ 
er  in  proportion,  the  velocity,  that  is  requifite  to  make  the  body  de~ 
icribe  a  circle  round  S,  muft  be  greater  than  what  it  has  at  D.  Becaufe 
the  greater  the  centripetal  force  is  fo  much  greater  in  proportion  muft  be 
the  velocity  of  the  body  in  order  to  make  it  revolve  in  a  circle.  From 
hence  then  it  follows  that  the  body  muft  move  or  defcend  farther  than 
D  before  it  can  acquire  fuch  a  velocity.  And  the  farther  the  body  muft 
move  from  A  before  it  acquires  fuch  a  velocity  as  would  be  requiiite  to 
make  it  revolve  in  a  circular  orbit  round  S,  fo  as  to  keep  always  at  the 
fame  diftance  from  S,  the  farther  it  muft  neceftarily  move  from  A,  be¬ 
fore  it  can  have  acquired  fuch  a  velocity  as  will  be  fufficient  to  make  it 
begin  to  depart  from  S.  Now  if  the  centripetal  force  had  encreafed  as 
the  fquares  of  the  diftances  decreafe,  the  body  in  moving  half  round  S, 
or  in  defcending  from  A  to  P,  would  have  acquired  velocity  enough  to* 
make  it  begin  to  depart  from  S,  or  P  would  have  been  its  leaft  diftance. 
Therefore  if  the  centripetal  force  encreafes  fafter,  the  body  muft  move 
more  than  half  round  S  or  muft  defcend  farther  than  from  A  to  P  before 
it  will  have  acquired  the  requifite  velocity,  that  is,  before  it  will  begin 
to  depart  from  S  or  be  arrived  at  the  leaft  diftance.  And  fince  when  the 
centripetal  force  encreafes  fafter  than  the  fquares  of  the  diftances  decreafe^ 
the  body  fetting  out  from  A  muft  move  more  than  half  round  S  before 
it  comes  to  its  leaft  diftance  or  lower  apfis,  it  follows  from  what  has  been 
laid  already  in  explaning  the  propofition,  that  the  lower  apfis  muft  have 
moved  forwards,  or  that  the  line  of  the  apfes  muft  have  turned  round, 
upon  the  focus,  towards  which  the  centripetal  force  is  directed,  whilil 
the  body  has  been  moving  from  the  higher  apfis  to  the  lower :  and  con- 
fequently  the  orbit  defcribed  will  be  fuch  an  one  as  is  reprefented  in  fig.  7. 
where  the  body  fetting  out  from  A,  which  is  the  higher  apfis,  does  not 
arrive  at  the  lower  apfis  till  it  has  got  to  D,  which  is  at  the  diftance  of 
more  than  half  the  orbit  from  A. 

In  like  manner,  fig.  1 .  if  the  body  fets  out  from  P,  and  the  centripe¬ 
tal  force  decreafes  as  the  fquares  of  the  diftances  encreafe,  the  velocity 
becomes  fuch,  when  the  body  arrives  at  G,  as  is  requifite  to  make  it  de¬ 
fcribe 
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fcribe  a  circle  round  S  at  the  didance  SG  fo  as  neither  to  depart  farther 
from  S  nor  approach  nearer  to  it.  But  if  the  centripetal  force  decreafes 
fader  than  this,  or  is  every  where  lefs  in  proportion,  then  the  body  mud 
afcend  farther  than  from  P  to  G,  before  its  velocity,  which  was  fo  great 
at  P  as  to  make  it  depart  from  S,  is  far  enough  diminilhed  to  differ  the 
body  to  keep  revolving  round  S  fo  as  to  keep  always  at  the  fame  didance 
from  it.  Now  if  the  body  mud  afcend  farther  than  G  before  its  veloci¬ 
ty  is  diffidently  diminifhed  to  fuffer  it  to  revolve  round  S  fo  as  always 
to  keep  the  fame  didance  from  it,  then  it  mud  neceffarily  afcend  farther 
than  A,  before  this  velocity  will  be  fmall  enough  to  permit  it  to  approach 
towards  S,  that  is,  the  body  mud  move  farther  than  from  P  to  A  or 
more  than  half  round,  before  it  will  arrive  at  its  greated  didance  or  higher 
apfis.  And  confequently  the  orbit  will  be  fuch  an  one  as  is  reprefented 
fig.  7.  where  if  B  is  the  lower  apfis  from  whence  the  body  begins  to 
move  the  higher  will  not  be  at  A,  but  at  C,  or  if  D  is  the  lower  apfis  the 
higher  will  not  be  at  C  but  at  G  3  fo  that  the  orbit  revolves  round  T  in 
the  fame  dire&ion  that  the  body  itfelf  revolves. 

Or  otherwife.  If  a  body  that  is  impelled  towards  S,  Plat. VI.  fig.  1.  and 
revolves  round  it  in  an  elliptical  orbit  having  S  in  one  of  its  focufes 3  the 
centripetal  and  projeCtileforces  make  a  right  angle  with  each  other  at  A, 
or  when  the  body  is  at  the  higher  apfis  or  greated  didance  from  S.  And 
this  angle  is  again  a  right  one,  when  the  body  is  at  P  the  lower  apfis  or 
lead  didance.  Whild  the  body  is  defending  from  A  towards  P  this  angle 
diminifhes  till  it  becomes  the  lead  of  all  at  D,  and  then  encreafes  again 
till  it  becomes  a  right  one  at  P.  In  like  manner,  whild  the  body  afcends 
from  P  towards  A,  this  angle  encreafes  till  it  becomes  the  greated  of  all 
at  G,  after  which  it  decreafes  till  it  is  again  reduced  to  a  right  one  at  A. 
This  has  been  proved,  in  propofition  152,  and,  in  propofition  172,  we 
have  (hewn  farther,  that  when  a  body  moves  in  this  manner  the  centri¬ 
petal  force  at  different  didances  from  S  is  inverfely  as  the  fquares  of  thofe 
didances. 

But  if  in  the  approach  of  the  body  towards  S  the  centripetal  force  en¬ 
creafes  fader  than  in  this  proportion,  that  is,  if  it  is  every  where  greater 
in  proportion,  the  body  will  be  more  urged  towards  S3  and  confequent¬ 
ly  the  angle  made  by  the  projectile  and  centripetal  forces  will  be  every 
where  lefs.  Now  if  the  centripetal  force  encreafed  as  the  fquares  of  the 
didances  decreafe,  this  angle  would  be  a  right  one  when  the  body  had  de¬ 
fended  from  A  to  P  3  and  when  this  angle  in  the  deffent  of  the  body  is 
a  right  one,  the  body  is  then  at  its  lower  apfis  or  lead  didance  from  S 
and  not  before.  But  if  the  centripetal  force  encreafes  fader  than  in  this 

proportion 
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proportion,  this  angle  is  every  where  lefs.  Therefore  if  the  centripetal 
force  encreafes  fafter  than  in  this  proportion,  the  angle  at  P  will  be  lefs 
than  a  right  one  ;  and  confequently  the  body  muft:  move  farther  than  P, 
or  more  than  half  round  S,  before  this  angle  becomes  a  right  one, 
that  is,  before  it  arrives  at  its  leaft  diftance  from  S,  or  at  the  lower  apfts. 
And  becaufe  the  longer  axis  of  the  elliptical  orbit  or  the  line  of  the  apfes 
always  paftes  through  the  lead  diftance,  if  the  lead:  diftance  has  fhifted 
place  and  gone  forwards  from  P,  the  line  of  the  apfes  mull  have  turned 
round  upon  the  focus  T,  towards  which  the  body  is  impelled,  in  the 
fame  direction  in  which  the  body  itfelf  is  moving. 

In  like  manner,  if  we  conliderPas  the  leaft  diftance  and  the  body  as 
fetting  out  from  thence ;  lince  the  centripetal  force,  whilft  the  body 
departs  from  S,  decreafes  fafter  than  the  fquares  of  the  distances  encreafe, 
that  is,  fince  this  force  is  every  where  lefs  in  proportion,  the  body  will 
be  every  where  lefs  urged  towards  S,  and  confequently  the  angle  made 
by  the  projectile  and  centripetal  forces  will  be  every  where  greater.  Now 
if  the  centripetal  force  decreafed  only  as  the  fquares  of  the  diftances  en¬ 
creafe,  this  angle  would  be  a  right  one,  when  the  body  had  afcended  from 
Pto  A,  and  when  this  angle  in  the  afcent  of  the  body  is  a  right  one,  the 
body  is  then  at  its  higher  apfts  or  greateft  diftance  from  S  and  not  before. 
But  if  the  centripetal  force  decreafes  fafter  than  in  this  proportion,  this 
angle  is  every  where  greater.  Therefore,  if  the  centripetal  force  decreafes 
fafter  than  in  this  proportion,  the  angle  at  A  will  be  greater  than  a  right 
one;  and  confequently  the  body  muft  move  farther  than  A  or  more  than 
half  round  S  before  this  angle  becomes  a  right  one,  that  is,  before  it  arrives 
at  its  greateft  diftance.  And  becaufe  the  longer  axis  of  the  elliptical  or¬ 
bit,  or  the  line  of  the  apfes,  always  paftes  through  the  greateft  diftance,  if 
the  greateft  diftance  has  fhifted  place  and  gone  forwards  from  x^,  the  line 
of  the  apfes  muft  have  turned  round,' as  before,  upon  the  focus  T,  towards 
which  the  body  is  impelled,  in  the  fame  direction  in  which  the  body  it¬ 
felf  is  moving. 

We  {hall  have  occafton  to  apply  this  propofition  to  the  moons  motion. 
For  though  the  centripetal  force,  which  im pells  the  moon  towards  the 
earth,  would  make  it  defcribe  an  immoveable  ellipfts  having  the  earth 
in  one  of  its  focufes,  if  there  was  no  other  force  but  this  to  adt  upon  it: 
yet  we  fhall  fee  hereafter,  that  the  moons  motion  is  difturbed  by  the 
adtion  of  the  fun  upon  it.  For  as  the  moon  gravitates  towards  or  is  at¬ 
tracted  by  the  earth,  and  by  this  force  is  retained  in  its  orbit ;  fo  like- 
wile  it  gravitates  towards  or  is  attradled  by  the  fun,  and  this  force 
difturbs  its  motion  round  the  earth.  In  particular  it  will  appear  in  aftro- 
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nomy  that  though  the  force  of  gravity,  by  which  the  moon  is  impelled 
towards  the  earth,  is,  at  different  diftances,  inverfely  as  the  fquares  of 
thofe  diftances,  and  confequently  would  make  the  moon  revolve  round 
the  earth  in  an  immoveable  ellipfis :  yet  at  the  new  and  full  of  the 
moon  the  force  with  which  the  fun  a<fts  upon  it  caufes  its  gravity  towards 
the  earth  to  decreafe  in  the  departure  of  the  moon,  and  to  encreafe  in 
the  approach  of  it,  fafter  than  in  the  inverfe  proportion  of  the  fquares  of 
the  diftances.  From  whence  it  will  follow  that,  at  the  new  and  full,  the 
moons  orbit  will  be  a  moveable  ellipfis,  fuch  an  one  as  is  reprefented. 
Plat.  VI.  fig.  7.  the  longer  axis  of  which  turns  round  upon  T,  or  upon  the 
focus  where  the  earth  is  placed,  in  the  fame  direction  in  which  the 
moon  moves. 

176.  If  in  the  departure  of  the  revolving  body  from  the  focus ,  where  the 
centripetal  force  alls,  this  force  decreafes  flower  than  the  fquares  of  the 
difances from  that  focus  encreafe ;  or  if  in  the  approach  of  it  to  the  fo¬ 
cus  the  centripetal  force  encreafes  flower  than  the  fquares  of  the  di- 
flances  decreafe ,  the  orbit  will  be  a  moveable  ellipfis ,  and  the  line  of 
the  apfes  will  turn  round  upon  the  focus  in  the  contrary  direction  to 
that  in  which  the  body  revolves . 

We  will  make  ufe  of  the  fame  method  in  this  proportion  that  we 
did  in  the  laft.  Firft,  by  a  centripetal  force,  which  is  inverfely  as  the 
fquares  of  the  diftances,  we  mean  fuch  an  one  as  decreafes  in  the  fame 
proportion  that  the  fquares  of  the  diftances  encreafe,  or  encreafes  in  the 
fame  proportion  that  thofe  fquares  decreafe.  Suppofe  for  inftance  that  the 
moon  in  revolving  round  the  earth  is  fometimes  nearer  to  it  and  fome- 
times  farther  from  it.  Then  if  at  any  diftance,  which  we  will  call  i, 
the  force  of  gravity  is  likewife  called  1,  or  7;  at  the  diftance  2  the  force 
of  gravity  would  be  at  the  diftance  3  it  would  be  and  at  the  diftance 
4  it  would  be  For  thefe  diftances  encreafe  in  the  proportion  of  1,  2, 
3,  4,  and  the  fquares  of  thefe  diftances  are  1,  4,  9,  16.  Therefore  any 
force,  fuch  as  that  of  gravity,  which  is  inverfely  or  reciprocally  as  the 
fquares  of  thefe  diftances,  will  be  as  the  reciprocals  of  1, 4,  9,  1 6,  that  is, 
as  i,  J,  £,  Jg.  In  like  manner  when  the  moon  is  approaching  towards  the  earth 
and  the  diftances  decreafe  in  the  proportion  of  4,  3,  2,  1,  the  fquares  of 
thefe  diftances  are  16,  9,  4,  1,  the  reciprocals  of  thefe  fquares  are 
J,  7.  Therefore  the  force  of  gravity,  which  is  inverfely  or  reciprocally  as 
the  fquares  of  the  diftances,  at  the  feveral  diftances  4,  3,  2,  1,  encreafes 
in  the  proportion  of  5,  |,  But  fuppofe  in  the  departure  of  the  moon 
from  the  earth  the  centripetal  force  was  inverfely,  not  as  the  fquares  of 
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the  diftances,  but  as  the  diftances  themfelves.  For  inftance,  fuppofe  at 
the  feveral  diftances  1,  2,  3,  4,  the  force  which  impells  the  moon  to¬ 
wards  the  earth  was  not  as  ',  J,  or  as  the  reciprocals  of  the  fquares  of 
the  diftances,  but  as  i,  i,  j,  J,  or  as  the  reciprocals  of  the  diftances  themfelves. 
I  imagine  it  is  evident  that  fuch  a  force  as  this  decreafes  flower  than  the 
force  of  gravity  does.  Becaufe  the  fra&ions  *,  J,  decreafe  flower  than 
i,  J,  i,  But  the  fame  force,  which  in  the  departure  of  the  moon  from 
the  earth  decreafes  in  the  proportion  of },  £,  f.  J,  will  in  the  approach 
of  it  encreafe  in  the  proportion  of  J,  J,  i,  Now  as  i,  £,  £,  |,  decreafe 
flower  than  f,  J,  j,  So  likewife  if,  £,  f,  encreafe  flower  than  £,  f,  J, 
f.  Therefore  a  centripetal  force,  which  is  inverfely  as  the  diftances,  de¬ 
creafes  flower  in  the  departure  of  the  revolving  body  and  encreafes  flower 
in  the  approach  of  it  than  the  force  of  gravity,  or  than  any  other  force 
which  is  inverfely  as  the  fquares  of  the  diftances.  And  fo  likewife  by  the 
fame  way  of  reasoning  it  may  be  fhewn  that  any  force  which  decreafes 
too  flowly  in  the  departure  of  fuch  a  body  will  encreafe  too  flowly  in  the 
approach  of  it. 

Having  premifed  this  we  are  next  to  confider  what  is  meant  by  an  el- 
lipfis  that  revolves  upon  one  of  its  focufes  in  the  contrary  direction  to  that 
in  which  the  body  itfelf  moves.  Let  the  body  fet  out  from  A,  Plat.VI. 
fig.  8,  that  is,  let  the  proje&ile  force  aft  in  the  direction  AH,  whilft  the 
centripetal  force  conftantly  impells  it  towards  T.  A  is  the  higher  apfis; 
or  greateft  diftance,  and  if  the  body  mult  move  half  round  T,  or  from 
A  to  B,  before  it  comes  to  the  lower  apfis  or  leaft  diftance,  then  the  or¬ 
bit  would  be  an  immoveable  ellipfis  having  T  in  one  of  its  focufes.  But 
if  the  body  fetting  out  from  A  comes  to  the  lower  apfis  or  leaft  diftance 
at  D,  or  at  any  other  point  before  it  arrives  at  B,  that  is,  before  it  has 
gone  half  round  T ;  then  this  leaft  diftance  or  lower  apfis  muft  have 
ftfifted  place  fo  as  to  meet  the  body.  For  fince  the  longer  axis  or  line  of 
the  apfes  always  pafles  through  the  greateft  and  leaft  diftances,  and  fince, 
when  the  body  fet  out  from  A,  this  point  A  was  the  greateft  diftance, 
B,  or  the  oppofite  point,  through  which  the  line  ATB  pafles,  muft  have 
been  the  leaft  diftance.  But  the  body  is  at  the  leaft  diftance  at  D  before 
it  arrives  at  B.  Therefore  this  leaft  diftance  or  lower  apfis  muft  have 
fhifted  from  B  to  D,  whilft  the  body  was  moving  downwards  from  A ; 
that  is,  the  line  of  the  apfes  muft  have  turned  round  upon  the  point  T 
in  the  contrary  direction  to  that  in  which  the  body  moves,  fo  as  to 
meet  the  body  before  it  has  got  half  round.  Or  if  we  confider  the  body 
as  fetting  out  at  firft  from  B  the  lower  apfis  j  then  if  it  moves  half  round 
T  before  it  comes  to  the  higher  apfis  or  greateft  diftance,  and  A  is  this 
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higher  aplis ;  the  orbit  is  then  an  immoveable  ellipfis.  Bat  if,  when  it 
fets  out  from  B,  it  goes  on  in  the  curve  BC  inftead  of  BA,  and  is  at  its 
greateft  diftance,  when  it  arrives  at  C,  or  before  it  has  gone  half  round 
the  focus  T,  then  becaufe  the  line  of  the  apfes  was  in  the  pofition  ATB, 
when  the  body  was  at  the  lead:  diftance  from  T,  and  is  in  the  lituation 
CTD,  when  it  arrives  at  its  greateft  diftance,  it  is  evident  that  this  line 
of  the  apfes  muft  have  turned  round  upon  the  point  T  fo  as  to  meet  the 
body,  that  is,  it  muft  have  moved  in  a  direction  contrary  to  that  in 
which  the  body  is  moving.  We  have  thus  confidered  the  nature  of  fuch 
a  moveable  ellipfis  as  is  defcribed  in  the  proportion,  by  fuppofing  the 
body  to  fet  off  from  A  the  greateft  diftance  and  to  arrive  at  its  leaft  di¬ 
ftance  when  it  comes  to  D  :  and  then  by  fuppofing  it  to  fet  off  from  its 
leaft  diftance  at  B  and  to  arrive  at  its  greateft  diftance  when  it  comes  to 
C.  The  reader  will  perceive  that  fuch  a  motion  as  is  here  fuppofed  is  not 
a  continued  one :  for  if  D  is  the  leaft  diftance,  it  cannot  move  on  and 
fet  off  from  B,  fo  as  that  B  fhall  be  the  leaft  diftance  too  ;  becaufe  this 
would  be  making  two  leaft  diftances.  But  what  has  here  been  faid  will 
ferve  to  explane  the  motion  of  a  body  in  fuch  an  ellipfis,  when  it  is  a 
continued  one.  For  if  it  fets  out  from  A,  and  arrives  at  its  leaft  diftance 
at  D  before  it  has  gone  half  round  T,  and  after  this,  inftead  of  going  on  in 
the  orbit  DC  fo  as  to  move  half  round  T  before  it  comes  at  its  greateft 
diftance,  if  it  moves  along  in  the  curve  DG,  and  arrives  at  its  greateft 
diftance  before  it  has  gone  half  roundT,the  orbit  is  a  moveable  ellipfis,  and 
the  longer  axis  of  it,  or  line  of  the  apfes,  turns  round  upon  the  focus  to¬ 
wards  which  the  body  is  impelled,  in  a  contrary  direction  to  that  in 
which  the  body  itfelf  is  moving. 

We  are  now  to  prove,  if  a  body  moves  in  an  elliptical  orbit,  and 
the  centripetal  force  encreafes  and  decreafes  flower  than  in  the  inverfe  pro¬ 
portion  of  the  fquares  of  the  diftances  from  the  focus  towards  which  the 
body  is  impelled,  that  then  this  ellipfis  will  be  a  moveable  one,  and  the 
longer  axis  or  line  of  the  apfes  will  move  the  contrary  way  to  the 

If  a  body  fets  out  from  A,  Plat.  VI.  fig.  1.  and  moves  in  an  elliptical 
orbit  by  the  action  of  a  centripetal  force  which  conftantly  impells  it  to¬ 
wards  S ;  and  if  this  centripetal  force,  as  the  revolving  body  approaches 
S,  encreafes  in  the  fame  proportion  that  the  fquares  of  the  diftances  from 
S  decreafe ;  then  at  D  this  body  will  have  fuch  a  velocity  as  is  requifite 
to  make  it  move  round  S  in  a  circle  having  DS  for  its  femidiameter.  But 
fuch  a  centripetal  force  is  every  where  greater  in  proportion  than  one 
which  encreafes  flower  than  the  fquares  of  the  diftances  decreafe.  And 
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the  greater  the  centripetal  force  is,  fo  much  greater  velocity  is  required 
to  make  a  body  revolve  in  a  circle.  Therefore  though  the  body  mult  de- 
fcend  from  A  to  D  in  order  to  acquire  a  fufficient  velocity  to  make  it 
move  in  a  circle  round  S,  if  the  centripetal  force  encreafes  as  fad:  as  the 
fquares  of  the  didances  decreafe ;  yet  if  the  centripetal  force  encreafes 
flower  and  fo  is  every  where  lefs  in  proportion,  it  need  not  defcend  fo  far 
as  D  in  order  to  acquire  fuch  a  velocity.  Now  the  velocity,  that  would 
caufe  the  body  to  move  in  a  circle,  is  one  that  balances  the  centripetal 
force  in  fuch  a  manner  as  to  keep  the  body  condantly  at  the  lame  diltance 
from  the  center.  And  the  velocity  which  a  body  revolving  in  an  ellipti¬ 
cal  orbit  has  at  its  lead  diftance  is  fuch  an  one  as  is  fufficient  to  make  the 
body  depart  farther  from  the  center,  towards  which  it  is  impelled.  But 
when  the  centripetal  force  encreafes  flower  than  the  fquares  of  the  di¬ 
dances  decreafe,  the  revolving  body  will  acquire  a  fufficient  velocity  to 
make  it  move  in  a  circle  before  it  arrives  at  D  ;  and  confequently  it  need 
not  move  fo  far  in  order  to  acquire  a  fufficient  velocity  to  make  it  depart 
from  the  center  S,  as  it  mud  have  done  if  the  centripetal  force  had  en- 
creafed  as  fad  as  the  fquares  of  the  didances  decreafe.  But  if  the  centri¬ 
petal  force  had  encreafed  as  fad  as  the  fquares  of  the  didances  decreafe, 
the  velocity  acquired  by  defcending  from  A  to  P  or  by  moving  half  round 
S  would  have  been  fufficient  to  make  the  body  begin  to  depart  from  S, 
and  P  would  have  been  the  lead  didance.  Therefore  if  the  centripetal 
force  encreafes  dower  than  the  fquares  of  the  didances  decreafe,  the  bo¬ 
dy  will  acquire  a  fufficient  velocity  to  make  it  begin  to  depart  from  S  be¬ 
fore  it  has  defeended  fo  far  as  from  A  to  P,  that  is,  the  body  will  be  at 
its  lead  didance  from  S  before  it  has  gone  half  round :  and  confequently 
the  orbit  deferibed  by  the  body  mud  be  fuch  an  one  as  is  reprefented  fig.  8. 
where  the  body  fetting  out  from  A  does  not  move  half  round  or  to  B  in 
order  to  come  to  its  lead  didance,  but  is  at  this  lead  didance  or  at  the  lower 
apfis  when  it  has  defeended  from  A  to  D. 

In  like  manner  if  the  body  fets  out  from  P,  fig.  1 .  and  the  centri¬ 
petal  force,  whild  it  departs  from  S,  decreafes  as  fad  as  the  fquares  of 
the  didances  enereafe,  the  body,  when  it  is  at  G,  will  have  fuch  a  ve¬ 
locity  as  in  proper  circumdances  would  make  it  deferibe  a  circle  round 
S  always  keeping  at  the  fame  didance  GS  from  the  point  S.  And  when 
the  body  arrives  at  A  having  gone  half  round  S  its  velocity  would  be 
fo  far  diminifhedas  to  fuffer  it  again  to  approach  towards  S.  But  if  the 
centripetal  force  decreafes  dower,  then  it  mud  be  every  where  greater 
in  proportion,  and  confequently  the  velocity  requilite  to  make  the  body 
move  in  a  circle  fo  as  to  keep  always  at  the  fame  didance  from  S  mud 
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be  greater  than  what  it  has  at  G.  And  confequently  this  centripetal  force, 
which  is  every  where  greater  in  proportion  than  one  that  decreafes  as 
faft  as  the  fquares  of  the  diftances  encreafe,  will  caufe  the  body  to  be¬ 
gin  to  approach  towards  S  before  the  velocity  is  fo  fmall  as  it  is  at  A. 
But  the  body  is  at  its  greateft  diftance  from  S,  when  it  begins  to  ap¬ 
proach  it.  Therefore  a  centripetal  force,  which  decreafes  flower  than 
the  fquares  of  the  diftances  encreafe,  will  caufe  that  the  revolving  body 
fetting  out  from  P  fliall  arrive  at  its  greateft  diftance  or  higher  apfts 
before  it  arrives  at  the  oppofite  point  A,  that  is,  before  it  has  gone  half 
round  S :  and  confequently  the  orbit  defcribed  by  a  body,  which  is 
aded  upon  by  fuch  a  centripetal  force,  will  be  fuch  an  one  as  is  repre- 
fented  fig.  8.  where  the  body  fetting  out  from  D  the  lower  apfis  does 
not  go  half  round  T  or  to  C  in  order  to  come  to  the  higher,  but  moves 
in  fuch  a  curve  as  DG,  which  is  part  of  an  elliptical  orbit,  whofe  lower 
apfis  is  about  F  and  its  higher  lies  nearer  to  D  than  the  point  C  does. 

Or  otherwife.  When  a  body  revolves  in  the  ellipfis  ADPG,  Plat.  VI. 
fig.  1 .  the  angle  that  the  projedile  force  makes  with  the  centripetal  force  at 
A  is  a  right  one.  This  angle  decreafes  till  the  body  arrives  at  D  j  where 
it  is  the  leaft  of  all,  and  then  encreafes  till  it  becomes  a  right  one  again 
at  P.  And  as  the  body  goes  on  from  P  and  afcends  towards  A,  this  an¬ 
gle  keeps  encreafing  till  it  becomes  the  greateft  of  all  at  G,  and  then 
decreafes  fo  as  to  be  a  right  one  when  the  body  is  returned  to  A.  Now 
the  lefs  a  body  is  urged  towards  S  by  the  centripetal  force  in  any  part 
of  its  orbit,  fo  much  greater  is  the  angle  which  the  centripetal  and  pro¬ 
jedile  forces  make  with  each  other  in  that  part.  For  inftance,  at  the 
point  C  the  centripetal  force  urges  the  body  towards  S  in  the  line  CS, 
whilft  the  projedile  force  impells  it  in  the  tangent  C  c;  and  the  lefs  the 
body  is  urged  in  thediredion  CS  fo  much  farther  C  c  will  recede  from 
CS,  or  fo  much  greater  will  be  the  angle  made  by  the  lines  CS  and  Cc. 
This  angle  is  a  right  one,  when  the  body  is  at  A,  and  is  a  right  one  a- 
gain,  when  the  body  has  gone  half  round  S  or  is  come  to  P  the  oppo¬ 
fite  point  to  A,  provided  the  centripetal  force  encreafes  as  faft  as  the 
fquares  of  the  diftances  decreafe,  by  propofition  152.  But  if  the  cen¬ 
tripetal  force  encreafes  flower,  then  it  is  every  where  lefs  in  proportion, 
and  confequently*  fince  the  body  is  every  where  lefs  urged  towards  S, 
the  angle  made  by  the  centripetal  and  projedile  forces  will  be  every 
where  greater  as  the  body  defcends,  and  therefore  will  be  a  right  one 
before  the  body  arrives  at  P  or  before  it  has  gone  half  round  S.  But, 
when  this  angle  is  a  right  one,  the  body  is  then  at  its  leaft  diftance  or 
at  its  lower  apfis.  Therefore  if  the  centripetal  force  encreafes  flower 
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than  the  fquares  of  the  diftances  decreafe,  the  body  fetting  out  from  its 
higher  apfis  will  arrive  at  its  lower  before  it  gets  half  round  S ;  and 
confequently  the  line  of  the  apfes  muft  have  turned  round  upon  S  in  a 
contrary  direction  to  that  in  which  the  body  is  moving,  fo  that  the  lower 
apfis  may  meet  the  body. 

In  like  manner,  when  the  body  is  at  P  the  lower  apfis,  and  be¬ 
gins  to  afcend  towards  A,  the  angle  made  by  the  centripetal  and  pro¬ 
jectile  forces,  which  is  a  right  one  at  P,  will  be  a  right  one  again  when 
the  body  arrives  at  A  or  at  the  point  oppofite  to  Pj  provided  the  cen¬ 
tripetal  force  decreafes  as  fall  as  the  fquares  of  the  diftances  encreafe. 
But  a  centripetal  force,  which  decreafes  flower  than  this,  will  as  the 
body  afcends  from  P  be  every  where  greater,  and  confequently  the  body 
will  be  every  where  in  its  afcent  more  urged  towards  S.  For  which 
reafon  the  angle  made  by  the  centripetal  and  projectile  forces  will  be 
every  where  lefs.  Therefore  it  will  be  reduced  to  a  right  one  before 
the  body  arrives  at  A,  that  is,  before  it  has  moved  from  P  to  the  op¬ 
pofite  point  or  half  round  S.  But  if  the  body  fetting  out  from  P  the 
lower  apfis  gets  to  the  higher  apfis  before  it  has  moved  half  round  S, 
this  higher  apfis  mull  have  come  to  meet  the  body,  that  is,  the  line  of 
the  aples  muft  have  turned  upon  the  point  S  in  a  contrary  direction  to 
the  motion  of  the  body. 

This  propofition  we  lhall  likewife  apply  in  aftronomy  to  the  moons 
motion.  For  at  the  quarters,  the  difturbing  force  of  the  fun  caules  the 
centripetal  force,  which  impells  the  moon  towards  the  earth,  to  decreafe 
and- encreafe  flower  than  in  the  inverfe  proportion  of  the  fquares  of  the 
moons  diftances  from  the  earth.  Upon  which  account  the  moons  orbit 
at  the  time  of  the  quarters  is  to  be  confidered  as  a  moveable  ellipfis, 
whofe  longer  axis  turns  upon  the  earth,  placed  in  one  of  its  focufes,  in  a 
direction  contrary  to  that  in  which  the  moon  itfelf  moves. 

I  hope  that  what  has  been  faid  about  the  motion  of  bodies  both  in  im¬ 
moveable  and  moveable  elliptical  orbits  will  be  ufeful  to  fome  of  my 
readers,  and  that  they,  who  are  mafters  of  a  better  method  of  proving 
thefe  propofitions,  will  excufe  the  many  errors  and  want  of  exaClnefs  in 
thefe  tedious  and  prolix  attempts  to  explane  what  I  have  found  to  be 
very  little  underftood  by  fuch  perfons  as  are  unacquainted  with  the 
deeper  parts  of  mathematics. 

The  end  of  Mechanics 4 


A  SYSTEM  OF 


NATURAL  PHILOSOPHY. 


OPTICS. 

CHAP.  I. 

Definitions  and  lemmas. 

THE  caufe  and  nature  of  vifion  are  properly  the  fubjedt  of  that 
part  of  philofophy,  which  is  called  by  the  name  of  optics.  But 
as  light  is  the  caufe  of  vifion  the  word  optics  is  commonly  ufed  in  a  more 
extenfive  fenfe  ;  and  every  thing  in  philofophy  is  looked  upon  as  a  part 
of  optics,  which  relates  to  the  nature  and  qualities  of  light. 

If  we  ufe  the  word  optics t  in  the  Itridter  fenfe  of  it,  for  the  theory  of 
vifion  j  the  fcience  of  optics  is  divided  into  two  parts  :  one  part  is  called 
dioptrics,  and  the  other  catoptrics.  The  laws  of  refradtion,  and  the  ef- 
fedts,  which  the  refradtion  of  light  has  in  vilion,  are  the  fubjedt  of  diop¬ 
trics.  The  laws  of  reflection,  and  the  effedts,  which  the  reflexion  of  light 
has  in  vifion  are  the  fubjedt  of  catoptrics. 

Thus,  when  the  rays  of  light  pafs  through  a  convex  lens  or  burning 
glafs,  they  are  refradted  or  bent  from  a  {trait  line.  And  it  is  a  part  of 
dioptrics  to  fhew,  both  in  what  manner  they  are  bent,  and  likewife  what 
eftedt  this  bending  of  them  will  have,  if  we  look  at  an  object  through 
fuch  a  lens.  When  the  rays  of  light  come  llrait  forwards  from  any  ob- 
jedt  that  we  are  looking  at,  and  are  not  refradted  at  all,  till  they  come 
to  the  eyej  yet  as  they  pafs  into  the  eye,  they  are  refradted  •,  and  vilion 
itfelf  depends  upon  this  refradtion.  Therefore,  as  the  rays  of  light  are  re¬ 
fradted  by  the  eye  in  order  to  make  us  fee  objedts,  we  find  that  in  trea¬ 
dles  of  dioptrics  the  ftrudture  of  the  eye,  the  effedts  that  it  has  upon  light, 
and  the  whole  theory  of  plane  vifion,  or  vifion  with  the  naked  eye,  are 
ufually  explaned. 

When  the  rays  of  light  {trike  upon  a  polifhed  furface  of  glafs  or  me¬ 
tal  they  are  thrown  back  from  it  or  reflected.  And  it  is  the  bufinefs  of 

catoptrics 
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catoptrics  to  (hew  both  in  what  manner  this  reflexion  is  made  and  what 
cffe£t  it  will  have  upon  an  eye  that  looks  in  the  glafs. 

Thefe  few  indances  may  ferve  to  bring  the  reader  acquainted  with  the 
meaning  of  the  words  dioptrics  and  catoptrics.  The  didindtion  itfelf  will 
be  of  no  great  ufe  to  us.  For  it  is  fcarce  worth  our  while  to  feparate 
thefe  different  branches  of  optics  from  each  other,  and  to  keep  the  diop¬ 
trical  part  quite  didindt  from  the  catoptrical.  Indeed  there  are  many  pro¬ 
portions  in  optics  where  both  parts  are  mixed ;  and  many  that  cannot  pro¬ 
perly  be  reduced  to  either.  And  therefore  in  the  following  treatife  I  lhali 
not  attend  much  to  the  divifion  of  this  fcience  into  thefe  two  branches 
but  (hall  rather  chufe  to  follow  fuch  a  method  as  the  nature  of  the  fub- 
je<5t  leads  me  to. 

Before  we  enter  upon  the  fcience  itfelf,  there  are  feverai  terms  to  be 
explaned;  fuch  as  the  reader  may  be  fuppofed  unacquainted  with,  as  they 
are  not  much  ufed  in  common  life  and  are  many  of  them  almod  peculiar 
to  optics.  There  are  likewife  fome  lemmas  to  be  demondrated,  that  is, 
fome  propofitions  are  to  be  proved,  which  are  previous  to  the  fcience 
now  before  us,  and  will  clear  the  way  to  the  demondration  of  thofe, 
which  follow. 

1.  A  ray  of  light  is  the  leaf  particle  of  light,  that  can  either  be  intercep¬ 
ted  alone ,  whilf  all  the  ref  are  fuffered  to  pafs ,  or  that  can  be  let  pafs. 
alone ,  whilf  all  the  ref  are  intercepted. 

In  the  frd  parts  of  optics  we  (hall  not  keep  exadtly  to  this  defnition 
of  a  ray  of  light,  but  (hall  ufe  the  word  ray  in  a  larger  fenfe  for  a  (ingle 
particle  of  light  as  it  comes  from  the  fun.  And  however  fmall  a  particle 
of  light  is  in  that  (late,  in  which  it  is  emitted  by  the  fun ;  yet,  when 
we  come  in  the  latter  part  of  optics  to  examine  more  accurately  into  the 
nature  of  light,  we  (hall  f  nd  that  thefe  particles  are  not  the  lead  poffible, 
not  the  lead,  that  can  be  intercepted  alone,  whild  all  the  red  are  differ¬ 
ed  to  pafs,  or  that  can  be  let  pafs  alone,  whild  all  the  red  are  intercep¬ 
ted.  For  a  ray,  as  it  comes  from  the  fun,  will  be  found  to  be  made  up 
of  many  other  fmaller  rays,  which  are  in  their  nature  and  quality  quite 
different  from  each  other.  Every  ray,  in  the  fenfe  we  (hall  ufe  this  word 
at  fird,  is  properly  (peaking  a  bundle  of  feven  fmaller  rays.  But,  till  we 
come  to  (hew  by  what  means  thefe  fmaller  parts  may  be  feparated  from 
each  other,  we  (hall  condder  this  bundle  as  if  it  was  but  one  (ingle  ray, 
or  as  if  it  was  the  fmalled  part  into  which  light  can  be  feparated. 

2.  Every  thing  is  called  a  medium  in  optics ,  that  is  tranfparetit ,  or  that 
affords  a  paffage  for  the  rays  of  light  to  go  through  it, 

C  c  Air, 
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Air,  water,  glafs,  a  diamond,  or  even  ^  vacuum  are  any  of  them  a 
medium  j  for  they  are  all  tranfparent  or  give  light  a  free  paffage  through 
them. 

3.  The  inflexion  of  a  ray  of  light  conflfls  in  its  being  bent  from  a  flrait 
courfe ,  whilfl  it  is  faffing  on  in  one  and  the  fame  medium . 

If  a  beam  of  light  or  number  of  rays  is  let  into  a  dark  room  through 
a  hole  in  the  window-fhutter,  each  ray,  of  which  the  beam  conflfls,  will 
move  flrait  forwards  or  in  a  right  line.  But  if  the  edge  of  a  knife  be  held 
near  the  beam,  the  rays  that  pafs  nearefl  to  the  knife  are  bent  from  their 
flrait  courfe  towards  it.  If  HIF,  Plat.  VII.  fig.  r .  is  the  edge  of  a  knife* 
near  to  which  a  beam  of  light  is  to  pafs  confifting  of  feveral  rays,  fome 
of  which  defcribe  the  lines  AB,  EF,  and  would*  if  they  were  left  to  them- 
felves,  go  on  in  flrait  lines  BK,  FL,  thefe  rays  fuffier  an  inflexion  at  the 
edge  of  the  knife ;  that  is,  they  are  bent  towards  it,  and  are  made  to  de¬ 
fcribe  the  lines  BD,  FG.  But  in  this  bending  the  rays  flill  pafs  on,  and 
are  not  thrown  back  again  or  refleded.  Nor  are  they  thus  bent  by 
paffing  out  of  one  medium  into  another ;  for  as  they  were  moving  in  the 
air,  whilfl  they  defcribed  the  lines  AB,  EF,  fo  likewife  they  continue  to 
move  on  in  the  air,  that  is,  in  the  fame  medium,  when  they  are  bent 
from  their  flrait  courfe  into  the  lines  BD,  FG. 

4.  The  refraBion  of  a  ray  of  light  conflfls  in  its  being  bent  from  a  flrait 
courfe ,  whilfl  it  is  faffing  out  of  one  medium  into  another . 

If  a  ray  of  light  defcribes  the  line  AB,  Plat.  VII.  fig.  2.  whilfl:  it  is 
moving  in  the  air,  and  at  B  paffes  out  of  the  air,  which  is  one  medium* 
into  a  piece  of  glafs  XYZ,  which  is  a  different  medium  j  it  will  not  go 
flrait  forwards  in  the  glafs  and  defcribe  the  line  BD,  but  will  be  bent  in 
its  paffage  at  B,  and  be  made  to  defcribe  the  line  BC.  This  bending  of 
the  ray  in  its  paffage  out  of  one  medium  into  another  is  the  refradion  of 
it. 

5.  The  reflexion  of  a  ray  of  light' conflfls  in  its  being  fo  much  bent  from  a 
flrait  courfe  as  to  be  turned  back  again  into  the  fame  medium  or  fame 
fart  of  the  medium  that  it  was  moving  in  before . 

If  ABDE,  Plat.'VII.  fig.  3.  is  a  thick  piece  of  glafs  and  the  air  is  be¬ 
hind  the  lower  furface  of  it  DCE,  a  ray  of  light,  which  defcribed  the 
line  AC,  inflead  of  pafling  into  the  air,  when  it  comes  toC,  may  be 
bent  back  again  into  the  glafs  or  the  fame  medium  it  was  in  before,  and 
be  made  to  defcribe  the  line  CB.  This  bending  of  the  rays  courfe  is  cal¬ 
led  the  reflexion  of  it. 

But 
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But  as  this  is  a  lefs  ufual  fort  of  reflexion,  we  may  inftance  in  ano¬ 
ther.  If  DCE  is  the  furface  of  a  common  looking-glafs,  and  a  ray  of 
light  deferibes  the  line  AC  in  the  air,  and  ftrikes  upon  the  glafs  at  C,  it 
is  bent  in  its  courfe  at  C  fo  much  as  to  throw  it  back  again  into  the  fame 
part  of  the  air  that  it  was  moving  in  before,  that  is,  into  the  air,  which 
lies  before  the  glafs.  This  bending  of  the  ray  is  the  reflexion  of  it. 

By  this  time  we  muff  have  feen  how  the  inflexion  of  light  differs  both 
from  the  refradtion  and  the  reflexion  of  it.-  When  a  ray  is  infledted,  its 
courfe  is  bent,  and  yet  the  ray  continues  all  the  while  in  one  and  the  fame 
medium.  When  it  is  refradted,  its  courfe  is  bent  by  paffing  out  of  one 
medium  into  another.  When  it  is  inflected,  it  is  bent  but  a  little,  and 
paffes  on  from  the  part  of  the  medium  that  lies  before  the  infledting  fub- 
ftance  to  the  part  that  lies  behind  it.  When  it  is  refledted,  it  is  bent  fo 
much  as  to  be  thrown  back  again  into  the  fame  part  of  the  medium, 
that  it  was  moving  in  before. 

In  what  refradtion  differs  from  reflexion  is  plane  likewife  from  the 
foregoing  definitions.  For  in  refradtion  the  ray  paffes  out  of  one  medi¬ 
um  into  another,  whereas  in  reflexion  it  is  thrown  back  again  and  con¬ 
tinues  in  one  and  the  fame  medium. 

6.  The  angle  of  incidence  is  that ,  which  is  contained  between  the  line  deferi - 
bed  by  the  incident  ray  and  a  line  at  the  point  of  incidence  drawn  per¬ 
pendicular  to  the  furface ,  on  which  the  ray  frikes. 

When  the  ray  deferibes  the  line  AB,  Plat.  VII.  fig.  2.  and  falls  on  the 
refradting  furface  XBZ  j  at  B  the  point  of  incidence,  or  point  where  the 
ray  falls,  draw  BH  perpendicular  to  XZ  :  then  the  angle  ABH  contained 
between  AB  and  BH  is  the  angle  of  incidence.  Or  if  the?ray  falls  in  the 
diredtion  AC  on  the  reflecting  furface  DE,  Plat. VII.  fig.  3.  then  draw¬ 
ing  OC,  at  the  point  of  incidence,  perpendicular  toDE,  the  angle  ACO, 
which  is  contained  between  AC  and  CO,  is  the  angle  of  incidence. 

7.  The  refradted  angle  is  that>  which  is  contained  between  the  line  deferibed 
by  the  refradted  ray ,  and  a  line  perpendicular  to  the  refradting  furface 
at  the  point  where  the  ray  paffes  through  that  furface. 

When  a  ray  of  light  that  has  deferibed  AB,  Plat.VII.  fig.  2.  paffes  out 
of  air  into  glafs  through  the  furface  XZ,  and  in  pafiing  is  refradted,  fo 
that,  inflead  of  going  ftrait  forwards  in  the  line  BD,  it  is  bent  into  and 
made  to  deferibe  the  line  BC  ;  if  the  perpendicular  HB  is  continued  to  G ; 
the  angle  CBG  is  contained  between  BC  the  line  deferibed  by  the  refradted 
ray  and  BG  a  perpendicular  to  the  refradting  furface  at  the  point  B,  And 
this  is  called  the  refradted  angle. 


c  c  2 
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8.  The  angle  of  refraction  is  that ,  which  is  contained  between  the  direction 
of  an  incident  ray ,  and  the  direction  of  the  fame  ray  after  it  is  re- 
fraCted. 

AB,  Plat. VII.  fig.  2.  is  the  line  which  the  incident  ray  defcribes;  and 
BD,  or  the  line  AB  continued  beyond  the  refracting  furface,  is  in  the  fame 
direction  in  which  the  incident  ray  moved.  BC  is  the  direction  of  the  re¬ 
fracted  ray.  The  angle  DBC,  which  is  contained  between  thefe  twov 
lines,  is  the  angle  of  refraction. 

9.  The  angle  of  ref  exion  is  that ,  which  is  contained  between  the  line  de¬ 
scribed  by  a  reflected  ray  and  a  line  perpendicular  to  the  reflecting  fur - 
face  at  the  point  of  reflexion . 

If  a  ray,  which  at  its  incidence  defcribed  the  line  AC,  Plat.VII.  fig.  3.. 
is  reflected  from  the  point  C  into  the  line  CB,  and  OC  is  drawn  at  thi3 
point  C  perpendicular  to  DE  the  reflecting  furface;  the  angle  OCB,. 
which  is  contained  between  thefe  two  lines  CB  and  CO,  is  the  angle  of 
reflexion,. 

30.  Rays  of  light ,  that  come  from  one  and  the  fame  pointy,  and as  they  go 
farther  from  this  points  fpread  and  feparate  farther  from  each  other ^ 
are  called  diverging  rays. 

If  rays  of  light  flow  or  are  propagated  from  B,  Plat.VII:  fig.  4.  in  the 
directions  BD,,  BA,  BC,  BE,  thefe  rays  are  diverging  ones.  They  come 
from  one  and  the  fame  point  B,  and  as  they  go  farther  from  this  point 
they  fpread  and  feparate  farther  from  each  other.  For  it  is  evident,  that 
thefe  rays  are  farther  afender  when  they  are  at  D  and  E,  than  when,  at 
F  and  G. 

31.  Rays  of  light  are  called  converging  onesy  when  they  tend  or  are  directed 
to  one  and  the  fanie  point  3  and y  as  they  approach  this  point ,  come  nearer- 
to  each  other . 

If  rays  are  propagated  in  the  lines  DB,  AB,  CB,  EB,  Plat.  VII.  fig.  4.. 
fo  as  to  be  all  of  them  directed  to  B ;  thefe  rays  converge  They  are  di¬ 
rected  or  tend  to  one  and  the  fame  point  B ;  and,  as  they  approach  this, 
point,  they  come  nearer  to  each  other.  For  it  is  evident,  that  they  are 
clofer  together  when  at  F  and  G,  than  when  at  D  and- A. 

3.2.  Rays  of  light  are  parallel when  the  lines ,  that  they  defcribe ,  are  pa¬ 
rallel. . 

13.  The  point:  from  whence  diverging  rays  are  propagated  is  called  a  ra¬ 
diant. 


Thus 
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Thus  B,  Plat.VII.  fig.  4.  is  the  radiant  from  which,  the  rays  that  de- 
Icribe  BD,  BA,  BCy  and  BE  are  propagated. 

14,  A  focus  is  that point  x  to  which  converging  rays  tend. 

Thus  if  converging  rays  defcribe  DB,  ABr  CB,  and  EB,  Plat.  VII.  fig.  4 
fo  that  all  of  them  tend  or  are  directed  to  B ;  then  B  is  the  focus  of  thofe 
rays. 

From  what  has  been  faid,  it  appears  that,  if  rays,  which  diverge  from 
B  in  the  directions  BD,  BA,  BC,  and  BE,  are  by  any  means  turned  back 
again  in  the  lines  they  were  defcribing,  they  then  become  converging 
ones.  And  confequently  B,  which  is  confidered  as  the  radiant,  when  the 
rays  diverge,  becomes  the  focus*  when  they  are  made  to  converge. 

15.  Rays,  which  converge  to  a  focus ,  when  they  have  met  at  it  and pafs 

on  from  thence ,  become  diverging ,  and  the  focus  is  changed  into  a 
radiant . 

If  two  rays  defcribe  the  lines  AC,  BC,  Plat.  VII.  fig.  5.  and  fo  con¬ 
verge  to  the  focus  C  5  when  they  have  met  at  C,  they  mu  ft  pafs  on. 
from  thence  ftrait  forwards  in  the  fame  lines  that  they  were  defcribing 
before,  that  is,  in  the  lines  CE  and  BD.  But  rays  that  defcribe  CE  and 
B  D  diverge  from  C  as  from  a  radiant.  Therefore  the  fame  point,  to 
which  the  rays  tended  at  firft,  is  the  point  from  whence  they  are  pro¬ 
pagated  afterwards  j  or  C,  which  is  confidered  as  the  focus  of  the  rays, 
when  they  are  on  one  fide  of  it,  and  are  coming  to  it,  is  to  be  confi¬ 
dered  as  the  radiant,  when  they  are  on  the  other  fide,  and  are  going 
from  it. 

16.  That  point  from  whence  refracted  or  reflected  rays  appear  to  diverge 

is  called  an  imaginary  radiant. 

If  rays  diverge  from  R  Plat.  VII.  fig.  6.  in  the  lines  RA,  RB,  then  R 
is  the  radiant.  But  if  thofe  rays  by  pafling  through  the  furface  Sr  are 
refraCted  into  the  lines  AD  and  BG,  inftead  of  going  ftrait  forwards  in 
the  lines  AC,  B  E ;  then  the  rays  after  refraction  diverge  from  one 
another  juft  as  much  as  they  would  have  done  if  they  had  come  ftrait 
from  r  :  and  as  they  appear  to  have  been  propagated  from  r  or  go  on 
as  if  they  had  come  from  thence,  this  point  r  is  likewife  a  radiant.. 
But  becaufe  the  rays  did  not  come  from  r,  but  are  only  made  by  the 
refraction  to  proceed  as  if  they  had  come  from  thence  j  r  though  a  ra¬ 
diant  is  not  a  real  one,  but,,  to  diftinguifh  it  from  a  real  one,  is  called 
an  imaginary  one. 


In- 
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In  like  manner,  if  rays  diverge  from  a  radiant  A  Plat.  VII.  fig.  7.  in 
the  lines  A  b,  Ad,  Ae,  and  fall  upon  the  furface  of  a  looking-glafs  be 
from  whence  they  are  reflected  in  the  lines  b f  dg ,  eh ;  thefe  rays  after 
reflexion  proceed  as  if  they  had  come  from  the  point  a.  This  point  a , 
which  is  the  radiant  from  whence  the  reflected  rays  appear  to  diverge,  is 
an  imaginary  radiant. 

The  fame  point,  which  is  here  called  an  imaginary  radiant,  is  fome- 
times  called  a  virtual  focus.  The  reafon  of  this  latter  name  will  be  ex- 
planed  hereafter. 

17.  When  converging  rays  are  turned  out  of  the  way  by  being-  either  re- 
fradled  or  reflected,  the  point ,  towards  which  they  tended  before  re- 
fraction  or  reflexion ,  is  called  an  imaginary  focus. 

It  is  called  a  focus,  becaufe  the  rays  are  directed  towards  it;  but  then 
it  is  only  an  imaginary  one,  becaufe  the  refradtion  or  reflexion,  which 
they  fuffer,  prevents  them  from  meeting  there.  If  two  rays  defcribe  the 
lines  TM,  WN,  Plat.  VII.  fig.  6,  fo  as  to  converge  towards/’;  and  if, 
before  they  arrive  at  f  they  pafs  through  the  furface  Ss  and  inflead  of 
going  ftrait  on  in  their  fil'd  courfe  or  in  the  lines  MfNfl  are  refradted 
into  the  lines  MF,  NF,  then  thefe  rays,  though  they  tended  towards/^ 
will  never  meet  there ;  and  f  which  was  their  focus  before  refradtion, 
is  an  imaginary  focus. 

In  like  manner  if  rays,  that  converge,  defcribe  the  lines  fb,  gd,  he , 
Plat.  VII.  fig.  7.  fo  as  to  tend  towards  the  point  a ,  this  point  is  their 
focus.  But  if,  before  they  arrive  there,  they  fall  upon  the  furface  of 
a  looking-glafs  be  and  are  refledted  from  thence  in  the  lines  b  A,  dA ,  e  A, 
then  they  will  meet  at  A,  which  is  therefore  their  real  focus,  and  the 
point  a,  towards  which  they  were  diredted  before  this  reflexion,  is  their 
imaginary  focus. 

18.  A  lens  is  a  thin  round  piece  of  polijhed glafs,  which  has  either  both 

its  fides  fpherical,  or  elfe  one  of  them  fpherical  and  the  other  plane. 

Spherical  furfaces  are  of  two  forts ;  either  convex  or  concave.  From 
whence  it  is  evident,  that,  as  a  thin  piece  of  glafs  has  two  fides,  by 
multiplying  the  number  of  fides  into  the  different  forts  of  furfaces, 
which  fuch  a  glafs  may  have,there  may  be  fix  different  kinds  of  glaffes. 
A  glafs  may  have  both  fides  convex;  or  one  convex  and  the  other  plane ; 
or  both  fides  concave;  or  one  fide  concave  and  the  other  plane;  or  one 
fide  convex  and  the  other  concave  ;  or  both  fides  plane.  But  the  laft 
fort  of  glafs,  that  has  both  fides  plane,  is  not  called  a  lens ;  fo  that  there 
are  only  five  forts  of  lenfes. 
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A  glafs,  which  is  convex  on  both  tides  is  called  a  convex  lens.  The 
name  lens  is  given  it,  becaufe  it  is  in  the  fhape  of  a  lentil.  And  from  this 
one  glafs,  which  is  properly  called  a  lens,  the  name  has  been  transferred 
to  other  glades  having  either  one  or  both  tides  lpherical,  though  they 
are  not  of  the  fame  fiiape.  If  a  convex  lens  was  to  be  cut  into  two  e- 
qual  parts  by  a  plane  pafling  through  the  middle  of  it,  the  fedtion,  or 
place  where  it  is  cut,  would  appear  like  abed ,  Plat.  VII.  tig.  8.  A  glafs 
which  is  convex  on  one  tide  and  plane  on  the  other,  is  ^  plano-convex 
lens.  A  fedtion  of  it  would  be  like  ef.  A  glafs,  which  is  concave  on 
both  tides,  is  called  a  concave  lens  >  and  gh  is  a  fedtion  of  it.  A  glafs, 
which  is  concave  on  one  tide  and  plane  on  the  other,  is  a  plano-concave 
lens,  and  ik  is  a  fedtion  of  fuch  a  lens.  A  glafs,  which  is  convex  on  one 
fide  and  concave  on  the  other,  is  called  a  menifeus  or  moon-fhaped  lens, 
becaufe  a  fedtion  of  it  Im  is  in  the  form  of  a  moon  or  crefcent. 


ig.  The  axis  of  a  lens  is  a  right  line ,  which  is  conceived  as  faffing  through 
the  fubftance  of  it ,  and  is  perpendicular  to  both  its  furfaces . 

If  any  of  thefe  fedtions  of  the  feveral  forts  of  lenfes  between  A  and  B 
Plat.  VII.  fig.  8.  was  to  turn  round  upon  the  line  cd ,  which  is  drawn 
through  the  fubftance  of  each  of  them,  and  is  perpendicular  to  both 
the  furfaces  j  the  fedtion  in  fuch  a  revolution  would  generate  the  lens, 
of  which  it  is  a  fedtion.  Thus,  for  inflance,  if  ef  was  to  turn  round 
upon  cd  j  ecf  which  is  a  fegment  of  a  circle  would,  as  it  turned  round, 
deferibe  a  fegment  of  a  fphere ;  and  the  tide  towards  c  would  be  convex. 
The  right  line  adb  would  in  the  mean  time  deferibe  a  plane  furface. 
Therefore  both  together  would  deferibe  or  generate  a  folid,  which  would 
be  convex  on  one  fide  and  plane  on  the  other :  and  fuch  a  folid  is  a 
plano-convex  lens.  Becaufe  the  lens,  confidered  a?  a  mathematical  folid, 
is  generated  by  a  revolution  of  a  fedtion  of  it  upon  the  line  cd-}  there¬ 
fore  this  line  is  called  the  axis  of  the  lens. 

20.  'The  poles  or  vertexes  of  a  lens  are  the  two  extremities  of  its  axis. 

In  each  of  the  lenfes  Plat,  VII.  fig.  8.  c  and  d  are  the  two  poles  or 
vertexes. 

2 1 .  Diverging  rays ,  when  they  fall  upon  a  lens ,  form  a  cone ,  the  apex  of 
which  is  the  radiant ,  ajid  the  bafe  is  the  lens. 

Let  k  Plat.  VII.  fig.  9.  reprefent  a  radiant,  and  ab  a  convex  lens: 
then  if  ka,  ke3  ko ,  kb ,  are  the  lines,  which  rays  of  light  diverging  from 
k  and  falling  upon  the  lens  deferibe,  this  whole  diverging  beam  and 
the  lens  together  are  a  cone,  the  apex  of  which  is  the  radiant  k>  and  the 
bafe  is  the  lens  ab. 
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Indeed  this  figure  is  not  a  cone :  for  upon  a  plane  furface  fuch  as  the 
paper  is,  the  entire  cone  could  not  be  well  reprefented  fo  as  to  make  it 
anfwer  the  ufes  we  (hall  have  of  it.  But  akb  is  a  fe&ion  of  this  cone  made 
by  a  plane  paffing  quite  through  it  from  the  apex  k  to  the  bafe  ah. 
And  if  the  lens  is  conceived  to  turn  round  its  axis  cdy  and  the  other 
part  of  the  figure  ak  and  bk  to  turn  round  at  the  fame  time  upon  the 
line  kc\  in  fuch  a  revolution  acbd  would  generate  a  circular  lens  for 
the  bafe  of  the  cone,  and  akb  would  generate  the  cone  itfelf.  That  is, 
the  whole  figure  kab  revolving  in  this  manner  would  deferibe  the  fpace 
which  is  taken  up  by  the  lens  itfelf  and  by  rays  diverging  in  all  direc¬ 
tions  from  k  and  falling  upon  the  lens. 

In  like  manner  if  B,  Plat.  VII.  fig.  io.  is  a  radiant,  and  rays  diverge 
from  it -in  the  dire&ions  BR,  BD,  BS  *  thefe  rays  and  the  lens  together 
form  a  cone,  the  apex  of  which  is  B,  and  the  bafe  RS..  Or,  if  C  is  a 
radiant,  and  the  rays,  which  diverge  from  it  deferibe  the  lines  CR,  CD, 
CS  ;  thefe  rays  and  the  lens  form  an  oblique  cone  RCS,  the  apex  of 
which  is  C,  and  the  bafe  RS. 

22  .In  every  beam  of  light  the  middle  ray  is  called  the  axis. 

In  a  diverging  beam,  or  cone  of  diverging  rays,  fuch  as  CR,  CD,  CS* 
Plat.  VII.  fig.  io.  or  BR,  BD,  BS,  the  middle  ray,  or  that  which  de- 
feribes  CD  in  one  of  thefe  cones,  or  BD  in  the  other,  is  the  axis  of  the 
cone,  and  is  therefore  called  the  axis  of  the  beam.  And  from  hence  in 
a  beam  of  parallel  light  the  middle  ray  is  likewife  called  the  axis  of  it. 
Thus  if  rays  were  proceeding  in  the  parallel  lines  $R,  xD,  bS,  the 
middle  ray,  or  that  which  deferibes  xD,  is  the  axis.  And  in  the  parallel, 
beam  #R,  2D,  aS ,  the  middle  ray  2D  is  the  axis,. 

23.  Rays  are  J, aid  to  fall  direBly  upon  a  lens ,  if  their  axis  coincides  with 
the  axis  of  the  letis :  but  if  their  axis  is  oblique  to  that  of  the  lensl 
they  are  faid  to  fall  obliquely . 

The  diverging  beam  BR,  BS,  BD,  Plat.  VII.  fig.  10.  falls  diredtly 
upon  the  lens  RS.  For  though  all  the  rays  which  compofe  that  beam 
are  not  perpendicular  to  the  lens,  yet  the  middle  ray  or  axis  BD  is. 
Therefore  fince  the  axis  of  the  lens  is  likewife  perpendicular  to  its  fur- 
face,  the  middle  ray,  as  it  pafles  through  the  lens,  deferibes  this  axis, 
that  is,  the  axis  of  the  beam  coincides  with  the  axis  of  the  lens. 

But  CR,  CS,  CD,  is  an  oblique  beam,  for  the  middle  ray  or  axis  CD 
is  oblique  to  the  furface  of  the  lens,  and  confequently  is  oblique  like¬ 
wife  to  a  line  drawn  perpendicular  to  this  furface  at  D,  which  line  is  the 
axis  of  the  lens, 

H' 


NATUPvAL  PHILOSOPHY.  209 

24.  When  a  beam  of  light  paffes  through  a  lens ,  if  the  ref  ration  of  the 

lens  makes  the  rays  converge ,  thefe  refracted  rays  form  a  cone,  rohojc 
bafe  is  the  lens  and  whofe  apex  is  the  focus. 

When  the  rays  of  light,  which  at  their  incidence  defcribe  kay  ke,  kc,  ko, 
kb.  Plat.  VII.  fig.  9.  have  pafled  through  the  convex  lens  ab,  and  arc 
made  to  converge  in  the  lines  af  nf  df  if  bf  fo  as  to  meet  in  the  focus 
/.  all  thefe  refracted  rays  taken  together  make  up  a  cone,  having  the  lens 
ah  for  its  bafe,  and  the  focus  f  for  its  vertex.  The  whole  cone  is  not 
indeed  exprefied  in  this  figure ;  for  ab  is  not  the  whole  lens  or  bafe, 
but  only  a  fedtion  of  it;  and  confequently  the  figure  reprefents  only 
fuch  a  fe&ion  of  the  converging  rays,  or  refradted  cone,  as  would  he 
produced  by  a  plane  palling  through  the  middle  of  its  bafe  and  through 
the  middle  of  the  cone  itfelf  fo  as  to  fplit  it  quite  up  to  its  apex. 

Or,  if  the  incident  rays  are  not  diverging  but  parallel ;  as  they  would 
be,  if  they  defcribed  the  lines  ^R,  xD,  bS,  Plat.VII.  fig.  10 ;  then  like- 
wife  the  refradted  ones  being  made  to  converge  form  a  cone  of  the 
fame  fort  having  the  lens  RS  for  its  bafe,  and  the  focus  B  for  its  apex. 
The  rays  #R,  zD,  aS ,  which  are  parallel  at  their  incidence  and  fall  ob¬ 
liquely,  form  an  oblique  cone  RAS  after  they  are  refradted. 

25.  When  a  beam  of  light  is  made  to  converge  by  being  ref  raffed,  the  in¬ 

cident  rays  and  refraffed  cone  taken  together  is  called  a  pencil  of 
rays. 

The  incident  beam  akb,  Plat.VII.  fig.  9.  and  the  refradted  one  afb 
taken  together  make  a  pencil.  So  likewife,  when  the  incident  rays  are 
parallel,  and  defcribe  the  lines  <£R,xD,  £S,  Plat.  X.  fig.  10.  they  and 
the  refradted  cone  RBS  taken  together  make  a  pencil.  This  is  called 
a  pencil,  becaufe,  if  B  the  focus  is  received  upon  a  paper,  it  will  paint 
the  image  or  figure  of  that  point  from  whence  the  rays  came  which 
.  are  united  in  that  focus.  Thus  if  there  were  feveral  beams  of  light, 
the  rays  of  one  beam,  defcribing  <?R,  2D,  aS ,  the  rays  of  another  de¬ 
ferring  £R,  xD,  bS,  and  the  rays  of  a  third  cR,  yD,  cS,  thefe  rays, 
when  refradted,  would  form  three  cones  RAS,  RBS,  RCS.  And  thefe 
cones  with  their  refpedtive  incident  beams  make  three  pencils.  Now 
fuppofing  thefe  three  beams  to  have  proceeded  from  a  crofs  at  a  great 
distance  from  the  lens,  one  from  the  higheft  point  of  it,  another  from 
the  middle,  and  the  third  from  the  lowed;  point;  the  focufes  of  thefe 
pencils,  received  upon  a  paper  at  ABC  would  paint  the  image  of  thefe 
three  points  in  the  crofs.  And  if  the  rays  proceeding  from  each  point 
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of  the  crofs  were  refracted  in  the  fame  manner,  they  would  all  of  them* 
together  paint  the  entire  image  of  the  crofs  ABC.  The  manner  how 
this  effedt  is  produced  will  be  explaned  in  its  proper  place.  It  is  here 
mentioned  only  to  {hew  the  reafon  why  the  incident  rays  of  any  beam, 
and  their  refracted  cone  taken  together  fhould  be  called  a  pencil. 

26.  *The Jines  of  fmall  angles  are  nearly  proportional  to  the  a?2gles  them — 
f elves. 

Upon  C  Plat. VII.  fig.  1 1.  as  a  center  defcribe  the  circle  ABED.  If 
the  angle  ECG  is  double  the  angle  ECF ;  then  the  arc  EG,  which  fub- 
tends  the  former,  will  be  double  the  arc  EF,  which  fubtends  the  latter,. 
And  in  all  cafes  whatever,  whether  the  angles  are  great  or  fmall,  the 
arcs  that  fubtend  them  are  greater  or  lefs  in  the  fame  proportion  that 
the  angles  are ;  a  double  angle  is  fubtended  by  a  double  arc,  a  triple  * 
angle  by  a  triple  arc,  and  fo  on.  But  the  fines  of  angles,  when  they  are 
great  ones,  are  not  proportional  to  the  angles.  For  though  a  double 
angle  is  fubtended  by  a  double  arc,  yet  it  has  not  a  double  fine.  In  the 
angle  ECG  from  G  the  extremity  of  one  leg  draw  GK  perpendicular 
to  the  other,  and  GK,  which  is  the  fine  of  this  angle,  is  planely  not. 
double  Fpy  which  is  the  fine  of  the  angle  ECF  ;  notwithftanding  the 
angle  ECG,  of  which  GK  is  the  fine,  is  double  the  angle  ECF,  of  which; 
F p  is  the  fine.  For  if  FI  is  drawn  parallel  to  EC,  then  F p  and  KH 
are  equal,  becaufe  they  are  oppofite  fides  of  a  parallelogram  Euc.  b.  L 
prop.  34.  and  it  is  evident  that  KH  is  more  than  half  KG,  or  that 
KG  is  not  double  KH,  and  confequently  is  not  double  F p.  This  is  the 
cafe  in  great  angles :  but  in  fmall  ones  it  is  otherwife.  For  if  the  angle 
ECO,  is  double  ECL  and  confequently  the  arc  EO  double  the  arc  EL,, 
the  fine  On  will  likewife  be  very  nearly  double  to  the  fine  ~L?n ;  in  the 
fame  manner  a  triple  angle  would  have  nearly  a  triple  fine,  and  fo  on  y 
the  fines  encreafing,  whilfl  the  angles  are  fmall,  in  a  proportion  fo  near 
that  of  the  angles  themfelves,  that  it  may  be  looked  upon  as  the  fame 
proportion  without  any  fenfibie  error. 

It  is  plane  that  if  the  arcs  and  fines  coincided,  they  mufl  always  en~ 
creafe  in  the  fame  proportion,  becaufe  they  would  always  encreafe  to¬ 
gether  and  always  be  equal  to  each  other.  Now  in  great  angles  the 
fines  and  arcs  differ  very  much  or  are  far  from  coinciding ;  as  GK 
differs  much  from  GE,  and  F p  from  FE.  But  then,  fince  Fp  is  near¬ 
er  coinciding  with  FE  than  GK  is  with  GE,  it  follows  that  Fp  will- 
differ  lefs  from  FE  than  GK  does  from  GE,  and  confequently  that  Fp 
does  not  bear  the  fame  proportion  to  FE,  that  GK  bears  to  GE.  There¬ 
fore 
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fore  neither  does  F p  bear  the  fame  proportion  to  GIC,  that  FE  bears  to 
GE  ;  Euc.  book  V.  prop.  16.  or  the  fines  are  not  in  the  fame  propor¬ 
tion  with  the  arcs,  and  confequently  are  not  in  the  fame  proportion 
with  the  angles,  which  thofe  arcs  fubtend.  But  in  fmall  angles  the  fines 
and  arcs  nearly  coincide;  and  confequently  differ  little  from  each  other. 
As  On  and  OE  are  nearly  equal,  and  fo  are  Lw  and  LE.  Therefore 
On  and  OE  will  encreafe  in  nearly  the  fame  proportion,  and  likewife 
] Lm  and  LE:  and  On  bears  nearly  the  fame  proportion  to  OE  that  I jn 
does  to  LE,  or,  On  is  to  ~Lm  as  OE  to  LE  nearly  ;  Euc.  b.  Y.  prop.  1 6. 
that  is,  the  fines  are  nearly  proportional  to  the  arcs  and  confequently  to 
the  angles,  which  thofe  arcs  fubtend. 

The  angles  we  fihall  have  occafion  to  fpeak  of  in  optics  are  com¬ 
monly  very  fmall  ones,  and  therefore  we  may  for  the  future  confider 
the  fines  as  the  meafure  of  them.,  or  may  look  upon  the  fines  as  pro¬ 
portional  to  the  angles. 

27.  The  divergency  of  rays  is  tneafured  by  the  angle  contained  between  the 
lines ,  which  the  rays  defcribe. 

The  divergency  of  rays  is  confidered  as  quantity,  or  as  being  capable  of 
greater  and  lefs.  Rays  have  a  greater  divergency  as  the  lines  of  their 
dire&ion  contain  a  greater  angle;  and  a  lefs  divergency  as  thofe  lines 
contain  a  lefs  angle.  The  rays  which  defcribe  the  lines  BD  and  BE 
Plat.VII.  fig.  4.  diverge  juft  as  much  more  than  thofe,  which  defcribe. 
BA  and  BC,  as  the  angle  DBE  is  greater  than  the  angle  ABC. 

The  reader  muft  obferve  that  the  divergency  of  rays  is  meafured  by 
the  angle,  which  the  lines  of  their  direction  contain,  and  not  by  the 
diftance  between  thofe  lines.  For  though  the  rays,  that  defcribe  BD, 
and  BE  are  at  a  greater  diftance  from  each  other,  when  they  are  at  D 
and  E,  than  when  at  F  and  G,  yet  their  divergency  at  D  and  E  is  no 
greater  than  at  F  and  G  :  becaufe  the  angle  DBE,  and  FBG  is  the 
dame.  So  likewife  Plat. VIII,  fig.  1.  the  rays,  which  come  from  the  ra¬ 
diant  D  and  defcribe  DA  and  DB,  diverge  more  than  thofe,  which  come 
from  the  radiant  E  and  defcribe  EA  and  EB,  though  the  diftance  be¬ 
tween  thefe  rays  when  they  are  at  A  and  B  is  the  fame.  For  the  angle 
ADB  is  greater  than  the  angle  AEB;  and  thefe  are  the  angles,  which ' 
meafure  their  divergency. 

28,  If  the  diftance  between  diverging  rays3  that  come  from  different  ra- 

diants ,  is  the  fame ;  the?i  the  diftance s  of  the  radiants  are  inverfely 
as  the  divergency  of  the  rays ,  which  come  from  them . 
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If  there  are  two  different  radiants  D  and  E  Plat.  VIII.  fig.  i.  and  the 
rays  diverging  from  D  defcribe  the  lines  DA,  DB,  and  thofe  from  E 
defcribe  the  lines  E  A,  E  B,  fo  that  the  diftance  between  the  former 
rays,  or  AB,  is  the  fame  as  the  diftance  between  the  latter,  then  thole 
rays,  which  come  from  the  nearer  radiant  D  have  a  greater  divergency 
than  thofe,  which  come  from  the  remoter  radiant  E.  And  we  are  to 
fhew  that  CD,  or  the  diftance  of  D,  is  juft  as  much  lefs  than  CE,  or  than 
the  diftance  of  E,  as  the  angle  ADB,  or  the  divergency  of  the  rays  pro¬ 
ceeding  fromD,  is  greater  than  the  angle  AEB,  or,  than  the  divergency  of 
the  rays  proceeding  fromE.  That  is,  juft  in  the  fame  proportion  as  the 
diftance  CD  is  lefs  than  the  diftance  CEthe  divergency  of  the  rays  proceed¬ 
ing  fromD  is  greater  than  the  divergency  of  the  rays  proceeding  from  E ; 
or  the  diftance  of  the  radiants  are  inverfely  as  the  divergency  of  the  rays. 

Now  ADC  is  half  ADB,  and  likewife  AEC  is  half  AEB.  And  what 
can  be  proved  of  half  the  angles  of  divergency,  may  be  inferred  to  be 
true  of  the  whole  angles.  I  fay  therefore,  that  ADC  is  as  much  greater  than 
AEC  as  CD  is  lefs  than  CE,  or  that,  ADC  is  to  AEC  as  CD  to  CE  in¬ 
verfely,  or  as  CD  to  CE  inverted ;  that  is,  upon  the  whole  ADC  is  to 
AEC  as  CE  to  CD :  for  CE  and  CD  are  CD  and  CE  inverted^ 

At  E  draw  EF  fo  as  to  make  the  angle  FEC  equal  to  the  angle  ADC.. 
Then  it  is  plane  that  ADC  is  juft  as  much  greater  than  AEC,  as  FEC 
is  greater  than  AEC :  becaule  ADC  and  FEC  are  equal  by  the  conftruc- 
tion.  But  if  thefe  angles  are  fmall  they  are  very  nearly  in  the  proportion  of 
the  fubtenfes  FC  and  AC,  by  propofition  26  ;  that  is  FEC  or  ADC  is  juft 
as  much  greater  than  AEC  as  FC  is  greater  than  AC.  We  are  therefore  to 
enquire  how  much  FC  is  greater  than  AC.  Now  ADC  is  equal  to  FEC  by 
the  conftrudion,  and  ADC  is  the  external  angle  and  FEC  is  the  internal 
oppofite  angle  on  the  fame  fide  made  by  the  lineCE  crofting  the  two  lines 
AD  and  FE.  Therefore  AD  and  FE  are  parallel,  Euc.  b.  I.  prop.  28-. 
And  becaufe  AD  and  FE  are  parallel,  therefore  CAD  is  equal  toCFE, 
or  the  external  angle  made  by  aline  CF  crofting  thefe  two  parallel  ones 
.is  equal  to  the  internal  oppofite  angle  on  the  fame  fide.  Euc.  b.  I.  prop. 
29,  Therefore  there  are  two  angles  in  the  triangle  FEC  refpe&ively  e- 
qual  to  two  angles  in  the  triangle  AD.C;  and  confequently  the  third 
angle  in  one  mull  be  equal  to  die  third  angle  in  the  other.  Euc.  b.  I. 
prop.  32.  corol.  2.  That  is ;  thefe  two  triangles  FEC  and  ADC  are  equi¬ 
angular,  from  whence  it  follows  that  their  fides  are  proportional.  Euc. 
b.VI.  prop.  4.  FC  to  AC  as  EC  toDC.  We  find  therefore  that  EC  is  juft 
as  much  greater  than  DC  as  FC  is  greater  than  AC  ;  or  as  the  angle  FEC 
or  its  equal  the  angle  ADC  is  greater  than  the  angle  AEC;  or  as  half  the 
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divergency  of  rays  that  proceed  from  D  is-  greater  than  half  the  divergen¬ 
cy  of  rays  that  proceed  from  E.  But  EC,  which  is  proportional  to  half 
the  divergency  of  rays  from  D,  is  the  diftance  of  the  radiant  E,  and  DC, 
which  is  proportional  to  half  the  divergency  of  rays  from  E,  is  the  di¬ 
ftance  of  the  radiant  D.  Therefore  thefe  diftances  of  the  radiants  are  as 
half  the  divergency  of  the  rays  proceeding  from  them  inverted. 

But  fince  half  the  angles  of  divergency  are  inverfely  as  the  diftances 
of  the  radiants,  therefore  twice  thofe  halves  or  the  whole  angles  of  diver¬ 
gency  muft  be  in  the  fame  proportion :  twice  ADC  or  ADB  muft  be  as 
much  greater  than  twice  AEC  or  than  AEB,  as  ADC  is  greater  than 
AEC.  But  ADC  is  to  AEC  as  the  diftances  of  D  and  E  inverfely.  There¬ 
fore  ADB  and  AEB  are  likewife  as  the  diftances  of  D  and  E  inverfely. 

29,  If  the  diftance  between  converging  rays,  that  tend  to  different  focufes  r 
is  the  fame ;  then  the  diftances  of  the  focufes  are  inverfely  as  the  con - 
vergency  of  the  rays,  which  tend  to  them. 

If  AD,,  BD,  Plat.  VIII.  fig.  1.  are  the  lines  defcribed  by  rays  converging 
to  the  focus  D,  and  AE,  BE  the  lines  defcribed  by  other  rays  converging 
to  the  remoter  focus  E ;  fo  that  the  diftance  AB  between  the  former 
rays  and  the  latter  is  the  fame  ;  it  is  evident,  that  the  rays,  which  tend 
to  D  the  nearer  focus,  converge  more  than  thofe,  which  tend  to  E  the 
remoter  focus,  or  that  the  angle  ADC  is  greater  than  the  angle  AEB. 
Thefe  angles,  or  the  convergency  of  the  rays  whole  dire&ions  contain 
thefe  angles,  me  inverfely  as  the  diftances  of  the  focufes  D  and  E,  or  as 
thofe  diftances  inverted.  That  is  the  angle  ADB,  or  the  convergency  of 
rays  tending  toD,  is  as  much  greater  than  the  angle  AEB,  or  than  the  con¬ 
vergency  of  rays  tending  to  E,  as  EC  the  diftance  of  the  latter  focus  is 
greater  than  DC  the  diftance  of  the  former  focus. 

That  the  angle  ADB  bears  the  fame  proportion  to  the  angle  AEB, 
that  EC  bears  to  DC  has  been  already  proved  in  the  laft  propofition ;  and 
this  is  all  that  is  neceffary  to  prove  the  truth  of  this.. 

30.  If  rays  proceed  from  a  radiant  at  an.  infinite  diftance ,  their  divergency 
is  nothing ,  and  the  rays  are  confidered  as  parallel  ones. 

Let  F,  Plat.VIII.  fig.  2.  be  a  radiant  from  whence  rays  diverge  in  the 
dire&ions  FDB,  FCA.  The  diftance  between  thefe  rays  at  D  and  C  is  DC, 
and  at  B  and  A  is  BA.  But  BA  is  greater  than  DC  j  therefore  the  rays, 
the  farther  they  go  from  F,  are  farther  afunder  from  one  another  j  and 
confequently  are  diverging  ones.  This  is  the  cafe  when  the  radiant  F  is 
at  a  finite  diftance.  But  if  the  diftance  AF  of  the  radiant  F  is  infinite,  then. 
DC  will  be  equal  to  BA,  or  however  the  difference  between  them  will 
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be  infinitely  fmall ;  fo  that  when  the  rays  are  at  B  and  A  the  diftance 
between  them  will  be  no  greater,  than  when  they  were  at  D  and  C ;  or 
thefe  rays  proceed  in  lines  which  may  be  looked  upon  as  parallel  ones. 

Draw  AB  perpendicular  to  FA,  and  CE  parallel  and  equal  to  AB, 
and  complete  the  parallelogram  ACEB  by  drawing  EB.  The  triangles 
FBA  and  BDE  are  fimilar.  For  the  angle  BAF  is  equal  to  the  angle 
DEB  j  both  bccaufe  they  are  oppofite  angles  in  the  parallelogram  ACER, 
Euc.  b.  i.  prop  34.  and  bccaufe  by  the  con  ftru<ftion  they  are  right  ones. 
The  angle  BFA  is  likewife  equal  to  the  angle  DBE :  becaufe  FA  and 
BE  are  parallel,  and  thefe  two  angles  are  the  alternate  angles  made  by 
•the  right  line  FB  .eroding  thefe  two  parallel  ones.  Euc.  b.  I.  prop.  29. 
And  confequentiy,  fince  there  are  two  angles  in  one  of  thefe  triangles 
refpe&ively  equal  to  two  angles  in  the  other,  the  third  angle  FBA  in 
one  is  equal  to  the  third  angle  BDE  in  the  other.  Euc.  b.  I.  prop.  32* 
corol.  2.  But  equiangular  triangles  have  their  fides  proportional.  There¬ 
fore  ED  bears  the  fame  proportion  to  EB,  that  AB  bears  to  AF.  Euc. 
b.VI.  prop.  4.  Now  if  AF  was  infinite,  the  finite  line  AB  would  be  fb 
fmall  in  refpedt  of  AF  as  to  bear  no  proportion  to  it  ^  and  confequentiy 
when  AF  is  infinite  ED  will  bear  no  proportion  to  EB.  For  as  AB  to 
AF,  fo  is  ED  to  EB.  But  EB  is  a  finite  line,  whatever  the  length  of 
AF  is.  And  fince  ED  is  fo  fmall,  when  AF  is  infinite,  as  to  bear  no  pro¬ 
portion  to  this  finite  line  EB,  it  muft  be  infinitely  fmall.  But  ED  is  the 
difference  between  CD  and  AB.  Therefore,  when  AF  is  at  an  infinite 
diftance,  the  difference  between  CD  and  AB  being  infinitely  fmall,  thefe 
two  lines  may  be  confidered  as  equal  and  confequentiy  DB  and  CA  may 
be  confidered  as  parallel.  So  that  if  F  is  a  radiant  at  an  infinite  diftance, 
the  rays,  that  come  from  thence  and  deferibe  lines  fuch  as  DB,  CA,  are 
parallel  to  each  other. 

This  propofition  may  likewife  be  deduced  from  prop.  28.  For,  fince 
the  divergency  of  rays  is  inverfely  as  the  diftance  of  the  radiant,  it  fol¬ 
lows,  that,  when  the  diftance  of  the  radiant  is  infinitely  great,  the  di¬ 
vergency  of  the  rays  muft  be  infinitely  fmall.  And,  when  the  divergen¬ 
cy  of  rays  is  infinitely  fmall  they  may  be  confidered  as  parallel. 

This  is  the  cafe  of  rays  that  come  from  one  and  the  fame  point  in  the 
fun.  I  fay  from  one  and  the  fame  point,  becaufe  the  whole  body  of  the 
fun  is  not  a  fingle  radiant  but  is  made  up  of  many ;  and  the  rays  which 
come  from  its  center  are  not  parallel  to  thofe  which  come  from  its  cir¬ 
cumference.  But  all  rays  which  come  from  the  center  of  it  are  paral¬ 
lel  to  one  another  :  becaufe  the  diftance  of  the  radiant  in  this  cafe,  when 
compared  with  the  diftance  between  any  two  rays,  may  be  taken  for  in¬ 
finite. 
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finite.  In  like  manner  all  the  rays,  which  come  from  one  and  the  fame 
point  either  in  the  edge  of  the  fun  or  in  any  part  of  its  face  are  parallel 
for  the  fame  reafon. 

3i -  If  rays  tend  t0  a  focus  atan  'infinite  difiance  r  their  convergency  is  no¬ 
things  and  the  rays  are  confidered  as  parallel  ones . 

Let  F,  Plat. VIII.  fig.  2.  be  a  focus  to  which  rays  tend  in  the  direc¬ 
tions  AF  and  BF  :  then  if  the  diftance  of  F  is  infinite  the  lines  BD  and 
AC,  which- the  rays  defcribeare  parallel  to  one.  another.  This  has  alrea¬ 
dy  been  proved  in  the  foregoing  propofition. 

52.  The  fides  of  plane  triangles  are  to  one  another  as  the  fines  of  the  angles 
which  they  Jubtend. 

By  plane  triangles  we  mean  triangles,  whofe  fides  are  right  lines. 
Thus  the  triangle  ABC,  Plat.VIII.  fig.  3.  is  a  plane  one.  Now  in  this 
triangle  the  fide  AB  fubtends  or  is  oppofite  to  the  angle  ACB :  and  the 
fide  AC  fubtends  the  angle  ABC.  Set  one  leg  of  the  compafies  on  C  and 
with  the  opening  CB  fir  ike  the  arc  BF,  then  continue  AC  to  H  and  from 
B  draw  BE  perpendicular  to  CH.  This  line  BE  is  the  fine  of  the  angle 
BCE  :  and  it  is  likewife  the  fine  of  the  angle  ACB.  For  ACB  is  the 
complement  of  BCE  to  two  right  ones  j  and  the  complement  of  any 
angle  to  two  right  ones  has  the  fame  fine  with  the  angle  itfelf.  Or  other- 
wile.  BE  is  the  fine  of  ACB  *,  becaufe  the  fine  of  an  angle  is  a  line  drawn 
from  the  extremity  of  one  leg  perpendicular  to  the  other  leg.  Now  B 
is  the  extremity  of  one  leg,  and  no  line  can  be  drawn  from  B  perpendi¬ 
cular  to  the  other  leg  AC,.unlefs  AC  is  continued  in1  the  dire&ion  CH. 
Therefore  a  line  drawn  from  B  perpendicular  to  AC  continued,  that  is, 
the  line  BE  is  the  fine  of  the  angle  ACB.  Then  making  B  the  center, 
with  the  fame  opening  BC  of  the  compafie&  as-  before,  firike  the  arc  CG 
and  from  C  draw  the  line  CD  perpendicular  to.  BD :  this  line  CD  is  the 
fine  of  the  angle  ABC.  Now  thefe  two  fides  AB  and  AC  are  to  each 
other  in  the  fame  proportion  as  the  fines  of  the  angles  ACB  and  ABC, 
which  thefe  fides  fubtend.  That  is  AB  is  to  AC  as  BE  to  CD. 

The  triangle  BAE  is  fimilar  to  the  triangle  CAD.  For  in  the  triangle 
B AE  the  angle  at  E  is  a  right  one,  by  the  ccnftrudlion :  and  fo  is  the 
angle  at  D  in  the  triangle  CAD.  And  the  angle  at  A  is  common  to  both 
of  them.  Therefore  there  are  two  angles  in  one  of  thefe  triangles  re- 
fpcdtively  equal  to  two  angles  in  the  other :  and  confequently  the  third 
angle  in  one  or  EBAis  equal  to  the  third  angle  in  the  other  or  to  DCA. 
Euc.  b.  I.  prop.  32,  corol.  2.  From  whence  it  follows  that  the  fides  of 

thefe 


2 1 6  A  SYSTEM  OF 

thefe  triangles,  which  fubtend  the  equal  angles,  are  proportional,  AB  to  AC 
as  BE  to  CD.  That  is,  AB  and  AC,  two  Tides  of  ABC,  are  in  the  Tame 
proportion  to  one  another  with  BE  and  CD  the  lines  of  the  angles,  which 
thole  Tides  fubtend. 


C  H  A  P.  II. 

Of  light,  and  the  caufe  and  laws  of  its  refraction. 

3  3 .  The  progrefs  of  light  is  not  infant  aneous. ,  hut  the  rays  of  it  take  up 
fome  time  to  pafs  fro?n  one  place  to  another. 

THE  Cartefians  are  of  a  different  opinion  and  maintain  that  light  is 
propagated  from  a  luminous  body  to  any  diftance  however  great 
in  an  inffant.  But  the  truth  of  our  affertion  is  amply  proved  by  obfer- 
vations,  that  have  been  made  upon  the  fatellites  or  moons  that  move 
round  the  planet  jupiter.  Let  A  be  the  fun,  Plat.VIII.  fig.  4.  ORPS  the 
earths  orbit,  F  the  planet  jupiter,  and  NGH  the  orbit  of  its  innermoft 
moon  or  fatellite.  Now  as  jupiter  is  an  opake  body  it  will  caft  a  fhadow 
oppofite  to  the  fun  j  and  let  FGH  reprefent  this  fhadow.  If  the  fatellite, 
whilft  it  is  defcribing  its  orbit,  paffes  through  this  fhadow  from  G  to  H, 
it  will  be  eclipfed  as  long  as  it  continues  in  the  fhadow.  For  fince  it  has 
no  light  of  its  own,  and  fhines  only  by  reflecting  the  funs  light,  when  it 
is  in  any  part  between  G  and  H  the  opake  body  of  jupiter  prevents  the 
fun  from  fhining  upon  it  ;  and  therefore  the  fatellite  will  receive  no  light, 
which  it  might  reflect,  and  upon  this  account  is  eclipfed  to  a  ipeCtator 
in  the  earth  which  we  will  fuppofe  to  be  at  B.  When  the  fatellite  comes  to 
H  it  emerges  out  of  the  fhadow,  and  will  again  become  vifible  to  a  fpec- 
tator  at  B.  This  innermoft  fatellite  is  42  ~  hours  in  going  round  its  orbit. 
That  is,  if  it  is  at  any  time  feen  at  H,  in  42  \  hours  it  will  have  gone 
round  and  be  returned  to  H  again.  Therefore  if  the  earth  was  to  be  at  reft 
at  B,  fince  the  fatellite  emerges  every  time  it  comes  to  H,  a  fpeClator  at 
B  on  the  earth  would  fee  30  emerfions  in  the  time  of  30  revolutions  or 
in  30x42  £=  1275  hours  time.  And  the  30th  of  thefe  emerfions  would 
be  feen  at  the  end  of  thefe  30  revolutions  or  at  the  diftance  of  1275 
hours  from  the  firftofthem.  But  in  12 75  hours  the  earth  inftead  of 
ftanding  ftill  at  B  will  be  gotten  in  its  orbit  to  C.  And  confequently  the 
light  from  the  fatellite,  after  it  emerges,  has  farther  to  go,  before  it  gets 
to  the  earth,  than  it  would  have  had,  if  the  earth  had  continued  at  B. 
MC  is  the  difference  of  thefe  two  diftances.  So  that  if  the  propagation 
£>f  light  is  inftantaneous,  it  will  take  up  no  time  at  all  to  deferibe  MC ; 
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hut  a  fpedtator  at  the  earth  will  fee  the  30th  emerfion,  though  the  earth 
is  at  C,  at  the  fame  time  that  he  would  have  feen  it,  if  he  and  the  earth 
had  continued  all  the  while  at  B.  But  in  fadt  it  is  found  that,  when  the 
earth  is  at  C,  this  3othemerfion  will  not  be  feen  at  the  end  of  the  30  re¬ 
volutions  or  1 275  hours  after  the  firft ;  but  fome  time,  as  fuppofe  1  o  mi¬ 
nutes,  later.  Therefore,  fince  this  emerfion  is  feen  10  minutes  later,  when 
the  earth  is  at  C,  than  when  it  is  at  B,  the  firft  ray  of  light  which  makes  the 
fatellite  vifible  after  its  emerfion  is  1  o  minutes  longer  in  coming  to  C 
than  it  would  be  in  coming  to  B.  And  confequently  light  is  not  propa¬ 
gated  from  any  one  place  to  any  other  in  an  inftant :  for  it  takes  up  1  o 
minutes  to  deicribe  the  line  MC,  which  is  the  difference  between  the 
two  diftances  of  the  earth  from  the  fatellite  at  the  two  places  B  and  C. 

In  like  manner  if  the  earth  was  at  D,  a  longer  time  will  be  taken  up 
For  the  fatellite  to  enter  the  ihadow  at  G  30  times,  than  would  be,  if  the 
earth  was  nearer  to  it  as  at  E.  Or  the  laft  light  which  comes  from  the 
fatellite  when  it  enters  the  ihadow,  will  he  longer  in  palling  to  D  than 
to  E.  For  the  fatellite  does  not  difappear,  or  is  not  feen  to  enter  the  iha¬ 
dow,  or  is  not  loft  fight  of,  till  this  laft  light  is  come  to  the  fpedbitors  eye. 
And  confequently,  fince  this  entrance  happens  later  when  the  earth  is 
at  D-  than  it  does  when  the  earth  is  at  E,  this  laft  light  is  longer  in 
palling  to  D  than  to  E. 

By  computing  from  obfervations  of  this  fort,  it  is  found,  that  if 
tables  of  the  times  of  entrance  and  emerfion  of  this  or  any  other  iatel- 
lite  are  calculated  for  the  middle  diftances  of  the  earth  from  the  fatel¬ 
lite,  that  is,  if  tables  are  made  for  finding  the  time  that  an  emerfion 
will  happen,  when  the  earth  is  at  O,  or  an  entrance,  when  the  earth 
is  at  P,  thefe  emerfions  and  entrances  will  happen  about  7  minutes 
fooner  than  they  ought  to  do  by  the  tables,  if  the  earth  is  at  R,  or  at  its 
leaft  diftance  from  the  fatellite,  and  about  7  minutes  later  than  by  the 
tables,  if  the  earth  is  at  S,  or  at  its  greateft  diftance  from  the  fatellite.There- 
fore  thefe  emerfions  and  entrances  are  feen  at  the  earth  about  2x7  or 
H  minutes  fooner,  when  it  is  at  R,  than  when  it  is  at  S.  Confequent¬ 
ly  a  ray  of  light  takes  up  about  14  minutes  to  deicribe  the  line  RSj 
and  about  half  14  or  7  minutes  to  deferibe  half  RS  or  AS.  But  RS  is 
a  diameter  of  the  earths  orbit,  and  AS  is  a  femidiameter  of  the  earths 
orbit  or  the  diftance  of  the  earth  from  the  fun.  Therefore  a  ray  of 
light  is  about  7  minutes  in  deicribing  a  femidiameter  of  the  earths 
orbit  or  in  coming  from  the  fun  to  the  earth. 

The  diftance  of  the  earth  from  the  fun  is  fo  great  that,  if  a  cannon 
ball  was  to  move  at  the  rate  of  500  feet  in  every  fecond  of  time,  it 
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could  not  come  from  the  Em  to  the  earth  in  lefs  than  25  years.  This 
comparifon  diffidently  fliews  the  incredible  velocity  of  light.  For  at 
tins  rate  the  velocity  of  light  will  be  above  10  million  times  greater  than 
that  of  a  cannon  ball. 

34.  The  rays  of  light  are  propagated  in  right  lines. 

This  is  plane  from  the  lhadows  which  opake  bodies  cad.  For  if  the 
rays  of  light  did  not  dcfcribe  flrait  lines,  they  would  bend  round  any 
opake  body,  and  would  prevent  it  from  calling  any  fhadow.  It  is 
plane  likewife  from  lights  finding  no  paffage  through  bended  tubes;, 
•and  from  the  appearance  of  it  as  it  paffes  through  any  little  hole  into  a 
room  filled  with  dull  or  fmoke. 

Since  the  rays  of  light  are  condantly  propagated'  in  right  lines  from 
luminous  bodies;  for  the  future,  whenever  we  have  occalion  to  repre- 
lent  a  ray,  we  fhall  do  it  by  a  line  reaching  from  the  luminous  body  to 
the  body  illuminated ;  that  is,  we  fhall  fpeak  of  the  line*  which  a  ray 
defcribes,  as  if  that  was  the  ray  itfelf,. 

35.  Light  is  a  body ,  and  the  fever al  rays ,  or  particles  of  it ,  are  as  well 
fucceffve  in  the  fame  li?ie3  as  contemporary  in  different  lines. 

We  have  leen  already,  in  prop.  34.  that  light  is  propagated  in  right 
lines.  Whereas  if  it  was  only  an  impulfe  of  a  luminous  body  upon  fome 
fubtil  fluid,  it  would  pafs  through  bended  tubes  as  well  as  llrait  ones, 
and  would  bend  round  an  opake  body  fo  as  to  prevent  it  from  calling  a. 
lhadow ;  in  the  fame  manner  that  found,  which  is  owing  to  vibrations 
excited  in  a  fluid,  is  propagated  through  bended  tubes,  and  when  any 
obllacle  is  placed  between  the  founding  body  and  the  ear,  it  goes  round 
that  obHacle  and  is  heard  on  the  other  fide.  But  lince  there  is  no  mid¬ 
dle  opinion,  and  light  is  allowed  to  be  either  a  real  body  or  elfe  an  im¬ 
pulfe  upon  fome  fubtil  fluid;  having  fhewn  that  the  latter  of  thefe 
opinions  is  falfe,  we  may  conclude  that  the  former  is  true. 

That  light  condHs  of  parts  is  evident;  becaufe  in  the  fame  place  you 
may  flop  that  which  comes  one  moment,  and  let  that  pafs  which  comes 
prefently  after ;  and  lince  that  light,  which  is  Hopped,  cannot  be  the 
lame  with  that  which  is  fufFered  to  pafs,  there  mull  be  different  parts. 
And  as  they  come  one  after  the  other,  they  are  lucceffive.  Again,,  you. 
may  Hop  the  light  in  one  place,  and  may  at  the  fame  time  let  it  pafs 
in  another ;  and  becaufe,  as  before,  that  which  is  Hopped  cannot  be  the 
lame  with  that  which  paffes,  thefe  are  different  parts;  and  lince  fome 
parts  are  Hopped  at  the  fame  time  that  others  pals,  thofe  parts*  which 
are  Hopped,  are  contemporary  with  thofe,  which  are  let  pafs. 
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36.  The  rays  of  light  are  exceeding  [mail. 

Since  the  velocity  of  a  ray  of  light  is  above  ten  million  times  greater 
than  that  of  a  cannoil  ball ;  if  a  ray  of  light  weighed  only  one  grain 
it  would  have  near  200  times  the  moment  that  a  cannon  ball  of  ten 
pound  weight,  has  when  it  is  firft  difcharged  from  the  cannon,  and  if  it 
weighed  only  --  of  a  grain  the  moment  of  the  ray  would  be  equal  to 
that  of  the  ball.  But  if  fo  fmall  a  particle  as  ^  of  a  grain  would  have  fo 
great  a  moment,  the  rays  of  light  muft  be  inconceivably  fmall ;  or  elfe 
upon  account  of  their  great  velocity  their  moment  would  be  too  great 
for  fo  tender  an  organ,  as  the  eye  is,  to  bear  the  continual  impulfes 
of  them. 

If  a  hole  is  made  with  a  pin  in  a  piece  of  paper,  a  man  looking 
-through  that  hole  fees  all  the  objeCt  s  that  are  before  him,  let  them  be 
•ever  fo  many.  And  fince  thefe  objects  and  each  point  of  them  becomes 
vifible  by  means  of  rays  of  light  coming  from  thence  to  the  eye ;  thefe 
rays  muft  be  extremely  fmall  to  be  able  fo  many  of  them  to  pafs  through 
-a  pin-hole,  without  interrupting  each  others  paffage. 

The  reader  will  wonder  the  lefs  at  this  extreme  minutenefs  of  the 
rays  of  light,  when  he  recollects  that  matter  is  infinitely  divifible,  and 
.  that  though  we  cannot  find  out  means  of  feparating  it  into  very  minute 
particles,  yet  ftill  in  its  own  nature  it  is  feparable  without  end.  How 
far  it  is  a&ually  feparated  by  a  power  infinitely  fuperior  to  ours,  by  the 
power  of  the  Author  of  nature,  is  feen  in  many  inftances,  that  we  are 
•well  acquainted  with,  or  however  that  we  hear  of  very  frequently.  If 
a  candle  is  lighted  in  the  night-time  at  the  top  of  any  high  building, 
it  may  be  feen  at  the  fame  inftant  any  where  at  the  diftance  of  half  a 
mile  all  round.  Now  in  any  one  inftant  there  is  no  fenfible  wafte 
made  of  the  candle  and  yet  in  one  inftant  rays  or  particles  of  light  enough 
muft  fly  off  from  the  candle  to  fill  the  whole  fpace,  in  any  part  of 
which  the  light  of  it  could  be  feen,  and  that  fpace  is  a  fphere  whofe 
femidiameter  is  half  a  mile.  We  have  other  inftances  of  the  minute¬ 
nefs  of  matter  befides  that  of  light.  A  piece  of  mufk  does  not  in  any 
length  of  time  lofe  its  fmell.  And  as  there  muft  be  always  effluvia  fly 
off  from  it,  whilft  it  retains  its  fmell,  thefe  effluvia  muft  be  extreme¬ 
ly  fmall,  becaufe  notwithftanding  they  are  conftantly  thrown  off  for 
innumerable  years,  the  weight  of  the  mufk  is  not  fenfibly  diminifhed, 
Leeuwenhoek  by  the  help  of  microfcopes  difcovered  what  very  minute 
particles  of  matter  are  capable  of  animal  life.  For  the  leaft  fort  of' 
thofe  animals,  which  he  found  in  pepper- water,  were  1000,000,000 
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times  lefs  than  a  grain  of  fand.  We  might  have  amufed  ourfelves  a 
little  farther  with  fpeculations  of  this  fort,  and  might  have  confidered 
how  fmall  the  entrails  and  particularly  the  heart  of  thefc  animals  mud 
be ;  if  the  late  difcovery  of  the  polype  had  not  made  us  doubt  whether 
entrails  and  a  heart  are  neceflary  to  the  life  of  an  animal. 

37.  If  a  ray  of  light  pa  ffes  obliquely  out  of  a  rarer  mediutn  into  a  denfery, 
it  will  be  ref  railed  towards  a  perpendicular . 

That  light  is  attracted  by  other  bodies,  appears  from  what  has  been 
faid  in  prop.  5.  of  mechanics  :  where  we  obferved  that,  if  the  rays  of 
it,  come  through  the  hole  of  a  window-fhutter  into  a  dark  chamber, 
and  a  knife  is  held  near  the  hole  with  its  edge  towards  the  rays,  thofe 
which  pafs  very  near  it  are  bent  down  towards  it.  The  force,  which 
thus  bends  them,  whatever  it  is  or  to  whatever  caufe  it  is  owing,, 
we  call  attraction.  It  is  a  force  that  we  are  fure  exifts  in  nature, 
and  if  it  is  fufficient  to  explane  the  refraction  of  light,  the  rules  of  true 
philofophy  will  allow  us  to  make  ufe  of  it,  and  do  not  require  us  to 
look  out  for  any  other.  But  it  is  not  iron  only  that  attracts  light  in  this 
manner.  The  edge  of  a  thin  plate  of  any  other  metal,  or  of  a  piece  of 
broken  glafs,  produces  the  fame  effeCt.  Now  this  attraction  will  be  fo 
much  ltronger  as  there  are  more  particles  within  any  given  fpace. 
Every  particle  attracts,  and  confequently  the  more  there  are  of  them 
the  greater  effeCt  they  mult  neceffarily  produce.  From  hence  it  follows 
that  a  ray  of  light  is  more  attracted  by  a  denfe  medium  than  it  is  by  a 
rare  one.  Thus  water  attracts  light  more  than  air  does,  and  glafs  more 
than  water,  and  a  diamond  more  than  any  of  them. 

Suppofe  then  a  ray  of  light  to  pafs  obliquely  out  of  a  rarer  medium 
X  Plat.VIII.  fig.  5.  into  a  denfer  one  Z  through  the  plane  furface  aby 
and  let  ro  be  the  incident  ray.  Thus  for  inftance  on  the  fide  X  of  the 
line  ab  let  there  be  air,  and  on  the  fide  Z  glafs.  The  ray  ro,  when  it 
gets  into  the  glafs,  will  not  go  ttrait  forwards  in  the  direction  ogy  but 
will  be  refraCted  towards  a  perpendicular,  that  is,  towards  a  line  per¬ 
pendicular  to  the  furface  ab :  cok  is  fuch  a  line,  and  the  ray  inftead  of 
going  on  in  the  direction  og.  will  be  bent  into  or,  a  line  nearer  to  oky  or 
making  a  iefs  angle  with  ok  the  perpendicular  than  og  does.. 

The  ray  is  more  attracted  by  the  glafs  than  by  the  air :  and  for  this 
reafon  it  will  be  accelerated  or  made  to  move  fatter  as  it  enters  the 
glafs.  For  though,  when  it  gets  into  the  glafs,  it  is  attracted  equally 
ail  ways,  and  therefore  will  have  no  alteration  made  in  its  velocity  by 
fuch  attraction,  lince  thefe  equal  and  contrary  forces  will  deitroy  one 
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another ;  yet  as  it  is  palling  out  of  the  air  into  the  glafs  at  o  it  is  attract¬ 
ed  more  towards  the  glafs  Z  than  towards  the  air  X.  And  becaufe  the 
ray  is  moving  towards  Z,  at  the  fame  time  that  it  is  more  attracted 
thither  than  it  is  the  contrary  way,  this  attraction  confpires  with  the 
rays'  motion,  and  confequently  will  encreafe  its  velocity.  Therefore  the 
ray  moves  falter,  when  it  gets  into  the  medium  Z  or  the  glafs,  than 
it  did,  whilft  it  was  in  the  medium  X  or  in  the  air.  But  the  ray,  whilft 
it  was  in  the  air,  moved  in  the  line  ro,  which  is  oblique  to  the  attract¬ 
ing  furface  ab .  And  as  the  glafs  attracts  the  ray  direCtly  towards  it,  or 
in  a  line  perpendicular  to  its  furface,  it  follows  that,  if  we  refolve  the 
oblique  motion  of  the  ray  ro  into  two  others,  one  of  them  as  rc  parallel 
to  the  furface  ab  and  the  other  as  rh  or  co—rh  perpendicular  to  it,  the 
parallel  motion  rc  of  the  ray  is  not  affeCted  by  this  attraction  ;  for  an 
attraction,  which  aCts  in  the  line  rh  or  co ,  can  neither  accelerate  nor  re¬ 
tard  the  motion  of  a  ray  in  the  line  rc.  The  change  of  velocity,  which- 
the  ray  fuffers,  is  made  in  the  perpendicular  part  of  its  motion  co. 
Take  therefore  ok  greater  than  co ,  and  oi  equal  to  ho  or  to  rc.  Then, 
lince  the  rays  parallel  velocity  is  not  altered  by  palling  out  of  one  me¬ 
dium  into  the  other,  as  rc  was  its  parallel  velocity  in  the  air,  oi—rc 
will  be  its  parallel  velocity  in  the  glafs.  But  the  perpendicular  velocity 
becomes  greater  in  the  glafs  than  it  was  in  the  air;  and  as  the  line  co 
reprefented  this  velocity,  whilft  the  ray  was  in  the  air,  let  ok  reprefent 
it,  when  in  the  glafs ;  that  is,  let  the  ray  be  fuppofed  to  be  accelerated 
in  the  proportion  of  ok  to  co ,  or  let  its  velocity  be  as  much  greater  in  the 
glafs  than  it  was  in  the  air  as  ok  is  greater  than  co.  Now  the  ray,  whilft 
it  was  m  the  air,  defcribed  the  line  ro,  and  this  oblique  motion  might 
be  confidered  as  if  it  was  produced  by  the  addon  of  two  forces,  one  in 
the  line  rc,  the  other  in  the  line  rh—co ,  which  are  the  two  fides  of  a. 
parallelogram,  whofe  diagonal  is  ro  the  direction  of  the  ray  ;  by  prop. 
20.  of  mechanics.  One  of  thefe  forces  aCts  parallel  to  the  furface  ah’ 
and  the  other  perpendicular  to  it.  The  parallel  part  of  this  motion  is 
not  altered  by  the  paftage  of  the  ray  out  of  one  medium  into  the  other. 
Therefore,  when  the  ray  enters  the  glafs  it  is  ftill  aCted  upon  by  a  force 
parallel  to  the  furface  ab  and  equal  to  rc.  This  force  may  then  be  re¬ 
prefented  by  oi—rc.  But  the  other  part  of  the  rays  motion,  which  is 
in  a  line  perpendicular  to  the  furface  ab ,  is  accelerated,  as  the  ray 
palfes  out  of  the  air  into  the  glafs ;  fo  that  if  co  was  this  part  of  the 
motion,  whilft  the  ray  was  in  the  air,  ok  a  line  longer  than  co  muft 
reprefent  it,  after  the  pafiage  of  the  ray  into  the  glafs.  Therefore  when 
the  ray  enters  the  glafs  it  may  be  confidered  as  aCted  upon  by  two 
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forces  oi  and  oh ,  and  confequently  will  defcribe  the  diagonal  os  of  a 
parallelogram,  whofe  two  fides  are  oi  and  oh  ;  by  prop.  16.  of  mecha¬ 
nics.  Now  the  parallelogram  oiks  has  one  fide  oi  equal  to  one  fide  rc 
in  the  parallelogram  rcho  :  but  the  fide  ok  in  the  former  is  longer  than 
the  fide  co  in  the  latter.:  and  thefe  fides  ok  and  co  are  perpendicular  to 
the  furface  ab.  But  in  all  parallelograms,  where  one  fide  is  given,  the 
longer  the  other  fide  is  the  lefs  is  the  angle  which  the  diagonal  makes 
with  it.  Therefore,  lince  rc  and  oi%  are  given,  the  diagonal  os  will 
make  a  lefs  angle  with  the  fide  ok  than  the  diagonal  ro  does  with  the 
!fide  co.  But  os  is  the  direction  of  the  refradted  ray,  and  oh  is  the  per¬ 
pendicular  5  ro  is  the  incident  ray,  and  co  the  perpendicular.  There¬ 
fore  the  refradted  ray  makes  a  lefs  angle  with  the  perpendicular,  or  is 
nearer  to  it,  than  the  incident  ray  ;  that  is,  the  ray  by  pafiing  out  of 
air  into  glafs  or  out  of  a  rarer  medium,  which  attradts  it  lefs,  into  a 
denfer,  which  attradts  it  more,  is  refradted  towards  a  perpendicular. 

This  propofition  is  not  only  proved  by  reafoning  in  this  manner  from 
the  caufe.of  refradtion,  but  is  likewife  confirmed  by  matter  of  fadt. 
C/etSB,  Plat. VIII.  fig.  6.  the  fide  of  a  -vefiel  SABD  be  perpendicular  to 
the  bottom  BD  :  fuppofe  the  vefiel  to  be  empty  and  the  fun  to  fhine  up¬ 
on  the  fide  SB,  fo  as  to  caft  the  fhadow  of  this  fide  upon  the  bottom ; 
and  let  BD  be  the  length  of  this  fhadow,  that  is,  fuppofe  the  fhadow  to 
reach  from  B  to  D.  Now  this  fhadow  is  terminated  by  a  ray  IS,  which 
pafifes  by  the  edge  of  the  vefiel  S  :  for  all  rays  that  pafs  above  it  fall  up¬ 
on  the  fide  AD  ;  and  all  that  pafs  ‘below  it  are  intercepted  by  the  fide 
SB.  Let  the  vefiel  then  be  filled  with  water  up  to  the  top  of  it  SA,; 
and,  though  all  things  elfe  continue  as  they  were,  the  fhadow  will  be¬ 
come  fhorter  and  will  reach  only  from  B  to  C.  Therefore  the  ray  IS, 
which  went  ftrait  forwards  from  S  to  D  and  terminated  the  fhadow  at 
D,  when  the  vefiel  was  empty,  defcribes  the  lines  SC,  when  the  vefiel 
is  full  and  terminates  the  fhadow  at  C.  Therefore  this  ray  is  refradted, 
when  the  vefiel  is  full,  by  pafiing  out  of  the  air,  where  it  defcribed  IS, 
into  the  water,  where  it  defcribes  SC.  This  refradtion,  which  is  .made  by 
the  paflage  of  the  ray  out  of  a  rarer  medium  into  a  denfer,  is  towards  a 
perpendicular.  For  BS  is  perpendicular  to  the  bottom  of  the  vefiel,  and 
confequently  BS  continued,  or  SP,  is  perpendicular  to  the  furface  of  the 
water.  Therefore  ISP  is  the  angle  of  incidence.  But  BSD  is  equal  to  ISP, 
becaufe  they  are  vertical  angles  made  by  two  right  lines  eroding  each  o- 
ther ;  Euc.  b.  I.  prop.  1 5.  fo  that  BSD  as  well  as  ISP  is  the  angle,  which 
the  incident  rays  diredtion  makes  with  the  perpendicular.  But  BSC  is  the 
angle,  which  the  refradted  ray  makes  with  the  fame  perpendicular ;  and 
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BSC  is  lefs  than  BSD.  Therefore  the  direction  of  the  refradted  ray  is 
nearer  to  the  perpendicular  than  the  direction  of  the  incident  one. 

Or  otherwise.  The  length  of  the  fhadowBD,  when  the  veffel  is  empty, 
fubtends  the  angle  BSD,  which  is  equal  to  ISP  or  to  the  angle  of  incidence : 
and  the  length  of  the  fhadow  BC,  when  the  veffel  is  full  of  water  and 
the  ray  paffes  out  of  the  air  into  this  water,  fubtends  the  angle  BSC,, 
which  is  the  refradted  angle.  But  the  length  of  the  {hadow  is  lefs  when 
the  veffel  is  full.  Therefore  the  refradted  angle  is  lefs  than  the  angle  of 
incidence  j  or  the  refradted  ray  makes  a  lefs  angle  with  the  perpendicu¬ 
lar  than  the  incident  one  does. 

38  .If  a  ray  of  light  pajjes  obliquely  out  of  a  deafer  medium  into  a  rarer , 
it  will  be  refraBed from  a  perpendicular. 

If  an  oblique  ray  of  light  foy  Plat.  VIII.  fig,  5.  paffes  out  of  glafs  into 
air  through  the  furface  ab ,  that  is,  if  there  is  a  dfcnfer  medium  on  the 
fide  Z  of  ab ,  and  the  ray  paffes  out  of  it  obliquely  through  the  furface 
ab  into  a  rarer  medium  on  the  other  fide  X  j  the  ray  will  not  go  ftrait 
forwards  in  the  line  0/,  but  will  be  refradted  into  the  line  or>  fo  that  cor  the 
refradted  angle,  or  angle,  which  the  refradted  ray  or  makes  with  the  per¬ 
pendicular  ocy  will  be  greater  than  fpk  the  angle  of  incidence,  or  angle 
which  the  incident  ray  fo  made  with  the  perpendicular  vk\ 

The  ray  is  more  attracted  by  the  glafs  than  by  the  air,  or  more  by  the  den¬ 
fer  medium  Z,  whatever  that  medium  is,  than  by  the  rarer  one  X.  Upon 
this  account  when  it  comes  to  0,  and  is  palling  out  of  the  glafs  into  the 
air,  it  is  not  equally  attradted  all  ways,  for  the  air,  into  which  it  is  palling, 
attradts  it  lefs  than  the  glafs,  out  of  which  it  is  palling.  Therefore  the 
ray  will  be  drawn  more  backwards  than  it  is  forwards :  and;  this  diffe¬ 
rence  of  attraction  will  retard  its  motion,  fo  as  to  make  it  move  flower 
in  the  air  than  it  did  in  the  glafs.  But  the  oblique  motion  of  the  ray  in 
the  glafs,,  or  fo  may  be  refolved  into  two  others,  one  of  them  Jk  parallel 
to  the  glafs,  the  other  ko< perpendicular  to  it  5  by  propofition  20.  of  me¬ 
chanics^  The  parallel  motion  of  the  ray  in  the  line  Jk  can  fuffer  no  alte¬ 
ration  as  to  the  velocity  from  an  attraction,.  which  acts  in  the  line  ok,  as 
the  attraction  does  by  which  the  ray  is  more  drawn  towards  the  glafs  Z 
than  towards  the  air  X.  But  this  attraction  will  retard  the  perpendicular 
motion  ko .  From  hence  then  it  follows  that  taking  oh  equal  toy^  or  to  ; 
becaufe  Jk  was  the  parallel  motion  of  the  ray  in  the  glafs,  oh  will  be  its 
parallel  motion  when  it  enters  the  air  at  0 :  for  the  velocity  of  this  motion 
undergoes  no  alteration,  and  therefore  may  always  be  reprefented  by  a  line 
of  the  fame  length.  But  the  perpendicular  motion  ko  is  retarded  by  the 
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rays  paffing  out  of  the  glafs  into  the  air.  Therefore,  taking  on  equal  to 
ko,  if  ko  or  on  reprefented  the  perpendicular  velocity  before  the  ray  was 
retarded,  fome  line  fuch  as  oc,  which  is  fhorter  than  on,  muft:  reprefent  it 
afterwards.  And,  fince  the  ray,  when  it  is  paffing  out  of  one  medium 
into  the  other  at  o,  may  be  confidered  as  added  upon  by  two  forces  oh  and 
oc,  thefe  forces  together  will  make  it  deferibe  or  the  diagonal  of  a  paral¬ 
lelogram,  of  which  oh  and  oc  are  the  fides.  The  ray  had  indeed  deferi- 
bed  the  diagonal  of  a  parallelogram,  whilft  it  was  in  the  glafs,  but  then 
ks  and  ko  were  the  fides.  And  fince  the  fide  oh  in  one  of  thefe  paralle¬ 
lograms  is  equal  to  the  fide  ks  in  the  other,  but  oc  in  the  former  is  fhor¬ 
ter  then  ko  in  the  latter;  it  follows  that  or  will  make  a  greater  angle  with 
oc  than  fo  does  with  ko  ;  becaufe  in  all  parallelograms  where  one  fide  is 
given,  the  fhorter  the  other  fide  is  the  greater  is  the  angle  which  the  di¬ 
agonal  makes  with  it.  Now  the  angle  cor ,  which  or  makes  with  oc,  is 
that  which  the  refraded  ray  makes  with  the  perpendicular,  or  is  the  re¬ 
fraded  angle;  and  the  angle /ok,  which  fo  makes  with  ko,  is  that  which 
the  incident  ray  makes  with  the  perpendicular,  or  is  the  angle  of  incidence. 
Therefore,  when  a  ray  paffes  out  of  glafs  into  air  or  out  of  a  denfer  medi¬ 
um  into  a  rarer,  the  refraded  ray  will  be  farther  from  the  perpendicu¬ 
lar  than  the  incident  one,  that  is,  the  refraded  angle  will  be  greater  than 
the  angle  of  incidence,  or  the  ray  will  be  refraded  from  a  perpendicu¬ 
lar. 

We  may  apply  this  proportion  to  a  common  inftance,  which  will  both 
illuftrate  the  meaning  and  prove  the  truth  of  it.  If  a  veflel  NBAL,  Plat. 
VIII.  fig.  7.  is  empty,  and  any  fmall  objed,  fuch  as  a  (billing,  is  laid 
upon  the  bottom  of  it  at  C,  when  the  fpedators  eye  is  at  R,  he  will 
not  be  able  to  fee  the  (lulling.  For  this,  like  any  other  objed,  can  only 
be  feen  by  means  of  rays  of  light,  which  come  from  it  to  the  eye.  And 
fince  all  rays  deferibe  right  lines,  when  no  particular  caufe  prevents  them, 
by  prop.  34,  and  no  right  line  can  be  drawn  from  C  to  R  but  what  muft 
pafs  through  the  fide  NA  of  the  veffiel,  no  ray  can  be  propagated  from  C  to 
the  eye  at  R,  becaufe  the  fide  of  the  veffiel  is  in  the  way  and  will  inter¬ 
cept  any  ray  that  was  coming  from  C  towards  R.  But  let  the  veffiel  be 
filled  with  water,  and  then,  though  the  eye  continues  at  R  and  the  (hil¬ 
ling  at  C,  the  (hilling  may  be  ieen.  Now  it  is  evident,  that  no  ray  can 
come  ftrait  from  C  to  R  any  more  when  the  veffiel  is  full  of  water  than 
when  it  is  empty ;  for  the  fide  AN  will  alike  intercept  any  fuch  ray  in 
either  cafe.  Therefore  the  ray  which  makes  C  vifible  muft  have  been 
bent  or  refraded  in  coming  from  C  to  R.  This  refradion  muft  have 
happened,  when  the  ray  coming  from  C  pallid  out  of  the  water  into  the 
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air:  for  it  will  defcribe  a  right  line  in  the  water,  and  likewife  a  right 
line  in  the  air :  therefore  no  bending  can  happen  in  any  part  of  the  rays 
pafiage,  but  where  the  water  and  air  are  contiguous,  or  at  N  where  the 
ray  pafies  out  of  one  medium  into  the  other.  It  is  farther  evident,  that 
the  ray,  which  makes  C  vifible  to  the  eye  at  R,  could  not  whilft  it  was 
in  the  water  defcribe  any  line  below  CN,  for  all  rays  below  this  would 
be  intercepted  by  the  fide  of  the  vefiel  NA.  Therefore  C  is  made  vifible. 
by  fome  ray,  which  in  the  water  defcribes  CN,  or  fome  line  above  it ; 
and  either  of  thefe  cafes  would  equally  anfwer  our  prefent  purpofe.  Sup- 
pofe  it  therefore  to  be  the  ray  CN,  which  comes  to  the  eye  at  R,  then 
this  ray  inftead  of  going  ftrait  forwards  in  the  line  ND,  is  bent  at  the 
point  N,  or  refradted  into  the  line  NR  :  for  it  comes  ftrait  from  C  to  N 
through  the  water  in  the  line  CN ;  and  it  likewife  comes  ftrait  from  N 
to  the  eye  at  R  through  the  air  ;  therefore  NR  is  the  line,  which  the 
ray  fo  refradted  defcribes;  and  the  objedt  being  feen  in  the  diredtion, 
which  the  ray  has  when  it  comes  to  the  eye,  will  appear  as  if  it  w’as  at 
L.  That  is,  the  objedt  placed  at  C,  will  appear  when  the  vefiel  is  full, 
juft  as  the  fame  objedt  would,  if  it  was  placed  at  L,  when  the  vefiel  is 
empty.  But  if  a  ray  defcribes  CN,  whilft  it  is  in  the  water,  and,  as  it 
pafies  from  thence  into  the  air,  is  refradted  into  NR,  this  refradtion  is 
from  a  perpendicular.  For,  let  NP  de  drawn  perpendicular  to  the  furface 
of  the  water,  then  fince  CN  or  CD,  which  is  CN  continued,  is  the  di¬ 
redtion  of  the  incident  ray,  when  it  falls  upon  the  furface  NB  and  is  a- 
bout  to  pafs  out  of  the  water  into  the  air,  DNP  is  the  angle  of  incidence  ; 
and  fince  NR  is  the  refradted  ray,  PNR  is  the  refradted  angle.  But  PNR 
is  bigger  then  PND,  that  is,  the  refradted  angle  is  bigger  than  the  angle 
of  incidence,  or  the  refradted  ray  makes  a  greater  angle  with  the  per¬ 
pendicular  than  the  incident  one  does.  Therefore  the  ray  is  refracted 
from  a  perpendicular. 

39.  All  refraBion  is  reciprocal. 

If  a  ray  of  light  is  refradted  in  pafiing  out  of  one  medium  into  another, 
then,  if  that  ray  was  to  return  back  again,  it  would  be  refradted  juft  as 
much  the  contrary  way.  If  the  ray  ro,  Plat. VIII.  fig.  5.  in  pafiing  out 
of  air  into  water  is  refradted  into  os}  then  fuppofing  this  ray  to  return  to 
the  point  0  in  the  diredtion  fo ,  in  pafiing  out  of  the  water  back  again  in¬ 
to  the  air  it  will  be  refradted  into  or. 

This  may  be  exprefied  in  another  manner,  which  is  this  :  if  the  re¬ 
fradted  ray  os  becomes  the  incident  ray,  then  the  incident  ray  or  will  be¬ 
come  the  refradted  one.  That  is,  if  a  ray  falling;  upon  the  furface  ab  de- 
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fcribed  the  line  ro ,  and  the  line  os  is  found,  which  that  ray  will  describe,, 
when  it  is  refradted ;  then  fuppofing  a  ray  to  fall  in  the  direction  Jo  upon 
the  furface  ab  the  line,  which  the  refradted  ray  will  defcribe,  may  be 
known,  for  it  will  be  or. 

The  ray  ro  is  refradted  into  os,  as  it  pafies  out  of  one  of  thefe  medi¬ 
ums  into  the  other  j  becaufe  it  is  accelerated  and  in  the  latter  medium 
Z  moves  fader  than  it  did  in  the  former  medium  X.  But  when  this  or 
any  other  ray  defcribes  the  line  Jo  and  pafies  back  again  out  of  the  medi¬ 
um  X  into  the  medium  Z,  it  will  be  juft  as  much  retarded  as  it  was  ac¬ 
celerated  before,  and  confequently  will  be  juft  as  much  refracted  the  con¬ 
trary  way,  and  will  therefore  be  bent  into  or. 

40.  Where  the  torn  mediums  are  the  fatne ,  the  fine  of  incidence  will  always 
bear  the  fame  proportion  to  the  fine  of  the  rej  raffed  angle,  when  the  ray 
pa  fes  out  of  one  medium  into  the  other ;  whatever  may  be  the  obliquity 
of'  the  incident  ray. 

If  X,  Plat. II.  fig.  5.  is  air,  and  Z  is  glafs,  and  a  ray  of  light  ro  pafies 
out  of  one  into  the  other  at  the  point  0  j  then  fuppofing  that  the  angle  of 
incidence  roc  is  50  degrees,  and  that  rc  the  fine  of  incidence  is  to  df  the 
fine  of  the  refradted  angle  as  3  to  2.  This  which  is  the  proportion  of  one 
of  thefe  fines  to  the  other  at  the  obliquity  of  50  degrees,  will  likewife 
be  the  proportion  between  them  at  any  other  obliquity.  That  is,  if  the 
angle  of  incidence  rocr  inftead  of  being  50  degrees,  was  70  or  20  degrees,, 
ftill  rc  would  be  to  df  as  3  to  2. 

The  oblique  motion  of  the  ray  ro  may  be  relblved  into  two  others,  fuch 
as  rc  parallel  to  the  furface  ab  and  rh  or  co  perpendicular  to  it.  This  perpen¬ 
dicular  motion  co  is  accelerated  as  the  ray  pafies  out  of  the  air  into  the. 
glafs.  Take  therefore  od  equal  to  co  and  continue  the  refradted  ray  oj'  to 
s,  fo  that,,  if  ks  is  drawn  perpendicular  to  ok ,  ks  may  be  equal  to  rc,  and 
draw  df  the*  fine  of  the  refradted  angle  kof.  Now  the  rays  perpendicular 
velocity  whilft  it  was  in  the  air  being  co,  its  perpendicular  velocity  when 
it  is  in  the  glafs  will  be  ok,  by  proportion  3  7 ;  that  is,  the  ray  is  accelera¬ 
ted  in  the  proportion  of  ok  to  od.  But  oks  and  odf  are  equiangular  tri¬ 
angles  :  for  the  angle  at  k  in  one  is  equal  to  the  angle  at  d  in  the  other,, 
becaufe  they  are  both  of  them  right  ones ;  and  the  angle  at  0  is  common 
to  both ;  therefore  the  third  angle  in  one  is  equal  to  the  third  angle  in. 
the  other.  Euc.  b.  I.  prop.  32.  corol  2.  From  whence  it  follows,  that 
the  fides  about  the  equal  angles  are  proportional  ks  to  df,  as  ok  to  od. 
But  ks  is  the  fine  of  incidence,  and  df  is  the  fine  of  the  refradted  angle  j 
and  ok  is  the  rays  velocity  in  the  glafs,  and  od  ks  velocity  in  the  air. 

There- 
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Therefore  the  fine  of  the  angle  made  with  the  perpendicular  in  the  air,  or 
ks=rcy  is  to  the  fine  of  the  angle  made  with  the  perpendicular  in  the  glafs, 
or  to  dfy  as  the  rays  velocity  in  the  glafs  is  to  the  rays  velocity  in  the  air. 
or  as  ok  to  od.  That  is,  the  lines  6f  incidence  and  of  the  refraCted  angle  arc 
as  the  rays  velocity  inverfely.  But,  lince  the  line  of  incidence  is  to  the  fine 
of  the  refraCted  angle  as  ok  to  od,  or  as  the  rays  velocity  in  one  medium  to 
its  velocity  in  the  other)  it  follows  that,  if  at  all  obliquities  of  the 
incident  ray,  thefe  velocities  bear  the  fame  proportion  to  one  another, 
then  at  all  obliquities  the  line  of  incidence  will  bear  the  fame  propor¬ 
tion  to  the  refracted  line.  Now  where  the  two  mediums  X  and  Z 
•are  given,  that  is,  if  X  is  air  and  Z  glafs,  or  if  X  is  any  medium  what¬ 
ever,  and  Z  is  any  other  medium  whatever,  the  obliquity  of  the  ray 
makes  no  alteration  in  the  proportion  of  ok  to  od.  For  where  the  medi¬ 
ums  are  given,  their  denlities  and  confequently  the  difference  of  their 
attractions  is  given.  And,  lince  the  proportion,  which  the  velocity  of 
the  ray  in  one  medium,  bears  to  its  velocity  in  the  other,  depends  upon 
the  difference  of  their  attractions)  where  this  difference  is  given,  the 
proportion  of  thele  velocities  cannot  be  altered  by  changing  the  obliqui¬ 
ty  of  the  ray.  So  that  if  the  velocity  in  one  medium  is  to  the  velocity- 
in  the  other  as  ok  to  od,  and  the  line  of  incidence  to  the  line  of  the  re¬ 
fracted  angle  as  ks  to  dfm  any  obliquity  of  the  ray,  this  proportion  will 
continue  the  fame,  however  the  obliquity  of  the  ray  may  be  changed. 

The  reader  will  find  it  of  ufe  hereafter  to  remember  what  this  propor¬ 
tion  is  in  the  following  inftances. 

If  a  ray  of  light  palfes  obliquely  out  of  air  into  glafs )  the  line  of  in¬ 
cidence  rc  is  to  the  line  of  the  refraCted  angle  fd  as  3  to  2  nearly.  Now 
the  angleypg-,  or  the  angle  of  refraction  is  the  difference  between  roc  or 
its  equal  kogy  which  is  the  angle  of  incidence,  and  kos,  which  is  the  re¬ 
fracted  angle.  Therefore,  fuppofing  the  lines  proportional  to  the  angles, 
by  propofition  26,  the  fine  of  Jog  the  angle  of  refraction  is  as  the  diffe¬ 
rence  between  rc  and  dj  or  as  3 — 2.  That  is,  the  fine  of  incidence  rc 
is  to  the  line  of  refraction  as  rc  to  rc — dfy  or  as  3  to  1. 

If  a  ray  of  light  palfes  obliquely  out  of  glafs  into  air,  the  line  of  in¬ 
cidence  fd  is  to  the  line  of  the  refracted  angle  rc  as  2  to  3,  by  what  has 
juft  now  been  laid  down,  and  by  propofition  39.  Here  tor  is  the  angle 
of  refraction,  for  it  is  the  difference  between  fokt  or  its  equal  cot ,  which 
is  the  angle  of  incidence,  and  cor ,  which  is  the  refraCted  angle.  There¬ 
fore  confidering  the  lines  and  angles  as  proportional,  by  propofition  26, 
the  fine  of  tor  is  as  the  difference  between  rc  and  db ,  or  as  3 — 2.  That 
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is,  the  fine  of  incidence  df  is  to  the  fine  of  refraction  as  df  to  rc — df  or 
as  2  to  i. 

If  a  ray  of  light  paffes  obliquely  out  of  air  into  water,  the  fine  of  in¬ 
cidence  is  to  the  fine  of  the  refradted  angle  as  4  to  3  :  and  the  fine  of  in¬ 
cidence  to  the  fine  of  refraction  as  4  to  4 — 3=1. 

If  a  ray  of  light  paffes  obliquely  out  of  water  into  air,  the  fine  of  in¬ 
cidence  is  to  the  fine  of  the  refracted  angle  as  3  to  4 :  and  the  fine  of 
incidence  to  the  fine  of  refraCtion  as  3  to  4 — 3=1. 

4 1 .  Rays  of  light ,  which  pafs  perpendicularly  out  of  one  medium  into  ano~ 
ther ,  fuff'er  no  ref  ration. 

The  ray  no.  Plat. VIII..  fig.  5.  which  falls  perpendicularly  upon  the  fur- 
face  aby  will  not  be  refraCted  in  palling  out  of  the  medium  X  into  the 
medium  Z,  but  will  continue  in  the  fame  direction  and  will  go  on  in  the 
right  line  ok  perpendicular  to  ab  on  the  other  fide. 

By  the  laft  propofition,  rc  the  fine  of  incidence,  bears  the  fame  pro¬ 
portion  to  df  the  fine  of  the  refraCted  angle  in  all  obliquities  of  the  inci¬ 
dent  ray.  Now  as  ro  is  nearer  to  no,  or  as  the  incident  ray  is  nearer  to. 
the  perpendicular,  the  line  rc  muft  be  lefs :  and  confequently  the  fine  df 
mult  be  lefs  in  the  fame  proportion.  That  is,  the  fine  of  the  refraCted 
angle  decreafes  in  the  fame  proportion  that  the  fine  of  incidence  decrea- 
fes.  But  when  ro  and  no  coincide,  that  is,  when  the  incident  ray  deferibes 
no  or  is  perpendicular  to  the  refracting  furface  ab ,  then  rc ,  which  is  the 
diftance  of  r  from  the  perpendicular,  becomes  nothing.  And  when  rc  is 
nothing,  df  which  always  decreafes  in  the  fame  proportion  with  rc , 
will  be  nothing,  or  the  refraCted  ray  will  have  no  diftance  from  the  per¬ 
pendicular  ok,  but  will  deferibe  this  perpendicular..  Therefore  when, 
the  incident  ray  is  perpendicular  to  the  furface  of  the  medium,  into  which, 
it  paffes,  the  refraCted  ray,  if  it  may  be  called  fo,  will  be  perpendicular, 
to  the  fame  furface  j  or  the  ray  will  go  ftrait  forward  out  of  one  medium 
into  the.  other,  without  being  bent  or  refraCted  in  its  paflage. 

If  a  ray  of  light  no,  that  is  palling  out  of  air  into  water  falls  perpendi¬ 
cularly  upon  ab  the  furface  of  the  water,  it  will  pals  ftrait  forwards  in 
the  line  od ,  and  will  fufFer  no  refraction.  For,  though  the  water  attracts 
the  ray  more  than  the  air  does  and  will  confequently  accelerate  it,,  yet 
becaufe  the  ray  is  moving  in  a  line  perpendicular  to  the  waters  furface, 
this  attraction  aCts  in  the  fame  direction  that  the  ray  is  moving,  and  there¬ 
fore  cannot  change  the  direction  of  the  ray  or  bend  it  from  its  courfe, 
but  will  only  accelerate  its  motion  in  the  fame  right  line  no  continued 
below  the  furface.  In  like  manner,,  if  the  ray  ko  was  paffing  out  of  wa- 
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ter  into  air  and  was  perpendicular  to  ab  the  furface  of  the  water  out  of 
which  it  paffes,  or,  which  amounts  to  the  fame  thing,  to  the  furface  of 
the  air  into  which  it  paffes :  this  ray  would  be  drawn  back  towards  the 
water  by  the  greater  attraction  on  that  fide.  But  this  attraction,  as  it  a£ts 
in  a  line  perpendicular  to  the  furface  of  the  water,  adts  in  the  fame  direc¬ 
tion,  in  which  the  ray  is  moving,  and  therefore,  though  it  retards  the  ray, 
will  not  bend  it  from  its  (trait  courfe :  but  the  ray  will  go  on  in  on ,  which 
is  ko  continued,  and  as  it  was  perpendicular  to  the  furface  ab,  whilft  in 
the  water,  it  will  (till  be  perpendicular  to  it,  when  it  comes  into  the  air. 

CHAP.  III. 

Of  the  refra&ion  of  light,  when  it  pafles  through  a  plane 

furface. 


42.  When  parallel  rays  pa fs  obliquely  out  of  one  medium  into  another ,  they 
will  continue  parallel ,  after  they  are  refraBed. 

IF  the  rays  AB  and  CD,  Plat. VIII.  fig.  8.  are  parallel  one  to  another, 
and  pafs  obliquely  out  of  air  into  water  through  the  plane  furface  RZ, 
thefe  rays  will  not  go  on  in  the  fame  directions  fo  as  to  proceed  (trait 
forwards  in  BG  and  DH,  they  will  each  of  them  be  refraCted  towards  a 
perpendicular  into  BEandDF  ;  by  propofition  37.  But  BE,  DF,  or  the 
refracted  rays  will  be  parallel  to  one  another  as  well  as  the  incident 
ones. 

Let  KL  be  drawn  perpendicular  to  the  furface  RZ  at  the  point  B. 
Then  ABK  is  the  angle  of  incidence  for  the  ray  AB ;  and  ABZ  is  the 
complement  of  incidence  to  a  right  angle.  CDZ  is  likewife  the  comple¬ 
ment  of  incidence  for  the  ray  CD.  But  AB  and  CD  are  parallel ;  and 
confequently  the  external  angle  CDZ  made  by  the  right  line  or  line  drawn 
in  a  plane  furface  RZ,  is  equal  to  the  internal  oppohte  angle  on  the  fame 
fide  ABZ.  Euc.  b.  I.  prop.  29.  Therefore  thefe  rays,  as  their  comple¬ 
ments  of  incidence  are  equal,  have  their  angles  of  incidence  equal.  And 
for  this  reafcn  the  refracted  angles  will  be  equals  or  one  ray  will  be  juft; 
as  much  refracted  as  the  other  is ;  by  proportion  40.  But  if  the  refrac¬ 
ted  angles  are  equal,  the  complements  of  thole  angles  will  likewife  be 
equal.  Now  EBL  is  the  refracted  angle  for  the  ray  BE  and  RBE  is  its 
complement :  in  like  manner  RDF  is  the  complement  of  the  refradted 
angle  for  the  ray  DF.  And  (ince  the  external  angle  RBE,  made  by  the 
line  RZ  crofting  the  two  lines  BE  and  DF  is  equal  to  RDF  the  internal 
oppofite  angle  on  the  fame  fide,  thefe  two  lines  BE  and  DF',  or  the  re- 
fradted  rays,  are  parallel.  Euc.  b.  II.  prop.  28. 

The 


230  A  SYSTEM  OF 

The  reader  will  eafily  apply  this  method  of  reafoning  in  one  cafe  of 
parallel  rays  to  all  other  cafes,  where  they  pafs  out  of  one  medium  into 
another  through  a  plane  furface,  whether  they  pafs  out  of  a  rarer  medi¬ 
um  into  a  denfer,  or  out  of  a  denfer  into  a  rarer.  For  in  all  cafes  the  in¬ 
cident  rays,  if  they  are  parallel,  will  be  equally  inclined  to  a  plane  fur- 
face,  and  confequently  will  be  equally  refracted,  which  will  make  them 
be  equally  inclined  to  the  fame  plane  furface  after  refraction,  and  for 
that  reafon  they  will  ftill  be  parallel  to  one  another. 

43.  Rays,  that  diverge ,  will  be  made  to  diverge  left and  rays,  that  con- 
■ verge ,  will  be  made  to  converge  lefs ,  by  pajjing  out  of  a  rarer  medium 
into  a  denfer ,  through  a  plane  furface . 

If  the  rays  R  A  and  RB, Flat. VII.  fig.  6.  which  diverge  from  the  radiant 
R,  pafs  out  of  air  into  water,  or  out  of  any  rarer  medium  Z  into  any 
denfer  medium  X  through  the  plane  furface  Sr ;  thefe  rays,  when  they 
get  into  the  water,  will  not  go  ftrait  forwards  in  the  lines  AC  and  BE, 
but  will  each  of  them  be  refradted  towards  a  perpendicular,  by  propofi- 
tion  37,  and  will  defcribe  AD  andBG,  that  are  nearer  perpendicular  to 
the  furface  Ss  than  AC  and  BE. 

Now  AD  and  BG  diverge  lefs  tjian  AC  and  BE,  that  is,  than  RA  and 
RBj  or  the  refradted  rays  diverge  lefs  than  the  incident  ones.  IK  and 
RH  and  all  other  lines,  which  are  or  can  be  drawn  perpendicular  to  the 
plane  furface  Sr  are  parallel  to  one  another.  Euc.  b.  XI.  prop.  8.  There¬ 
fore  lines  which  are  perpendicular  to  a  plane  furface  do  not  diverge  at  all : 
for  parallel  lines  make  no  angle  with  each  other.  But  the  refradted  rays 
AD  and  BG  are  nearer  being  perpendicular  to  the  furface  Sr  than  the  in¬ 
cident  ones  R A  and  RB ;  that  is,  the  refradted  rays  are  nearer  being  pa¬ 
rallel  to  each  other  than  the  incident  ones.  But  fince  rays,  if  they  are 
parallel  do  not  diverge  at  all,  the  nearer  they  are  to  being  parallel,  the 
lefs  they  muft  diverge.  Therefore  the  refradted  rays  diverge  lefs  than  the 
incident  ones. 

In  like  manner,  if  the  rays  TM,  and  WN,  which  converge  towards 
each  other  and  tend  to  the  focus  f  pafs  out  of  air  into  water,  or  out  of 
any  rarer  medium  Z  into  any  denfer  one  X,  through  a  plane  furface  Ss, 
they  will  be  made  to  converge  lefs,  that  is,  inftead  of  going  ftrait  for¬ 
wards  in  the  lines  M f  and  N/J  they  will  be  refradted  into  fome  fuch  lines 
as  MF,  and  NF,  which  make  a  lefs  angle  with  one  another  than  M/'and 
N f  do. 

For  the  rays  pafs  out  of  a  rarer  medium  into  a  denfer,  and  therefore 
are  refradted  towards  the  perpendiculars,  by  propofition  37.  The  furface* 

where 
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where  they  are  refraCted  is  a  plane  one;  and  therefore  all  lines  that  can 
be  drawn  perpendicular  to  it  either  at  N,  as  PO,  or  at  M,  or  any  where 
elfe  are  parallel  to  one  another.  But  fince  the  rays  are  refraCted  towards 
perpendiculars,  or  are  nearer  being  perpendicular  to  the  furface  Sr  than 
they  were  at  their  incidence,,  and  fince  the  perpendiculars  are  all  of  them 
parallel  to  one  another,  it  follows,  that  the  refraCted  rays  are  nearer  parallel 
than  the  incident  ones.  Now  parallel  rays  do  not  converge  at  all,  and  con- 
fequently  thofc  rays,  which  are  neareft  being  parallel,  will  converge  the 
lead.  But  the  refraCted  rays  are  nearer  being  parallel  than  the  incident 
ones.  Therefore  the  refracted  rays  converge  lefs  than  the  incident  ones. 

44.  j Diverging  rays  will  be  made  to  diverge  more ,  and  converging  rays  will 
be  made  to  converge  more ,  bypajjing  out  of  a  denfer  medium  into  a  rarer , 
through  a  plane  furface . 

Let  F,  Plat. VII.  fig.  6.  be  a  radiant,  and  FM,  FN,  be  rays  diverging 
from  it.  Then,  if  thefe  rays,  at  the  points  M  and  N,  pafs  out  of  water 
into  air,  or  out  of  glafs  into  air,  or  out  of  any  denfer  medium  X  into  any 
rarer  one  Z,  through  a  plane  furface  S s  ;  inflead  of  going  ffcrait  forwards 
in  MQjmd  NV,they  will  be  refracted  into  MT  and  NW,  fo  as  to  diverge 
more,  or  fo  as  to  make  a  greater  angle  with  one  another,  than  the  incident 
rays  FM,  and  FN  did. 

The  rays  pafs  out  of  a  denfer  medium  into  a  rarer,  and  therefore  are  re¬ 
fraCted  from  the  perpendiculars.  But  the  perpendiculars  to  a  plane  furface 
are  parallel  to  one  another.  Therefore  the  refraCted  rays,  being  farther 
from  the  direction  of  perpendiculars,  will  be  farther  from  being  paral¬ 
lel,  that  is,  will  diverge  more  than  the  incident  ones. 

Or  otherwife,  we  have  feen,  in  proportion  43,  that,  if  the  rays 
TM,  and  WN,  are  the  incident  ones,  and  converge  to  f\  MF  and  NF 
which  converge  to  F,  will  be  the  refracted  ones.  But,  by  prop.  3  9,  all 
refraction  is  reciprocal.  Therefore,  if  thefe  rays,  FM,  and  FN,  are 
turned  back  again,  fo  as  to  diverge  from  F,  and  become  the  incident 
rays,  or  if  any  other  rays  diverge  from  thence  in  the  fame  manner ; 
then  MT,  and  NW,  will  be  the  refraCted  ones.  Or,  fince,  by  prop.  43, 
converging  rays  are  made  to  converge  lefs,  or  to  contain  a  lefs  angle  with 
one  another,  by  paffing  out  of  a  rarer  medium  into  a  denfer  through 
a  plane  furface;  it  follows,  from  prop.  39,  that  if  thefe  rays  are  turned 
back  again,  fb  as  to  become  diverging  ones,  that  pafs  out  of  a  denfer 
medium  into  a  rarer,  this  contrary  refraction  will  increafe  the  angle  as 
much  as  the  other  diminished  it,  or  will  make  the  rays  diverge  more. 

If  DA  and  GB,  Plat.VII.  fig.  6,  are  rays  that  converge  to  r,  but  muff  , 

be- 
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before  they  come  thither,  pafs  through  a  plane  furface  at  the  points  A 
and  B  out  of  water  into  air,  or  out  of  glafs  into  air,  or  out  of  any 
denfer  medium  X  into  any  rarer  one  Z ;  then  thefe  rays  will  not  go 
flrait  forwards  in  Ar  and  Br,  but  will  be  refraCted  into  AR  and  BR  fo 
as  to  converge  more  towards  each  other,  or  fo  as  to  make  a  greater 
angle  with  one  another  after  refraction  than  they  did  before. 

The  rays  pafs  out  of  a  denfer  medium  into  a  rarer,  and  therefore  are 
refraCted  from  the  perpendiculars,  by  prop.  38.  But  the  perpendiculars 
are  parallel  to  one  another,  becaufe  the  furface  is  a  plane  one.  Confe- 
quently  the  rays  after  refraCtion  being  farther  from  the  direction  of  the 
perpendiculars  than  they  were  before,  will  be  farther  from  being  pa¬ 
rallel  to  one  another,  that  is,  will  make  a  greater  angle  with  one  ano¬ 
ther,  or  will  converge  more. 

Or  otherwile.  If  RA  and  RB  had  been  the  incident  rays,  then,  by 
prop.  43,  AD  and  BE  would  have  been  the  refraCted  ones.  There¬ 
fore  if  DA,  and  BE  are  the  incident  rays,  AR  and  BR  will  be  the 
refraCted  ones,  by  prop.  39.  Or,  fince,  by  prop.  43,  diverging  rays 
are  made  to  diverge  lefs  or  to  contain  a  lefs  angle  with  one  another 
by  paffing  out  of  a  rarer  medium  into  a  denfer  through  a  plane  furface, 
it  follows,  from  prop.  39,  that  if  thefe  rays  are  turned  back  again  fo  as 
to  become  converging  ones,  that  pafs  out  of  a  denfer  medium  into  a 
rarer,  or  if  any  other  rays  converge  in  the  fame  manner,  this  contrary 
refraCtion  will  encreafe  the  angle  juft  as  much  as  the  other  diminifhed 
it,  or  will  make  the  rays  converge  more. 

45.  When  diverging  rays  are  refratted  at  a  plane  furface,  the  difance  of 
the  real  radia?it  from  that  furface  is  to  the  difa?ice  of  the  imaginary 
radiant ,  as  the  fine  of  the  refraSled  angle  is  to  the  fme  of  incidence . 

If  R,  Plat.  VII.  fig.  6,  is  the  real  radiant,  or  point  from  whence  the 
incident  rays  R A  and  RB  diverge ;  fince  thefe  rays,  when  they  are  re¬ 
fraCted,  diverge  lefs,  if  they  pafs  out  of  a  rarer  medium  into  a  denfer, 
they  will  proceed  after  refraCtion  in  AD  and  BG  as  if  they  had  come 
flrait  from  r,  which  is  the  imaginary  radiant,  a  point  more  remote 
than  R.  Becaufe  the  lefs  the  divergency  the  more  remote  the  radiant, 
by  prop.  28. 

Suppofe,  for  inftance,  that  R  is  the  higheft  leaf  of  a  tree,  which 
Bands  upon  the  bank  of  a  river,  and  that  rays  of  light  reflected  from 
that  leaf  defcribe  the  lines  RA,  and  RB,  whilft  they  are  in  the  air,  but 
that  at  A  and  B  tnofe  fame  rays  pafs  into  the  water,  and  are  there  re¬ 
fraCted  towards  a  perpendicular  into  the  lines  AD  and  BG.  The  re¬ 
fraCted 


NATURAL  PHILOSOPHY.  233 

firaded  rays  diverge  lefs  than  the  incident  ones  did ;  and  the  eye  of  a 
fpedator  will  receive  them,  after  this  refraction,  juft  as  if  they  had 
come  ftrait  from  r ;  fo  that  the  leaf,  from  whence  they  came,  will  ap¬ 
pear  at  r  inftead  of  R,  or  will  appear  farther  from  the  furface  of  the 
water  than  it  really  is.  And  the  diftance  of  r  the  imaginary  radiant 
will  be  to  the  diftance  of  R  the  real  radiant,  as  the  fine  of  incidence  to 
the  fine  of  the  refraded  angle,  or  as  4  to  3 ;  for  this  is  the  proportion, 
which  the  fine  of  incidence  bears  to  the  line  of  the  refraded  angle. 
That  is,  thefe  rays  will  fall  upon  the  eye  as  if  they  had  come  from  the 
top  of  a  tree  one  part  in  four  higher  than  it  really  is. 

In  order  to  determine  the  diftance  of  the  real  and  imaginary  radiant, 
we  mull  firft  obferve  that  the  divergency  of  the  incident  rays  from  the 
perpendicular  RH  is  equal  to  the  angle  of  incidence.  The  divergency 
-of  the  ray  RA  from  the  perpendicular  RH  is  the  angle  ARH ;  the 
point  of  incidence  is  A,  and  IK  is  a  perpendicular  at  the  point  A  ; 
therefore  R  AI  is  the  angle  of  incidence.  But  IK  and  RH  are  parallel, 
becaufe  they  are  both  of  them  perpendicular  to  the  plane  furface  Sr. 
Euc.  b.  XI.  prop.  8.  Therefore  the  alternate  angles  R  AI  and  ARH  are 
equal.  Euc.  b.  I.  prop.  29.  Secondly  the  divergency  of  the  refracted 
rays  from  the  perpendicular  rFI  is  equal  to  the  refraded  angle.  The 
divergency  of  the  refraded  ray  AD  from  the  perpendicular  rH  is  Dri  l, 
and  the  refraded  angle  is  DAK.  But  lince  IK  and  rH  are  parallel,  the 
external  angle  DAK  is  equal  to  the  internal  and  oppofite  one  DrH. 
Euc.  b.  I,  prop.  29.  Now  the  diftance  of  the  radiant  is  inverfely  as  the 
divergency  of  the  rays,  by  prop.  28.  And  the  divergency  before  re- 
fradion  is  to  the  divergency  after  it,  as  the  angle  of  incidence  to  the 
refraded  angle.  Therefore  the  diftance  of  R  the  real  radiant  before  re- 
fradion,  is  to  the  diftance  of  r  the  imaginary  radiant  after  refradion, 
as  thefe  angles  inverted,  that  is,  as  the  refraded  angle  to  the  angle  of 
incidence.  Or  confidering  the  angles  in  the  fame  proportion  with  their 
lines,  by  prop.  26,  the  diftance  of  R  from  the  furface,  is  to  the  diftance 
of  r  from  it,  as  the  fine  of  the  refraded  angle  to  the  fine  of  incidence. 

This  demonftration  is  general  and  may  be  applyed  to  the  cafe  of  di¬ 
verging  rays,  that  pafs  through  a  plane  furface  out  of  v/ater  into  air,  or 
out  of  any  denfer  medium  into  any  rarer.  If  F  was  any  fmall  object, 
fuch  as  a  fhilling,  laid  upon  the  bottom  of  a  veffel,  and  the  vefifel  was 
to  be  filled  with  water :  the  rays  FM  and  FN,  which  are  refieded 
from  any  point  in  the  fhilling  and  make  it  vifihle,  muft  pafs  through 
the  furface  of  the  water  Sr  into  the  air,  before  they  come  to  the  eye ; 
and  in  this  pafiage  they  will  be  refraded  from  a  perpendicular  and  be 
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made  to  diverge  more,  fo  as  to  proceed,  when  they  are  in  the  air  in 
the  lines  MT  and  NW  ;  by  prop.  44.  Now  the  more  any  rays  diverge 
the  nearer  is  the  radiant  from  whence  they  come  or  appear  to  come,, 
by  prop.  28.  Therefore  thefe  rays  MT  and  NW  will  appear 'to  come 
from  fome  radiant  f  nearer  to  the  furface  of  the  water  than  F  is ;  that  is, 
the  (hilling  will  appear  nearer  the  furface  Ss  than  it  really  is ;  and  that 
in  the  proportion  of  the  line  of  incidence  to  the  fine  of  the  refracted 
angle.  Or,  fmce  the  fine  of  incidence  is  to  the  fine  of  the  refradted 
angle  out  of  w^ater  into  air  as  3  to  4,  the  point  /will  be  nearer  to  the 
furface  of  the  water  than  F  is,  in  the  proportion  of  3  to  4;  or  the 
H  illing  will  appear  one  part  in  four  nearer  to  the  furface  than  it  real¬ 
ly  is. 

For  here,  as  before,  LFN,  the  divergency  of  an  incident  ray  from 
the  perpendicular,  is  equal  to  FNO,  the  angle  of  incidence  of  the  fame 
ray.  And  L/W,  the  divergency  of  this  ray  from  the  perpendicular,. 
wTen  it  is  refradted,  is  equal  to  PNW  the  refradted  angle.  But,  fince 
the  divergency  before  refradtion  is  to  the  divergency  after  refradtion, 
as  the  angle  of  incidence  to  the  refradted  angle,  or,  by  prop.  26,  as  the 
fine  of  incidence  to  the  fine  of  the  refradted  angle,  the  diltance  of  the 
real  radiant  F,  before  refradtion,  is  to  the  diltance  of  the  imaginary  ra¬ 
diant  fy  after  refradtion,  as  thefe  lines  inverted,  or  as  the  fine  of  the 
refracted  angle  to  the  fine  of  incidence. 

46.,  When  converging  rays  are  refradted  at  a  plane  furface ,  the  diftance 
cf  the  imaginary  focus  from  that  furface  is  to  the  diftance  of  the  • 
real  focus ,  as  the  fine  of  the  refradted  angle  to  the  fne  of  incidence . 

If  DA  and  GB  are  rays  tending  to  r,  which,  before  they  arrive  there5._ 
are  to  pafs  out  of  glafs  into  air,  or  out  of  any  denfer  medium  into  any 
rarer  5  then  r  is  only  an  imaginary  focus :  for  though  the  rays  tend 
thither  before  refradtion,  yet  they  will  never  meet  there:  becaufe  they- 
will  be  refradted  in  their  palfage,  and  will  be  made  to  converge  more,, 
by  prop.  44.  And  this  greater  convergency  will  bring  them  to  a  focus 
fooner,  or  will  make  them  meet  at  fome  point,  as  R,  which  is  the  real 
focus,  and  is  nearer  to  Sr  the  furface  of  the  glafs  than  r  is,  by  prop.  29. 
Now  r,  the  imaginary  focus,  is  as  much  farther  from  the  furface  than 
R  the  real  focus,  as  the  fine  of  the  refradted  angle  is  greater  than  the- 
fine  of  incidence.  Or,  fince  the  line  of  the  refradted  angle  is  to  the  line 
of  incidence,  out  of  glafs  into  air,  as  3  to  2,  the  diltance  of  r  from  the. 
furface,  is  to  the  diltance  of  R,  as  3  to  2.  Or  the  real  focus  is  one  part 
in  three  nearer  than  the  imaginary  one.  I  mention  this  inltance,  rather. 

than,; 
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than  any  other,  becaufe  we  jfhall  have  occafion  hereafter  to  apply  the 
propofition  particularly  to  this  inftance;  for  which  reafon  the  reader 
will  do  well  to  remember  it. 

The  convergency  of  any  incident  ray  DA  to  the  perpendicular  Hr, 
is  equal  to  the  angle  of  incidence  of  the  fame  ray  :  for  DAK  is  equal, 
to  DrH,  Euc.  b.  I.  prop.  29.  And  the  convergency  of  this  ray  to  the 
perpendicular,  when  it  is  refracted  into  AR,  is  equal  to  the  refraded 
angle:  for  ARH  is  equal  to  IAR,  Euc.  b.  I.  prop.  29.  But  the  di fiance 
of  the  focus  is  inverfely  as  the  convergency  of  the  rays,  by  prop.  29, 
that  is,  the  diftance  of  the  imaginary  focus  r  before  refradion,  is  to  the 
diftance  of  the  real  focus  R  after  refradion,  inverfely  as  the  angle  of 
incidence  to  the  refraded  angle,  or  as  thefe  angles  inverted,  or  as  the 
refracted  angle  to  the  angle  of  incidence,  or,  by  prop.  26,  as  the  fine 
of  the  refraded  angle  to  the  fine  of  incidence. 

The  fame  demonftration  is  likewife  applicable,  when  converging  rays 
pafs  out  of  air  into  glafs,  or  out  of  any  rarer  medium  into  any  denier  ; 
the  only  difference  is,  that  when  they  are  to  pafs,  as  in  the  former  cafe, 
out  of  a  denfer  medium  into  a  rarer,  they  are  made  to  converge  more, 
and  the  refraded  angle  is  greater  than  the  angle  of  incidence,  and  con- 
fequently  the  focus  r  of  the  incident  rays,  or  imaginary  focus,  will  be 
farther  from  the  furface  Sr  than  the  focus  of  the  refraded  ones.  But 
in  this  cafe,  when  WN,  and  TM  converge  to  f  and  before  they  meet 
pafs  out  of  air  into  glafs,  they  will  be  made  to  converge  lefs,  and  the 
refraded  angle  will  be  lefs  than  the  angle  of  incidence,  and  confequently 
f\  the  focus  of  the  incident  rays,  or  imaginary  focus,  will  be  nearer  to 
the  furface  Ss  than  F,  the  focus  of  the  refraded  rays,  or  real  focus. 

For  in  this  cafe,  as  in  the  former,  W/L,  the  convergency  of  the  inci¬ 
dent  ray  WN  to  the  perpendicular  If  is  equal  to  WNP,  the  angle  of 
incidence.  And  NFL,  the  convergency  of  the  fame  ray  to  the  perpen¬ 
dicular  FL,  when  it  is  refraded,  is  equal  to  FNO,  the  refraded  angle. 
But  the  diftance  of  the  focus  is  inverfely  as  the  convergency  of  the  rays, 
by  prop.  29.  Therefore  the  diftance  of  the  focus  before  refradion  is 
to  the  diftance  of  it  afterwards,  inverfely  as  the  angle  of  incidence  to 
the  refraded  angle;  or,  as  thefe  angles  inverted,  or  as  the  refraded 
angle  to  the  angle  of  incidence,  or,  by  prop.  26,  as  the  line  of  the  re¬ 
fraded  angle  to  the  fine  of  incidence. 

47.  Rays  of  light  after  they  have  pafjed  through  a  plane  glafs  and  have 
been  twice  refradled  in  their  pajldge ,  keep  the  fame  direction  in  re - 
Jpebl  of  one  another ,  that  they  had  at  their  incidence . 
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When'rays  are  to  pafs  through  a  plane  glafs  aklb ,  Plat.VIII.  fig.9.  they 
firft  pafs  out  of  air  into  glafs  through  the  plane  furface  ak  and  are  there 
refraded  towards  a  perpendicular,  by  prop.  37 ;  and  after  this  they  are 
to  pafs  again  out  of  glafs  into  air  through  the  plane  furface  lb,  where 
they  will  be  as  much  refraded  from  a  perpendicular  as  they  were  re* 
fraded  towards  it  before,  by  prop.  38,  40.  Therefore  the  fecond  re* 
fradion  will  always  undo  what  the  other  has  done  and  will  leave  the 
direction  of  the  rays,  in  refped  of  one  another,  the  fame  after  they 
have  pafted  through  the  glafs'that  it  was  at  their  incidence  upon  the 
furface  ak.  If  they  were  parallel  at  their  incidence,  they  will  be  paral¬ 
lel  after  the  two  refradions  ;  or  if  they  diverged  or  converged  before- 
they  will  diverge  or  converge  juft  as  much  afterwards. 

One  inftance  in  a  cafe  of  diverging  rays  may  clear  up  this  whota 
matter.  Let  c  be  a  radiant  and  cd,  ce  diverging  rays.  When  they  enter 
the  furface  ak  they  will  be  made  to  diverge  lefs,  by  prop.  43,  and  will 
proceed  within  the  glafs  in  the  lines  dg,  en.  But  when  thefe  rays  dg  and 
en  come  to  the  fecond  furface  of  the  glafs  lb,  they  pafs  out  of  glafs  into 
air,  and  will  be  made  to  diverge  more,  by  prop.  44.  And  fince  this 
fecond  refradion  is  juft  equal  to  the  firft,  by  prop.  40,  and  is  made  the 
contrary  way,  it  will  reftore  the  firft  divergency  of  rays,  org/^and  noi 
when  they  come  out  of  the  glafs,  will  diverge  juft  as  much  as  cd  and  ce 
did,  when  they  entered  it. 

CHAP.  IV. 

Of  the  refradion  of  parallel  rays,  when  they  pafs  through 
lenfes,  which  are  either  convex  or  concave. 


48  .If*  beam  of  parallel  rays,  which  are  to  pafs  out  of  a  rarer  medium  into 
a  denfer  through  a  convex  furface,  falls  dire 51  ly  upon  that  furface,  the 
rays  after  refraction  will  converge  to  their  axis. 

LET  ABKP,  Plat.VIII.fig.io.  be  any  medium  denfer  than  the  medi¬ 
um  that  furrounds  it,  and  let  ANB  the  convex  furface  of  this  denfer 
medium  be  the  fegment  of  a  fphere,  whofe  center  is  C.  Let  XN  be  the 
axis  of  a  beam  of  parallel  rays,  and  DE  be  one  of  the  collateral  ravs. 
Suppofe,  for  inftance,  that  ABKP  was  a  mafs  of  glafs,  with  a  convex 
fpherical  furface  ANB,  and  that  parallel  rays  of  light  DE  and  XN  were 
pafiing  out  of  the  air  into  this  glafs.  The  beam  is  fuppofed  to  fall  dired- 
ly  upon  the  glafs  3  therefore  the  axis  or  middle  ray  XN  is  perpendicu¬ 
lar 
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lar  to  the  furface  ANB,  and  confequently  will  enter  the  glafs  at  N  with¬ 
out  being  refradted,  and  will  proceed  ftrait  forwards  in  the  direction 
NCGQ  j  by  propofition  41.  But  the  ray  DE  or  any  other  collateral  ray, 
which  falls  either  above  the  axis,  as  this  does,  on  the  part  AN  of  the 
furface,  or  below  it  on  the  part  NB,  is  oblique  to  the  furface.  For  if 
through  the  point  E,  where  the  ray  DE  falls,  a  line  IEC  is  drawn  toC  the 
center  of  the  convexity,  this  line  is  perpendicular  to  the  furface ;  and  con¬ 
fequently  the  ray  DE,  which  does  not  coincide  with  IE  but  makes  with 
it  the  angle  DEI,  is  oblique  to  the  furface  :  and  the  angle  DEI  is  the  angle 
of  incidence.  This  ray  is  to  pafs  out  of  a  rarer  medium  into  a  denfer, 
and,  will  be  refradted  towards  a  perpendicular,  by  propofition  37.  But 
within  the  glafs,  all  lines  perpendicular  to  its  furface  fuch  as  EC,  MC, 
NC,  converge  to  C  the  center  of  the  convexity,  which  center  is  in  the 
axis  NG.  And  all  the  rays,  which  were  parallel,  and  therefore  neither 
converged  nor  diverged  at  their  incidence,  are  refradted  towards  thefe 
converging  perpendiculars,  except  the  axis  XN  which  paffes  ftrait  for¬ 
wards.  From  whence  it  follows  that  thefe  refradted  rays  being  nearer  to 
the  perpendiculars  than  the  incident  ones  were,  muft  converge  to  their 
axis.  The  ray  DE  in  particular,  when  it  gets  into  the  glafs,  does  not  go 
on  in  the  line  EF,  in  which  it  was  moving  before,  but  in  fome  line  EG, 
which  is  nearer  to  the  perpendicular  EC.  But  the  axis  XNGQ  paffes  on 
without  being  refradted,  and  all  the  other  rays  which  fall  either  above 
or  below  it,  or  on  any  part  of  the  furface  except  N  are  made  to  con¬ 
verge  to  fome  point  G,  which  is  in  their  axis  NG, 

49.  If  a  beam  of  parallel  rays ,  which  are  to  pafs  oat  of  a  rare r  medium 
into  a  denfer  through  a  concave  furface ,  falls  dire  Illy  upon  that  fur- 
face ,  the  rays  after  refraction  will  diverge  from  their  axis. 

If  anb  the  furface  of  a  denfer  medium  kanb  is  the  concave  fegment  of  a 
fphere,  whofe  center  is  c ,  and  parallel  rays  fuch  asg/2  and  de  are  to  pafs 
into  this  medium,  out  of  a  rarer  that  encompaffes  it ;  then,  if  gn  is  the 
axis  of  the  beam  and  de  one  of  the  collateral  rays ;  the  ray  gn  will  be  per¬ 
pendicular  to  the  furface  anb ,  becaufe  the  beam  falls  diredtly  upon  this 
furface,  by  the  fuppofition ;  but  de  or  any  other  collateral  ray  will  be 
oblique.  In  particular  de  will  be  oblique  :  for  at  the  point  e  the  line  cel 
drawn  from  the  center  is  perpendicular  to  the  furface,  but  de  does  not 
coincide  with  ce  but  makes  with  it.  the  angle  dec .  Therefore  this  ray  is 
oblique  and  dec  is  the  angle  of  incidence.  Suppofe  the  medium  kanb  to 
be  glafs  and  the  medium  that  encompaiTes  it  to  be  air.  Then  as  the  rays, 
pafs  out  of  air  into  glafs  or  out  of  a  rarer  medium  into  a  denfer,  de  and: 
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all  the  other  rays  of  the  beam  will  be  refracted  towards  perpendiculars* 
by  proportion  38,  except  the  axis£«$  for  the  axis,  becaufe  it  is  per¬ 
pendicular  to  the  furface  at  its  incidence,  will  pafs  on  ftrait  in  the  line  nx 
without  fuffering  any  refraction,  by  propofition  41.  But  all  the  perpen¬ 
diculars  luch  as  cx,  cm,  and  ci  diverge  within  the  glafs  from  c  the  cen¬ 
ter,  which  lies  in  the  axisgwx.  Therefore  the  rays,  which  were  paral¬ 
lel  to  one  another  at  their  incidence,  when  they  are  refraCted  towards 
thefe  diverging  perpendiculars,  muft  likewife  diverge  from  fome  point  in 
this  axis.  The  ray  de  in  particular,  when  it  gets  into  the  glafs,  does  not 
go  ftrait  forwards  in  the  line  ef  parallel  to  its  axis  nx,  but  is  refraCted  to¬ 
wards  the  perpendicular  ei  and  defcribes  the  line  eh  which  diverges  from 
the  point  g,  in  the  axis  gx.  That  is  the  rays  gn  and  de  which  were  parallel 
to  one  another  before  refraction,  will  proceed  after  it  in  the  diverging 
lines  nx  and  eh,  in  the  fame  manner  that  they  would  have  done,  if  they 
had  come  at  firft  from  a  radiant  at  g.  What  has  here  been  fhewn  of  this 
ray  de  is  equally  true  of  all  the  collateral  rays,  that  fall  on  any  part  of 
the  furface  anb  either  above  the  axis  or  below  it,  or  on  any  fide  of  it. 
The  axis  alone  will  proceed  ftrait  forwards  in  the  glafs,  and  all  the  other 
rays  will  be  refraCted  fo  as  to  diverge  from  fome  point  g  in  that  axis. 

This  proportion  may  be  deduced  from  the  foregoing  one.  And  if  the 
reader  will  attend  to  the  manner  of  deducing  it  from  thence,  he  will 
lave  himfelf  much  trouble  in  demonftrating  all  the  proportions  which  fol¬ 
low  relating  to  concave  and  plano-concave  lenfes. 

In  propofition  75  of  mechanics,  we  obferved  that  a  quantity  might 
change  from  affirmative  to  negative  by  paffing  through  nothing  3  that  is, 
if  a  quantity  has  been  decreafing,  till  it  becomes  nothing,  and  then  con¬ 
tinues  ftill  to  decreafe,  it  will  become  lefs  than  nothing  or  will  be  nega¬ 
tive.  We  obferved  farther  that  quantities  are  called  negative  only  in  re¬ 
ference  to  fome  other  quantities  to  which  they  are  oppofite,  but  are  in 
themfelves  or  without  this  reference  as  much  pofitive  quantities  as  thofe 
which  are  called  affirmative.  Both  thefe  particulars  we  may  now  fhew 
to  be  true  in  fome  other  inftances,  which  are  more  immediately  appli¬ 
cable  to  our  prefent  purpofe :  and  one  of  thefe  inftances  will  lead  us  to 
prove,  what  may  perhaps  feem  a  paradox,  that  a  quantity  may  change 
from  affirmative  to  negative  by  paffing  through  infinity  3  that  is,  if  a 
quantity  has  been  encrealing  till  it  becomes  infinite,  and  then  continues 
ftill  to  encreafe  and  fo  becomes  greater  than  infinite,  it  will  then  be  ne¬ 
gative. 

With  the  radius  or  femidiameter  cm,  Plat.  IX.  fig.  1 .  ftrike  emf  the  arc  of 
a  circle  3  this  arc  is  convex  on  the  fide  which  is  towards  /.  Open  the  com- 

pafles 
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paffes  to  the  diftance  dm,  and  with  the  radius  dm  ftrik tgmh  another  arc  of  a 
circle,  which  is  like  wife  convex  towards  l  ;  but  then  it  is  lefs  convex  than 
ernf,  for  it  approaches  nearer  to  the  right  line  amb.  From  hence  it  feems 
evident  that  the  longer  the  radius  is,  fo  much  lefs  convex  any  given  arc  of 
the  circle  will  be.  The  converfe  likewife  of  this  feems  evident,  that  the 
lefs  convex  the  arc  is  fo  much  longer  muff  be  the  radius:  for  the  more 
convex  arc  emf  has.  me  for  the  radius ;  and  the  lefs  convex  arc  gmh  has 
a  longer  radius  as  md.  From  hence  then  we  may  reafon  in  the  follow¬ 
ing  manner:  as  m/' ftraitens  or  grows  lefs  convex  towards  /,  itconftant- 
ly  approaches  towards  the  right  line  amb .  Thus,  if  emf  was  a  wire  bent 
into  the  arc  of  a  circle,  if  the  point  m  of  the  wire  was  fixed,  and  you 
lay  hold  of  the  two  ends  e  and  f,  by  pulling  thefe  ends  towards  /  you 
would  lfraiten  the  wire  or  make  it  lefs  convex  towards  / :  for  when  you 
had  drawn  it  into  the  pofitiong/7^  it  would  be  ftraiter  or  lefs  convex  than 
it  was  before.  As  this  line  or  wire  is  hill  farther  unbent,  or  as  the  ends 
g  and  h  move  ftill  farther  towards  /  the  convexity  will  keep  decreafing: 
and  when  it  was  quite  unbent  or  was  come  into  the  pofition  amb ,  that 
is,  when  the  two  ends  of  it  had  moved  one  to  a  and  the  other  to  b,  the 
line  or  wire  would  be  quite  flrait,  and  therefore  its  convexity  would  be 
nothing.  Suppofe  it  to  keep  moving  on  in  the  fame  manner  as  before, 
that  is,  fuppofe  the  two  ends  of  it  a  and  b  to  move  farther  towards  / : 
this  motion  had  reduced  the  convexity  to  nothing  before  j  therefore,  if 
it  continues,  it  will  make  the  convexity  lefs  than  nothing  or  negative. 

But  bending  the  line  amb  by  drawing  the  ends  of  it  a  and  b  towards 
/  fo  as  to  bring  one  of  them  to  i  and  the  other  to  k  will  make  it  concave 
on  the  fide,  which  is  towards  /.  Therefore  the  line  imk,  which  is  con¬ 
cave  towards  /  is  the  negative  of  the  line  emf  or  of  any  other  line  that  is 
convex  the  fame  way.  Now  the  bending  of  imk  confidered  by  itfelf 
without  any  refpect  to  emf  is  as  much  pofitive  as  the  bending  of  emf  or 
any  other  line  can  be.  But  if  we  compare  them  with  one  another  ;  if  as 
emf  is  convex  towards  /,.  we  afk  what  is  the  convexity  of  imk  the  fame 
way,  we  fhall  find  that  the  convexity  of  imk  towards  /  is  lefs  than  no¬ 
thing  ;  and  confequently  the  bending  of  imk  compared  with  that  of  emf 
is  likewife  lefs  than  nothing  or  is  negative.  Therefore  upon  the  whole, 
if  the  bending  of  a  line  one  way  is  confidered  as  affirmative,  .the  bending 
of  a  line  the  contrary  way  muff  be  confidered  as  negative. 

But  a  quantity  may  change  from  affirmative  to  negative,  not  only  by 
paffing  through  nothing  fo  as  to  become  lefs  than  nothing,  but  likewife 
by  paffing  through  infinity  fo  as  to  become  greater  than  infinite.  For 
let  us  oblerve  a  little  what  happens  to  the  radius  mc>  whilfl  the  arc  emf 
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is  unbending  itfelf  or  growing  lefs  convex.  This  radius  lengthens  as  the 
convexity  towards  /  or  bending  of  the  arcAecreafes.  For  me  is  the  radius, 
when  the  arc  is  in  the  pofition  emf\  but  when  it  is  grown  flatter  or  is 
farther  unbent  or  has  a  lefs  convexity  and  is  in  the  pofition  gmb,  then  the 
radius  is  md.  And  fince  in  the  fame  manner,  whilft  the  convexity  of  the 
arc  keeps  decreafing,  the  radius  will  conftantly  encreafe^  or  fince  the  ra¬ 
dius  is  inverfely  as  the  .convrexity  of  the  arc,  it  follows  that  -when  the 
convexity  is  nothing  or  when  the  arc  is  quite  unbent  and  coincides  with 
the  right  line  amb,  the  radius  will  then  be  the  reciprocal  of  nothing  or 
will  be  infinitely  long.  And  thus  every  right  line  amb  may  be  confide- 
red  as  a  finite  or  given  part  of  a  circle,  whofe  radius  and  confequently 
whofe  circumference  is  infinite.  Now,  fince  a  motion  of  e  and/j  or  of 
the  two  ends  of  the  arc  emf \  towards  /,  makes  the  convexity  of  the  arc 
towards  /  decreafe  and  the  radius  me  encreafe,  till  the  convexity  becomes 
nothing  and  the  radius  becomes  infinite :  the  fame  motion  of  thefe  ends 
towards  /,  after  they  are  palled  a  and  b  will. make  the  convexity  lefs  than 
nothing,  and  the  radius  greater  than  infinite.  Tut  when  the  convexity 
towards  /  becomes  lefs  than  nothing,  or  is  negative,  the  arc  is  in  fome 
iuch  pofition  as  imk  or  is  concave  towards  /  and  the  radius  is, ml.  And  if 
the  radius,  when  it  is  on  the  fide  c3  is  affirmative,  then  the  radius,  when 
:it  is  on  the  other  fide, -muff  be  negative.  If  me  is  affirmative,  ml  being 
drawn  the  contrary  way  is  negative.  Therefore  fince  the  radius  by  be¬ 
coming  greater  than  infinite  changes  fides,  it  changes  from  affirmative 
to  negative  by  paffing  through  infinity. 

What  has  here  been  faid  concerning  the  arc  of  a  circle,  the  reader 
will  eafily  apply  to  the  fegment  of  a  fphere,  or  to  the  convex  and  con¬ 
cave  furfaceG  ANB  and  anb3  Plat. VIII.  fig.  io.  1 1.  For  ANBthe  furface  of 
the  glafs  is  convex  towards  the  air,  and  its  radius  NC  is  in  the  glafs. 
But  whilft  ANB  Battens  or  whilft  its  convexity  decreafes  the  radius  NC 
lengthens.  Now,  when  this  motion  of  ANB  towards  C,  by  which  its 
convexity  is  diminifhed,  has  continued,  till  the  furface  is  quite  flat,  then 
the  convexity  is  nothing  and  NC  is  infinite.  And  for  this  reafon  a  plane 
glafs  may  be  confidered  as  the  fegment  of  a  fphere  of  an  infinite  radius.  But 
if  the  fame  motion  was  fuppofed  to  continue,  or  if  ANB  after  it  is  become 
plane,  was  to  fink  Hill  farther  in  towards  C ;  the  convexity  towards  the 
air  would  then  become  lefs  than  nothing  or  negative ;  that  is,  the  fur¬ 
face  towards  the  air  would  be  changed  into  a  concave  one  anb\  and  the 
radius  would  at  the  fame  time  become  greater  than  infinite  or  would  be 
-negative  and  change  fides :  for  the  center  C  is  in  the  glafs  when  the  fur- 
face  of  the  glafs  is  convex  and  the  radius  is  NC :  but  when  the  furface 
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is  concave  the  center  c  is  in  the  air  and  the  radius  nc  is  drawn  the  con¬ 
trary  way. 

Now  as  anb  is  the  negative  of  ANB,  thefe  two  glades  will  have  juft 
contrary  effects :  and  fince  the  convex  one  makes  rays  that  were  parallel 
at  their  incidence  diverge  after  they  are  refraCted,  the  concave  one  will 
make  their  convergency  lefs  than  nothing  or  negative,  that  is,  it  will  make 
them  diverge.  And  fince  the  focus,  when  the  convergency  is  affirmative 
is  at  G,  or  in  the  glafs  j  the  focus,  when  the  convergency  is  negative 
or  when  the  refracted  rays  diverge  will  be  at£  on  the  contrary  fide  or  in 
the  air.  And  if  the  former  focus  G,  or  the  focus  of  converging  rays  is 
confidered  as  affirmative,  the  latter  focus  g,  that  is  the  focus  of  diver¬ 
ging  rays,  or  imaginary  radiant  from  whence  fuch  rays  appear  to  flow, 
muft  be  negative.  This  imaginary  radiant  g  or  negative  focus  is  by  fome 
writers  called  a  virtual  focus. 

50.  When  parallel  rays  pafs  out  of  a  rarer  medium  into  a  denfer  through  a 
fpherical  furface ,  the  diftance  of  the  focus  whether  affirmative  or  ne¬ 
gative ,  that  is,  whether  real  or  virtual ,  will  be  to  the  Jemidiameter 
of  the  fphere  of  which  that  fur  J  ace  is  a  Jegment ,  as  the  fine  of  re- 
fraction  to  the  fine  of  incidence. 

ANB,  Plat.VIII.  fig.  10.  is  a  convex  fpherical  furface,  and  the  parallel 
rays  DE  and  XN,  by  pafling  out  of  a  rarer  medium  into  a  denfer  through 
this  furface,  are  made  to  converge  to  a  focus  G,  by  propofition  48.  This 
focus  is  affirmative.  And  NC  the  radius  of  the  fphere,  of  which  the  fur- 
fiice  ANB  is  a  fegment,  will  bear  the  fame  proportion  to  NG  the  diftance 
of  the  focus,  that  the  fine  of  refraction  in  this  pafiage  of  the  rays  out  of 
the  rarer  medium  into  the  denfer  bears  to  the  fine  of  incidence.  This  is 
one  cafe  of  the  propofition.  And  when  we  have  (hewn  the  propofition  to 
be  true  where  the  fpherical  furface  of  the  denfer  medium  is  convex  and 
the  focus  affirmative,  we  will  then  fhew  it  to  be  true,  where  that  fur¬ 
face  is  concave  and  the  focus  negative. 

Now  the  ray  XN,  which  is  the  axis  of  the  beam,  and  falls  perpen¬ 
dicularly  upon  the  furface,  is  not  refraCted  at  all,  by  propofition  41,  but 
goes  ftrait  on  in  NG  the  fame  direction  continued  after  it  gets  into  the 
denfer  medium.  But  DE  is  oblique  to  the  furface,  and  confequently,  in- 
ftead  of  going  ftrait  forwards  in  the  direction  EF,  it  will  be  refraCted  into 
EG  fo  as  to  converge  to  the  axis  NG  and  to  meet  it  at  G,  which  is  the 
focus.  IC  is  perpendicular  to  the  furface  at  the  point  E.  Therefore  DEI 
is  the  angle  of  incidence.  But  fince  DE  and  XG  are  parallel  by  the  fup- 
pofition,  and  IC  erodes  them,  the  external  angle  DEI  is  equal  to  the  in- 
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ternal  oppofite  angle  on  the  fame  fide  ECN,  Euc.  b.  I.  prop.  29.  that 
is,  ECN  is  equal  to  the  angle  of  incidence.  Now  the  angle  ECG  is  the 
complement  of  ECN  to  two  right  ones,  and  upon  this  account  they  have 
both  of  them  the  fame  fine,  as  was obferved in  explaning  propofition  32.. 
But  the  fine  of  ECN  is  the  fine  of  incidence:  becaufe  ECN  is  equal  to- 
the  angle  of  incidence.  Therefore  the  fine  of  ECG  is  the  fine  of  incidence., 
IC  and  Dp,  which  crofs  one  another  at  E  make  the  vertical  angles  DEI 
and  EEC  equal.  Euc.  b.  I.  prop.  1 5.  Therefore  FEC  is  equal  to  the  angle 
of  incidence.  The  refradted  ray  is  EG.  Therefore  GEC,  being  the  angle 
which  it  makes  with  IC  the  perpendicular,  is  the  refradted  angle.  And 
FEG  is  the  difference  between  FEC  and  GEC,  or  between  the  angle  of 
incidence  and  the  refracted  angle.  Therefore  FEG  is  the  angle  of  refrac¬ 
tion.  Now  DF  and  XG  or  the  directions  of  the  incident  rays  are  paral¬ 
lel  by  what  is  fuppofed  in  the  propofition.  And  confequently  EG,  which 
erodes  them,  makes  the  alternate  angles  FEG  and  EGC  equal  to  one  a- 
nother.  Euc.  b.  I.  prop.  29.  But  FEG  is  the  angle  of  refradtion.  There¬ 
fore  the  fine  of  EGC  is  the  fine  of  refradtion:  becaufe  EGC  is  equal 
to  the  angle  of  refradtion.  From  hence  then  it  appears  that,  in  the  triangle 
EGC,  the  fine  of  the  angle  at  G  is  the  fine  of  refradtion,  and  the  fine  of 
the  angle  at  C  is  the  fine  of  incidence.  But  the  fides  of  plane  triangles  - 
are  to  one  another  as  the  fines  of  the  oppofite  angles.  Therefore  EC,  op¬ 
pofite  to  G,  is  to  EG,  oppofite  toC,  as  the  fine  of  refradtion  to  the  fine 
of  incidence.  But  EC  is  equal  to  NC,  for  they  are  femidiameters  of  the 
fame  fphere,  of  which  the  fpherical  furface  ANB  is  a  fegment.  And  EG 
is  very  nearly  equal  to  NG,  when  E  and  N  are  not  far  afunder.  There¬ 
fore  NC,  the  femidiameter  of  the  convexity  is  toNG  the  diftance  of  the 
focus  as  EC  to  EG,  that  is,  as  the  fine  of  refradtion  to  the  fine  of  inci¬ 
dence. 

This  demonftration  is  univerfal,  whatever  the  two  mediums  are.  But 
we  will  apply  it  particularly  to  the  cafe  of  rays  pafltng  out  of  air  into  * 
glafs.  In  this  paffage  of  the  rays  the  reader  may  remember  that  the  line 
of  refradtion  is  to  the  fine  of  incidence  as  1  to  3.  Therefore  NC  is  toNG 
in  this  cafe  as  1  to  3.  Or  fince  NC  is  one  femidiameter  of  the  fphere  of 
which  ANB  is  a  fegment ;  NG  the  diftance  of  the  focus,  ,  mu  ft  be  equal  ’ 
to  three  times  NC  and  confequently  is  3  femidiameters.  Therefore  if 
parallel  rayspafs  out  of  air  into  glafs,  through  a  convex  fpherical  furface, 
they  are  fo  refradted  in  their  paffage  as  to  be  made  to  converge  to  a 
focus,  which  will  be  at  the  diftance  of  3  femidiameters  of  the  convexity 
behind  the  furface. 

Perhaps  this  effedt  of  fuch  a  piece  of  glafs  upon  parallel  rays  may 
be  made  out  in  another  manner,  and  fo  as  to  give  an  eafier  general 
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proof  of  the  firft  cafe  in  the  proportion.  If  the  ray  DE  was  not  refrac¬ 
ted  at  all  it  would  go  on,  when  it  got  into  the  glafs,  in  the  line  EF. 
IED  is  the  angle  of  incidence,  and  FEC  is  equal  to  it  GEC  is  the  re¬ 
fraCted  angle  and  FEG  is  the  angle  of  refraction.  Now  the  reader  may 
obferve  that  FEG,  or  the  angle  of  refraction,  is  contained  between  EF 
the  direction  of  the  incident  ray,  and  EG  the  direction  of  the  refraCted 
one.  Suppofe  then,  that  the  angle  of  refraction  was  equal  to  the  angle 
of  incidence,  what  line  would  the  refraCted  ray  deferibe  ?  FEC  is  the 
angle  of  incidence,  EF  is  the  direction  of  the  incident  ray ;  therefore 
the  refraCted  ray  cannot  make  an  angle  with  EF  equal  to  FEC,  or  can¬ 
not  make  the  angle  of  refraCtion  equal  to  the  angle  of  incidence,  unlefs 
it  deferibes  EC.  Therefore  if  the  angle  of  refraCtion  was  fo  great  as  to 
be  equal  to  the  angle  of  incidence,  the  refraCted  ray  would  be  perpen¬ 
dicular  to  the  convex  furface,  and  the  focus  would  be  at  C  in  the  cen¬ 
ter  of  the  convexity.  But  in  faCt  the  angle  of  refraCtion  is  lefs  than  the 
angle  of  incidence,  that  is,  the  rays  are  not  fo  much  refraCted,  and 
confequently  will  not  converge  fo  much  as  is  here  fuppofed.  Therefore 
the  focus  will  not  be  fo  near  as  the  center :  for  the  lefs  the  convergency 
the  more  remote  the  focus,  by  prop.  29.  Now  if  the  angle  of  refrac¬ 
tion  was  equal  to  the  angle  of  incidence  the  focus  would  be  at  C  or  at 
the  diftance  of  a  femidiameter  from  the  furface.  But  in  the  paftage  of  a 
ray  out  of  air  into  glafs,  the  refraCted  angle  is  to  the  angle  of  incidence 
as  1  to  3  or  is  only  \  of  the  angle  of  incidence.  Therefore  the  focus 
will  be  3  times  as  remote  from  the  furface  as  it  would  have  been  if 
thefe  angles  were  equal,  or  will  be  at  the  diftance  of  3  femidiameters 
from  the  furface. 

This  is  univerfal,  whatever  proportion  the  angle  of  refraCtion  bears 
to  the  angle  of  incidence.  For  fince,  if  they  were  equal,  the  focus 
would  be  at  the  diftance  of  a  femidiameter,  and  fince  the  lefs  the  angle 
of  refraCtion  is,  the  lefs  the  refraCted  rays  converge,  it  follows,  by 
prop.  29,  that  the  lefs  the  angle  of  refraCtion  is  in  proportion  to  the 
angle  of  incidence,  fo  much  more  remote  the  focus  will  be  in  propor¬ 
tion  to  a  femidiameter  f  or  as  the  angle  of  refraCtion  to  the  angle  of 
incidence,  fo  is  a  femidiameter  of  the  convexity  to  the  diftance  of  the 
focus. 

The  cafe  of  this  propofttion,  which  has  been  already  explaned,  re¬ 
lates  to  a  convex  fpherical  furface  of  the  denfer  medium,  when  the  re¬ 
fraCted  rays  converge,  and  the  focus  is  affirmative.  The  other  cafe  is, 
when  anb ,  Plat. VIII.  fig.  1 1.  the  fpherical  furface  of  the  denfer  medium 
is  concave,  and  the  rays  gn  and  de ,  which  are  parallel  at  their  incidence, 
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are  made  by  the  refradtion  to  proceed  in  the  lines  nx  and  eh,  fo  as  to 
diverge  from  an  imaginary  radiant,  or  negative,  focus  g.  To  make  what 
has  been  faid  about  affirmative  and  negative  quantities  more  familiar 
to  the  reader,  before  we  come  to  apply  it  in  thofe  infiances  where  it 
will  be  mod  ufeful  to  us  j  we  will  firfi  deduce  this  cafe  of  the  propo¬ 
rtion  from  the  foregoing  one ;  and  then  to-  fhew  the  certainty  of  this 
fort  of  reafoning  we  will  give  a  diftindt  demonftration  of  it. 

When  ANB,  Plat. VIII.  fig.  io.  is  convex,  as  the  fine  of  refradtion  is> 
to  the  fine  of  incidence,  fo  is  NC,  the  femidiameter  of  the  convexity 
to  NG  the  difiance  of  the  affirmative  focus  G.  Now,  if  we  imagine  the 
furface  ANB  to  Batten,  the  radius  NC  will  increafe  and  NG,  which  is 
3  times  NC,  if  the  denfer  medium  is  glafs  and  the  rarer  air,  will  in¬ 
creafe  in  the  fame  proportion :  that  is,  the  planer  the  furface  ANB  is 
fo  much  more  remote  will  the  focus  be.  If  the  convexity  of  the  fur¬ 
face  ANB  was  to  keep  decreafing  in  the  fame  manner  till  it  became 
nothing,  or  till  the  glafs  was  quite  plane;  the  radius  would  then  be 
infinite,  and  the  focus  G  would  be  at  an  infinite  difiance,  and  confe- 
quently  the  convergency  of  the  rays  would  be  nothing :  that  is,  if  the 
furface  of  the  glafs  was  plane  the  rays,  after  refradtion,  would  be  paral¬ 
lel,  as  they  were  at  their  incidence,  and  if  they  are  confidered  as  con- 
verging  ones,  the  focus  to  which  they  converge  muft  be  an  infinitely 
difiant  one.  But,  if  ANB  finks  ftill  farther  in,  its  convexity  will  then 
be  lefs  than  nothing,  that  is,  will  be  negative,  or  will  be  changed  into 
concavity,  as  anb ,  fig.  1 1.  The  convergency  of  the  rays  likewife  will  be 
lefs  than  nothing,  or  will  be  negative,  that  is,  the  refradted  rays  will 
diverge.  The  radius  NC  will  be  greater  than  infinite,  that  is,  will  be 
nc,  or  will  change  fides,  and  confequently  will  be  negative.  And  the 
focus  G  will  be  at  a  difiance  greater  than  infinite,  and  therefore  will, 
change  tides  and  will  be  at  g,  or  will  be  negative  too.  This  then  is  the 
only  difference  between  a  convex:  and  a  concave  furface,  that  the  for¬ 
mer  is  affirmative  and  the  latter  negative ;  and  the  only  difference  iii 
their  effedt  is,  that  the  affirmative,,  or  convex  furface  will  make  the  re- 
tradted  rays  converge,  and  will  produce  an  affirmative  focus;  and  the 
negative,  or  concave  one,  will  make  them  diverge  and  produce  a  ne¬ 
gative  focus.  And  confequently,  fince  as  the  fine  of  refradtion  is  to  the 
line  of  incidence,  fo  is  NC,  the  femidiameter  of  the  convexity,  to  NG 
the  difiance  of  the  affirmative,  or  real,  focus;  it  follows  that  as  the 
fine  of  refradtion  is  to  the  fine  of  incidence,  fo  is  ?2C  the  femidiameter 
of  the  concavity,  or  negative  convexity,  to  ng  the  difiance  of  the  nega¬ 
tive  focus. 


This 
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This  cafe  of  the  proportion  may  be  proved  diftindly  in  the  fame 
manner  that  the  other  cafe  was.  If  a  beam  of  parallel  rays,  of  which 
gn  is  the  axis,  and  de,  one  of  the  collateral  rays,  is  to  pafs  out  of  a 
rarer  medium  into  a  denfer,  and  falls  diredly  upon  the  concave  furface 
of  the  denfer  medium  anb ;  then  the  axis  gny  being  perpendicular  to  the 
furface,  will  pafs  ftrait  forwards  in  the  diredion  gn  continued,  or  in  nx, 
by  prop.  41.  But  the  collateral  ray  de  falls  obliquely  upon  the  furface, 
and  confequently,  inftead  of  going  ftrait  forwards  in  ef  will  be  re¬ 
fraded  towards  the  perpendicular  ci,  and  will  defcribe  fome  fuch  line 
as  eh,  fo  that,  after  refradion,  it  will  go  on  as  if  it  had  come  ftrait  from 
gi  or  g  will  be  the  imaginary  radiant,  that  is,  the  virtual  or  negative 
focus,  from  whence  this  and  any  other  collateral  ray  will  diverge  after 
refradion.  And  as  the  fine  of  refradion  is  to  the  fine  of  incidence,  fo 
is  nc,  the  femidiameter  of  the  concavity,  to  ng,  the  diftance  of  this  ne¬ 
gative  focus,  dec  is  the  angle  of  incidence ;  de  and  gn  are  parallel,  by  the 
fuppofition;  therefore  the  alternate  angles  dec  and  ecn  are  equal.  But 
ecg,  which  is  the  complement  of  ecn  to  two  right  angles,  has  the  fame 
fine  with  ecn',  and  that  is  the  fine  of  incidence;  becaufe  ecn  has  juft  been 
proved  to  be  equal  to  the  angle  of  incidence,  fei  is  equal  to  dec ,  the  an¬ 
gle  of  incidence  ;  becaufe  thefe  two  angles  are  vertical  ones.  Euc.  b.  I. 
prop.  1 5.  hei  is  the  refraded  angle,  or  the  angle,  which  the  refraded  ray 
makes  with  the  perpendicular ;  and  feh ,  which  is  the  difference  between 
fei  and  hei ,  is  the  angle  of  refradion.  But  efo r  de  continued  to  f  is  pa¬ 
rallel  to  gn.  Therefore  feh,  the  external  angle,  is  equal  to  cge,  the  internal 
oppofite  angle  on  the  fame  fide;  Euc.  b.  I.  prop.  29.  fo  that  the  fine  of  cge 
is  equal  to  the  fine  of feh,  or  to  the  fine  of  refradion.  From  what  has 
been  laid  it  appears,  that  in  the  triangle  cge,  the  fine  of  the  angle  at  g, 
is  equal  to  the  fine  of  refradion,  and  the  fine  of  the  angle  at  c ,  is  equal 
to  the  fine  of  incidence.  But  the  fides  of  this  triangle,  are  to  each  other, 
as  the  fines  of  the  oppofite  angles,  by  prop.  32.  Therefore  ec  is  to  eg, 
as  the  fine  of  refradion  to  the  fine  of  incidence  :  for  the  angle  at  g  is 
oppofite  to  the  fide  ec,  and  the  angle  at  c  is  oppofite  to  the  fide  eg.  And, 
fince  ce  and  nc  are  equal,  and  eg  and  ng  are  very  nearly  equal,  when  e 
and  n  are  near  to  one  another ;  it  follows  that  nc  the  femidiameter  of 
the  concavity,  is  to  ng  the  diftance  of  the  negative  focus  from  the  fur¬ 
face  of  the  denfer  medium,  as  the  fine  of  refradion  to  the  fine  of  in¬ 
cidence. 

When  rays  pafs  out  of  air  into  glafs,  the  fine  of  refradion  is  to  the 
fine  of  incidence  as  1  to  3.  Therefore  if  the  rays  are  parallel  and  the 
furface  of  the  glafs  is  concave,  the  femidiameter  of  the  glafs’s  concavity 

will 


24.6  A  SYSTEM  OF 

V 

will  be  to  the  distance  of  the  point,  from  whence  therefra&ed  rays  will 
appear  to  diverge,  as  i  to  3 :  that  is,  nc  will  be  1  of  ng ,  or  fince  17c  is  1 
femidiameter,  ng  the  diflance  of  the  virtual  or  negative  focus  will  be 
equal  to  3  femidiameters  of  the  glafs’s  concavity. 

The  reader  will  eafiiy  underhand  the  manner  of  applying  the  other 
demon hration,  of  the  firfl  cafe  of  this  propofition  to  the  cafe  now  ^before 
us,  without  having  it  particularly  pointed  out  to  him. 

5 1 .  Parallel  rays  that  fall  direttly  upon  a  plano-convex  lensf  are  made  to 
iccnverge  by  pajjing  through  it ;  and  the  difta?ice  of  the  focus ,  to  which 
they  converge ,  when  they  are  refradled \  is  equal  to  a  diameter  of  the 
lens's  convexity. 

This  propofition  confifls  of  two  different  cafes  j  for  the  rays  may 
enter  the  glafs  two  ways,  either  at  its  plane  furface  or  at  its  fphericail 
one. 

The  firfl  cafe  is  when  the  rays  enter  at  the  plane  fide.  If  GL,  Plat. 
IX.  fig.  2.  is  a  plano-convex  lens,  and  AR,  DS.,  are  two  parallel  rays  ; 
DS,  which  is  the  axis  of  the  beam,  is  perpendicular  both  to  the  fur- 
face  GL  and  likewife  to  the  furface  GPL,  becaufe  the  beam  is  fuppofed 
to  fall  dire&ly  upon  the  lens.  Therefore  DS  will  go  flrait  through  the 
lens  in  the  direction  SPF  without  being  at  all  refraCted,  by  prop.  41. 
The  collateral  ray  AR  is  parallel  to  DS,  by  the  fuppofition,  and  DS  is 
perpendicular  to  the  plane  furface  GL.  Therefore  AR  is  likewife  per¬ 
pendicular  to  the  fame  furface  GL.  Euc.  b.XI.  prop.  8.  So  that  AR 
fuffers  no  refraction  when  it  enters  the  lens  at  R,  but  paffes  flrait  for¬ 
wards  in  the  direction  RB,  by  prop.  41.  But,  when  it  is  to  pafs  out  of 
the  lens  at  B,  it  is  oblique  to  the  furface  GPL  :  for  fince  C  is  the 
center  of  the  convexity,  or  of  the  fphere,  of  which  the  furface  GPL 
is  a  fegment,  CO  is  perpendicular  to  the  furface,  and  confequently 
RBE,  which  is  the  direction  of  the  ray,  is  oblique  to  it.  The  ray  there¬ 
fore  will  be  refraCted  from  a  perpendicular,  by  prop.  38;  for  it  is  pafs- 
ing  obliquely  out  of  glafs  into  air,  or  out  of  a  denfer  medium  into  a 
rarer.  Now  on  this  fide  of  the  lens  all  the  perpendiculars,  becaufe  they 
are  drawn  from  C  the  center  of  the  convexity,  which  is  on  the  other 
fide,  fuch  as  CO  and  CF,  diverge.  Conlequently  if  a  ray,  that  before 
refraction,  was  parallel  to  the  axis  DF,  or  that  neither  diverged  from 
the  axis,  nor  converged  towards  it,  is  refraCted  from  thefe  perpendicu¬ 
lars,  which  all  of  them  diverge,  the  refraCted  ray,  becaufe  it  is  far¬ 
ther  from  the  direction  of  the  perpendiculars  than  it  was  at  its  inci¬ 
dence  when  it  was  parallel  to  its  axis,  will  be  made  to  converge 
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towards  its  axis.  Thus  the  ray  RB,  which  if  it  had  gone  ftrait  for¬ 
wards  would  have  defcribed  BE  and  have  made  the  angle  EBO  with 
the  perpendicular  BO,  is  refradted  from  this  perpendicular,  fo  as  to 
make  a  greater  angle  OBF  with  it.  Now  if  the  ray  had  not  been  re¬ 
fradted  at  all,  it  would  have  continued  parallel  to  its  axis  PF,  as  it  was 
at  its  incidence ;  or  if  it  had  been  refradted  tdwards  the  perpendicular 
BO,  which  diverges  from  the  axis,  then  the  ray  itfelf  would  have  di¬ 
verged  from  thence.  But  it  is  refradted  from  the  perpendicular,  and 
consequently  acquires  the  contrary  diredtion,  or  is  made  to  converge 
towards  the  axis  in  the  line  BF. 

PF,  or  the  diftance  of  F  from  the  lens,  that  is,  the  diflance  of  the 
focus,  or  point  where  this  or  any  other  collateral  ray,  when  it  is  made 
to  converge,  will  meet  its  axis  is  equal  to  twice  CP,  or  to  two  femi- 
diameters  or  one  diameter  of  the  fphere,  of  which  the  lens  is  a  fegment. 
The  angle  of  incidence  where  the  ray  is  refradted  is  EBO,  and  AE  is 
parallel  to  DP,  by  the  conftrudtion,  therefore  OBE  or  the  angle  of  in¬ 
cidence,  which  is  the  external  one,  is  equal  to  BCF  the  internal  oppo- 
fite  one  on  the  fame  fide.  Euc.  b.  I.  prop.  29.  OBF  is  the  refradted  an¬ 
gle,  or  angle  which  the  refradted  ray  BF  makes  with  the  perpendi¬ 
cular  5  EBF,  which  is  the  difference  between  the  angle  of  incidence  OBE 
and  the  refradted  angle  OBF,  is  the  angle  of  refradtion.  And  EBF  is 
equal  to  the  alternate  angle  BFC.  Euc.b.  I.  prop.  29.  From  what  has 
been  faid,  it  appears,  that  in  the  triangle  BCF  the  angle  at  F  is  equal  to 
the  angle  of  refradtion,  and  the  angle  at  C  is  equal  to  the  angle  of  inci¬ 
dence.  But  in  plane  triangles,  the  fides  are  as  the  fines  of  the  oppofite  an¬ 
gles,  by  prop.  3  2.  Therefore  BC  is  to  BF  as  the  fine  of  the  angle  at  F  to 
the  fine  of  the  angle  at  C,  or  as  the  fine  of  refradtion  to  the  fine  of  inci¬ 
dence.  Now  the  fine  of  refradtion  is  to  the  fine  of  incidence,  when  a 
ray  paffes  out  of  glafs  into  air,  as  1  to  2.  Therefore  BC  is  to  BF  as  1 
to  2,  or  BF  is  twice  BC.  BC  and  PC  are  equal,  becaufe  they  are  fe~ 
midiameters  of  the  fame  fphere.  And  BF  and  PF  are  nearly  equal,  when 
B  and  P  are  near  together,  or  when  the  collateral  ray  AB  is  near  the 
axis  CP.  Therefore  fince  BF  is  equal  to  twice  BC,  PF,  the  focal  dis¬ 
tance,  is  likewife  equal  to  twice  PC,  or  to  two  femidiameters  or  one 
diameter  of  the  lens’s  convexity. 

In  the  other  cafe-  of  this  propofition  the  rays  enter  the  lens  at  the 
fpherical  furface.  If  EH,  Plat. IX.  fig.  3.  and  XP  are  two  parallel  rays,, 
of  which  XP  is  the  axis  and  EH  a  collateral  ray.  This  collateral  ray 
will  be  refradted  as  it  paffes  into  the  lens  ANBD,  or  out  of  air  into 
glafs  through  a  convex  furface,  and  will  be  made  to  converge  to  its  axis 

XS, , 
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XS,  by  proportion  48.  The  lens  is  here  made  very  thick  only  that  the 
reader  may  more  diftinCtly  fee  the  direction  of  the  rays,  when  they  are 
within  it ;  for  in  the  demonltration  this  thicknefs  muft  be  neglected,  or 
we  muft  confider  the  lens  as  having  little  or  no  thicknefs  at  all.  Now 
HM  the  collateral  ray  converges  to  its  axis  PS  after  this  firft  refraction. 
And  thefe  converging  vSys  are  to  pafs  out  of  the  glafs  into  the  air  through 
the  furface  ND,  that  is,  out  of  a  denfer  medium  into  a  rarer  through  a 
plane  furface.  Therefore  they  will  be  made  to  converge  more,  by  pro- 
pofition  44.  The  firft  refraCtion,  which  this  ray  EH  fuffers  when  it  en¬ 
ters  the  glafs,  would  make  it  crofs  its  axis  or  would  produce  a  focus  at 
the  diftance  of  3  femidiameters  of  the  glafs’s  convexity  $  fo  that  I  would 
be  the  focus,  if  the  ray  was  to  go  ftrait  forwards  in  the  direction  HMI, 
which  it  acquires  by  this  refraction.  But  it  will  be  refraCted  a  fecond 
time  in  palling  out  of  the  glafs,  and  will  be  made  to  converge  more,  as 
has  been  already  proved.  So  that  I  will  be  only  an  imaginary  focus  and, 
by  propofition  29,  the  real  focus  will  be  made  nearer  than  I,  or  will  be 
at  a  lefs  diftance  than  PI,  or  than  3  femidiameters  of  the  convexity. 
The  queftion  is,  how  much  nearer?  Now  the  ray  HM  and  the  axis  PS 
converge  within  the  glafs  and  pafs  out  of  the  glafs  into  the  air  through 
a  plane  furface.  Therefore,  by  propofition  46,  the  diftance  of  the  ima¬ 
ginary  focus  or  PI  will  be  to  the  diftance  of  the  real  one  as  the  fine  of 
the  refraCted  angle  to  the  fine  of  incidence.  But  out  of  glafs  into  air  the 
fine  of  the  refraCted  angle  is  to  the  fine  of  incidence  as  3  to  2.  And  con- 
fequently  the  diftance  of  the  real  focus  where  the  rays  will  meet  after 
this  fecond  refraCtion  will  be  only  |  of  PI.  And  PI  is  3  femidiameters  of 
the  lens’s  convexity.  Therefore  taking  PF  equal  to  ?  of  PI  or  to  2  fe- 
midiamters  F  will  be  the  focus. 

By  this  time  the  reader  fees  the  difference  .of  the  two  cafes.  If  the 
rays  fall  firft  upon  the  plane  fide  of  the  lens  they  are  refraCted  only  once 
and  that  is  when  they  are  going  out  of  the  lens  at  the  convex  fide.  But 
if  they  fall  firft  upon  the  convex  fide  they  are  refraCted  twice,  once  when 
they  enter  the  lens,  and  again  as  they  are  going  out  of  it  at  the  plane 
fide.  And  in  both  thefe  cafes  the  focal  diftance  is  the  fame,  for  it  has 
been  proved  in  both  of  them  to  be  equal  to  2  femidiameters  or  1  diame¬ 
ter  of  the  fphere  of  which  the  lens  is  a  fegment. 

Perhaps  it  may  appear  ftrange  that  the  two  refractions,  which  the 
rays  fuffer  in  the  latter  cafe,  fhould  not  make  them  converge  more  or 
bring  them  to  a  focus  nearer  than  the  fingle  refraCtion,  which  they  fuffer 
in  the  former  cafe.  But  this  is  the  truth  of  the  matter,  as  may  thus  be 
made  to  appear.  When  the  rays  fall  firft  upon  the  plane  fide  and  are  re¬ 
fraCted 
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frafted  only  at  the  convex  one,  as  they  pals  out  of  the  lens  4  the  angle 
of  refraction  is  to  the  angle  of  incidence  as  1  to  2,  or  whatever  is  the 
angle  of  incidence  at  the  convex  furface  the  angle  of  refraCtion  will  be 
half  of  it.  Whereas,  when  the  rays  fall  firft  upon  the  convex  furface, 
whatever  is  the  angle  of  incidence  there,  yet  though  the  rays  are  twice 
refraCted  both  the  angles  of  refraction  added  together  will  be  equal  to 
no  more  than  half  of  it.  For  the  firft  refraction  is  made,  when  the  ray 
is  palling  out  of  air  into  glafs :  confequently  the  angle  of  refraction  there 
is  only  J  of  the  angle  of  incidence.  Thus  RHE  or  its  equal  OHC  is  the 
angle  of  incidence  at  the  convex  furface  4  and  LHM,  which  is  the  angle 
of  refraCtion,  is  only  |  of  it.  The  fecond  refraCtion  is  made  at  the  plane 
furface  when  the  ray  is  palling  out  of  glafs  into  air  4  confequently  the 
angle  of  refraCtion  is  {  the  angle  of  incidence  at  that  furface.  But  what 
is  the  angle  of  incidence  at  the  plane  furface  where  the  angle  of  refraCtion 
is  half  of  it?  HM  is  the  incident  ray,  MT  is  the  perpendicular,  and  the 
angle  which  MI  or  MH  continued  makes  with  TM,  that  is,  the  angle 
TMI  is  the  angle  of  incidence.  But  lince  LO  or  EH  continued  and 
MT  are  both  of  them  perpendicular  to  the  plane  furface  ND,  they  are  pa¬ 
rallel  to  one  another.  Euc.  b.  XI.  prop.  8.  Therefore  TMI  the  external 
angle  is  equal  to  OHM  the  internal  oppofite  one  on  the  fame  fide.  Euc.  b.  I. 
prop.  29.  That  is,  TMI  the  angle  of  incidence  at  the  plane  furface  is  e- 
qual  to  OHM  the  angle  of  refraCtion  at  the  firft.  Now  the  angle  OHM 
or  the  firft  angle  of  refraCtion  is  £  of  the  angle  of  incidence  at  the  convex 
furface.  And  the  angle  of  refraCtion  at  the  fecond  furface  or  IMF  is  f 
TMI,  that  is  \  OHM,  or  half  |  of  the  angle  of  incidence  at  the  convex 
furface,  Therefore  both  the  angles  of  refraCtion  taken  together  are  £  and 
half  £  of  the  angle  of  incidence.  But  a  third  and  half  a  third  of  the  angle 
are  juft  half  the  angle.  So  that  both  thefe  refractions  taken  together  a- 
mount  to  no  more  than  the  fingle  refraCtion,  which  the  rays  fuffer,  when 
they  enter  the  lens  at  its  plane  furface  and  are  refraCted  only  at  their 
paftage  out  of  it  through  the  convex  one. 

52.  Parallel  rays  that  fall  direCtly  upon  a  plano-concave  lens  are  made  to 
diverge  by  pafjing  through  it  4  and  the  dijlance  of  the  virtual  or  nega¬ 
tive  focus ,  from  which  they  appear  to  diverge when  they  are  re¬ 
fracted,  is  equal  to  a  diameter  of  the  lends  concavity. 

This  propofition  as  well  as  the  laft  admits  of  two  cafes.  For  the  rays 
may  enter  the  lens  either  at  the  plane  fide  or  at  the  concave  one. 

Ifg/j  Plat. IX.  fig.  4.  is  a  plano-concave  lens,  and  parallel  rays  fuch  as 
ar  and  ds  fall  direCtly  upon  the  plane  ftde  of  it  fo  that  ds  the  axis  of  the 
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beam  may  be  perpendicular  to  the  furface  j  then  ar,  becaufe  it  is  parallel 
to  ds  will  likewife  be  perpendicular  to  the  fame  plane  furface.  Euc.  b.  XI. 
prop.  8.  And  confequently  boththefe  rays  and  all  other  rays  of  the  fame  . 
parallel  beam  will  pafs  into  the  glafs  without  being  refradted,  by  propo¬ 
rtion  41.  But  at  the  fecond  or  concave  furface  of  the  lens  only  Jc  the 
axis  of  the  beam,  will  pafs  out  unrefradted,  becaufe  that  only  is  perpen¬ 
dicular  to  the  furface.  Any  collateral  ray  fuch  as  ar,  when  it  comes  to 
the  concave  furface,  cannot  pafs  out  of  it  in  the  right  line  be  parallel  to 
its  axis  fc ;  for  be  is  oblique  to  the  furface  of  the  glafs,  and  confequently 
as  the  ray  pafles  out  of  glafs  into  air,  it  will  be  refradted  from  a  perpendi¬ 
cular.  c  being  the  center  of  the  concavity  obc  is  a  perpendicular  at  the  point 
b  where  the  ray  pafles  out,  as  pc  is  another  perpendicular  at  the  point  p. 
But  thefe  and  all  other  perpendiculars  converge  to  c,  which  is  the 
center  of  the  concavity  and  is  in  the  axis  pc.  Therefore  the  ray,  which 
inflead  of  pafling  out  parallel  to  its  axis  is  refradted  from  a  perpendicular, 
will  be  made  to  diverge  from  its  axis.  The  incident  rays  are  parallel,  that 
is,  they  neither  diverge  nor  converge.  They  are  refradted  from  the  per¬ 
pendiculars,  or  when  they  are  refradted  they  are  farther  from  the  direction 
of  the  perpendiculars  than  they  were  at  their  incidence.  But  the  perpen¬ 
diculars  converge  to  the  axis.  Therefore  the  refradted  rays  will  diverge 
from  it.  The  ray  ar  in  particular,  which  comes  out  of  the  glafs  at  b ,  will 
not  go  ftrait  forwards  in  the  line  be ,  which  makes  the  angle  ebc  with  the 
perpendicular  be ,  but  in  fome  line  as  bin  that  makes  the  angle  mbc  greater 
than  ebc  with  this  perpendicular.  Thus  the  two  rays  ar  and  ds ,  which 
were  parallel,  when  they  entered  the  glafs,  will  come  out  of  it  in  the 
diverging  lines  bm  and  pc ;  and  confequently  have  the  fame  diredtion  in 
refpedt  of  one  another  as  they  would  have  had,  if  they  had  come  ftrait 
from  the  radiant  f  This  point  f  from  whence  the  refradted  rays  appear 
to  diverge  is  called  either  the  imaginary  radiant,  or  the  virtual  focus,  or 
the  negative  focus.  And  pf  the  diftance  of  this  negative  focus  from  the 
furface  of  the  glafs  is  equal  to  a  diameter  of  the  fphere  of  which  the  con¬ 
cave  furface  gpl  is  a  fegment. 

That  pf  is  equal  to  twice  pc  might  be  fhewn  in  the  fame  manner  as 
in  the  fir  ft  cafe  of  the  laft  propofition  we  fhewed  that  PF,  fig.  2,  is  e- 
qual  to  twice  PC.  But  we  may  prove  it  likewife  in  another  manner  by 
fhewing  that  the  lens  gpl,  fig.  4.  is  the  negative  of  GPL,  fig.  2,  and  con¬ 
fequently  that  the  effect  it  produces  will  be  equal,  only  it  wfill  produce 
it  the  contrary  way.  Now  if  GPL  was  to  flatten,  or  if  the  convex  furface 
was  to  become  planer,  the  radius  PC  and  confequently  the  focal  diftance 
PF,  which  is  twice  the  radius,  would  lengthen  ;  that  is,  the  lefs  convex 
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the  glafs  is,  fo  much  more  remote  will  be  the  focus.  Therefore  the  lefs 
convex  the  glafs  is,  fo  much  lefs  the  refracted  rays  converge ;  for  the 
convergency  of  the  rays  is  inverfely  as  the  diftance  of  the  focus,  by  pro¬ 
portion  29.  And  when  GPL  is  quite  plane,  or  when  the  convexity  is 
nothing,  then  the  lens  is  only  a  plane  glafs,  and  the  refracted  rays  will 
be  parallel,  or  their  convergency  will  be  nothing,  or  the  focal  diftance 
PF  will  be  infinite,  by  propofitions  47,  31.  But,  if  the  furface  GPL 
moves  ftiil  farther  in  the  fame  dire&ion  or  finks  in,  after  it  is  become 
plane,  then  its  convexity  becomes  lefs  than  nothing  or  negative,  and  the 
focal  diftance  is  greater  than  infinite  or  is  negative  too ;  that  is,  it  muft 
be  taken  on  the  contrary  fide.  This  therefore  is  the  only  difference  be¬ 
tween  the  two  lenfes  GPL  and  gply  the  convexity  of  one  is  affirmative, 
and  the  convexity  of  the  other  is  negative ;  the  focus  of  GPL  or  the 
affirmative  focus  is  at  F  on  the  fide  of  the  refra&ed  rays,  and  the  focus 
of  gpl  or  the  negative  focus  is  at  f  on  the  fame  fide  with  the  incident  rays  5 
and  as  the  rays  are  made  to  converge  by  paffing  through  the  lens  GPL, 
the  lens  gpl  will  produce  the  contrary  effect,  or  will  make  their  convergency 
negative  or  will  make  them  diverge.  But  this  convergency  and  diver¬ 
gency,  this  affirmative  and  negative  effedt  will  be  refpedtively  proportio¬ 
nal  to  the  caufes  that  produce  them.  And  as  the  convergency  caufed  by 
the  plano-convex  lens,  or  by  the  lens  when  it  is  affirmative,  will  bring  the 
refracted  rays  to  a  focus  at  the  diftance  PF,  or  at  the  diftance  of  two  femi- 
diameters  of  the  convexity ;  fo  the  divergency  caufed  by  the  plano-con¬ 
cave  lens,  or  by  the  lens  when  it  is  negative,  will  make  the  refracted  rays 
appear  to  diverge  from  a  negative  focus  at  the  diftance  pft  or  at  the  di¬ 
ftance  of  two  femidiameters  of  the  concavity. 

The  fecond  cafe  of  parallel  rays  falling  diredtly  upon  a  plano-concave 
lens  is,  when  they  enter  the  lens  at  the  concave  furface  as  xp,  Plat.  IX. 
fig.  5.  which  is  the  axis  of  a  parallel  beam  and  eh  which  is  one  of  the 
collateral  rays.  The  axis  pafifes  into  the  lens  on  this  fide,  and  out  of  it  a- 
gain  on  the  other,  without  being  refracted,  by  propofition  41  :  becaule 
as  the  beam  falls  di.redtly  upon  the  lens  the  axis  is  perpendicular  to  both 
its  furfaces.  But  eh ,  which  is  oblique  to  the  furface,  and  all  the  other 
collateral  rays,  as  they  pals  out  of  air  into  glafs  through  a  concave  fur¬ 
face,  are  made  to  diverge  from  their  axis,  by  propofition  49.  Thus  the 
ray  eh  will  not  go  ftrait  forwards  in  the  line  hly  but  will  be  bent  into  the 
line  hm  fo  as  to  diverge  from  its  axis  ps ,  as  if  it  had  come  at  firft  from 
the  point  i.  And  thefe  diverging  rays  when  they  pafs  out  of  the  lens  into 
the  air  will  be  made  to  diverge  more,  by  propofition  45.  Thus  the  ray 
hm  does  not  go  ftrait  forwards  in  the  line  mky  but  is  bent  ftiil  farther  and 
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is  made  to  defcribe  the  line  mg ,  which  diverges  from  its  axis  as  if  it  had' 
come  at  firft  from  the  point  p,  which  is  therefore  the  imaginary  radiant, 
virtual  focus,  or  negative  focus  of  thefe  rays  after  they  have  pafled 
through  the  lens. 

The  distance  of  the  point  i  from  the  lens,  which  is  the  point  from 
whence  the  ray  ps  and  hm  appear  to  diverge  after  the  firft  refraction,  is 
casual  to  3  femidiameters  of  the  lens’s  concavity,  by  propofition  50.  But 
the  fecond  refraction  makes  the  rays  diverge  more,  and  makes  the  ima¬ 
ginary  radiant  f  nearer  than  /,  in  the  proportion  of  the  fine  of  incidence  to 
the  fine  of  the  refracted  angle,  that  is,  in  the  proportion  of  2  to  3  :  there¬ 
fore  pf  is  |  of  pi,  or  5  of  3  femidiameters,  or  is  2  femidiameters  of  the 
concavity. 

The  letters  of  reference  are  the  fame  in  fig.  5.  and  in  fig.  3 .  only 
the  former  are  fmall  ones  and  the  latter  capitals.  And  with  this  help  the 
reader,  if  he  thinks  it  worth  his  while,  may  eafily  fhevv  that  the  fecond' 
cafe  of  this  propofition  is  the  negative  of  the  fecond  cafe  in  the  foregoing 
one  ;  and  may  apply  to  the  cafe  now  before  us  all  that  was  laid  to  prove 
that  the  two  refractions  of  a  ray,  when  it  falls  firft  upon  the  convex  fide 
of  a  plano-convex  lens,  are  only  equal  to  the  fingle  refraction,  which  it 
fuffers,  when  it  falls  firft  upon  the  plane  fide. 

53*  If  parallel  rays  fall  direttly  upon  a  lens,  which  is  equally  convex  on  both - 
fides ,  they  will  converge ,  after  they  have  pa  fed  through  it,  to  a  focus 
at  the  dij fiance  of  a  Jemi diameter  of  either  convexity . 

The  plano-convex  lens  EFG,  Plat.  IX.  fig.  6.  would  make  parallel 
rays  converge  and  bring  them  to  a  focus  at  the  diftance  of  a  diameter  of 
its  convexity,  by  propofition  5 1 .  And  another  plano-convex  lens  HKI, 
which  has  the  fame  convexity  with  the  former,  or  is  a  fegment  of  an  e- 
qual  fphere,  will  produce  an  equal  effedt :  and  confequently,  if  the  rays, 
after  they  have  pafted  through  the  firft  lens  EFG,  fall  upon  the  fecond 
HKI,  and  pafs  through  that,  they  will  be  made  to  converge  as  much  more 
as  they  did,  and  for  that  reafon  their  focus  will  be  as  near  again,  by  pro¬ 
pofition  29.  That  is,  fince  one  of  thefe  lens’s  bring  the  rays  to  a  focus  at 
the  diftance  of  a  diameter  of  the  fphere  of  which  it  is  a  fegment,  both 
of  them  together  will  produce  a  double  convergency  in  the  rays,  and 
therefore  will  bring  them  to  a  focus  at  half  the  diftance,  or  at  the  di¬ 
ftance  of  a  femidiameter  of  the  fphere  of  which  either  lens  is  a  fegment. 
Now,  if  the  two  plane  fides  EG  and  HI  of  thefe  two  lenfes  were  clofe 
together,  they  would  make  the  double  convex  lens  ACBD.  Therefore  a 
convex  lens  of  equal-  convexities  on  both  fides  may  be  confidered  as 
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plano-convex  lenfes  of  equal  convexities :  and  as  two  fuch  lenfes  would 
make  rays,  that  were  parallel  at  their  incidence,  converge  to  a  focus  at 
the  diftance  of  a  femidiameter  of  the  convexity  of  either ;  the  convex 
lens,  which  is  made  up  of  both  of  them,  will  produce  the  fame  effect. 

The  reader  may  imagine  there  is  fome  difference  between  two  plano¬ 
convex  lenfes  and  one  double  convex  one.  The  difference  feems  to 
be  this;  that  after  the  rays  are  refraCted  at  the  furface  EFG,  they 
will  fuffer  a  fecond  refraction  in  paffmg  out  of  the  lens  through  the  plane 
furface  EG,  fince  the  firft  lens  makes  them  converge  they  will  fall  ob¬ 
liquely  upon  the  furface  HI  and  be  refraCted  there  a  third  time,  and  then 
again  a  fourth  time,  when  they  pafs  out  of  the  furface  HKL  Whereas 
in  going  through  the  lens  ACB,  they  are  refraCted  only  twice,  once 
when  they  enter  it  and  once  when  they  go  out  of  it.  But  then  this  ap¬ 
parent  difference  makes  no  real  one.  For  when  the  rays,  that  were  made 
to  converge  within  the  lens  EFG,  come  out  of  the  glafs  into  the  air 
through  the  plane  furface  EG  their  convergency  is  indeed  encreafed ;  by 
proportion  44.  But  when  the  rays  thus  converging  pafs  out  of  the  air 
into  the  other  lens  HKI  through  the  plane  furface  HI,  their  convergen¬ 
cy  is  juff  as  much  diminifhed  ;  by  propofition  43,  40.  Therefore  of  the 
four  refractions,  which  the  rays  fuffer,  when  they  pafs  through  two 
plano-convex  lenfes  that  are  not  clofe  together,  the  fecond  and  third  re¬ 
fractions  mutually  deftroy  one  another ;  fo  that  the  whole  effeCt  is  pro¬ 
duced  by  the  firft  when  the  rays  enter  the  furface  EFG,  and  by  the  fourth 
when  they  pafs  out  of  the  furface  HKI,  juft  as  it  would  have  been  if 
thefe  two  lenfes  had  been  clofe  together  and  had  made  up  one  double 
convex  one  of  equal  convexities  on  both  fides  fuch  as  ACBD. 

Burning- glaffes  are  double  convex  lenfes.  The  fun  is  fo  far  off,  that 
we  may  confider  every  point  or  every  radiant  upon  the  furface  of  it,  as 
a  radiant  at  an  infinite  diftance,  and  confequently  may  fuppofe  the  rays 
emitted  from  each  point  of  it  to  be  parallel  to  one  another,  without  any 
fenfible  error,  by  prop.  30.  Therefore  all  the  rays  of  the  fun  that  fall 
upon  a  burning-glafs,  if  the  convexities  of  it  are  equal  on  both  fides, 
will,  by  paffmg  through  the  glafs,  be  made  to  converge,  and  will  be 
united  in  a  focus  behind  the  lens,  at  the  diffance  of  a  femidiameter  of 
either  of  its  convexities.  When  all  thefe  rays  are  thus  brought  together, 
the  heat  they  produce  will  be  very  great,  and  may  be  fiifficient  to  let 
fire  to  a  piece  of  paper,  or  of  touchwood,  or  even  to  bodies  lefs  apt  to 
burn  than  thefe  are,  if  they  are  placed  in  the  focus  of  the  lenSi  This 
effeft  of  the  rays  of  the  fun  when  they  are  thus  collected,  is  the  reafon 
why  that  point  where  they  are  collected  is  called  the  focus :  and  the 
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name,  after  it  had  for  this  reafon  been  given  to  this  point,  has  been 
made  ufe  of  as  a  general  one  to  Hand  for  any  point  where  converging 
rays  meet,  or  to  which  they  tend. 

A  plano-convex  lens  will  colled:  the  rays  of  the  fun,  and  produce  a 
fufficient  heat  at  the  focus  to  fet  fire  to  bodies  that  are  placed  in  it. 
But  the  diftance  of  the  focus,  when  fuch  a  lens  is  made  ufe  of,  is  equal 
to  the  diameter  of  the  fphere,  of  which  the  lens  is  a  fegment. 

A  convex  lens,  whole  convexities  are  unequal,  will  ferve  for  the  • 
fame  purpofe :  and  the  diftance  of  the  focus  in  this  cafe  fhall  be  deter¬ 
mined  in  prop.  55. 

The  ancients  made  ufe  of  refrading  burning-glafles,  as  appears  from 
a  pafiage  in  a  play  of  Ariftophanes,  which  is  called  The  clouds.  For 
Strepliades,  ad.  II.  fcene  1.  tells  Socrates,  that  he  had  found  out  an  ex¬ 
cellent  contrivance  to  defeat  his  creditors,  if  they  fhould  bring  an  adion 
againft  him.  His  contrivance  was,  that  he  would  get  from  a  jewellers 
(for  thus  the  fcholiaft  teaches  us  to  tranflate  the  word  (poi^fJt,oaco7ruXoag ) 
a  certain  tranfparent  ftone,  which  they  called  uoiXov,  that  was  ufed  for 
kindling  fire ;  and  then  ftanding  at  a  diftance  he  would  hold  it  to  the 
fun,  and  melt  down  the  wax  on  which  the  adion  was  written.  The 
fcholiaft  calls  this  inftrument  a  round  ftone ;  but  certainly  it  was  not 
round  like  a  fphere ;  for  he  fays  it  was  rpoxoeideg  *ara%u  round  like  a 
wheel  and  thick.  But  as  from  this  defcription  it  was  not  a  fphere,  fo 
neither  was  it  a  piece  of  plane  glafs  round  at  the  edges,  as  appears  from 
the  ufe  of  it ;  becaufe  a  circular  piece  of  plane  glafs  would  not  pro¬ 
duce  the  effect,  for  which  this  vaXog  was  ufed.  For  however  ridiculous 
the  author  of  the  play  intended  to  make  this  contrivance  of  Strepfiades, 
he  has  given  us  a  defcription  of  the  common  ufe  that  this  vccXog  was 
put  to,  as  well  as  of  the  particular  ufe  which  Strepfiades  was  to  make 
of  it.  It  was  fold  at  the  jewellers  and  was  ufed  for  kindling  fire.  But  a 
circular  glafs  could  not  have  been  applyed  to  this  purpofe,  unlefs  both 
or  one  of  its  fides  were  convex.  I  have  called  it  a  glafs,  though  vocXog 
was  a  natural  fubftance  and  not  an  artificial  one,  as  the  fcholiaft  informs 
us.  For  vu\og,  though  it  fignifyed  glafs  at  the  time  when  the  fcholiaft 
lived,  yet  the  ancients  meant  by  it  a  tranfparent  ftone,  which  was  pro¬ 
perly  called  xqvoV)  and  was  like  that  artificial  glafs  which  had  been  found 
out  when  he  wrote.  The  fubftance,  of  which  thefe  lenfes  were  made, 
feems  not  to  have  been  chryftal  but  what  is  now  called  talc.  Though  this 
may  be  looked  upon  only  as  a  fofter  fort  of  chryftal.  That  it  was  a  na¬ 
tural  and  a  foft  fubftance  appears  from  Herodotus,  book  III.  24.  For 
in  defcribing  the  manner  of  burying  the  dead  amongft  the  /Ethiopians, 
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he  fays,  that  the  dead  body  was  firft  dryed,  and  then  covered  with 
mortar,  and  when  it  had  been  painted  as  like  the  deceafed  as  could  be, 
it  was  put  into  a  coffin  made  of  ue\o$,  great  plenty  of  which,  and  fuch 
too  as  is  eafy  to  work,  they  dig  up  in  that  country.  Coffins  made  of 
this  were,  as  he  tells  us,  tranfparent,  fo  that  the  corpfg  might  be  feen 
through  them.  Talc  is  a  foft  tranfparent  hone  that  will  eafily  fplit  into 
thin  plates  :  and  therefore  a  piece  of  it,  thick  enough  for  a  lens,  will  not 
bear  a  good  poliffi,  but  when  it  is  made  as  fmooth  as5  it  can  be,  it 
will  be  full  of  cracks  and  fcratches.  Which  accounts  for  the  manner  in 
which  the  fcholiaft  of  Ariftophanes  fays  thefe  lenfes  made  of  vxXog  were 
ufed.  The  furface  of  them  was  firft;  oyled  and  the  lens  itfelf  was  warm¬ 
ed.  The  oyl  would  fill  up  the  cracks  and  fcratches  and  being  of  nearly 
the  fame  denhty  with  the  talc  itfelf,  would  by  that  means  make  it  more 
tranfparent :  as  paper,  when  it  is  dry,  is  not  near  fo  tranfparent,  as  it 
is,  when  it  has  been  wetted  with  oyl.  It  is  difficult  indeed  to  fay  for 
what  reafon  they  warmed  the  lens,  unlefs  it  was  to  make  the  oyl  more 
fluid  that  it  might  run  into  the  cracks  more  eafily.  But  perhaps  the 
ancients  might  imagine,  that  the  rays  of  the  fun  would  burn  better 
through  a  warm  lens  than  through  a  cold  one.  And  though  our  mo¬ 
dern  philofophers,  who  are  acquainted  with  the  theory  of  light  and 
refraction,  know  very  well  that  the  heat  or  coldnefs  of  the  fubftance 
through  which  the  rays  are  to  pafs  will  make  no  difference  :  yet  many 
of  thofe,  who  make  ufe  of  burning-glaffes,  would  even  now  think  it 
a  paradox  and  would  fcarce  be  perfuaded  to  believe  that  the  rays  of  the 
fun  may  be  made  to  kindle  fire  by  paffmg  through  cold  water. 

54.  If  parallel  rays  fall  direhlly  upon  a  lens ,  which  is  equally  concave  on 
both  fides ,  they  will  diverge ,  after  they  have  pafed  through  it,  from 
an  imaginary  radiant ,  or  negative  focus ,  at  the  difance  of  a  femi - 
diameter  of  either  concavity . 

One  plano-concave  lens  hki  would  make  rays,  that  were  parallel  at 
their  incidence  and  fell  diredtly  upon  it,  diverge  from  a  negative  focus 
at  the  diftance  of  a  diameter  of  the  fphere,  of  which  the  lens  is  a  feg- 
ment,  by  prop.  52.  Therefore  two  fuch  lenfes  hki  and  efg ,  if  the  rays 
were  to  pafs  through  both  of  them,  would  make  the  rays  diverge  as 
much  more,  and  confequently,  by  prop.  28,  the  negative  focus,  or 
imaginary  radiant,  will  be  as  near  again,  or  at  the  diftance  of  a  femi- 
diameter  of  cither  concavity.  This  therefore  will  be  the  diftance  of  the 
negative  focus,  when  the  rays  pafs  through  a  concave  lens,  having  equal 
concavities  on  each  fide,  fuch  as  acbd  for  this  lens  acbd  may  be  con- 
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fidered  as  the  two  plano-concave  ones  hki  and  efg  with  their  plane  fides 
clofe  together. 

The  reader  fees  by  this  time  why  a  concave,  or  a  plano-concave  lens 
cannot  be  ufed  as  a  burning-glafs.  The  rays  of  the  fun  are  made  to 
burn  by  being  made  to  converge  fo  as  to  be  brought  together  in  a  focus, 
that  many  of  them  may  fall  within  a  narrow  compafs  upon  fome  point 
in  the  thing  that  is  to  be  burned.  But  a  concave  or  plano-concave  lens 
makes  the  rays  of  the  fun  diverge,  or  feparates  them  farther  from  one 
another,  inftead  of  bringing  them  clofer  together. 

55.  When  parallel  rays  fall  dir eSily  upon  any  lens  that  is  convex ;  as  the 
fum  of  the  femidiameters  of  both  convexities  to  the  femidiameter  of 
either  •>  fo  is  double  the  femidiameter  of  the  other  to  the  difiance  of  the 
focus ,  after  the  rays  are  refradled \ 

We  have  already  feen  what  is  the  diftance  of  the  focus,  when  only- 
one  fide  is  convex,  or  when  both  tides  are  equally  convex.  But  fome 
lenfes  have  a  greater  convexity  on  one  fide  than  on  the  other.  The 
chryftalline  humour  of  the  eye  is  of  this  fort.  And  the  rule  here  laid 
down  is  applicable  to  all  cafes.  We  will  apply  it  in  the  inftance  of  a  lens 
having  equal  convexities  on  both  fides,  and  to  a  lens  that  has  one  fide 
plane :  and  then  from  fhewing  the  truth  of  it  in  thefe  two  inftances 
we  may  infer  the  truth  of  it  in  all  other  inftances. 

Firft  in  a  lens  of  equal  convexities  the  diftance  of  the  focus  has  been 
fhewn  to  be  a  femidiameter  of  either  convexity,  in  prop.  53.  And  the 
focus  found  by  this  rule  will  be  at  the  fame  diftance.  Call  the  femidia¬ 
meter  of  one  of  the  convexities  s,  and  then,  becaufe  the  convexities  are 
equal  on  both  fides,  the  femidiameter  of  the  other  convexity  muft  like- 
wife  be  equal  to  s.  Therefore  the  fum  of  the  femidiameters  is  sH-s  or 
2S.  In  this  cafe  the  proportion  will  be  as  follows.  As  the  fum  of  the 
femidiameters  of  both  convexities,  or  as  s-f-s=2s,  is  to  the  femidia¬ 
meter  of  either  convexity,  or  to  s :  fo  is  double  the  femidiameter  of 
the  other  convexity,  or  fo  is  2  s,  to  the  focal  diftance.  But  in  this 
analogy,  as  s-4-s  to  s,  fo  is  2s  to  a  fourth  proportional,  it  is  eafy  to 
determine  what  this  fourth  proportional  muft  be.  For  fince  the  firft 
term  s-f-s  is  equal  to  the  third,  or  to  2s,the  fecond  term  s  muft  likewife 
be  equal  to  the  fourth.  Therefore  the  focal  diftance  is  s,  or  one  femi¬ 
diameter  of  the  convexity  on  either  fide. 

Secondly,  if  the  lens  is  a  plano-convex  one,  we  cannot  apply  this 
rule  for  finding  out  the  focus,  unlefs  we  confider  the  plane  furface  as 
the  fegment  of  a  fphere :  and,  from  what  has  been  fhewn  under  prop.  49. 

it 
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'It  appears,  that  we  may  confider  it  as  the  fegment  of  a  fphere,  whofe 
femidiameter  is  infinite.  Call  this  infinite  femidiameter  S,  and  call  the 
femidiameter  of  the  fphere,  of  which  the  convex  fide  is  a  fegment,  s. 
Then  the  film  of  the  femidiameters  of  both  convexities,  or  rather  of 
both  fides,  is  Sq-s.  Therefore  by  the  rule,  as  Sq-s  the  fum  of  the 
femidiameters  of  both  convexities,  is  to  S  the  femidiameter  of  one  of 
them,  fo  is  2s,  or  double  the  femidiameter  of  the  other,  to  the  focal 
diftance  of  this  plano-convex  lens.  But  when  the  proportion  Hands 
thus,  as  S— l-s  is  to  S,  fo  is  2s  to  a  fourth  proportional,  what  will  that, 
fourth  proportional  be  ?  I  fay  the  fourth  term  will  be  equal  to  the  third, 
or  will  be  2s.  The  firft  term  is  Sq-s,  and  the  fecond  is  S.  But  thefe 
two  terms  are  equal  to  one  another.  For  S  is  an  infinite  quantity,  and  s 
is  a  finite  one.  Therefore  fince  this  finite  quantity  s,  bears  no  proportion 
to  the  infinite  one  S  $  if  you  add  the  finite  quantity  s  to  the  infinite  one 
S,  this  infinite  quantity  is  not  encreafed  by  the  addition  of  a  quantity  fo 
fmall  in  refpedt  of  the  whole  as  to  be  quite  infenfible.  Therefore  Sq-s 
is  equal  toS:  and  confequently,  fince  the  firft  and  fecond  terms  Sq-s- 
and  S  are  equal  to  one  another,  it  could  not  be  as  S-f-s  to  S,  fo  2s  to 
the  focal  diftance,  unlefs  this  fourth  term,  or  focal  diftance,  was  like- 
wife  equal  to  2s.  But  2s  is  two  femidiameters  of  the  lens’s  convexity. 
Therefore  the  diftance  of  the  focus  of  a  plano-convex  lens  is  rightly 
determined  by  this  rule :  for  it  is  found  to  be  two  femidiameters,  or 
one  diameter  of  the  fphere,  of  which  the  convex  fide  of  the  lens  is  a 
fegment ;  and  this  was  proved  to  be  the  diftance  of  it  in  prop.  5 1 . 

But  thirdly,  this  rule  for  finding  the  focus  either  of  a  convex  lens 
of  equal  convexities,  or  of  a  plano-convex  lens  may  be  applyed  to  any 
convex  lens  whatever.  For  the  two  cafes  already  confidered,  may  be 
looked  upon  as  the  two  extremes.  When  the  convexity  on  one  fide  is 
equal  to  the  convexity  on  the  other  fide,  this  is  one  extreme.  And 
when  the  convexity  on  one  of  the  fides  has  decreafed  till  it  becomes 
nothing,  or  is  quite  plane,  this  is  the  other  extreme.  The  intermediate 
cafes  are  any  of  thofe,  when  one  fide  is  lefs  convex  than  the  other  : 
and  as  the  rule  here  laid  down  is  true  in  the  two  extremes,  it  will  be 
equally  true  in  all  the  intermediate  cafes.  When  the  convexity  of  the 
lens  is  equal  on  both  fides,  as  ACBD,  Plat.  IX.  fig.  6.  it  appears  from 
what  has  been  faid  already  concerning  this  rule,  that  sq-s,  the  fir  ft: 
term,  is  double  s,  the  fecond  term,  and  2s,  the  third  term,  is  likewife 
double  the  focal  diftance.  If  the  fide  ADB  of  this  lens  was  to  fink  in, 
or  to  fatten,  till  at  laft  it  became  quite  plane,  fo  that  the  lens  was 
changed  into  a  plano-convex  one,  fuch  as  EFG,  then,  from  what  lias 
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been  laid  already,  it  appears  that  S-f-s,  the  firft  term,  is  equal  to  S,  the 
fecond,  and  2s,  the  third  term,  is  likewife  equal  to  the  focal  diftance. 
Since  therefore  in  one  extreme,  the  firft  term  is  double  the  fecond,  and 
the  third  is  double  the  focal  diftance,  and  when  the  lens  has  changed 
to  the  other  extreme,  the  firft  term  is  equal  to  the  fecond,  and  the  third 
is  equal  to  the  focal  diftance,  it  follows,  that  whilft  the  lens  was 
changing  from  one  extreme  to  the  other,  or  in  all  the  intermediate 
cafes,  the  firft  and  fecond  terms  are  conftantly  approaching  to  a  ratio 
of  equality,  and  fo  likewife  are  the  third  and  fourth.  And  fince  the 
firft  term  becomes  equal  to  the  fecond,  and  the  third  equal  to  the 
fourth,  in  the  fame  ftate  of  the  lens,  it  follows  farther,  that  their  re- 
fpedtive  approaches  to  a  ratio  of  equality  have  been  in  the  fame  pro¬ 
portion.  Therefore  in  all  the  intermediate  ftates  of  the  lens,  that  is, 
whatever  was  the  convexity  of  ADB,  the  firft  term  has  born  the  fame, 
proportion  to  the  fecond,  that  the  third  has  to  the  fourth,  or  the  fum 
of  the  femidiameters  of  both  convexities,  has  always  been  to  the  femi- 
diameter  of  either,  as  double  the  femidiameter  of  the  other,  to  the  focal 
diftance. 

56.  When  parallel  rays  fall  direftly  upon  any  concave  lens>  as  the  fum  of 
the  femidiameters  of  both  concavities ,  is  to  the  femidiameter  of  either , 
fo  is  double  the  femidiameter  of  the  other  to  the  diftance  of  the  negative 
focus . 

This  propofition  may  be  eafily  proved  in  the  fame  manner  as  the 
laft  is,  the  reader  will  be  able  to  apply  that  demonftration  without 
having  it  repeated.  Or  indeed,  this  propofition  is  the  fame  as  the  other : 
for  a  concave  lens  is  only  a  lens  whofe  convexity  is  negative,  by  prop.49. 
fio  that  the  only  difference  is,  that  if,  when  the  lens  is  convex,  the 
femidiameters  are  confidered  as  affirmative,  when  the  lens  is  concave 
they  will  be  negative;  the  refradted  rays,  which  converge  in  one  cafe, 
will  have  a  negative  convergency,  that  is,  will  diverge  in  the  other; 
and  the  focus,  which  is  on  the  fide  of  the  refradted  rays,  when  the 
convexity  is  affirmative,  will  be  on  the  contrary  fide  when  the  con¬ 
vexity  is  negative ;  and  therefore  the  focus  in  the  concave  lens  will  be 
virtual,  or  negative.  But  theie  changes  make  no  alteration  in  the  pro¬ 
portion,  by  which  the  focal  diftance  is  determined  :  for  the  proportion 
will  be  the  fame  whether  the  terms  of  it  are  confidered  as  affirmative 
or  negative. 
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57.  T’he  collateral  rays  of  a  dircB  parallel  beamy  when  they  are  made  to 
converge  by  a  convex  or  plano-convex  lens,  do  not  all  of  them  ?neet  in 
a  focus  at  exaftly  the  fame  diflance  behind  the  lens . 

The  collateral  ray  AR  Plat. IX.  fig.  2.  croffes  its  axis  after  refradion, 
or  is  brought  to  a  focus  at  F,  which  is  at  the  diflance  of  a  diameter  of 
the  lens's  convexity,  by  prop.  5 1 .  But  any  other  collateral  ray,  which 
falls  upon  the  lens  nearer  to  the  axis  DS  than  AR  is,  will  have  its  focus 
after  refradion,  a  little  farther  from  the  lens  than  F ;  and  any  other 
collateral  ray,  which  falls  upon  the  lens  farther  from  the  axis  than  AR, 
will  have  its  focus  a  little  nearer  than  F.  The  ray  DS  is  perpendicular 
to  both  furfaces  of  the  lens,  and  confequently  is  not  refraded  at  all,  by 
prop.  41.  Now  the  nearer  any  ray  falls  to  DS,  the  nearer  perpendicular, 
or  the  lefs  oblique,  it  is  to  the  two  furfaces  of  the  lens,  and  confequently 
it  will  be  refraded  the  lefs.  But  the  lefs  any  ray  is  refraded,  the  lefs  it 
will  converge  ;  and  therefore,  by  prop.  29,  the  focus  will  be  fo  much 
the  more  remote  from  the  lens.  The  farther  any  ray  falls  from  DS, 
the  farther  it  is  from  being  perpendicular,  or  the  more  oblique  it  is, 
for  which  reafon  it  will  be  refraded  the  more,  and  will  converge  the 
more,  and  therefore  the  diflance  of  the  focus  will  be  lefs.  Thus  we  fee 
that  all  the  collateral  rays  will  not  have  their  focus  at  exadly  the  fame 
point.  The  focus  of  the  ray  DR  is  at  F  j  but  thofe  which  fall  nearer 
to  the  axis  will  have  their  focus  more  remote,  and  thofe  which  fall 
more  remote  from  the  axis  will  have  their  focus  nearer.  But  in  fuch 
collateral  rays  as  are  none  of  them  very  far  from  the  axis,  this  difference 
will  be  inconfiderable. 

If  the  reader  is  defirous  of  knowing  why  the  demonflration  of  pro- 
pofition  51,  is  not  univerfally  applicable  to  all  other  collateral  rays,  as 
well  as  to  AR,  he  may  remember  that  in  that  demonflration  there  was 
a  fmall  error.  For  we  fuppofed  BF  and  PF  to  be  equal,  though  they 
are  not  quite,  but  only  nearly,  fo  :  they  cannot  be  quite  equal,  unlefs 
B  and  P,  or  R  and  S,  that  is  AR  and  DS,  were  clofe  together.  And  the 
farther  B  is  from  P,  or  R  from  S,  or  AR  the  collateral  ray  from  DS 
the  axis,  fo  much  the  longer  will  BF  be  in  proportion  to  PF.  Now 
the  length  of  BF  is  always  a  given  quantity  :  for  it  is  always  twice  CB, 
as  appears  from  the  demonflration  of  propolition  51.  Therefore  the 
greater  proportion  this  given  line  BF  bears  to  PF,  or  the  longer  BF  is 
in  refped  of  PF,  fo  much  the  fhorter  PF  mull:  be.  Euc.  b.V.  prop.  10. 
From  whence  it  follows,  that  the  farther  B  is  from  P,  or  R  from  S, 
or  the  collateral  ray  AR  from  the  axis  DS,  fo  much  the  fhorter  is  PF, 
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or  fo  much  lefs  is  the  focal  diftancc.  But  in  all  fuch  collateral  rays  as  ; 
do  not  fall  very  far  from  their  axis,  or  are  not  very  oblique  to  the  fur- 
face  of  the  lens,  the  difference  between  BF  and  PF  being  inconfiderable 
in  any  of  them,  the  distance  of  the  focus  is  fo  nearly  the  fame,  that  they 
may  all  be  confidered  as  meeting  at  the  fame  point. 

The  reader  will  be  able  to  apply  this  reafoning,  without  having  it 
repeated,  in- the  cafe  of  fuch  a  beam  of  diredt  and  parallel  rays  as  falls 
firft  upon  the  convex  lide  of  a  plano-convex  lens,  or  in  the  cafe  of  fuch. 
an  one  as  falls  upon  either  fide  of  a  double  convex  lens.  For  in  thefe 
cafes  as  well  as  in  that,  which  we  have  been  explaning,  the  axis  only 
of  the  beam  is  perpendicular  to  the  lens,,  and  paffes  through  the  lens  urn- 
refradted  j  and  thofe  rays,  which  fall  neareft  to  the  axis,  are  nearefl 
perpendicular,  or  lead:  oblique,  and  confequently  will  be  refradted  lead:, , 
and  will  converge  leaf!,  and  for  that  reafon  will  have  their  focus  mofi 
remote  from  the  lens.  Whereas  thofe  rays,  which  fall  upon  the  lens 
at  any  confiderable  diftance  from  the  axis,  are  farther  from  perpendi¬ 
cular,  or  more  oblique,  are  more  refracted,  converge  more,  and  con¬ 
fequently  have  their  focus  nearer  to  the  lens.., 

58.  fhe  collateral  rays  of  a  dire 51  parallel  beam ,  when  they  are  made  to  > 

diverge  by  a  concave ,  or  plano-concave  lens ,  do  not  all  of  them  di¬ 
verge  from  an  imaginary  radiant ,  or  negative  focus ,  at  exadily  the 
jams  difance  before  the  lens . 

This  is  proved,  by  Plat.  IX.  fig.  4,  in  the  fame  manner  that  the  fore** 
going  propofition  was  proved  by  fig.  2,  only  as  the  lens  is  here  concavev. 
the  reader,  muft  remember  that  the  refradted  rays  diverge,  and  the  focus  - 
is  a  negative  one. 

59.  When  a  beam  of  parallel  rays  falls  obliquely  upon  a  lens ,  the  difance 
of  the  focus ,  If  the  lens  is  convex ,  or  of  the  negative  focus ,  if  it  is 
concave i  will  be  nearly  the  fame  - as  when  the  rays  fall  direStly. . 

If  LPG,  Plat.  X,  fig,  1.  which  is  a  fegment  of  the  fpherePMFG,  is  • 
a  plano-convex  lens,  and  PO  is  the  axis  of  it :  parallel  rays  fall  diredtly 
upon  it,  if  their  axis  coincides  with  PO  the  axis  of  the  lens,  or  if  the  coL 
lateral  rays  are  parallel  to  PO.  But  DN  and .  BE,  though  they  are 
parallel  to  one  another  are  oblique  to  PO,t  and  therefore  are  collateral 
rays  not  of  a  diredt ‘but  of  an  oblique  beam.  Thefe  rays  BE  andDN, 
and  all  the  rays  of  any  fuch  oblique  beam,  when  they  are  refradted,  will 
meet  their  axis  or  be  united  in  a  focus,  at  the  fame  . diftance  behind  the 
lens,  that  the  rays  of  a  diredt  beam.. would,  that  is,  by.  propofition  51, 


pay-  zfo. 


...  -A',  1 

.  tv  «.  ■  V.  r „  ..v  .1 


». . 

\''V 


\\ : 

’■  \  •' 

\\  ! 


•  : 


tf/jq 


t  ■- 


t;  > 
\ 


*  •  L#1 


,  '  !  \ 

>  //  \ 

4^  ' 


l  - 


f 

- 

1& 


T 


> 


Ki':-v  ■' 

.r  -<• 


:’  V,’ 

»  V 


A  f'm  . 


\, 


V.  ' 


ft 


..V  ; 


y 

"  ^r~"7  ^  * 


•  \ 


I 


/■'• 


— 


r 

V 


*  i  ♦ 
•  r.  J 


. 

}£ 

•  i  J 

«.  V 

n 


i;  ' 


xf ' 


T  '  '  v  \'  \ 

■\  •'''  " 


1  >  : 

\\\ 

\iJ 


» / 


NATURAL  PHILOSOPHY.  26s 

at  the  diftance  of  a  diameter  of  the  lens’s  convexity  or  of  the  fphere,  of 
which  the  lens  is  a  fegment. 

Suppofe  the  pole  or  vertex  of  the  lens  P  was  placed  at  R  fo  that  PO 
fhould  coincide  with  RC :  then  AR,  BE,  and  DN,  would  be  a  direct 
beam;  AR  or  RC,  which  is  AR  continued,  coinciding  with  PO  would  be 
the  axis  of  the  beam,  and  RE  and  DN  would  be  collateral  rays.  In  this  pe¬ 
tition  of  the  lens  the  focus  will  be  at  F,  or  at  the  diftance  of  a  diameter 
of  the  lens’s  convexity,  by  propofition  51,  and  at  this  point  F  the  rays. 
BE  and  DN  will  meet.  But,  if  the  pofition  of  the  lens  is  changed  and 
the  pole  or  vertex  of  it  inftead  of  being  at  R  is  at  P,  then  indeed  the  ray 
AR  will  fall  betide  the  lens ;  but  the  other  rays  BE  and  DN  will  ftill  fall 
upon  it ;  and  as  the  refraCtive  power  of  the  lens  knot  altered  by  changing 
its  place,  BE  and  DN  will  ftill  converge  as  they  did  before,  and  will 
meet  at  F..  The  only  alteration  is  that  the  rays  BE  andDN  are  more 
oblique  than  before,  and  confequently  will  be  more  refracted  and  will 
have  their  focus  nearer  to  the  lens ;  and  F  is  nearer  to  the  lens,  when  the 
vertex  of  it  is  at  P,  than  when  it  is  at  R.  But  if  the  obliquity  of  thefe 
rays  is  not  very  great,  that  is,  if  the  lens  is  not  far  removed  the  diftance 
of  F  from  P  will  be  very  nearly  the  fame  as  its  diftance  from  R  ;  that 
is,  the  focus  of  the  oblique  beam  will  be  nearly  at  the  fame  diftance  as 
the  focus  of  the  dire&  one. 

The  fame  method  of  reafoning  will  demonftrate  this  propofition  in  any 
cafe  of  lenfes  either  convex  or  concave,  for  by  altering  the  pofition  of 
the  lens  an  oblique  beam  may  be  changed  into  a  direct  one ;  and  when 
the  focal  diftance  of  the  direct  beam  is  known  this  determines  the  focal 
diftance  of  the  oblique  one.  For  the  changing  the  lens’s  pofition  does  not 
^change  its  refractive  power,  though  it  changes  the  obliquity  of  the  rays. 
And  confequently,  tince  if  the  pofition  is  not  much  changed  the  obliqui¬ 
ty  is  nearly  the  fame,  ,the  focal  diftance  of  a  beam  that  is  not  very  oblique- 
will  be  nearly  at  the  fame  diftance  as  the  focus  of  a  direCt  one. 

But  we  will  apply  this  method  to  one  other  cafe  :  and  then  from  the 
former  cafe  and  this  together  we  may  deduce  the  truth  of  the  propofi- 
tion  in  all  cafes  whatever.  Let  LPN,  Plat.  X.  fig.  2.  be  a  plano-convex  , 
lens.  In  the  former  cafe  we  fuppofed  the  rays  to  fall  firft  upon  the  con¬ 
vex  fide  of  the  lens.  But  now  fuppofe  AE  and  BG  to  be  two  parallel  rays 
of  an  oblique  beam, .  which  fall  firft  upon  the  plane  fide  of  the  lens, 
Thefe  rays,  by  the  fuppofition,  are  oblique  to  PO  the  axis  of  the  lens. 
But  if  P  the  vertex  was  at  the  point  R  then  DCR  would  coincide  with 
PO  ;  and  the  ray  which  deferibes  DCR  would  be  perpendicular  to  both 
tides  of  the  lens  5  and  BG  and  AE,  becaufe  they  are  parallel  to  DR*, 
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would  like  wife  be  parallel  to  PO,  fo  that  the  beam  would  be  a  direct  one, 
and  DRS  would  be  its  axis.  This  axis  would  pafs  through  the  lens  unte- 
fiadted,  by  propofition  41,  and  BG,  AE,  which  in  thefe  circumftances 
are  the  collateral  rays  of  a  diredt  beam,  would  by  pafting  through  the  lens 
converge  to  a  focus  at  the  diftance  of  a  diameter  of  the  fphere  PTHRS 
of  which  the  lens  is  a  fegment,  by  propofition  51.  And  though  by  put¬ 
ting  the  vertex  of  the  lens  at  P  the  ray  DR  does  not  pafs  through  it,  yet 
the  rays  AE,  and  BG,  will  meet  at  the  fame  point.  For  by  altering  the 
pofition  of  the  lens  nothing  is  altered,  except  the  obliquity  of  the  rays  j 
and  if  this  is  not  made  very  great,  their  convergency,  when  they  are  re¬ 
fradted,  and  confequently  the  diftance  of  the  focus,  will  be  very  nearly 
the  fame  as  when  the  vertex  is  at  R,  and  the  beam  falls  diredtly  upon 
the  lens. 

Now  fince  the  oblique  focus  is  at  the  fame  diftance  as  the  diredt  one, 
when  the  convexity  of  the  furface  of  a  plano-convex  lens  is  affirmative ; 
it  follows,  by  what  was  faid  under  propofition  49,  and  52,  that  if  the 
convexity  was  negative  or  the  lens  a  plano-concave  one,  the  oblique  fo¬ 
cus  would  then  only  become  negative  or  would  be  before  the  lens  iuftead 
of  being  behind  it,  'but  ftill  at  the  fame  diftance  as  the  negative  diredt 
focus. 

But  a  double  convex  lens  is  only  two  plano-convex  ones,  and  a  double 
concave  lens  is  only  two  plano-concave  ones  with  their  plane  fides  clofe 
together.  And  fince  the  oblique  focus  whether  affirmative  or  negative 
is  at  the  fame  diftance  as  the  diredt  one,  when  the  lens’s  are  ufed  fepa- 
rately,  it  will  likewile  be  at  the  fame  diftance,  when  they  are  ufed  to¬ 
gether. 

The  reader  remembers  that  the  axis  of  an  oblique  beam  is  oblique  to 
the  furface  of  the  lens,  and  confequently  is  refradted.  But  then  the  di- 
xedtion  of  the  axis,  is  not  altered  by  this  refradtion ;  for  the  refradtion  is 
fuch  as  makes  the  refradted  ray  parallel  to  the  incident  one.  We  may  ex¬ 
plane  this  matter  in  two  inftances  of  an  oblique  axis,  that  will  make  it 
intelligible  in  all  other  inftances.  Let  ef,  Plat.  X.  fig.  3.  be  an  oblique 
ray  pafting  into  the  convex  lens  at  the  point  f  and  coming  out  of  it  a- 
gain  at  the  point  g.  Now  if  da ,  which  is  a  tangent  to  the  lens  at  the  point 
of  ingrefs/j  is  parallel  to  kc ,  which  is  a  tangent  to  it  at  the  point  of  egrefs 
g,  then  the  points  of  contadt  f  andg  are  parallel  to  one  another,  that  is, 
the  points  of  ingrefs  and  egrefs  are  parallel  like  the  two  fides  of  a  plane 
glafs ;  and  for  this  reafon  the  refradtion  which  the  ray  fuffers  at  f  and  g 
will  not  alter  its  diredtion  more  than  it  would  have  been  altered  by  pafting 
through  a  plane  glafs.  Therefore  gh  the  refradted  ray  will  be  parallel  to 
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ef  the  incident  one,  by  proportion  47.  In  like  manner  ef  falls  upon  the 
concave  furface  of  the  lens  acbd  at  the  point  f  and  comes  out  of  the  lens 
at  the  point  g ,  then  if  ab  a  tangent  to  the  concave  furface  at  f  the  point 
of  ingrefs  is  parallel  to  the  plane  furface  cdy  this  ray  paffes  through  the 
lens  as  it  would  through  a  plane  glafs,  becaufe  the  point  of  ingrefs  f  is 
parallel  to  the  fide  cd  as  the  two  fides  of  a  plane  glafs  are  parallel  to  one 
another.  Therefore^  the  refradted  ray  will  be  parellel  to cf  the  incident 
one,  by  propofition  47.  Such  a  ray  as  this  there  will  be  in  all  oblique 
beams  upon  whatever  lens  they  fall,  and  this  ray  is  the  axis  of  the  beam. 
It  was  proper  juft  to  mention  this  matter ;  but  as  it  will  be  of  no  great 
ufe  in  our  future  enquiries,  we  need  not  give  ourfelves  the  trouble  to  de¬ 
termine  upon  what  point  of  the  lens  this  ray  will  fall. 

CHAP.  V. 

Of  the  refraction  of  diverging  rays  by  a  convex  lens,  and 
of  converging  rays  by  a  concave  lens. 

60.  The  principal  focal  diftance  of  a  convex  or  plano-convex  lens  is  the  di¬ 
fiance  at  which  raysy  that  were  parallel  at  their  incidence ,  are  united 
after  refraction.  And  the  principal  focal  difiance  of  a  concave  or  plano¬ 
concave  lens  is  the  diftance  from  which  rays ,  that  were  parallel  at  their 
incidence ,  appear  to  diverge  after  refraction , 

IF  PV,  Plat.  X.  fig- 4.  is  a  diameter  of  the  fphere  of  which  the  plano¬ 
convex  lens  AVB  is  a  fegment,  then  if  parallel  rays  were  to  fall  upon 
this  lens,  they  would  be  fo  refradted  by  pafiing  through  it  as  to  meet  in 
a  focus  at  a  diftance  equal  to  PV,  by  propofition  51.  And  agreeably  to 
this  definition  the  diftance  PV  taken  on  either  fide  of  the  lens  is  called 
the  principal  focal  diftance.  In  like  manner,  if  pvy  Plat.  X.  fig.  5.  is  a  di¬ 
ameter  of  the  concavity  of  the  lens  avby  then  if  parallel  rays  were  to  fall 
upon  this  lens,  they  would  be  fo  refradled  by  pafiing  through  it  as  to  di¬ 
verge  from  a  virtual  or  negative  focus  at  the  diftance  pv,  by  propofition 
52.  And  agreeably  to  the  definition,  the  diftance  pv  taken  on  either  fide 
of  the  lens  is  called  the  principal  focal  diftance.  The  principal  focal  di¬ 
ftance  of  a  lens,  that  has  equal  convexities  on  each  fide,  is  a  lemidiame- 
ter  of  either  convexity  :  and  the  principal  focal  diftance  of  the  lens,  that 
has  equal  concavities  on  each  fide,  is  a  femidiameter  of  either  concavity. 
By  propofition  53.  54. 

The  only  difference  in  the  following  propofitions  between  a  convex 
and  concave  lens  is  this.  When  in  any  cafe  of  a  convex  lens  we  have 

taken 
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taken  the  principal  focal  diftance  on  the  fide  of  the  incident  rays,  in  the 
fimilar  cafe  of  a  concave  lens  we  muft  take  the  principal  focal  difiance 
negative,  that  is,  we  muft  take  it  on  the  oppofite  fide,  or  on  the  fide  of 

the  refracted  rays. 

We  fhall  demonftrate  the  following  propofitions  upon  plano-convex 
and  plano-concave  lenfes  only,  but  the  reader  will  eafily  fee  that  the  de~ 
monftrations  are  univerfal  and  may  be  applyed  to  double-convex  and 
double-concave  ones. 

We  have  already  feen,  in  the  laft  chapter,  what  eftetft  a  convex  or 
plano-convex  lens  will  have  upon  parallel  rays,  or  rays  which  come 
from  a  radiant  at  an  infinite  diftance,  as  thofe  may  be  faid  to  do,  which 
come  from  the  fun.  But  fuppofe  that  the  radiant  was  nearer  and  that  the 
rays,  inftead  of  being  parallel,  diverge  when  they  fall  upon  the  lens ;  as 
rays  would  that  come  from  a  candle  or  any  other  luminous  body  at  no 
very  great  diftance :  it  ftill  remains  for  us  to  -enquire  what  effed:  the 
lens  would  have  upon  fuch  rays  as  thefe.  Now  this  enquiry  may  be  di¬ 
vided  into  three  different  cafes,  according  to  the  different  pofition  of  the  , 
radiant  in  refped  of  the  lens’s  principal  focus.  For  firft  the  radiant,  the 
luminous  point,  or  the  candle,  which  is  indeed  rather  many  radiants  to¬ 
gether  than  one  alone,  may  be  in  the  lens?s -principal  focus,  that  is  at 
the  diftance  PV,  Plat.  X.  fig.  4.  Or  fecondly  it  may  be  more  remote  than 
the  principal  focus,  and  be  at  the  diftance  RV,  which  is  greater 
than  PV.  Or  thirdly,  it  may  be  nearer  than  the  principal  focus,  and  be 
Plat.  X.  fig.  6.  at  the  diftance  RV,  which  is  lefs  than  PV.  Now  paral¬ 
lel  rays  neither  diverge  nor  converge :  but  rays  in  this  ftate  are  in  the 
middle  between  divergency  and  convergency.  For  if  the  divergency  of 
rays  diminifhes,  they  become  nearer  parallel ;  and  when  they  are  quite 
parallel  their  divergency  is  nothing:  confequently,  if  they  converge, 
their  divergency  is  lefs  than  nothing  or  negative.  And  fince  convergency 
is  negative  divergency,  and  a  concave  or  plano-concave  lens  is  a  negative 
convex  or  plano-convex  one;  it  follows  that  there  will  be  juft  as  many 
negative  cafes  as  there  are  affirmative  ones :  that  is,  there  are  three  cafes 
of  converging  rays  falling  upon  a  concave  or  plano-concave  lens.  Firft, 
the  converging  rays  may  at  their  incidence  tend  to  the  lens’s  principal  fo¬ 
cus;  or  the  imaginary  focus  may  be  at  the  principal  focal  diftance,  thus 
.Plat,  X.  fig.  3.  when  converging  rays  fall  upon  the  lens  ab  the  focus  to 
which  they  are  directed  may  be  />,  fo  that  pv  the  diftance  of  this  imagi¬ 
nary  focus  may  be  equal  to  a  diameter  of  the  lens’s  concavity  or  to  the 
principal  focal  diftance.  Secondly,  the  incident  rays  ?ib  and  fv  may  tend 
Xo  r  an  imaginary  focus  at  the  diftance  vr,  which  is  greater  than  vp ,  or 

than 
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than  the  principal  focal  diftance.  Or  thirdly,  the  incident  rays  ma  and  xv> 
Plat.  X.  fig.  7.  may  tend  to  the  imaginary  focus  r  at  the  diftance  vry 
which  is  lefs  than  vp  or  than  the  principal  focal  diftance. 

61.  If  rays  diverge  from  the  principal  focus  of  a  convex  or  plano-convex 
lens ,  thefe  rayst  when  they  have  paffed  through  the  lens ,  will  be  pa¬ 
rallel . 

If  PF,  Plat.  IX.  fig.  2.  is  the  principal  focal  diftance  of  the  lens  GL, 
then  rays,  as  ARand  DS,  which  are  parallel  at  their  incidence  wiil,  when 
they  are  refraCted,  be  united  at  F.  Therefore,  by  propofition  41,  fince 
all  refraction  is  reciprocal,  if  thefe  rays  were  to  be  turned  back  again  in 
the  lines  FB  and  FP  fo  as  to  diverge  from  F,  bypafling  through  the  lens 
they  will  be  refraCted  back  into  their  former  directions  R  A  and  SD  fo  as 
to  be  parallel.  And  the  effeCt  of  the  lens  upon  any  other  rays  diverging 
from  F,  or  from  a  radiant  at  the  principal  focal  diftance,  would  be  the 
fame,  all  fuch  rays  will  become  parallel,  when  the  lens  has  refraCted 
them. 

So  that  if  a  candle  was  placed  at  F,  or  behind  any  other  convex  lens  at 
the  principal  focal  diftance,  the  rays,  which  diverge  from  any  one  point 
of  the  candle,  when  they  fall  upon  the  lens,  will  be  parallel  to  one  ano¬ 
ther,  after  they  have  paffed  through  it. 

62  .If  rays  converge  to  the  principal  focus  of  a  concave  or  plano-concave 

lens  y  thefe  rays ,  when  they  have  paJJ'ed  through  the  lenSy  will  be 
parallel. 

If  the  rays  ar  and  ds.  Plat.  IX.  fig.  4.  are  parallel,  when  they  fall  upon 
the  plano-concave  lens  gl3  they  will  after  they  are  refraCted,  go  on  in 
the  lines  bm  and pCy  fo  as  to  diverge  from  f  the  principal  focus.  There¬ 
fore,  fince  all  refraCtion  is  reciprocal,  by  propofition  41,  if  thefe  rays 
were  to  be  turned  back  again  in  the  lines  mby  cpy  fo  as  to  converge  to  f 
the  principal  focus  of  the  lens,  they  would  be  refraCted  into  their  former 
directions  ra  and  fd  and  would  become  parallel.  And  whatever  rays  con¬ 
verge  in  this  manner  to  the  point f  or  to  the  principal  focus  of  this  or  any 
other  lens,  will  fuffer  juft  fuch  a  refraCtion  as  will  produce  the  fame  effeCt 
in  them  or  will  make  them  parallel  to  one  another. 

The  chief  ufe  we  fhall  make  of  this  propofition  will  be  beft:  under- 
ftood,  when  we  come  to  apply  it  in  explaning  one  fort  of  telefcopes. 

63  .If  the  radiant  from  whence  rays  diverge  is  farther  from  a  convex  or 

plano-convex  lens  than  its  principal  focus ,  the  rays,  after  they  are  re - 
fracledy  will  converge. 


L  1 


If 
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If  PV,  Plat.  X.  fig.  4.  is  the  principal  focal  diftance  of  the  lens  AB,  and 
any  radiant  point  at  R  is  at  a  greater  diftance  than  this  from  the  lens ; 
then  rays,  fuch  as  RV  and  RA,  which  diverge  from  thence  will  be  made 
to  converge  by  palling  through  the  lens.  If  the  radiant  had  been  at  P  in- 
11  ead  of  R,  that  is,  if  the  radiant  had  been  in  the  principal  focus,  the  re¬ 
fracted  rays  would  have  been  parallel,  or  their  divergency  would  have 
been  nothing,  by  propofition  61.  But  when  the  radiant  is  more  remote 
than  P,  the  incident  rays  diverge  fo  much  the  lefs,  by  propofition  28. 
And  confequently  the  divergency  of  the  refraCted  rays  will  likewife  be 
fo  much  the  lefs.  Now  when  the  radiant  is  in  the  principal  focus  the  di¬ 
vergency  of  the  incident  rays  is  nothing.  Therefore  if  the  radiant  inftead 
of  being  at  P  is  at  R  or  more  remote  than  the  principal  focus,  the  diver¬ 
gency  of  the  refracted  rays  will  be  lefs  than  nothing  or  negative,  that  is, 
the  refracted  rays  will  converge  as  YF  and  AF  do,  and  will  meet  in  a 
focus  at  F. 

That,  when  the  incident  rays  diverge,  the  focus  after  refraction  will  be 
more  remote  than  when  they  are  parallel,  is  evident.  For  when  the  radi¬ 
ant  is  at  an  infinite  diltance,  or  when  the  incident  rays  are  parallel,  the 
divergency  before  refraction  is  the  leaft  pofiible,  and  confequently  the 
negative  divergency  or  convergency  after  refraCtion  will  be  the  greateft 
poftible ;  and  for  this  reafon  the  focus  will  be  as  near  to  the  lens  as  it 
can  be,  by  propofition  29.  But,  when  the  radiant  is  at  any  diftance  lefs 
than  infinite,  the  nearer  it  is  fo  much  greater  is  the  divergency  of  the 
incident  rays,  by  propofition  28.  Therefore  fo  much  lefs  will  be  their 
negative  divergency,  or  their  convergency,  after  refraCtion  5  and  confe¬ 
quently  the  focus  will  be  fo  much  the  more  remote,  by  propofition  29. 
From  hence  it  appears  that  the  rays  of  the  fun  will  be  collected  into  a  fo¬ 
cus  nearer  to  the  lens  than  the  rays  of  a  candle  or  any  other  luminous 
body  placed  at  R. 

64,  When  the  radiant  is  more  remote  from  a  convex  or  plano-convex  lens 
than  the  principal  focus,  as  the  difference  between  the  diftance  of  the 
radiant  and  principal  focal  diftance  is  to  the  principal  focal  diftance , 
fo  is  the  diftance  of  the  radiant  before  refraftion ,  to  the  diftance  of  the 
focus  after  it. 

The  diftance  of  the  radiant  R,  Plat.  X.  fig.  4.  from  the  lens  AR  is  R  Y ; 
the  principal  focal  diftance  is  P Y ;  the  difference  between  the  diftance  of 
the  radiant  and  principal  focal  diftance,  or  between  RV  and  PV,  is  RP. 
Therefore  the  propofition  affirms  that  as  RP  is  to  PV,  fo  is  RV  to  a 
fourth  proportional,  which  will  be  the  diftance  of  the  focus  from  the 
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lens,  after  the  rays  are  refraded :  and,  taking  YF  this  fourth  proportio¬ 
nal,  F  will  be  the  point  where  the  refracted  rays  will  concur.  The  truth 
of  this  will  appear  from  the  following  confiderations. 

If  the  radiant  was  in  the  principal  focus  or  at  the  diftance  PV,  the 
refraded  rays  would  be  parallel;  that  is,  their  divergency  would  be  no¬ 
thing,  by  propofition  61.  Therefore  the  refradion  of  the  lens  will  juft 
deftroy  as  much  divergency  as  rays  have  that  proceed  from  a  radiant  in 
the  principal  focus  or  at  the  diftance  PV.  But  the  radiant  at  R  is  more 
remote  than  the  principal  focus ;  its  diftance  from  the  lens  is  RV,  which 
is  greater  than  PV.  Now  the  more  remote  the  radiant  is,  the  lefs  the  in¬ 
cident  rays  diverge  ;  for  the  divergency  is  inverfely  as  the  diftance  of  the 
radiant,  by  propofition  28.  Therefore  as  much  greater  as  RV  is  than 
PV,  fo  much  lefs  rays  diverge,  which  proceed  from  a  radiant  at  R, 
than  rays,  which  proceed  from  a  radiant  at  P :  or,  the  divergency  of 
rays  falling  upon  the  lens  AB,  when  the  radiant  is  at  R,  is  to  the  diver¬ 
gency  of  rays  falling  upon  the  fame  lens,  when  the  radiant  is  at  P,  as 
the  diftances  RV  and  PV  inverted,  that  is,  as  PV  to  RV.  But  the  re¬ 
fradion  of  the  lens  would  juft  deftroy  all  the  devergency  of  the  rays,  if 
the  radiant  was  at  P.  Therefore  the  divergency,  which  the  rays  have 
that  come  from  R,  is  to  the  divergency,  which  the  refradion  of  the  lens- 
will  deftroy,  as  PV  is  to  RV.  Now  PV  is  lefs  than  RV,  by  the  fup- 
pofition,  and  confequently,  the  rays  that  come  from  R,  have  not  fo  much 
divergency  as  the  lens  will  deftroy.  Therefore  after  refradion  their  di¬ 
vergency  will  be  lefs  than  nothing,  or  will  be  negative.  And  this  nega- 
tive  divergency  will  be  proportional  to  the  difference  between  the  diver¬ 
gency,  which  the  incident  rays  have,  and  the  divergency,  which  the  lens 
will  deftroy ;  or  to  the  difference  between  PV  and  RV,  that  is,  it  will 
be  proportional  to  RP.  From  hence  then  it  follows,  that  the  negative 
divergency  of  the  rays  after  refradion  is  to  their  divergency  before  re¬ 
fradion  as  RP  to  PV.  But  as  the  divergency  after  refradion  to  the  di¬ 
vergency  before  it,  fo  is  the  diftance  of  the  radiant  before  refradion  to 
its  diftance  after  refradion,  for,  by  propofition  28,  the  diftance  of  the 
radiant  is  always  as  the  divergency  inverfely.  That  is,  as  RP  to  PV,  fo 
is  RV  the  diftance  of  the  radiant  before  refradion  to  a  fourth  proportio¬ 
nal,  which  will  be  the  diftance  of  the  radiant  after  refradion.  But  then 
we  muft  remember,  that  the  divergency  after  refradion  is  negative,  that 
is,  that  the  rays  converge ;  and  confequently  this  fourth  proportional 
will  be  negative,  or  will  be  on  the  contrary  fide  of  the  lens  to  P,  that  is, 
it  will  be  a  negative  radiant.  But  as  we  have  frequently  oblerved  before 
that  if  a  focus  is  confidered  as  affirmative,  a  negative  focus  means  a  ra- 

l  1  2  diant: 
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diant :  fo  here,  when  we  confider  a  radiant  as  affirmative,  a  negative  ra¬ 
diant  means  a  focus.  Therefore  this  fourth  proportional,  or  VF,  is  the 
diftance  of  the  focus.  Upon  the  whole  therefore,  as  RP  is  to  PV,  fo  is 
RV  the  diftance  of  the  radiant  before  refraction  to  VF  the  diftance  of 
the  focus  after  refradtion. 

Let  PV,  the  principal  focal  diftance  of  the  lens  AB,  be  4  inches. 
Then  the  rays  of  the  fun,  or  any  other  parallel  rays,  that  were  to  pafs 
through  the  lens,  would  be  collected  into  a  focus  at  the  diftance  of  4 
inches  from  the  lens.  But  fuppofe  there  was  a  candle  at  R,  and  that 
RV,  the  diftance  of  it  from  the  lens,  is  6  inches.  The  radiant  is  then 
very  near  to  the  lens,  fo  that  the  rays,  which  come  from  it  and  fall  up¬ 
on  the  lens,  are  not  parallel  but  diverging.  Therefore  when  they  have 
patted  through  the  lens,  the  refraction,  which  they  fufter,  will  not 
make  them  converge  fo  much,  as  it  would  have  done,  if  they  had  been 
parallel  before,  and  confequently  the  focus  will  be  more  remote,  by 
prop.  29.  Now  the  focus  of  the  funs  rays  would  be  at  the  diftance  of 
4  inches  5  and  how  much  the  focus  of  the  rays  coming  from  the  candle 
will  be  farther  off  is  found  by  this  propofition.  For  the  diftance  of  the 
principal  focus,  or  PV=4  inches,  the  diftance  of  the  radiant  or 
RV=6  inches.  The  difference  of  thefe  diftances  RV — PV=RP=6 
•—4=2  inches.  Therefore,  as  RP  to  PV}  or  as  2  to  4,  fo  is  RV  to 
VF,  or  6  to  12,  which  is  the  focal  diftance.  That  is,  the  rays  diverg¬ 
ing  from  the  candle  at  R  will  by  the  lens  be  collected  into  a  focus 
at  F,  which  is  1 2  inches  from  the  lens. 

6  5.  If  rays ,  when  they  fall  upon  a  concave  or  plano-concave  lens ,  converge 
to  an  imaginary  focus ,  which  is  at  a  greater  diftance  from  the  lens 
than  its  principal  focus  ;  thefe  rays  by  pafjing  through  the  lens  will 
be  made  to  diverge. 

If  the  rays  fv  and  na  converge  to  the  point  r,  then  r  is  their  fo¬ 
cus.  But  if,  before  they  arrive  at  that  focus,  they  are  to  pafs  through 
the  plano-concave  lens  ab ,  they  wall  be  refradted,  and  fo  being  turned 
out  of  the  way  will  never  meet  at  r;  for  which  reafon  the  focus  in 
thefe  circumftances  is  called  imaginary :  the  rays  are  directed  towards 
it,  but  never  meet  at  it.  If  this  imaginary  focus  was  at  py  the  principal 
focus  of  the  lens,  or  at  the  diftance  pv3  then  the  rays,  when  they  have 
paffed  through  the  lens,  would  be  parallel,  by  prop.  62.  But  if  it  is  at 
the  diftance  rv,  which  is  greater  than  pv3  or  than  the  principal  focal 
diftance;  then,  fince  the  imaginary  focus  is  more  remote,  the  conver- 
gency  of  the  incident  rays  is  lefs,  by  prop.  29.  Now  if  the  imaginary 

focus 
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focus  had  been  at  p,  the  refraction  of  the  lens  would  have  made  the 
rays  parallel  after  they  had  pafied  through  it,  or  would  have  made  their 
convergency  nothing :  therefore  if  the  imaginary  focus  is  more  remote 
than  p,  that  is,  if  the  incident  rays  converge  lefs,  the  fame  refraction 
will  make  their  convergency,  when  they  have  paffed  through  the  lens, 
lefs  than  nothing,  or  negative;  that  is,  the  refraCted  rays,  inftead  of 
converging,  as  the  incident  ones  did,  will  have  the  contrary  direction, 
or  will  diverge,  and  will  proceed  in  the  lines  vr  and  am ,  as  if  they  had 
come  ftrait  from  the  point  f  which  point  is  the  imaginary  radiant,  or 
negative  focus,  after  the  rays  are  refraCted. 

66.  When  the  imaginary  focus  is  more  remote  from  a  concave  lens  tha?i  its 
principal  focus ,  as  the  difference  between  the  difance  of  the  imagi¬ 
nary  focus  and  the  principal  focal  difance  to  the  principal  focal 
diftance ,  fo  is  the  dijla?ice  of  the  imaginary  focus ,  before  refraction, 
to  the  difance  of  the  imaginary  radiant  after  it. 

9 

'The  diftance  of  the  imaginary  focus  r,  Plat.  X.  fig.  5,  from  the  lens 
ab  is  rv,  the  principal  focal  diftance  is  pv ,  the  difference  between  rv  and 
pv,  or  rv — pv,  is  rp.  Therefore  as  rp  is  to  pv ,  fo  is  rv  to  a  fourth  pro¬ 
portional,  which  will  be  the  diftance  of  the  imaginary  radiant  after  re¬ 
fraction.  Thus  if  vf  is  this  fourth  proportional,  the  rays  fv  and  na , 
which  converge  to  r  before  refraction,  will  become  vr  and  am,  fo  as 
to  diverge  from /'after  refraction. 

This  propofition  might  be  proved  diftinCtly  in  the  fame  manner  as 
propofition  64.  But  inftead  of  repeating  that  demonftration,  we  may 
better  fhew,  that  every  thing  in  this  propofition  is  the  fame  with  every 
thing  in  that,  only  taken  on  the  contrary  fide;  that  is,  this  propofition 
is  only  propofition  64.  in  negative  terms,  or  fig.  5.  is  the  negative  in  all 
refpeCts  of  fig.  4.  For  firft,  in  fig.  4.  R  is  a  radiant,  from  which  the 
incident  rays  diverge,  and  fig.  5.  r  is  a  focus  on  the  contrary  fide  of  the 
lens,  to  which  the  incident  rays  converge.  Secondly,  AB  is  a  plano¬ 
convex  lens,  and  ab  is  a  plano-concave  one.  Thirdly,,  the  principal 
focal  diftance  PV  is  taken  on  the  fame  fide  with  the  incident  rays,  and 
the  principal  focal  diftance  pv  is  taken  on  the  fide  of  the  refracted  rays. 
Fourthly,  the  refraCted  rays  AF  and  VF  converge,  and  the  refraCted 
rays  am  and  vr,  or,  which  is  the  fame  thing,  fa,  and/F,  diverge.  There¬ 
fore  fifthly,  the  focus  F  is  on  the  fide  of  the  refracted  rays,  and  the 
negative  focus,  or  imaginary  radiant  f  is  on  the  fide  of  the  incident 
ones.  Since  therefore,  whether  diverging  rays  fall  upon  a  plano-convex 
lens,  or  converging  ones  upon  a  plano-concave  lens,  every  thing  is  the 

fame 
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fame,  only  taken  on  the  contrary  Tides,  provided  the  radiant  in  one 
cafe,  and  the  imaginary  focus  in  the  other,  are  more  remote  than  the 
principal  focnsj  the  proportions  will  be  the  fame  in  both  cafes  ;  that 
is,  lince  RP  is  to  PV,  as  RV  to  FV  rp  is  likewife  to  pv,  as  rv  to  fv. 

67.  If  the  radiant ,  from  whence  rays  diverge ,  is  nearer  to  a  convex,  or 
plano-convex  lens ,  than  its  pri?icipal focus >  the  rays ,  after  they  have 
pa  fed  through  the  lens ,  will  continue  to  diverge ,  but  lefs  than  they 
did  before . 

If  AB,  Plat.  X.  fig.  6,  is  the  lens,  PV  its  principal  focal  diflance 
and  R  the  place  of  the  radiant,  fo  that  RV  lefs  than  PV  is  its  diflance 
from  the  lens ;  any  incident  rays  as  R A  and  RV,  which  diverge  from 
R  before  refradtion,  will  diverge  lefs  after  they  have  been  refradted  by 
palling  through  the  lens,  and  will  go  on  in  the  lines  VX  and  AM,  as 
if  they  had  come  at  firft  in  the  lines  FA  and(FV  ftrait  forwards  from  an 
imaginary  radiant  F. 

Here  let  us  look  back  to  fig;  4.  When  R  is  more  remote  from  the  lens 
than  P,  the  refradted  rays  converge.  But  if  the  radiant  R  was  to  ap¬ 
proach  the  lens,  then,  by  prop.  28,  the  divergency  of  the  incident  rays 
would  encreafe,  and  confequently  their  negative  divergency,  that  is, 
their  convergency  would  be  fo  much  lefs  after  they  were  refradted. 
Till  at  laft,  when  the  radiant  R  by  approaching  the  lens  was  got  to 
P,  or  was  at  the  principal  focal  diflance,  the  divergency  of  the  inci¬ 
dent  rays  would  be  fo  great  that  the  refradtion  of  the  lens  would  only 
juft  deftroy  it  all  and  no  more ;  and  the  negative  divergency,  or  the 
convergency  of  the  rays  after  refradtion  would  be  nothing,  for  the  re¬ 
fradted  rays  would  be  parallel,  by  prop.  61.  Therefore,  if  the  radiant 
was  ftill  to  approach  the  lens  and  to  get  nearer  to  it  than  the  principal 
focus,  as  at  R,  fig.  6.  the  divergency  of  the  incident  rays  would  by  this 
means  be  farther  encreafed,  by  prop.  28,  and  would  be  fo  great,  that 
the  refradtion  of  the  lens  would  not  deftroy  it  all.  But  as  this  re¬ 
fradtion  w'ould  in  any  cafe  deftroy  juft  as  much  divergency  as  the  rays 
would  have  if  the  radiant  was  at  P ;  it  follows,  that  when  the  radiant  is 
at  R,  nearer  than  P,  a  part  of  their  divergency  will  then  be  deftroyed, 
and  confequently  the  rays,  though  they  diverge  after  refradtion,  will 
-  however  diverge  lefs  than  they  did  at  their  incidence. 

We  may  obferve  farther,  that  when  the  radiant  is  at  R,  fig.  4,  more 
remote  than  the  principal  focus  and  the  refradted  rays  converge,  the 
focus  is  at  F,  on  the  fame  fide  of  the  lens  with  the  refradted  rays. 
When  the  radiant  is  at  P,  the  refradted  rays  are  parallel,  and  therefore, 

by 
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by  prop.  31,  the  diftance  of  the  focus  is  infinite.  Since  therefore  as  the 
radiant  approaches  to  the  lens  AB,  the  focus  departs  from  it,  tiil  the 
diftance  of  the  focus  becomes  Infinite,  when  the  radiant  is  at  P ;  if  the 
radiant  was  ftill  to  approach  nearer  than  P,  as  fuppofe  it  to  be  at  R,  fig.  6, 
then  the  diftance  of  the  focus  ftill  encreafing  will  be  greater  than  in¬ 
finite,  that  is,  by  what  was  faid  under  propofition  49,  the  focus  will 
then  be  negative,  or  will  change  fides,  and  inftead  of  being  on  the  fide 
of  the  refradted  rays  will  be  on  the  fide  of  the  incident  ones  at  F.  But 
fuch  a  negative  focus  is  an  imaginary  radiant.  Therefore  the  rays  after 
refradtion,  will  appear  to  diverge  from  the  imaginary  radiant  F. 

68.  When  the  radiant  is  nearer  to  a  convex ,  or  plano-convex  lens t  thanks 
principal  focus  ^  as  the  difference  between  the  diftances  of  the  radiant 
and  principal  focus  to  the  diftance  of  the  principal  focus ,  fo  is  the 
diftance  of  the  real  radiant  before  refraction  to  the  diftance  of  the 
imaginary  one  afterwards . 

RV,  Plat.  X.  fig.  6.  is  the  diftance  of  the  point  from  whence  the  rays 
come,  or  of  the  real  radiant  R,  from  the  lens  AB ;  PV  is  the  diftance 
of  the  principal  focus;  PV — RV=RP  is  the  difference  between  them. 
Therefore  the  propofition  affirms,  that  as  RP  is  to  PV,  fo  is  RV  to  a 
fourth  proportional,  which  will  be  the  diftance  of  the  point  from  whence 
the  refradted  rays  will  appear  to  come,  or  of  the  imaginary  radiant. 
And  if  FV  is  this  fourth  proportional,  then  the  rays,  which  proceed 
from  the  point  R  before  refradtion,  will  go  on  in  the  lines  AM  and 
VX  after  refradtion,  as  if  they  came  from  the  point  F. 

The  demonftration  of  this  propofition  is  the  fame  with  that  of  pro¬ 
pofition  64.  The  letters  of  reference  are  the  fame  in  both ;  fo  that  if 
the  reader  wants  a  diftinct  proof  of  this  propofition,  he  need  only  read 
that  demonftration  and  apply  it  to  fig.  6.  inftead  of  fig.  4.  The  only 
difference  is,  that  in  this  propofition  F  is  a  radiant ;  whereas  in  propo¬ 
fition  64,  having  firft  confidered  F  as  a  radiant,  we  afterwards  fhewed 
that  it  would  be  a  negative  radiant,  or  that,  as  it  was  on  the  contrary 
fide  of  the  lens  to  the  radiant  R,  it  would  be  a  focus. 

Or  otherwife ;  in  propofition  64.  the  radiant  is  beyond  the  principal 
focus  P,  and  in  the  propofition  now  before  us,  it  is  nearer  to  the  lens 
than  P :  fo  that  PR  in  thefe  two  propofitions  is  on  the  contrary  fides  of. 
the  principal  focus ;  and  PR  by  changing  fides,  makes  VF  change  fides, 
as  has  been  feen  already,  in  propofition  67.  And  as  this  is  the  only 
difference  between  the  two  cafes,  the  proportions  will  be  the  fame  in 
both,  PR  to  PV,  as  RV  to  FV. 
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69.  If  the  imaginary  focus,  to  which  rays  converge,  is  nearer  to  a  concave 

or  plano-concave  lens  than  its  principal  focus  j  the  rays ,  after  they 
have  pa  fed  through  the  lens ,  will  continue  to  converge ,  but  lefs  than 
they  did  before. 

Let  ma ,  Plat.  X.  fig.  7,  and  xv  be  rays  converging  to  r,  fo  that  if 
there  was  no  lens  in  the  way  they  would  meet  at  r :  then  r  is  the  focus 
of  thefe  rays.  But  if  they  are  to  pafs  through  the  plano-concave  lens  ab 
before  they  come  to  r,  then  the  refraction,  which  they  fuffer,  will  turn 
them  out  of  the  way,  and  will  prevent  them  from  ever  coming  to  r 
at  all.  Therefore  r  is  then  only  an  imaginary  focus ;  the  rays,  though 
they  are  directed  thither,  never  meet  there.  Now  if  rv,  the  distance  of 
this  imaginary  focus  from  the  lens  is  lefs  than  pv ,  which  is  the  princi¬ 
pal  focal  diftance,  the  rays,  after  they  are  refraCted,  will  continue  to 
converge  in  lines  af  vf  but  lefs  than  they  did  at  their  incidence :  fo 
that  af  and  vf  the  refraCted  rays,  will  converge  lefs  than  mar ,  xvr , 
which  are  the  directions  of  the  incident  rays.  For  if  the  rays,  when 
they  fell  upon  the  lens,  had  converged  to  p,  inftead  of  r,  that  is,  if 
the  imaginary  focus  had  been  at  the  principal  focal  diftance,  the  re¬ 
fraCted  rays  would  have  been  parallel,  or  the  refraction  of  the  lens 
would  have  juft  deftroyed  all  the  convergency  which  the  rays  had  at 
their  incidence.  But  rv,  the  diftance  of  the  real  focus,  is  lefs,  by  the 
fuppofition,  than  pv  the  principal  focal  diftance.  Therefore  the  rays,  as 
they  converge  to  a  nearer  focus  than  p,  converge  more  than  if  they  had 
converged  to  p ,  by  prop.  29.  and  confequently  they  have  a  greater 
convergency  than  the  refraCtion  of  the  lens  can  deftroy $  fo  that  they 
will  continue  to  converge  after  refraCtion:  but  their  convergency  will 
be  diminifhed,  for  it  will  be  proportional  to  the  difference  between  what 
the  incident  rays  had  and  what  the  refraCtion  of  the  lens  deftroys. 

Now  fince  the  refraCted  rays  af  and  vf  converge  lefs  than  the  inci¬ 
dent  ones  ma  and  xv,  the  focus  f  where  the  refraCted  rays  meet,  or 
the  real  focus,  will  be  at  a  greater  diftance  from  the  lens  than  the  focus 
r,  to  which  the  incident  rays  tended,  or  than  the  imaginary  focus,  by 
propofition  29. 

70.  When  the  imaginary  focus  is  nearer  to  a  concave,  or  plano-concave 

lens ,  than  its  principal  focus,  as  the  difference  between  the  diftances 
of  the  imaginary  focus  and  principal  focus  to  the  difance  of  the  prin¬ 
cipal  focus ,  fo  is  the  difance  of  the  imaginary  focus  to  the  difance 
of  the  real  focus.. 

The  diftance  of  the  imaginary  focus  is  rv.  Plat.  X.  fig.  7.  the  di¬ 
ftance  of  the  principal  focus  is  pv  the  difference  between  them  is 

pr 
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pv — rv~rp.  So  that,  if  rv  and  pv  are  known,  vf  the  diftance  of  the 
real  focus  from  the  lens,  may  be  thus  found  :  as  rp  is  to  pv,  fo  is  rv 
to  a  fourth  proportional,  which  is  the  diftance  vf.  This  propofition 
might  be  deduced  from  prop.  66.  in  the  fame  manner  that  prop.  68.  is 
deduced  from  prop.  64.  But  a  readier  way  of  proving  it  is  to  fhew  that 
it  is  in  all  relpeds  the  fame  with  prop.  68,  which  has  been  proved  al¬ 
ready,  except  only,  that  every  thing  is  here  taken  on  the  contrary 
fide,  that  is,  this  propofition  is  only  propofition  68.  in  negative  terms ; 
or  fig.  7.  is  the  negative  of  fig.  6.  For  firft,  R  in  fig.  6,  is  a  radiant 
from  whence  the  incident  rays  diverge,  and  r  fig.  7,  is  a  focus  on  the 
contrary  fide  of  the  lens,  to  which  the  incident  rays  converge.  Secondly 
AB  is  a  plano-convex  lens,  and  ab  is  a  plano-concave  one.  Thirdly, 
the  principal  focal  diftance  PV  is  taken  on  the  fame  fide  of  the  lens 
with  the  incident  rays,  and  the  principal  focal  diftance  pv  is  taken  on 
the  fame  fide  with  the  refraded  ones.  Fourthly,  the  refraded  rays  AM 
and  VX  diverge,  and  the  refraded  rays  af  and  vf  converge.  Therefore 
fifthly,  the  imaginary  radiant  F  is  on  the  fide  of  the  incident  rays,  as 
the  real  focus  f  is  on  the  fide  of  the  refraded  ones.  Since  therefore, 
whether  diverging  rays  fall  upon  a  plano-convex  lens,  or  converging 
ones  upon  a  plano-concave  lens,  every  thing  is  the  fame,  only  taken  on 
the  contrary  fides,  provided  the  radiant  in  one  cafe,  and  the  imaginary 
focus  in  the  other,  is  nearer  to  the  lens  than  its  principal  focus,  the 
proportions  will  be  the  fame  in  both  cafes;  that  is,  fince  RP  is  to  PV, 
as  RV  to  FV ;  rp  is  like  wife  to  pv ,  as  rv  to  fv. 

Before  we  leave  this  fubjed,  we  may  deduce  three  confequences  from 
fome  of  the  foregoing  proportions,  which  will  be  very  ufeful  to  us  in 
fome  of  our  future  enquiries.  Thefe  confequences  are  the  fubjed  of  the 
propofitions,  which  follow  in  this  chapter. 

71.  When  a  radiant  is  farther  from  a  convex  or  plano-convex  lens ,  than 
its  principal  focus ,  as  the  radiant  approaches  to  the  lens  on  one  fide , 
the  focus  departs  from  it  on  the  other  fide ,  and  on  the  contrary ,  as  tbe 
radiant  departs  the  focus  approaches . 

Whilft  the  radiant  R,  Plat.  X.  fg.4,  is  at  a  greater  diftance  from 
the  lens  AB  than  PV,  which  is  the  principal  focal  diftance  of  the  lens, 
as  R  approaches  to  the  lens  on  one  ftde,  F,  which  is  the  focus,  will  de¬ 
part  farther  from  it  on  the  other  ftde. 

Provided  R  is  at  a  greater  diftance  from  the  lens  than  P  its  principal 
focus,  the  refraded  rays  will  converge,  by  prop.  63.  The  nearer  R 
is  the  more  the  incident  rays  diverge,  by  prop.  28.  Now  the  conver- 
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geney,  which  the  refracted  rays  have,  is  proportional  to  the  difference  be¬ 
tween  the  divergency,  which  the  incident  rays  have,  and  that  which 
the  lens  will  deftroy,  by  what  was  faid  in  proving  prop.  64.  And  the 
divergency,  which  the  lens  deftroys  is  a  given  quantity,  by  prop.  63, 

■  for  it  is  always  juft  as  much  as  rays  would  have  that  came  from  the 
lens’s  principal  focus.  From  hence  then  it  follows,  that  the  more  the 
incident  rays  diverge  the  difference  between  the  divergency  which  they 
have,  and  that  which  the  lens  will  deftroy,  is  fo  much  the  lefs.  There¬ 
fore  the  more  the  incident  rays  diverge,  or  the  nearer  the  radiant  is  the 
lefs  the  refraded  rays  will  converge ;  and  confequently  the  more  remote 
will  be  the  focus,  by  prop.  29.  So  that  the  nearer  the  radiant  is  to  the 
lens,  the  more  remote  the  focus  will  be,  or  as  the  radiant  approaches, 
the  focus  will  depart.  In  like  manner,  the  more  remote  the  radiant  is, 
the  lefs  the  incident  rays  will  diverge,  and  confequently  the  refraded 
rays  will  converge  the  more,  for  which  reafon  the  focus  will  be  the 
nearer,  by  prop.  29,  or  as  the  radiant  departs,  the  focus  will  ap¬ 
proach. 

Or  otherwife ;  as  RP  to  PY,  fo  is  RV  to  FV.  by  prop.  64.  But  as 
the  radiant  R  approaches  the  lens  RP  decreafes,  and  confequently  RP 
will  bear  a  lefs  proportion  to  PV.  But  if  the  firft  term  bears  a  lefs  pro¬ 
portion  to  the  fecond,  the  third,  or  RV  will  bear  a  lefs  proportion  to 
the  fourth  or  to  FV.  Now  when  RP  decreafes  it  is  evident  that  RV  de¬ 
creafes  ;  that  is,  when  the  f  rft  term  decreafes  the  third  will  likewife 
decreafe  at  the  fame  time.  And  if  thefe  two  quantities  RP  and  RV,  as 
they  decreafe  together  were  likewife  to  decreafe  in  the  fame  propor¬ 
tion,  then  becaufe  PV  the  third  term  is  a  given  quantity  FV  the  fourth 
term  would  be  a  given  quantity  too,  and  therefore  however  the  radiant 
was  nearer  to  the  lens,  or  farther  from  it,  RP  might  always  be  to  PV 
as  RV  to  FV,  without  any  alteration  being  made  in  FV,  or  in  the  focal 
diftance.  But  RP  and  RV,  though  they  decreafe  together,  cannot  de¬ 
creafe  in  the  fame  proportion.  For  RP  is  a  lefs  quantity  than  RV,  and 
it  is  plane,  that  when  R  approaches  to  the  lens,  RP  and  RV  will  de¬ 
creafe  equally,  that  is,  juft  as  much  as  RP  is  diminifhed,  juft  fo  much 
RV  will  be  diminifhed :  therefore  thefe  two  quantities  are  equally  di¬ 
minifhed  indeed,  but  not  in  the  fame  proportion  :  for  if  from  two 
quantities,  one  a  lefs  and  the  other  a  greater,  you  take  equal  quantities, 
you  will  diminifh  the  lefs  more  in  proportion  than  you  do  the  greater. 
So  that  RP  decreafes  fafter  than  RV.  Confequently  the  proportion  of 
RP  to  PV  would  decreafe  fafter  than  that  of  RV  to  FV,  if  as  PV  al¬ 
ways  continues  of  the  fame  length,  fo  FV  was  likewife  to  continue 
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always  of  the  fame  length.  But  the  proportion  of  RP  to  PV  is  never 
lefs  than  that  of  RY  to  FV,  by  prop.  64.  Therefore  as  R  approaches 
to  the  lens,  to  preferve  the  proportion  between  RV  and  PV  the  fame 
with  that  between  RP  and  RV,  not  only  RV  muft  decreafe  but  FV 
muft  likewife  encreafe  ;  or  as  the  radiant  approaches  the  focus  will  de¬ 
part.  That  RP  decreafes  fafter  than  RV,  will  appear  farther  by  confide- 
ring  what  would  be  the  cafe,  if  R  the  radiant  was  at  P  the  principal  fo¬ 
cus.  In  this  approach  of  the  radiant  to  the  lens,  R  and  P  coincide  ;  there¬ 
fore  RP  decreafes  till  it  becomes  nothing.  But  RV  will  not  be  decreafed 
to  nothing:  for  when  R  and  P  coincide  RV  is  then  equal  to  PV.  But 
if,  when  thefe  two  quantities  RP  and  RV  are  both  of  them  decreafing, 
if  RP  becomes  nothing  before  RV  does,  then  RP  muft  decreafe  falter 
in  proportion  than  RV. 

It  may  here  not  be  amifs  to  take  notice  how  far  the  focus  will  have 
departed  from  the  lens,  when  the  radiant  by  approaching  towards  it  has 
gotten  to  the  principal  focal  diftance.  When  R  and  P  coincide  RP=o, 
Therefore  RP  bears  no  proportion  to  PV:  and  confequently  RV  will 
bear  no  proportion  to  FV.  But  RV  is  then  equal  to  PV.  Therefore 
when  the  radiant  is  at  the  principal  focal  diftance,  the  diftance  of  the 
focus  to  which  the  rays  converge,  or  FV,  is  fo  great  that  PV  bears  no 
proportion  to  it ;  and  confequently  FV  muft  be  infinite.  That  is  when 
the  radiant  is  in  the  principal  focus  of  the  lens,  the  refra&ed  rays  con¬ 
verge  to  a  point  at  an  infinite  diftance,  and  confequently  are  parallel,  by 
propofition  3 1.  And'fb  we  found  they  ought  to  be,  by  propofition  6  r/ 

IfR  departs  from  the  lens,  thenRP  encreafes  and  fo  likewife  does  RV. 
But  RP  and  RV  encreafe  equally,  therefore  they  cannot  encreafe  in  the 
fame  proportion:  becaufe  RP  is  lefs  than  RV,  and  if  equal  quantities 
are  added  to  RP  and  RV,  this  equal  addition  to  both  -will  make  a  greater 
encreafe  in  proportion  in  RP  the  lefler  of  thefe  two  quantities.  There¬ 
fore  RP  encreafes  fafter  in  proportion  than  RV.  Confequently,  ftnee 
RP  is  always  to  PV,  as  RV  to  FV,  if  the  firft  quantity  encreafes  fafter 
than  the  third,  to  keep  the  proportion  between  RV  and  FV,  the 
fame  with  that  between  RP  and  PV,  befides  the  encreafe  of  RV  it  will 
be  neceftary  that  FV  fliould  decreafe ;  or  as  the  radiant  R  departs  from 
the  lens  fo  as  to  make  RV  encreafe,  the  focus  F  will  approach  to  it, 
fo  as  to  make  FV  decreafe.  That  RP  encreafes  fafter  than  RV  will  be 
evident  from  the  following  confideration.  RP  is  lefs  than  RYj  when  they 
begin  to  encreafe;  but  when  R  is  at  an  infinite  diftance  from  V  or  from 
the  lens  it  will  likewife  be  at  an  infinite  diftance  from  p ;  for  if  RV  is 
infinite  RP  muft  be  infinite  too ;  becaufe  if  from  RV  an  infinite  quan- 
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tity  you  take  the  finite  quantity  PV,  the  remainder  will  ftill  be  infinite; 
becaufe  the  part  taken  away  is  too  fmall  in  refpedt  of  the  whole  to  bear 
any  proportion  to  it,  or  to  make  any  alteration  in  it  by  being  taken  a- 
way.  But  when  RP  and  RV  are  both  of  them  infinite  they  are  equal  to 
each  other,  and  confequently  RP  muft  have  encreafed  fatter  in  propor¬ 
tion  than  RV  ;  for,  as  they  were  unequal  at  firft  fetting  out,  they  could 
not  have  been  equal  at  laft,  unlefs  the  fmaller  of  the  two  quantities  or 
RP  had  encreafed  fatter  in  proportion  than  the  larger  or  than  RV. 

Here  again  we  may  obferve  when  the  diftance  of R,  or  when  RV,  is 
infinite,  what  will  be  the  diftance  of  F  the  focus.  As  RP  to  PV,  fo  is 
RV  to  FV.  Now  whenR  is  at  an  infinite  diftance,  RP  and  RV  are  both  of 
them  infinite,  and  confequently  are  equal  to  one  another,  fo  that  the 
firft  term  is  then  equal  to  the  third :  therefore  the  fecond  term  or  PV 
.  vvjl  be  equal  to  the  fourth  or  F V.  Now  PV  is  the  principal  focal  diftance 
of  the  lens,  and  FV  is  the  diftance  of  the  point  to  which  the  refradted 
rays  converge.  Therefore  when  the  radiant  is  at  an  infinite  diftance,  that 
is,  by  propofition  30,  when  the  incident  rays  are  parallel,  the  refradted 
rays  will  converge  to  the  principal  focal  diftance,  as  we  have  already  feen 
they  will  do  in  the  definition  of  the  principal  focal  diftance,  propofi¬ 
tion  60. 

72.  When  a  radiant  is  nearer  to  a  convex  or  plano-convex  lens  than  its 
principal  focus ,  as  the  real  radiant  approaches  to  the  lens  the  ima¬ 
ginary  radiant  will  approach  to  ity  and  as  the  real  radiant  departs  the 
imaginary  one  will  depart. 

If  the  radiant  R,  Plat.  X.  fig.  6.  is  nearer  to  the  lens  AB  than  P  its 
principal  focus ;  then,  by  propofition  67.  the  refradted  rays  diverge,  but 
lefs  than  the  incident  ones  did ;  fo  that,  if  RA  and  RV  are  the  incident 
rays,  the  refradted  rays  will  be  AM  and  VX.  Now  fince  RA  and  RV 
diverge  more  than  AM  and  VX,  the  real  radiant  R,  from  whence  the  in- 
cident  rays  diverge,  will  be  nearer  to  the  lens  than  the  imaginary  one  F, 
from  whence  the  refradted  rays  appear  to  diverge,  by  propofition  28. 
And  as  RP  is  to  PV,  fo  is  RV  to  FV,  by  propofition  68.  If  in  this  cafe 
the  real  radiant  R  moves  towards  the  lens  the  imaginary  one  F  will  like- 
wife  move  towards  it;  and  if  the  real  radiant  moves  farther  from  the 
lens,  provided  it  does  not  move  to  a  greater  diftance  than  P  or  the  prin¬ 
cipal  focus,  the  imaginary  one  will  likewife  move  from  it. 

The  nearer  the  radiant  R  is  to  the  lens,  fo  much  more  the  rays,  which 
fall  upon  the  lens,  diverge  from  one  another,  by  propofition  28.  But 
whatever  their  divergency  is,  whether  it  be  great  or  fmall,  the  refradtion 
#  -  of 
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of  the  lens  will  always  deftroy  juft  the  fame  part  of  it;  for,  by  propofi- 
tion  6 1 ,  it  deftroys  juft  as  much  divergency  as  rays  would  have  that  come 
from  P  the  principal  focus.  From  hence  then  it  follows  that  the  greater 
the  divergency  is  before  refraction  fo  much  the  greater  it  will  be  after¬ 
wards;  becaufe  the  greater  the  whole  is,  the  greater  likewife  will  be  the 
remainder  when  a  given  part  is  taken  from  it.  Therefore  the  more  the 
incident  rays  diverge,  or  the  nearer  the  real  radiant  is,  the  more  the  re¬ 
fracted  rays  will  diverge,  and  confequently  the  imaginary  focus  will  be 
the  nearer.  So  that  when  the  diftance  of  RY  decreafes,  or  when  the  real 
radiant  R  approaches  to  the  lens,  the  diftance  FV  will  decreafe,  or  the 
imaginary  radiant  will  likewife  approach  it.  If  R  departs  from  the  lens 
the  incident  rays 'diverge  the  lefs,  by  propofition  28,  and  confequently 
the  refraCted  rays  will  diverge  the  lefs,  by  what  has  been  already  fhewn  ; 
therefore  the  imaginary  radiant  will  be  the  more  remote  from  the  lens ; 
or  will  depart  from  it,  when  the  real  radiant  departs. 

Or  otherwife;  RP  is  to  PV  as  RV  to  FV,  by  propofition  68.  Now  as 
R  approaches  to  V,  RP  will  bear  a  greater  proportion  to  PV ;  becaufe 
PV  being  the  principal  focal  diftance  of  the  lens,  is  therefore,  in  all  the 
motions  of  R,  an  invariable  quantity.  But  when  the  proportion  of  RP 
to  PV  encreafes,  the  proportion  of  RV  to  FV  muft  likewife  encreafe. 
Becaufe  at  all  times  whatever  proportion  RP  bears  to  PV,  RV  bears  the 
fame  proportion  to  FV.  Confequently  when  R  approaches  the  lens,  the 
proportion  of  RV  to  FV  muft  encreafe.  But  when  R  approaches  the  lens, 
RV  or  its  diftance  from  the  lens  decreafes :  from  whence  it  follows  that 
the  proportion  of  RV  to  FV  cannot  encreafe,  unlefs  when  RV  decreafes 
FV  was  to  decreafe.  Therefore,  fince  this  proportion  does  encreafe,  whilft 
RV  decreafes  FV  will  decreafe  likewife :  or  when  the  real  radiant  R  ap¬ 
proaches  the  lens,  the  imaginary  one  F  will  likewife  approach  it.  In  like 
manner,  when  R  moves  from  the  glafs  PR  decreafes ;  therefore  in  this  mo¬ 
tion  of  the  radiant  RP  will  bear  a  lefs  proportion  to  PV ;  and  confequently 
RV,  though  it  encreafes,  will  bear  a  lefs  proportion  to  FV.  But  this  would 
be  impoffible  unlefs  FV  was  to  encreafe.  Therefore  when  RV  encreafes 
or  when  the  real  radiant  moves  from  the  lens,  FV  will  likewife  encreafe 
or  the  imaginary  radiant  will  move  from  the  lens  at  the  fame  time.  * 

73.  If  the  real  radiant  is  clofe  to  a  convex  or  plano-convex  lensi  the  ima¬ 
ginary  radiant  will  likewife  be  cloje  to  it. 

When  R,  or  the  point  from  whence  the  incident  rays  diverge,  Plat. 
X.  fig.  6  touches  V  the  vertex  of  the  lens,  then  F,  or  the  point  from 
whence  the  -refracted  rays  appear  to  diverge  will  likewife  touch  the  lens 

at  V. 
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The  radiant  R,  when  it  is  at  V  will  be  between  the  lens  and  the  prin¬ 
cipal  focus.  Therefore,  by  propofition  68,  as  RP  to  PV,  fo  is  RV  to 
FV.  But  when  R  is  clofe  to  V,  the  diftance  of  it  from  P  is  equal  to  the 
diftance  of  V  from  P,  or  RP  is  equal  to  PY.  Therefore  RV  will  like- 
wife  be  equal  to  FV.  Now  when  R  touches  the  lens  at  V  the  diftance  o£ 
R  from  V  or  RV  is  nothing,  and  confequently,  the  diftance  of  F  from 
V  or  FV  will  be  nothing,  that  is,  F  will  like  wife  touch  the  lens  at  V. 

CHAP.  VI. 

Of  the  refraction  of  converging  rays  by  a  convex  lens  and 
of  diverging  rays  by  a  concave  lens. 

WE  have  in  the  laft  chapter  confidered  what  effedt  a  convex  or 
plano-convex  lens  will  have  upon  fuch  rays  as  diverge  at  their 
incidence ;  and  what  effedt  a  concave  or  plano-concave  lens  will  have  upon 
fuch  as  converge.  It  ftill  remains  for  us  to  confider  what  effedt  thefe 
lenfes  will  produce  in  the  oppofite  cafes,  that  is,  what  will  be  the  effedt 
of  a  convex  or  plano-convex  lens,  when  the  incident  rays  converge* 
and  what  the  effedt  of  a  concave  or  plano-concave  one,  when  they  di¬ 
verge. 

74  .If  rays  converge ,  when  they  fall  upon  a  convex  or  plano-convex  lens ,  • 
they  will  converge  more ,  after  they  have  pafed  through  it  and  have 
been  refrabled. 

If  the  rays  MA  and  XV,  Plat.  X.  fig.  6.  converge  to  the  point  F,  but 
before  they  arrive  there,  are  to  pafs  through  &  plano-convex  lens  AB, 
thefe  rays  will  not  meet  at  F  after  they  are  refradted,  but  will  converge 
more  than  they  did  at  their  incidence  and  will  meet  at  R.  For,  by  pro- 
pofitions  67,  68,  if  the  rays  RA  and  RV  were  to  diverge  from  R,  they 
would  be  refradted  into  the  lines  AM  and  VX  by  pafiing  through  the  lens, 
and  would  diverge  lefs  than  they  did  at  their  incidence,  juft  as  if  they 
had  come  ftrait  forwards  from  the  point  F.  Therefore  if  thefe  rays  AM 
aud  VX  are  turned  back  again  in  the  lines  MA  and  XV  fo  as  to  converge 
F,  they  would  be  refradted  into  their  firft  diredtions  AR  and  VR,  lb 
as  to  be  made  to  converge  more  and  to  meet  at  the  point  R,  by  propo^ 
lition  41.  In  like  manner,  any  other  rays,  which  diverged  before  re- 
fradtion,  and  diverge  likewife  after  it,  will  diverge  lefs,  by  propofition 
67.  And  all  converging  rays  may  be  confidered  as  fuch  jays  turned  back 
again ;  and,  ftnce  all  fuch  rays,  when  turned  back  again,  will  be  refrac- 
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ted  into  the  lines,  which  they  defcribed  at  their  incidence,  by  proportion 
41,  therefore  all  converging  rays,  when  they  have  paffed  through  the 
lens,  will  be  made  to  converge  more. 

75.  When  converging  rays pafs  through  a  convex  or  plano-convex  lens ;  as 
the  fum  of  the  difiances  of  the  prmcipal  focus  and  imaginary  focus  is  to 
the  difiance  of  the  imaginary  focus ,  fo  is  the  difi  a  nee  of  the  principal 

focus  to  the  diftance  of  the  real  focus. 

If  MA  and  XV  are  the  incident  rays,  they  converge  to  F  j  and,  becaufe 
the  refraction ,  which  they  fuffer  in  paffing  through  the  lens,  will  pre¬ 
vent  them  from  meeting  there,  P  is  only  an  imaginary  focus ;  the  re¬ 
fracted  rays  will  meet  at  R,  and  confequently  R  is  the  real  focus.  Now 
if  FV  the  diftance  of  the  imaginary  focus,  and  PV  the  principal  focal 
diftance  are  known,  RV  the  diftance  of  the  real  focus  may  be  thus  found, 
as  PV-+-FV,  is  to  FV,  or  as  the  diftance  of  the  principal  focus  added  to 
the  diftance  of  the  imaginary  focus  is  to  the  diltance  of  the  imaginary 
focus,  fo  is  PV  to  RV,  or  fo  is  the  diftance  of  the  principal  focus  to  the 
diftance  of  the  real  focus.  That  R  will  be  the  real  focus,  if  F  is  the  ima- 
ginary  one,  appears  from  proportions  68,  41.  For,  if  the  incident  rays 
RA  and  RV  had  diverged  from  R,  the  refraCted  rays  AM  and  VX 
would  diverge  from  F,  by  propofition  68.  And  if  the  rays  AM  and  VX 
are  turned  back  again  in  the  lines  MA  and  XV  fo  as  to  converge  to  F9 
they  will  be  refraCted  into  the  lines  of  their  former  incidence  AR  and  VR, 
becaufe  all  refraction  is  reciprocal,  by  propofition  41.  Now,  by  propo¬ 
rtion  68,  RP  is  to  PV,  as  isRV  to  FV.  Therefore  PV  one  confequent 
is  to  FV  the  other  confequent,  as  RP  one  antecedent  is  to  RV  the  other 
antecedent.  Euc.  b.  V.  prop.xi6.  And  fince  PV  is  to  FV,  asRPtoRV, 
PV-J-FV  is  to  FV,  as  RP-t-RV  is  to  RV.  Euc.  b.  V.  prop.  17.  But  RP~{~ 
RV  is  equal  to  PV.  Therefore  PV-f-FV  is  to  FV,  as  PV  is  to  RV. 

76.  If  rays  diverge ,  when  they  fall  upon  a  concave  or  plano-concave  lens , 
they  will  diverge  more ,  after  they  have  pafied  through  it  and  have  been 
refrabled. 

If  there  is  any  radiant  at  f  Plat.X.  fg.  7.  from  which  the  rays  fa 
andyb  diverge ;  when  they  have  been  refracted  by  paffing  through  the 
plano-concave  lens  ab ,  they  will  go  on  in  the  lines  am  and  vx  fo  as  to 
diverge  more,  and  will  have  the  fame  direction  in  refpeCt  of  each  other, 
as  if  they  had  come  ftrait  forwards  from  a  radiant  at  r.  If  the  rays  ma 
and  xv y  which  converge  to  the  focus  r  before  refraCtion,  were  to  pais 
through  the  lens,  they  would  converge  lefs  after  refraCtion  and  would 

meet 
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meet  at  the  focus  f  by  proportions  69,  70.  And  if  thefe  rays  were  to 
be  returned  back  from  f  in  the  lines  fa  and  fv  fo  as  to  diverge  from  f 
they  would  be  refracted  back  into  their  former  diredtions  am  and  vx,  by 
propofition  41.  In  like  manner,  all  rays,  which  converge  at  their  inci¬ 
dence,  and  converge  likewife  after  they  are  refradted,  will  converge  lefs 
after  refradtion  than  they  did  before  it :  and  all  rays,  which  diverge  at 
their  incidence,  may  be  confidered  as  fuch  rays  turned  back  again,  and 
fuch  rays,  when  turned  back  again,  will  be  refradted  into  their  firft 
dircdtions,  and  fo  be  made  to  diverge  more.  Therefore  all  rays,  which 
diverge  at  their  incidence,  will  likewife  be  made  to  diverge  more,  when 
they  have  pafled  through  the  lens  ab . 

Since  the  refradted  rays  am  and  vx  diverge  more  than  the  incident 
ones  fa  and  fv,  the  imaginary  radiant  r  will  be  nearer  to  the  lens  than 
the  real  radiant  f  for  the  diftance  of  the  radiant  is  inverfely  as  the  di¬ 
vergency  of  rays,  by  proportion  28. 

77.  When  diverging  rays  pafs  through  a  concave  or  pla?io-concave  lens  j  as 
the  fum  of  the  difiances  of  the  principal  focus  and  real  radiant  is  to  the 
difiance  of  the  real  radiant ,  fo  is  the  diftance  of  the  principal  focus  to 
the  difiance  of  the  imaginary  radiant. 

If  f  Plat.  X.  fig.  7.  is  the  radiant  from  whence  the  rays  come,  or 
the  real  radiant,  then  its  diftance  from  the  lens  is  fv :  the  principal  fo¬ 
cal  diftance  of  the  lens  is  pv.  When  thefe  two  are  known  the  diftance  of 
r  the  imaginary  radiant,  or  point  from  whence  the  refradted  rays  will  ap¬ 
pear  to  come,  that  is,  the  diftance  rv  may  be  thus  found.  As  pv-\-fv  is 
to  fv,  or  as  the  principal  focal  diftance  added  to  the  diftance  of  the  real 
radiant,  is  to  the  diftance  of  the  real  radiant,  fo  is  pv  to  rv,  or  fo  is  the 
principal  focal  diftance  to  the  diftance  of  the  imaginary  radiant.  That  r 
will  be  the  imaginary  radiant,  if  f  is  the  real  one,  follows  from  propo- 
litions  70,  41 .  For  if  the  incident  rays  ma  and  xv  had  converged  to  r  the 
refradted  rays  af  and  vf  would  have  converged  to  f  Therefore,  if  the 
refradted  rays  af  and  vf  were  to.be  turned  back  again,  and  fo  were  to  di¬ 
verge  from  f  in  the  lines  fa  and  fv,  they  would  be  refradted  back  into 
the  lines  of  their  firft  diredtion  am  and  vx,  by  proposition  41.  Now  by 
propofition  70,  rp  is  to  pv  as  rv  to  fv.  Therefore  pv  is  to  fv  as  rp  to 
rv.  Euc.  b.V.  prop.  1 6.  And  pv-hfv  is  to  fv  as  rp-\~rv  is  to  rv.  Euc.  b.V. 
prop.  17.  But  rp-+-rv  is  equal  to  pv.  Therefore  pv-\-fv  is  tofvzspv  is 
to  rv. 

This  propofition  might  have  been  proved  otherwife,  for  it  might  be 
deduced  from  propofition  75 :  becaufe  in  effedt  it  is  the  fame  as  propofi¬ 
tion  75,  only  every  thing  is  taken  on  the  contrary  fide  that  is,  this 
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proportion  is  only  proportion  75  in  negative  terms,  or  fig.  7.  is  the  nega¬ 
tive  in  all  refpe&s  of  fig.  6.  For  firft,  F,  in  fig.  6,  is  a  focus  to  which  the 
incident  rays  converge,  and  f  fig.  7.  is  a  radiant  on  the  contrary  fide  of 
the  lens,  from  which  the  incident  rays  diverge.  Secondly  AB  is  a  plano¬ 
convex  lens,  and  ab  is  a  plano-concave  one.  Thirdly,  the  principal  fo¬ 
cal  diftance  PV  is  taken  on  the  fide  of  the  refraCted  rays,  and  the  prin¬ 
cipal  focal  diftance  pv  is  taken  on  the  fide  of  the  incident  rays.  Fourthly, 
the  refraCted  rays  AR  and  VR  converge,  and  the  refracted  rays  am  and 
vx  diverge.  Therefore  fifthly,  the  real  focus  R  is  on  the  fide  of  the  re¬ 
fracted  rays,  and  the  imaginary  radiant  r  is  on  the  fide  of  the  incident 
ones.  Since  therefore  whether  converging  rays  fall  upon  a  plano-convex 
lens,  or  diverging  rays  upon  a  plano-concave  lens,  every  thing  is  the  fame 
only  taken  on  the  contrary  fides,  the  proportions  will  be  the  fame  in  both 
cafes;  and,  becaufe  PV-f-FV  is  to  FV  as  PV  is  to  RV,  pv-\-fv  is 
to fv,  as  pv  to  rv.  Or,  fince  the  proportion  is  true,  when  its  terms  are 
affirmative,  it  will  likewife  be  true,  when  they  are  negative. 

There  are  two  confequences  from  what  has  been  laid  in  relation  to  con¬ 
cave  and  plano-concave  lenfes,  which  will  be  of  ufe  to  us  hereafter  ;  and 
therefore  we  will  take  notice  of  them  diftin&ly  in  the  two  following 
propofitions. 

78.  When  diverging  rays  fall  upon  a  concave  or  plano-concave  lens ,  if  the 
real  radiant  moves  either  towards  the  lens  or  from  it  the  imaginary  ra-*> 
diant  will  move  the  fame  way . 

If  f  which  is  the  real  radiant,  Plat.  X.  fig.  7,  approaches  to  the  lens 
aby  r,  which  is  the  imaginary  radiant  will  likewife  approach  to  it ;  or  if 
f  departs  from  the  lens,  r  will  depart  from  it.  For  the  nearer  f  is  to  the 
lens  fo  much  more  the  incident  rays  diverge,  by  proportion  28.  The 
more  the  incident  rays  diverge  the  more  the  refradted  rays  will  diverge. 
And  the  more  the  refradted  rays  diverge,  the  lefs  will  be  the  diftance  of 
r,  or  of  the  radiant  from  which  they  appear  to  come,  by  proportion  28. 
Therefore  as  f  approaches  the  lens,  r  will  move  the  fame  way.  In  like 
manner  the  farther  f  is  from  the  lens  the  lefs  the  incident  rays  will  di¬ 
verge,  and  confequently  the  refradted  rays  will  likewife  diverge  the  lefs, 
therefore  r,  the  imaginary  radiant  from  which  they  appear  to  diverge  will 
be  the  more  remote,  by  propofition  28.  Therefore  as  f  departs  from 
the  lens,  r  will  move  the  fame  way. 

Or  otherwife  pv-\-fv  is  to  fv,  as  pv  is  to  rvy  by  propofition  77.  Now 
when  f  approaches  to  the  lens  fv  decreafes,  and  confequently  pv-\-fv 
muft  decreafe  at  the  fame  time.  But  fince  pv  or  the  principal  focal  di- 
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dance  is  always  the  fame,  both  pv-hfv  and  fv  will  decreafe  only  jud  as 
fv  decreafes.  That  is  in  the  approach  ofy'to  the  lens  pv-\-fv  and/b  will 
decreafe  equally.  But  if  from  two  unequal  quantities  fuch  as  pv-\-fv  and 
fv,  equal  parts  are  taken,  the  leffer  quantity  or  fv  will  decreafe  fader 
"in  proportion  to  the  whole  than  the  greater  quantity  or  pv-bfv.  Now  if 
in'  the  approach  of  f  to  the  lens  fv  decreafes  fader  in  proportion  than 
pv-hfv,  it  follows  that fv  will  bear  a  lefs  proportion  to  pv-\-fv,  or  that  the 
proportion  of  fv  to  pv-\-fv  will  decreafe.  But  fince  it  is  always  2iSpv-\-fv 
to  fv  fo  pv  to  rv,  when  the  proportion  of  the  fecond  term  to  the  fird 
decreafes,  the  proportion  of  the  fourth  term  to  the  third,  or  of  rv  to  pv 
mud  decreafe  likewife.  Therefore  in  the  approach  of  f  to  the  lens,  rv 
will  bear  a  lefs  proportion  to  pv.  But  pv  is  an  invariable  quantity,  and 
confequently  rv  cannot  bear  a  lefs  proportion  to  it  unlefs  rv  decreafes. 
Therefore  in  the  approach  of  f  to  the  lens  rv  or  the  didance  of  r  from  the 
lens  will  decreafe,  that  is  r  will  likewife  approach  the  lens.  In  like  man« 
ner,  when  f  departs  from  the  lens,  or  when  fv  encreafes,  pv-{-fv  will  en- 
creafe  at  the  fame  time.  But  then  becaufe  pv  is  a  given  quantity,  pv-\-fv 
and  fv  will  encreafe  equally :  and  fince  fv  is  a  lefs  quantity  than  pv~\-fv, 
where  an  equal  addition  is  made  to  both  of  them,  this  equal  addition 
will  make  fv  or  the  leffer  quantity  encreafe  more  in  proportion  to  the 
whole,  than  pv-\-fv  or  the  greater  quantity.  But  if  fv  encreafes  fader 
than  pv-\-fv ,  fuch  an  encreafe  will  make  fv  bear  a  greater  proportion  to 
pv-\-fv  5  that  is,  in  the  departure  of f  from  the  lens  the  proportion  offv  to 
pv-+fv  encreafes.  But  dnee  as  pv-\-fv  to  fv,  fo  is  pv  to  rv,  if  the  propor¬ 
tion  of  the  fecond  term  to  the  fird,  or  of  fv  to  pv-\-fv  encreafes,  the 
proportion  of  the  fourth  to  the  third  or  of  rv  to  pv  mud  encreafe  like¬ 
wife.  Now  pv  or  the  third  term  is  the  principal  focal  didance  of  the  lens, 
and  confequently  is  an  invariable  quantity :  fo  that  the  proportion  which 
rv  bears  to  it  cannot  encreafe  unlefs  rv  encreafes.  Therefore  in  the  depar¬ 
ture  of  f  or  the  real  radiant  from  the  lens,  rv  or  the  didance  of  the 
imaginary  radiant  from  the  lens  will  encreafe,  that  is  r  will  likewife  de¬ 
part  from  the  lens  at  the  fame  time. 

79.  If  the  real  radia?2t  is  clofe  to  a  concave  or  plano-concave  lens,  the  ima¬ 
ginary  radiant  will  likewife  be  clofe  to  it. 

Iff  Plat.X.  fig.7,  the  real  radiant,  or  the  point,  from  which  the  incident 
rays  come,  is  clofe  to  the  plano-concave  lens  fo  as  to  touch  it  at  v,  then 
r  the  imaginary  radiant,  or  point,  from  which  the  refra<fted  rays  appear 
to  come,  will  likewife  touch  it  at  the  fame  point.  Or,  when  fv  the  di¬ 
dance  of  the  real  radiant  from  the  lens  is  nothing,  then  rv  the  didance 
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of  the  imaginary  radiant  will  be  nothing.  For  as  pv-hfv  to  fv  fo  is  pv  to 
rv ,  by  prppofition  77.  Now  when  f  touches  the  lens,  fv  is  nothing: 
therefore  pv-\~fv  is  to  fvt  as  pv-\-o  is  to  o,  and  confequently/^  will  be  to 
rv  as  pv  to  o,  or  when  the  fecond  term  in  this  proportion  or  fv  is  no¬ 
thing,  the  fourth  term  or  rv  will  likewife  be  nothing,  that  is  when  the 
real  radiant  f  touches  the  lens,  the  imaginary  radiant  r  will  touch  it  too. 

CHAP.  VII. 

Of  the  principal  focus  of  menifcufes,  and  entire  Ipheres 

of  either  glafs  or  water. 

80.  In  a  menifcus ,  as  the  difference  between  the  femidiameters  of  the  two 
furfacesy  to  the  femidia?neter  of  either ,  fo  is  double  the  femidiameter 
of  t/jQ  other  to  the  principal  focal  diftance. 

A  Menifcus  has  one  of  its  Tides  convex  and  the  other  concave.  So  that 
if  the  plane  lides  of  the  plano-convex  lens  AB,  Plat.  X.  fig.  8.  and  of 
the  plano-concave  one  CD  were  clofe  together  they  would  make  the  me¬ 
nifcus  EF  orGH;  for  EF  and  GH  differ  in  ftiape  from  one  another  only 
upon  account  of  the  different  thicknefs  of  the  glafs.  From  hence  it  is  e- 
vident  that  the  properties  of  a  menifcus  are  the  fame  either  with  thofe 
of  a  plane  glafs,  or  with  thofe  of  a  convex  lens,  or  with  thofe  of  a  con¬ 
cave  one.  For  fir  ft ;  if  the  convexity  on  one  fide  is  exactly  equal  to  the 
concavity  on  the  other,  then  thefe  two  fides  will  produce  in  the  refraCted 
rays,  contrary  effects  and  in  an  equal  degree ;  fo  that  the  direction  of  the 
rays,  when  they  have  paffed  through  the  menifcus,  will  be  the  fame  that 
it  was,  before  they  entered  it.  And  this,  as  was  fliewn  in  propofition 
47,  is  the  property  of  a  plane  glafs.  Or,  when  the  convexity  on  one 
fide  of  the  menifcus  is  equal  to  the  concavity  on  the  other,  the  two  fur- 
faces  of  the  menifcus  are  parallel  to  each  other,  as  the  two  furfaces  of  a 
plane  glafs  are,  fo  that  the  menifcus  is  nothing  but  a  plane  glafs  that  is 
bent.  Of  this  fort  are  watch-glaftes  and  the  fide  of  a  glafs  decanter,  which 
in  refracting  the  rays  of  light  produce  no  more  alteration  in  the  direction 
of  them,  than  any  other  plane  glafs  would  have  done.  Secondly,  if  the 
convexity  is  greater  than  the  concavity,  then  likewife  the  two  furfaces 
of  the  menifcus  produce  contrary  effeCts,  but  not  in  an  equal  degree  ; 
for  the  convex  furface  refraCts  the  rays  more  than  the  concave  one ;  and 
therefore  the  menifcus  will  have  all  the  properties  of  a  convex  lens.  And 
thirdly,  if  the  concavity  is  greater  than  the  convexity,  then  the  refrac¬ 
tion  will  be  greater  at  the  concave  furface  than  at  the  convex  one,  and 
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confequently  the  menifcus  will  have  the  properties  of  a  concave  lens. 
From  hence  it  follows  that  when  the  convexity  is  greater  than  the  con¬ 
cavity,  if  the  incident  rays  were  parallel,  the  refradted  ones  will  con¬ 
verge,  by  proportion  53,  and  the  focus  will  be  a  real  or  affirmative  one. 
But  if  the  concavity  is  greater  than  the  convexity,  then  the  refradted  rays 
will  diverge,  by  proportion  54,  and  the  focus  will  be  a  virtual  or  nega¬ 
tive  one.  The  dillance  of  this  focus  whether  affirmative  or  negative  is 
the  principal  focal  diftance  of  the  menifcus  j  and  the  rule  for  f  nding  it 
is  this,  which  is  laid  down  in  the  propofition  j  as  the  difference  between 
the  femidiameters  of  the  convexity  and  concavity  is  to  the  femidiameter 
of  either,  fo  is  double  the  femidiameter  of  the  other  to  the  principal  fo¬ 
cal  diftance. 

This  proportion  does  not  want  to  be  aemonftrated,  becaufe  it  is  the 
fame  in  effedt  with  proportion  55.  Here,  in  the  menifcus,  the  frft  term 
in  the  proportion  is  the  difference  between  the  femidiameters  of  the  two 
furfaces;  and  in  the  convex  lens  it  was  the  fum  of  them.  But  the  reader 
will  early  underffand  that  this  makes  no  material  alteration  in  the  propor¬ 
tion,  if  he  recolledts  that  bothfurfaces  of  a  convex  lens  are  of  the  fame  fort, 
and  that  the  femidiameters  of  thefe  furfaces  are  both  of  them  affirmative  ; 
whereas  the  two  furfaces  of  a  menifcus  are  not  of  the  fame  fort,  for  one 
of  them  is  convex  and  the  other  concave,  and  confequently,  if  the  femi¬ 
diameter  of  the  convexity  is  conlidered  as  affirmative,  the  femidiameter 
of  the  concavity  muff  be  coiffidered  as  negative.  Thus  in  a  convex  lens 
if  the  femidiameter  of  one  convexity  is  called  r,  and  that  of  the  other  s, 
then  both  r  and  s  are  affirmative  and  one  of  them  added  to  the  other  makes 
r-{-s,  which  is  the  fum  of  thefe  two  femidiameters.  But  in  a  menifcus,  if 
the  femidiameter  of  the  convexity  is  called  r,  and  the  femidiameter  of  the 
concavity  is  called  s,  then  r  is  affirmative  and  s  is  negative,  that  is,  s  muff 
have  the  negative  fign  before  it,  and  the  notation  of  it  or  manner  of  ex- 
preffing  it  is  by  this  mark  — s.  In  this  cafe  therefore,  when  r  and  — s  are 
added  together  they  make  r — s,  which  is  the  difference  between  r  and  s. 
So  that  the  firft  term,  both  in  propofition  55,  and  in  this,  is  the  fame  in 
effedt  5  for  it  is  the  two  femidiameters  added  together :  but  the  twro  fe¬ 
midiameters  added  together  is  the  fum  of  them,  when  they  are  both 
affirmative,  and  is  the  difference  between  them,  when  only  one  of  them 
is  affirmative,  and  the  other  negative.  Upon  the  whole  therefore  this  pro¬ 
portion  may  be  conlidered  as  one  cafe  of  propofition  55,  or  a  menifcus 
may  be  conlidered  as  a  fort  of  convex  lens  having  the  convexity  affirma¬ 
tive  at  one  fur  face  and  negative  at  the  other. 

Now  when  the  incident  rays  are  parallel,  the  refradted  rays  will  con¬ 
verge  and  the  focus  will  be  affirmative,,  if  the  convexity  of  the  menifcus 
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h  greater  than  its  concavity ;  but  they  will  diverge  and  the  focus  will  be 
negative,  if  the  concavity  is  greater  than  the  convexity.  If  the  femidia- 
meter  of  the  convexity  is  called  r,  as  before,  and  the  femidiameter  of  the 
concavity  is  called  — s ;  then  the  more  convex  one  fide  of  the  menifcus 
is,  fo  much  lefs  is  the  fphere  of  which  that  fide  is  a  fegment ;  for  any 
given  part  in  a  fpheres  furface  is  fo  much  the  more  convex  as  the  fphere 
is  lefs  :  and  confequently  the  more  convex  one  fide  is,  fo  much  the  fiior- 
ter  will  be  the  femidiameter  of  the  fphere  of  which  that  fide  is  a  fegment, 
or  the  quantity  r  will  be  fo  much  the  lefs.  And  for  the  fame  reafon  the 
lefs  convex  this  fide  of  the  menifcus  is,  the  greater  will  be  the  femidia¬ 
meter  of  the  convexity  or  the  quantity  r.  In  like  manner  the  more  con¬ 
cave  one  fide  of  the  menifcus  is,  the  lefs  is  the  femidiameter  of  the  con¬ 
cavity  or  — s,  and  the  lefs  the  concavity  the  greater  is  — s.  Now  when 
r  is  greater  than  — s,  r — swill  be  affirmative.  Thus,  for  inftance,  if  r 
or  the  femidiameter  of  the  convexity  is  10  inches  and — s,  or  the  femi¬ 
diameter  of  the  concavity  is  6  inches,  r — s  =10 — 6—4.  In  this  cafe 
r — s  or  4  is  an  affirmative  quantity :  for  in  all  fubftraCtion  if  a  lefs  quan¬ 
tity  is  taken  from  a  greater  the  remainder  is  affirmative.  But  when  the 
femidiameter  of  the  convexity  is  greater  than  that  of  the  concavity,  or 
when  r — s  is  affirmative,  the  convex  furface  is  a  fegment  of  a  greater 
fphere  than  the  concave  one,  and  confequently  the  convexity  on  one  fide 
of  the  menifcus  will  be  lefs  than  the  concavity  on  the  other.  And  when 
the  convexity  is  lefs  than  the  concavity,  the  menifcus  will  have  the  ef¬ 
fect  of  a  concave  lens,  as  appears  from  what  has  been  already  proved. 
Therefore  when  r — s  is  affirmative,  the  rays,  if  they  were  parallel  at 
their  incidence,  will  diverge  after  refraction  and  the  focus  will  be  nega¬ 
tive.  But  when  r  is  lefs  than  — s,  r— -s  is  a  negative  quantity  :  for  if  an 
equal  quantity  is  fubfiraCted  from  an  equal  one  the  remainder  will  be  no¬ 
thing,  therefore  if  a  greater  quantity  is  taken  from  a  lefs  the  remainder 
will  be  lefs  than  nothing.  Thus  if  r  is  10  inches,  and — s  is  12  inches, 
r — s— 10 — 1 2 =—2.  Now  if  the  femidiameter  of  the  convexity  or  r  is 
lefs  than  that  of  the  concavity  or  than  — s,  the  convex  furface  of 
the  menifcus  is  a  fegment  of  a  lefs  fphere  than  the  concave  one ;  and 
confequently  the  convexity  on  one  fide  is  greater  than  the  concavity  on 
the  other ;  fo  that  the  menifcus  will  have  the  effect  of  a  convex  lens. 
Therefore  when  r  is  lefs  than  — s,  or  when  r — s  is  negative,  the  rays, 
if  they  were  parallel  at  their  incidence  will  converge  after  refraCtion,  and 
the  focus  will  be  affirmative. 

The  reader,  if  he  understands  the  firfi:  rules  of  algebra,  will  eafily  find 
that  this  follows  from  the  rule  laid  down  in  the  proposition  for  finding 
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the  principal  focus  of  a  menifcus.  For,  calling  the  principal  focus  x,  as 
r — s  is  to  r,  fo  is — 2  s  to  x,  by  the  proportion  j  or;  hnce  the  fecond 
term  may  be  either  femidiameter,  either  r  or  — s  and  then  the  third  muft 
be  double  the  other;  as  r — s  is  to  — s,  fo  is  2r  to  x.  The  quantity  x  is 
to  be  found  by  the  rule  of  three,  by  multiplying  the  firft  term  into  the 
fecond,  and  then  dividing  the  product  by  the  firft,  for  the  quotient  of  this 
divifion  is  x.  Now  here  we  muft  obferve  that  in  a  given  menifcus  the 
product  of  the  firft  term  multiplyed  into  the  fecond  is  the  fame  in  either 
notation  for  either  rx — 2s  or  — sx2r  produces  * — 2rs:  and  farther  we 
muft  obferve  that  the  produdt  of  the  fecond  term  multiplyed  into  the  third 
is  always  negative ;  becaufe  one  term  is  always  affirmative  and  the  other 
negative.  But  whether  x  is  negative  or  affirmative  depends  upon  the  na¬ 
ture  of  the  firft  term  r — s,  by  which  this  negative  product — 2rs  is  to  be 
divided  in  order  to  find  out  the  quantity  x.  Now  if  r — s  is  affirmative, 
the  quotient  x  arifing  from  — 2rs  divided  by  r — s  will  be  negative,  be¬ 
caufe  all  quotients  are  fo,  where  a  negative  quantity  is  divided  by  an 
affirmative  one.  But  if  r — s  is  negative,  the  quotient  x  will  be  affirma¬ 
tive,  becaufe  all  quotients  are  fo,  where  a  negative  quantity  is  divided  by 
a  negative  one.  From  hence  therefore  it  appears,  as  before,  that  if  r  is 
greater  than  — s,  or  the  femidiameter  of  the  convexity  is  greater  than 
that  of  the  concavity,  that  is,  if  r — s  is  affirmative,  the  rays,  that  were 
parallel  when  they  fell  upon  the  menifcus,  will  diverge  after  refraction* 
and  the  principal  focus  will  be  a  negative  or  virtual  one.  But  if  r  is  lefs 
than  — s,  or  the  femidiameter  of  the  convexity  is  lefs  than  that  of  the 
concavity,  that  is,  if  r — s  is  negative,  the  rays,  that  were  parallel  when 
they  fell  upon  the  menifcus,  will  converge  after  refraction,  and  the  fo¬ 
cus  will  be  an  affirmative  or  real  one. 

When  we  have  thus  determined  the  principal  focal  diftance  of  a  me¬ 
nifcus,  or  fhewn  what  effeCt  fuch  a  glafs  will  have  upon  parallel  rays,  it 
would  be  tirefome  as  well  as  needlefs  to  fhew  what  effeCt  it  would  have 
upon  diverging  or  converging  ones.  For  fince  a  menifcus,  unlefs  the  fur- 
faces  of  it  are  parallel  to  one  another,  has  the  fame  efFeCt,  either  that  a 
convex  lens  or  a  concave  one  would  have,  all  the  cafes  of  diverging  or 
converging  rays,  that  are  refraCted  by  it,  will  be  the  fame  with  thofe  al¬ 
ready  explaned  in  the  inftances  of  convex  and  concave  lenfes. 

8 1.  When  rays ,  that  were  parallel  have  pajfed  out  of  the  air  and  gone  through 
a  fphere  of  glafs,  they  will  converge  to  a  focus ,  the  diftance  of  which 
from  the  fphere  will  be  equal  to  half  its  femidiameter. 

If  AGN,  Plat.  X.  fig.  9.  is  a  glafs  fphere,  and  QA,  BC  are  two  pa¬ 
rallel  rays,  or  two  rays  which  come  from  the  fun ;  the  ray  BC  continued 

paffes 
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paffes  through  E  the  center  of  the  fphere ;  and  confequently  BC  is  per¬ 
pendicular  to  the  furface,  upon  which  account  it  fuffers  no  refraction  as 
it  enters  the  fphere  at  C ;  and  for  the  tame  reafon  likewife  it  fuffers  no  re¬ 
fraction  when  it  goes  out  of  it  at  D  :  fo  that  the  ray  BC  paffes  flrait  for¬ 
wards  through  the  fphere  in  the  direction  BT ;  by  proposition  41.  But 
the  ray  QA  which  falls  obliquely  upon  the  furface  of  the  fphere  at  A, 
as  it  paffes  out  of  air  into  glafs,  will  be  refraCted,  and  will  be  fo  made 
to  converge  to  its  axis,  that  if  it  was  to  proceed  in  the  direction  AGT, 
which  it  acquires  by  this  refraCtion,  it  would  meet  its  axis,  or  the  focus 
would  be,  at  T,  by  propofition  48.  And  upon  the  fuppofition  here  made, 
that  the  ray  is  only  once  refraCted  CT,  or  the  diftance  of  the  focus  from 
the  furface  where  the  rays  enter,  is  equal  to  three  femidiameters  of  the 
fphere,  by  propofition  50. 

Now  if  CT  is  three  femidiameters  of  the  fphere,  CD  or  the  diameter 
contains  two  of  them,  and  confequently  DT,  or  the  focus  produced  by 
the  firfl  refraCtion,  is  at  the  diftance  of  a  femidiameter  from  the  fecond 
furface  of  the  fphere.  But  this  focus  T  is  only  an  imaginary  one,  for  the 
rays,  though  they  converge  to  T  after  their  firfl  refraCtion,  will  never 
meet  there  ;  becaufe  when  AG  or  any  other  oblique  ray  comes  out  of  the 
glafs  into  the  air  it  will  be  refraCted  a  fecond  time,  and  this  fecond  refrac¬ 
tion  will  make  it  converge  more :  fo  that  the  ray  AG,  inftead  of  going 
flrait  forwards  in  the  direction  GT,  will  be  refraCted  at  G  and  will  de- 
fcribe  the  line  GF  fo  as  to  meet  its  axis  at  F. 

'  The  rule  for  finding  DF  or  the  diftance  of  the  real  focus  after  the  rays 
are  thus  refraCted  a  fecond  time  is  this;  divide  DT  the  diftance  of  the 
imaginary  focus  from  the  fphere  into  two  equal  parts,  and  DF  or  half 
DT  will  be  the  diftance  of  the  real  focus. 

Continue  the  incident  ray  QA  to  H.  Since  QAH  is  the  direction  of  the 
incident  ray,  and  AG  is  its  direction  after  it  is  once  refraCted  at  entering  the 
fphere,  the  angle  HAG  contained  between  the  incident  and  refraCted  ray  is 
the  angle  of  refraCtion.  Now  when  the  refraCted  ray  AG  goes  out  of  the 
fphere  at  G,  it  paffes  out  of  glafs  into  air,  as  it  paffed  out  of  air  into 
glafs,  when  it  entered  it  at  A;  and  becaufe  the  two  mediums  are  the 
fame  in  both  cafes,  the  ray  as  it  paffes  out  of  the  fphere  will  be  juft  as 
much  refraCted  from  a  perpendicular  as  it  was  refraCted  towards  one 
upon  its  entrance.  If  this  is  not  felf-evident  it  may  be  Shewn  to  be  true 
from  the  following  confiderations.  Suppofe  the  ray  AG,  inftead  of  pafting 
out  of  the  fphere  at  G,  to  be  turned  back  again  in  the  direction  GA  and 
to  pafs  out  at  A.  Upon  this  fuppofttion  it  will  be  juft  as  much  refraCted 
in  pafting  out  at  A  as  it  was  at  its  entrance,  by  propofition  41.  But  upon 
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this  fuppofition  the  ray  pafTes  out  of  the  glafs  fphere  into  the  air,  and  fo 
it  would  have  done,  if  it  had  not  been  turned  back  again,  but  had  pafTed 
out  at  G.  Therefore  the  ray  would  be  equally  refracted,  whether  it  was 
turned  back  again  and  pafles  out  at  A,  or  is  not  turned  back  again  and 
pafTes  out  at  G :  for  in  both  cafes  it  pafTes  out  of  glafs  into  air  and  through 
the  furface  of  the  fame  fphere.  But  if  it  was  turned  back  again,  the  re¬ 
fraction,  when  it  pafTes  out  at  A,  would  be  equal  to  the  refraCtion, 
when  it  entered  the  fphere  at  A.  Therefore  the  refraCtion,  when  it 
pafTes  out  at  G,  is  likewife  equal  to  the  refraCtion  which  it  fuffered  upon 
entering  the  fphere  at  A.  That  is;  the  ray  AG  when  it  pafTes  out  of  the 
fphere  does  not  go  flrait  forwards  in  the  direction  GT,  but  is  refraCted 
into  fome  line  GF  fo  as  to  make  the  angle  of  refraction  TGF  equal  to 
the  angle  of  refraction  HAG.  But  fince  QH  and  BT,  the  directions  of 
the  rays  at  their  incidence  upon  the  fphere,  are  parallel,  by  the  fuppofi¬ 
tion,  and  AT  crofles  thefe  two  parallel  lines  ATF,  or  GTF  which  is  the 
fame  angle,  is  equal  to  the  alternate  angle  HAG.  Euc.  b.  I.  prop.  29. 
Therefore  fince  TGF  and  GTF  are  each  of  them  equal  to  HAG  they  are 
equal  to  one  another  ;  that  is,  the  angles  at  the  bafe  of  the  triangle  GFT 
are  equal;  and  confequently  the  fides  FG  and  FT,  which  fubtend  thefe 
equal  angles,  are  likewife  equal.  Euc.  b.  I.  prop.  6.  But  wbenGandD 
are  very  near  each  other  DF  is  nearly  equal  to  GF.  Therefore  DF  is  like¬ 
wife  equal  to  FT,  or  DF  is  half  DT,  or  the  focus  F  divides  DT  into 
two  equal  parts.  Now  if  the  fphere  is  glafs  DT,  as  has  been  proved,  is 
a  femidiameter  of  the  fphere,  and  confequently  DF,  or  the  focal  diftance 
is  half  a  femidiameter. 

82.  When  rays  that  were  parallel  at  firfl,  have  paffed  out  of  the  air ,  and 
have  gone  through  a  fphere  of  water ,  they  will  converge  to  a  focus ,  the 
diftance  of  which  from  the  fphere  will  be  equal  to  its  femidiameter . 

If  AGN,  Plat.  X.  fig.  9.  is  a  hollow  fphere  of  glafs,  and  this  fphere 
is  filled  with  water,  then  fince  AC  or  GD  or  any  other  part  in  the  fide  of 
the  glafs  is  a  menifcus  whofe  convexity  on  one  fide  is  equal  to  its  conca¬ 
vity  on  the  other,  the  rays  of  light  as  they  pafs  through  any  part  of  the 
glafs  will  not  have  their  direction  at  all  altered,  by  propofition  80.  And 
confequently  the  water  contained  within  the  glafs  may  be  confidered  as  a 
fphere  of  water  encompafTed  with  air.  Now  parallel  rays  as  QA,  BC, 
pafting  out  of  air  into  water  through  the  convex  furface  AC,  fince  they 
pafs  out  of  a  rarer  medium  into  a  denfer,  will  be  made  to  converge,  by 
propofition  48  :  and  the  diftance  CT  or  the  diftance  of  the  focus  to  which 
the  rays  converge  by  this  fTrft  refraCtion  is  thus  determined,  by  propofi- 
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tion  50,  as  the  fine  of  refradtion  is  to  the  fine  of  incidence,  fo  is  the  fc- 
midiameter  of  the  fphere  to  DT  the  focal  diftance.  But  the  fine  of  r e- 
fradtion  is  to  the  fine  of  incidence  in  the  paflage  of  a  ray  out  of  air  into 
water,  as  1  to  4.  Therefore  the  femidiameter  is  to  the  focal  diftance,  af¬ 
ter  the  rays  have  been  once  refradted,  as  1  to  4 ;  that  is,  CT  the  diftance 
of  the  focus  is  equal  to  4  times  CE  or  to  4  femidiameters  or  2  diameters 
of  the  fphere.  Now  CD  is  one  diameter,  and  confequently  DT  will  be 
another  diameter.  But  when  the  ray  comes  out  of  the  water  at  G,  it  will 
be  refradted  a  fecond  time  and  will  be  made  to  converge  more ;  fo  that 
it  will  crofs  its  axis  DT  nearer  to  the  Iphere  than  T,  at  fome  point  F, 
which  divides  DT  into  two  equal  parts,  which  may  be  fliewn  by  what 
was  faid  in  propofition  81.  Therefore  DF  will  be  half  DT;  and,  fince 
DT  is  a  diameter,  DF,  or  the  focal  diftance  after  both  refradtions,  which 
is  half  DT,  muft  be  a  femidiameter  of  the  fphere. 

The  body  of  fome  glafs  decanters  is  pretty  nearly  fpherical,  and  the 
water  contained  in  it  is  a  fphere  of  water.  Therefore  from  what  has 
been  faid  it  appears  that  parallel  rays,  or  the  rays  of  the  fun,  by  pafiing 
through  fuch  a  decanter  full  of  water  will  be  colledted  into  a  focus  be¬ 
hind  it  at  the  diftance  of  a  diameter  of  the  fphere,  in  the  fame  manner 
that  a  convex  lens  made  of  glafs  would  colledt  them :  and  any  fuch  bo¬ 
dies  as  eafily  take  fire  will  be  burned  by  thofe  rays,  if  the  bodies  are  pla¬ 
ced  at  that  focus. 

A  lens  of  water  may  like  wife  be  contrived  which  would  colledt  the 
rays  of  the  fun  and  kindle  fire  in  the  fame  manner  that  a  burning  glafs 
does.  For  if  each  furface  of  the  lens  AB,  Plat.  IX.  fig.6.  was  a  watch  glafs 
with  its  convexity  outwards  and  the  edges,  where  the  two  glaftes  arejoyned, 
were  cemented  together  fo  as  to  make  a  hollow  lens ;  and  if  this  hollow 
lens  was  to  be  filled  with  water,  the  contents  would  be  a  lens  of  water. 
The  two  glaftes  ACB,  ADB,  are  menifcufes  of  fuch  a  fort  as  would  make 
no  alteration  in  the  diredtion  of  the  rays  that  pafs  through  them,  as  was 
proved  in  propofition  80.  But  the  water,  that  is  between  the  lenfes,  being 
denfer  than  the  air  would  make  the  rays  of  the  fun  converge  for  the  fame 
reafons  that  we  have  already  feen  a  lens  of  glafs  would  produce  this  effedh 
The  only  difference  would  be,  that  fince  the  denfity  of  water  is  lefs  than 
that  of  glafs,  rays  by  pafiing  through  a  lens  of  water  will  be  lefs  refrac¬ 
ted,  and  will  therefore  converge  lefs,  and  confequently,  by  propofition . 
29,  will  have  their  focus  more  remote  than  if  they  had  palled  through 
a  lens  of  glafs.  It  would  not  be  worth  our  while  to  enquire  how  much 
more  remote  the  focus  would  be ;  all  that  we  wanted  to  prove  was  that 
the  rays  of  the  fun  may  be  made  to  burn  by  pafiing  through  cold  water. 

Oo  CHAP, 
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CHAP.  VIII. 

Of  the  pidures  in  a  dark  room. 

83.  Rays  of  light ,  which  flow  from  fever al  points  in  any  objedl,  and  then 
pafs  through  a  convex  or  plano-convex  lens ,  will  afterwards  co?2verge 
to  fo  many  other  points,  provided  the  object  is  at  a  greater  di fiance  from 
the  lens  than  its  principal  focus. 

IF  ABC,  Plat.  XI.  fig.  1.  is  a  luminous  objed,  or  objed  that  emits 
light ;  fuch  as  the  fun  is,  or  the  moon,  or  the  flame  of  a  candle ;  all  the 
points  in  this  objed,  as  A,  B,  C,  and  all  the  intermediate  points,  are  ra¬ 
diants,  they  emit  light  or  fend  it  out  in  all  diredions,  fo  that  from  each 
of  thefe  points  beams  of  light  diverge.  Thus  from  the  point  A  innume¬ 
rable  rays  diverge  in  all  diredions ;  amongfl:  which  are  the  rays  AG,  AH, 
and  AK.  The  fame  may  be  faid  of  all  the  other  points  in  the  whole  ob¬ 
jed  from  A,  which  is  the  higheft,  to  C,  which  is  the  lowed:.  Or,  if 
ABC  is  not  a  luminous  objed,  that  is,  if  it  does  not  emit  light,  as  fup- 
pofe  it  to  be  a  crofs,  or  a  tree,  or  a  houfe,  or  a  man,  yet  when  the  fun 
fhines  upon  it,  or  in  open  day-light  though  the  fun  does  not  fhine  out, 
or  when  it  is  ftrongly  enlightened  by  candles  or  by  any  other  means,  it 
will  refled  the  light,  that  falls  upon  it,  from  every  point ;  and  therefore 
in  this  cafe  likewife,  as  therefleded  light  diverges  from  every  point  in  the 
objed,  each  point  from  A  the  higheft  to  C  the  lowed  will  be  a  radiant. 
Now  if  ML  is  a  dark  chamber,  GK  a  hole  in  the  window- ftiutter,  and 
GHK  a  convex  lens  placed  in  the  hole,  the  rays,  which  diverge  from  A, 
or  B,  or  C,  or  any  other  radiant  in  the  objed  will  be  made  to  converge 
by  pafling  through  the  lens,  provided  the  objed  is  at  a  greater  diftance 
from  the  lens  than  the  lens’s  principal  focus,  by  propofition  64.  Amongfl: 
the  rays  BG,  BH,  and  BK,  one  ray  as  BH  is  the  axis,  and  this  will  pafs 
through  the  lens  without  being  refraded,  as  was  proved  in  propofition 
48.  But  the  collateral  rays  AG  and  AK,  which  are  made  to  converge, 
will  go  on  after  refradion  in  the  diredions  GE  and  KE  fo  as  to  crofs 
their  axis  at  E,  that  is,  all  the  rays,  which  come  from  the  point  B  in  the 
objed,  will  be  united  behind  the  lens  or  within  the  room  in  the  point  or 
focus  E.  In  like  manner  amongfl:  the  rays,  AG,  AH,  and  AK,  which 
diverge  from  one  and  the  fame  point  A,  though  the  ray  AH,  which  is 
the  axis,  is  refraded  in  pafling  through  the  lens,  yet  the  diredion  of  it  is 
not  altered  by  the  refradion,  for  as  the  refraded  ray  is  parallel  to  the  in¬ 
cident  one,  the  ray  may  be  confidered  as  if  it  went  ftrait  through  the  lens, 
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as  was  (hewn  in  proportion  59.  But  any  other  rays  proceeding  from  the 
fame  point,  fuch  as  AG,  and  AK,  will  be  made  to  converge  to  their  axis 
and  will  be  united  in  a  focus  or  point  at  F.  And  thus  likewife  all  the 
rays,  which  proceed  from  C,  will  be  united  in  a  focus  or  point  at  D.  The 
fame 'may  be  (aid  of  the  rays  which  diverge  from  each  point  in  the  whole 
objeCt :  the  rays  from  each  point  will  by  the  refraCtion  of  the  lens  be 
made  to  converge  to  a  point  on  the  other  fide  of  it :  and  therefore  upon 
the  whole  the  rays  of  light,  which  flow  from  feveral  points  in  the  object 
and  then  pafs  through  the  lens,  will  afterwards  converge  to  fo  many  o- 
ther  points. 

It  is  neceffary  the  objeCt  (hould  be  more  remote  from  the  lens  than  the 
lens’s  principal  focus.  For  if  it  was  in  the  principal  focus,  then  the  rays 
diverging  from  the  feveral  radiants  A,  B,  C,  &c.  would  not  converge  to 
fo  many  other  points  after  refraction,  for  they  would  not  converge  at 
all,  but  would  be  parallel,  by  propofition  61.  Or  if  the  objeCt  was  nearer 
than  the  principal  focus,  then  likewife  the  refraCted  rays  would  not  con¬ 
verge  at  all,  but  would  diverge,  by  propofition  67. 

The  reader  will  fee,  without  having  it  explancd  to  him,  that  a  plano¬ 
convex  lens  would  produce  the  fame  effeCt.  And  as  a  double  convex  one 
is  mod  commonly  ufed  for  the  purpofes  to  be  mentioned  in  the  follow¬ 
ing  propofitions,  it  will  be  fufficient  here  to  have  taken  notice  once  for 
all,  that  what  is  hereafter  proved  to  be  true  of  one  fort  of  lens,  will  be 
equally  true  of  the  other  fort,  allowing  for  the  different  diftances  of  the 
principal  focus  of  a  plano-convex  lens  and  a  double  convex  one. 

84.  Wherever  the  rays,  which  come  from  the  feveral  points  of  any  objedl , 
meet  again  in  fo  many  points ,  after  they  have  been  made  to  converge 
by  the  refraction  of  a  convex  lens ,  there  they  will  make  a  picture  of  the 
objeCt  upon  any  white  body  on  which  they  fall . 

If  the  rays  which  diverge  from  the  feveral  points  A,  B,  C,  &c.  in  the 
objeCt  AC,  Plat.  XI.  fig.  1 .  pafs  through  the  convex  lens  GHK  fixed  in 
the  hole  of  the  window  (hutter,  and,  when  they  come  into  the  dark  room 
ML,  converge  to  juft  as  many  points  F,  E,  D,  &c.  they  will  make  a  pic¬ 
ture  of  the  objeCt  upon  a  piece  of  white  paper  held  at  the  place  DF. 

There  will  be  juft  as  many  focufes  upon  the  paper  as  there  are  radi¬ 
ant  points  in  the  objeCt,  from  which  the  rays  come  j  and  thefe  focufes 
will  be  difpofed  in  the  lame  manner  in  refpeCt  of  one  another  that  the 
radiants  are,  by  propofition  83.  Thofe  focufes  will  be  the  moft  bright, 
in  which  the  moft  rays  of  light  are  united,  and  thofe  will  be  the  leaft 
bright  or  the  deepeft  (haded,  in  which  the  feweft  rays  are  united.  And 
the  moft  rays  muft  be  united  in  fuch  focufes,  as  correfpond  to  thofe  ra- 
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diants,  from  which  the  moft  light  come  j  and  the  feweft  rays  mud;  be 
united  in  fuch  focufes  as  correfpond  to  thofe  radiants,  from  which 
the  lead  light  come.  Therefore  the  light  and  {hade  upon  the  paper  or 
at  the  focufes  will  be  every  where  anlwerable  to  the  light  and  {hade  upon 
the  fin-face  of  the  objedt  or  at  the  radiants.  And  laftly,  fince  the  colours 
of  the  rays  are  not  changed,  each  focus  upon  the  paper  will  have  the  fame 
colour  with  the  correfponding  radiant.  Now  when  the  rays  from  thefe 
focufes  are  reflected  by  the  paper  and  enter  the  eye  of  a  fpedtator,  who 
looks  at  the  paper,  he  will  there  fee  the  pidture  or  likenefs  of  the  objedt. 
For  the  figure  made  up  of  thefe  focufes  will  be  like  the  figure  of  the  ob- 
iedt ;  becaufe  the  focufes  are  difpofed  in  the  fame  manner  in  refpedt  of 
one  another,  that  the  radiants  in  the  objedt  are,  The  light  and  {hade 
upon  the  paper  is  every  where  anfwerable  to  the  light  and  {hade  upon  the 
furface  of  the  objedt.  And  the  colouring  of  each  particular  part  through 
the  whole  figure  upon  the  paper  is  the  fame  with  the  colouring  of  the 
correfpondent  part  in  the  objedt. 

It  is  neceflary  that  the  room  fhould  be  darkened  fo  that  no  light  may 
come  into  it,  but  what  comes  through  the  hole  GK.  For  if  befides  the 
rays  which  flow  from  this  objedt  any  other  ftrong  light,  fuch  as  open  day¬ 
light,  was  to  fall  upon  the  paper  3  this  would  dilate  and  weaken  the  {lea¬ 
dings  and  colourings  of  the  pidture  fo  as  to  make  it  difappear :  the  few 
rays  that  produce  the  pidture  become  imperceptible,  when  they  are  ming¬ 
led  with  the  much  more  numerous  rays  of  open  day-light.  Indeed 
though  the  room  is  not  fo  abfolutely  darkened  as  to  exclude  all  light  but 
what  enters  at  the  hole,  though  there  fhould  be  fome  other  rays  come 
into  it  and  mingle  themfelves  with  the  pidture  3  yet  if  the  room  is  almoft 
dark,  that  is,  if  there  are  but  few  of  thefe  rays,  the  pidture  will  not  dif¬ 
appear,  but  will  only  be  made  fainter.  The  pidture  is  the  moft  vivid 
when  the  room  is  quite  dark  3  it  becomes  fainter  by  letting  in  a  fmall 
quantity  of  light 5  and  will  be  made  wholly  to  difappear  by  letting  in 
too  much. 

If  in  a  room  that  is  quite  darkened  and  has  no  hole  in  the  window- 
fhutter  to  let  any  light  at  all  into  it,  you  place  a  lighted  candle,  then  by 
holding  a  convex  lens  at  fome  diftance  from  the  candle,  and  a  piece  of  white 
paper  at  a  proper  diftance  beyond  the  lens,  you  may  colledt  the  rays  that 
flow  from  the  feveral  points  in  the  candle  into  as  many  focufes  upon  the 
paper  3  and  thefe  focufes  will  make  the  pidture  of  the  candle  upon  the 
paper.  This  pidture  may  eafily  be  feen  notwithftanding  it  is  produced 
only  by  rays  from  the  candle,  and  the  fame  candle  enlightens  every  part 
of  the  room.  For  the  rays,  which  have  palled  through  the  lens  and  are 
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collected  by  it,  will  throw  a  Wronger  light  upon  the  paper  than  the  di- 
red:  rays,  or  thofe  which  have  not  been  thus  colleded,  will  produce  any 
where  elfe :  therefore  though  the  paper  is  at  the  fame  time  enlightened 
by  the  dired  rays,  which  come  from  the  candle,  as  well  as  any  other  part 
of  the  room,  yet  thefe  will  be  much  fainter  than  the  pidure,  and,  though 
they  are  mingled  with  it,  will  not  hinder  it  from  appearing. 

In  like  manner,  when  we  ufe  a  common  burning- glafs,  which  is  a  con¬ 
vex  lens,  it  colleds  the  funs  rays  into  a  focus,  which,  when  it  is  received 
upon  a  white  paper,  is  a  bright  round  fpot.  We  call  it  a  focus,  though  pro¬ 
perly  fpeaking  it  conftfts  of  innumerable  focufes ;  for  the  rays  which  come 
from  the  feveral  points  in  the  fun  are  made  by  the  glafs  to  converge  to 
as  many  points  or  focufes  upon  the  paper:  fo  that  the  bright  fpot,  which 
is  produced  at  the  focus  of  a  burning  glafs  by  colleding  the  funs  rays,  is 
nothing  elfe  but  the  pidure  of  the  fun.  But  this  pidure  or  bright  fpot 
is  ealily  feen,  though  it  is  produced  in  open  day-light  and  not  in  a  dark 
room :  becaufe  the  light  of  the  rays,  when  they  are  thus  colleded,  is  fo 
much  greater  than  the  light  of  the  dired  rays  of  the  fun,  or  than  common 
day-light,  that  common  day-light,  though  it  is  mingled  with  the  pidure, 
will  make  little  or  no  alteration  in  it. 

The  reader  has  by  this  time  feen  the  reafon,  why,  in  proportion  25, 
I  gave  the  name  of  a  pencil  of  rays  not  to  the  incident  beam,  AG,  AH, 
AK,  alone,  but  to  this  incident  beam  and  the  refraded  one,  GF,  HF, 
KF,  taken  together :  for  it  is  not  the  incident  beam  alone,  which  pro¬ 
duces  the  effed  of  a  painters  pencil ;  it  is  the  incident  beam  and  refraded 
one  together  which  paint  the  pidure  of  the  point  A  in  the  objed  at  the 
point  F  upon  the  paper. 

For  the  better  underftanding  many  things  which  follow,  it  will  be 
neceftary  here  to  confider  feveral  properties  of  fuch  pidures  as  are  produ¬ 
ced  in  the  manner  juft  now  defcribed. 

85.  The  pi  Bure  in  a  dark  room  is  inverted  in  refpeSi  of  the  ohjeB. 

In  whatever  pofition  the  objed  AC,  Plat.  XI.  fig.  1.  is  placed,  the 
pidure DF  will  be  in  the  contrary  pofition.  The  focus,  in  which  the  rays, 
that  come  from  A,  fuch  as  AG,  AH,  and  AK,  are  united,  is  in  the  axis 
AH ;  for  this  axis  goes  ftrait  through  the  lens  GHK,  and  the  reft  of  the 
rays  are  made  to  converge  towards  it.  So  likewife,  as  appears  from  what 
was  faid  concerning  the  axis  of  an  oblique  beam  the  focus,  where  the  rays 
that  come  from  C,  fuch  as  CG,  CH,  and  CK,  are  united,  is  in  the  axis 
CH  for  the  fame  reafon.  Now  the  higheft  point  A  is  painted  upon  that 
part  of  the  paper  where  the  rays,  that  come  from  A,  are  united  5  and 
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the  lowefl  point  C  is  painted  upon  that  part  of  the  paper  where  the  rays, 
that  come  from  C,  are  united.  Therefore  the  picture  of  the  higheft  point 
is  fomewhere  in  the  axis  AH  continued  beyond  the  lens  into  the  room  ; 
and  the  pidure  of  the  lowefl  point  is  fomewhere  in  the  axisCH  continu¬ 
ed  in  the  fame  manner.  But  the  axis  AH  is  the  middle  ray  of  the  cone 
of  rays  GAK,  by  proportion  22.  And  this  cone  has  the  lens  GHK  for 
its  bafe,  by  proportion  21 :  and  confequently  the  axis  AH  paffes  through 
the  middle  of  the  lens.'  For  the  fame  reafon  the  axis  CH  mufl  pais 
through  the  middle  of  the  lens.  And  if  both  the  axis  AH  and  the  axis 
CH  pafs  through  the  middle  of  the  lens,  they  mufl  crofs  one  another  in 
paring:  fo  that  though  AH  is  the  higher  and  CH  the  lower  of  the  two 
on  the  fide  of  the  lens  next  the  objed ;  yet  on  the  other  fide  of  the  lens, 
when  the  axes  are  within  the  room,  they  will  have  eroded  each  other; 
and  HF,  which  is  AH  continued,  will  be  the  lower  of  the  two,  and  HD, 
which  is  CH  continued,  will  be  the  higher.  But  we  have  proved  already 
that  the  point  A  will  be  painted  fomewhere  in  the  axis  AH  continued  be¬ 
yond  the  lens,  or  fomewhere  in  the  line  HF,  and  that  the  point  C  will 
be  painted  fomewhere  in  the  axis  CH  continued  beyond  the  lens,  or  fome¬ 
where  in  the  line  HD.  Therefore  A  or  the  highefl  point  of  the  objed 
will  be  painted  lower  upon  the  paper  than  C,  and  C  or  the  lowefl  point 
of  the  objed  will  be  painted  higher  upon  the  paper  than  A ;  that  is,  the 
pidure  FED  will  be  in  a  contrary  pofition  to  the  objed,  or,  in  refped 
of  the  objed,  will  be  inverted. 

86.  The  picture  in  a  dark  room  is  not  diflinB,  unlefs  the  paper,  upon  which 
it  is  painted ,  is  placed  where  the  fever al  beams  of  rays  are  each  of  them 
united  in  their  refpeftive  focufes . 

The  pidure  is  then  only  diflind  when  all  the  rays  that  come  from 
one  and  the  fame  point  in  the  objed  are  colleded  into  one  and  the  fame 
point  upon  the  paper.  For,  if  the  rays,  which  come  from  A,  for  in- 
flance,  are  not  united  in  a  focus  at  F,  but  are  fcattered  fo  as  to  be  fpread 
over  a  fpot  upon  the  paper  inflead  of  falling  all  together  upon  a  fingle 
point ;  and  if  the  rays  likewife,  which  come  from  the  point  next  below 
A  in  the  objed,  are  fcattered  in  the  fame  manner ;  then  the  rays  which 
come  from  different  points  in  the  objed,  will  not  be  feparated  from  one 
another  upon  the  paper,  but  as  the  rays  from  the  point  A  are  fcattered 
at  F  and  the  rays  that  come  from  the  point  next  below  A  are  likewife 
fcattered  juft,  above  F,  thefe  two  beams,  though  they  come  from  diffe¬ 
rent  points  in  the  objed,  will  be  mingled  upon  the  paper,  and  confe¬ 
quently  in  the  pidure  thefe  two  points  will  not  appear  fo  diflind 

from 
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from  one  another  as  they  do  in  the  objed.  This  will  be  the  cafe  of  all 
the  other  parts  of  the  picture,  unlefs  the  paper  is  placed  where  the  feve- 
ral  beams  are  united  in  their  refjpedive  focufes. 

87.  As  the  objeB  approaches  to  the  lens ,  the  diJlinB  piBure  departs  from 
it  j  and  as  the  objeB  departs ,  the  diflinB  pi  Bare  approaches. 

The  picture,  by  proportion  86,  is  diftincft  where  the  feveral  beams  of 
rays,  that  come  from  different  points  or  radiants  in  the  object,  are  united 
in  their  refpedive  focufes,  where  the  rays,  for  inftance,  which  come  from 
one  and  the  fame  radiant  A  are  all  of  them  united  in  one  and  the  fame 
focus  F,  and  thofe,  which  come  from  B,  are  united  in  one  and  the 
fame  focus  E.  But  as  the  objed  approaches  to  the  lens  the  feveral  radiants 
A,  B,  C,  &c.  approach  it,  and  confequently  the  feveral  focufes  F,  E,  D, 
&c.  depart  from  it,  by  proportion  71.  Therefore  as  the  objedt  approach¬ 
es  to  the  lens  the  diftind  pidure,  which  is  always  in  the  fame  place  with 
thefe  focufes,  departs  from  it.  In  like  manner  as  the  objed,  or  the  feye- 
ral  radiants  A,  B,C,  &c.  departs  from  the  lens,  the  feveral  focufes  F,  E,  D, 
&c.  and  confequently  the  diftind  pidure  will  approach  to  it,  by  propor¬ 
tion  7 1. 

From  hence  then  it  follows,  that  if  the  pidure  is  diftind  upon  the  pa¬ 
per,  when  the  diftance  of  the  objed  is  HB,  and  the  diftance  of  the  paper 
HE  i  then  fuppofing  the  objed  to  be  brought  nearer  to  the  lens,  the 
pidure  upon  the  paper  will  become  confufed ;  for  the  diftance  of  the 
diftind  pidure  is  encreafed  by  bringing  the  objed  nearer :  and  in  order 
to  make  the  pidure  appear  diftind  again  upon  the  paper,  it  is  neceffary 
that  the  diftance  HE  fhould  be  encreafed  as  much,  or  that  the  paper 
fhould  be  removed  farther  from  the  lens.  But  if  the  objed  is  removed 
farther  from  the  lens,  then  the  diftind  pidure  gets  nearer  to  it,  and  if  the 
paper  ftill  continues  at  the  fame  diftance  HE  the  reprefentation  upon  the 
paper  will  be  confufed :  therefore  in  order  to  reftore  the  diftindnefs  of 
this  pidure  or  reprefentation,  the  diftance  HE  muft  be  diminifhed,  or  the 
paper  muft  be  brought  nearer  to  the  lens. 

If  rays  that  come  from  feveral  objeds  enter  the  lens  at  the  fame  time 
and  pafs  through  it  into  the  dark  room,  then  the  diftind  pidure  at  the 
focus,  will  confift  of  the  reprefentations  of  all  thofe  objeds.  But  to  make 
all  the  parts  of  the  pidure  diftind,  the  feveral  objeds,  that  are  repre- 
fented  in  it,  muft  be  at  equal  diftances  from  the  lens :  for  if  fome  of  them 
are  farther  off  than  others,  then  by  holding  the  paper  fo  near  to  the  lens 
as  to  have  the  remoter  objeds  reprefented  diftindly  upon  it ;  thefe  parts 
of  the  pidure,  where  the  nearer  objeds  are  reprefented,  will  appear  con¬ 
fufed  j 
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fufed  j  or  on  the  contrary  by  holding  the  paper  fo  far  from  the  lens  as 
to  have  the  nearer  objects  reprefented  diftindly,  thofe  parts,  where  the 
remoter  ones  are  reprefented,  will  appear  confufed.  Though  if  the  di- 
dances  of  the  feveral  objeds  are  not  very  different,  the  condition  in  either 
cafe  will  be  but  inconfiderable. 

When  the  objed  AC  is  removed  to  an  infinite  diflance  from  the  lens, 
or  when  the  feveral  radiants  A,  B,  C,  &c.  are  fo  remote  that  the  rays, 
which  come  from  them,  may,  by  propofition  30,  be  considered  as  pa¬ 
rallel;  then  thefe  rays  will  be  colleded  into  their  feveral  focufes,  in  the 
principal  focus  of  the  lens,  by  propofition  60  :  and  therefore  the  diftind 
pidure  of  the  objed  will  likewife  be  at  the  principal  focus  of  the  lens, 
by  the  propofition  now  before  us.  This  is  the  cafe  of  the  fun :  it  is  fo 
remote  an  objed,  that  the  rays,  which  come  from  the  fame  point,  are 
parallel  to  one  another,  and  confequently  the  diftind  pidure,  which  is 
the  burning  fpot,  when  the  folar  rays  are  colleded  by  a  burning  glafs,  is 
at  the  principal  focus  of  the  glafs. 

Here  we  may  obferve  that  though,  whilft:  the  objed  keeps  departing 
from  the  lens,  the  pidure  keeps  approaching  to  it ;  yet  the  pidure  can 
never  be  nearer  to  the  lens  than  its  principal  focus  j  fince  this  is  the  place 
of  the  pidure,  when  the  objed  has  departed  to  an  infinite  diftance. 

88.  When  the  objeB  is  parallel  to  the  piBure ,  the  diameter  of  the  objeB  is 
to  the  diameter  of  the  diftinB  pi  Bure,  as  the  diftance  of  the  objeB  from 
the  lens  is  to  the  diftance  of  the  pi  Bure  from  the  lens . 

If  the  paper  is  held  parallel  to  AC,  fo  that  the  objed  and  diftind  pic¬ 
ture  may  be  parallel  to  one  another ;  then  AC,  which  is  the  height  of  the 
objed,  or  a  diameter  drawn  from  the  top  of  it  to  the  bottom,  bears  the 
fame  proportion  to  FD,  which  is  the  height  of  the  pidure,  that  CH  or 
the  diftance  of  the  objed  from  the  lens  bears  to  DH  or  to  the  diftance  of 
the  pidure  from  the  lens ;  that  is,  AC  is  juft;  as  much  longer  or  fhorter 
than  EF,  as  CH  is  longer  or  fhorter  than  DH. 

Now  A  is  the  higheft  radiant  in  the  objed,  and  C  is  the  lowed  radi¬ 
ant,  and  the  height  of  the  objed  is  the  diftance  between  thefe  two  or  AC. 
The  radiant  A  is  painted  fomewhere  in  the  right  line  AH  continued  be¬ 
hind  the  lens,  and  the  radiant  C  is  painted  fomewhere  in  the  right  line  CH 
continued  in  the  fame  manner,  by  propofitions  83,  84.  So  that  the  height 
of  the  objed  is  AC  or  the  diftance  between  thefe  two  lines  at  the  objed, 
and  the  height  of  the  pidure  will  be  FD  or  the  diftance  between  the  fame 
lines,  when  they  are  continued  to  the  place  where  that  pidure  is  repre¬ 
fented. 


Since 
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Since  therefore  CD  and  AF  are  right  lines,  and  AC  is  parallel  to  FD ; 
it  follows  that  the  angle  ACD  is  equal  to  the  alternate  one  CDF ;  and  that 
the  angle  CAF  is  likewife  equal  to  the  alternate  one  AFD.  Euc.  b.  I. 
prop.  29.  Therefore  in  the  triangles  AHC  and  FHD  the  angles  at  A 
and  F  are  equal,  and  fo  are  the  angles  at  C  andD.  And  CHA  and  D FIB' 
are  equal,  becaufe  they  are  vertical.  Euc.  b.  I.  prop.  15.  So  that  all  the 
angles  in  the  triangles  AHC  are  refpedtively  equal  to  all  the  angles  in  the 
triangle  FHD,  or  thefe  two  triangles  are  equiangular  and  confequently 
the  tides  about  the  equal  angles  are  proportional.  Euc.  b.VI.  prop.  4. 
AC  is  to  CH,  as  FD  is  to  DH,  or  the  height  of  the  objedt  is  to  the  height 
of  the  picture,  as  the  diftance  of  the  objedt  from  the  lens  is  to  the  di¬ 
ftance  of  the  pidture  from  the  lens. 

In  the  fame  manner  we  might  prove  that  the  breadth  of  the  objedt  is 
to  the  breadth  of  the  pidture,  or  that  any  diameter  or  line  drawn  acrofs 
the  former  is  to  any  correfponding  diameter  or  line  drawn  acrofs  the  lat¬ 
ter,  as  the  diftance  of  the  objedt  from  the  lens  on  one  fide  is  to  the  di- 
flance  of  the  pidture  from  it  on  the  other. 

From  hence  it  follows  that  the  diameter  of  the  pidture  may  either  be 
Shorter  than  that  of  the  objedt,  or  longer  than  that  of  the  objedt,  or  equal 
to  it.  If  DF  is  nearer  to  the  lens  than  AC,  that  is,  if  the  diftance  of  the 
pidture  is  lefs  than  the  diftance  of  the  objedt,  the  diameter  of  the  pidture 
will  be  lefs  than  the  diameter  of  the  objedt,  or  DF  will  be  fhorter  than 
AC,  in  the  fame  proportion.  But  if  the  pidture  was  farther  from  the  lens 
than  the  objedt,  any  diameter  of  the  pidture  would  be  greater  than  the 
correfponding  diameter  of  the  objedt :  the  height,  for  inftance,  of  the 
pidture  would  be  greater  than  the  height  of  the  objedt.  Or  if  both  the 
pidture  and  objedt  were  at  an  equal  diftance  from  the  lens,  the  pidture 
would  in  all  refpedts  be  equal  to  the  objedt. 

89 .  The  pitfure,  when  it  is  confufed,  is fomething  bigger,  than  when  it  is 
diftinft. 

When  the  paper  is  held  either  too  near  to  the  lens,  or  too  far  from  it 
the  pidture  will  be  confufed.  by  propofition  86.  And  in  either  cafe  it 
will  be  a  little  longer  and  a  little  broader  than  if  it  was  made  diftindt  by 
holding  the  paper  at  a  proper  diftance. 

When  the  paper  is  held  at  the  focus,  or  when  the  picture  is  diftindt, 
all  the  rays,  that  come  from  the  fame  point  in  the  objedt,  are  colledted 
into  one  tingle  point  upon  the  paper.  Thus  the  rays,  for  inftance,  that 
come  from  A,  Plat.  XI.  fig.  1.  or  from  the  higheft  point  in  the  objedt, 
are  collected  into  the  point  F,  or  into  the  loweft  point  in  the  pidture,  and 
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all  the  rays,  that  come  from  C,  or  from  the  lowed:  point  in  the  object,  are 
colleded  into  the  point  D,  or  into  the  higheft  point  of  the  picture,  by 
propofition  84,  86.  It  is  plane  therefore  that  the  length  of  the  pidure 
is  the  diftance  between  F  andD,  or  the  diftance  between  that  place  upon 
the  paper  where  the  rays  fall  which  come  from  the  highell:  point  of  the 
objed,  and  that  place  where  thofe  fall  which  come  from  the  lowed: 
point. 

Now  when  the  pidure  is  diftind  F  and  D,  as  has  juft  been  obferved, 
are  only  fingle  points.  But  if  the  paper  was  to  be  brought  nearer  to  the 
lens,  fo  as  to  receive  the  rays  of  each  pencil  before  they  are  united  in  their 
feveral  focufes,  the  rays  that  come  from  A  would  riot  be  colleded  into 
a  (ingle  point  at  F,  but  would  be  fpread  over  a  little  circular  fpace  upon 
the  paper.  In  like  manner  the  rays  that  come  from  C  would  not  be  col¬ 
leded  into  a  fingle  point  at  D  but  would  be  fpread  over  a  little  circular 
fpace.  And  the  (ame  would  happen  to  the  rays  of  every  other  pencil.  This 
will  make  the  pidure  appear  confufed,  by  propofition  86.  It  will  like- 
wife  make  the  pidure  longer.  For  the  length  of  the  pidure  is  the  diftance 
between  that  place  upon  the  paper  where  the  rays  fall  which  come  from 
the  higheft  point  of  the  objed,  and  that  place  where  thofe  fall  which 
come  from  the  lowed  point.  This,  when  the  pidure  is  diftind,  is  the 
diftance  between  the  two  points  F  and  D.  But  when  the  pidure  is  con¬ 
fufed  the  rays  at  F  are  fpread  over  a  fmall  circle,  and  therefore  will  be 
extended  in  all  diredions  a  little  way  round  the  point  F,  and  confequent- 
ly  will  reach  below  the  point  F  :  and  for  the  fame  reafon  the  rays  at  the 
other  end  of  the  pidure  will  reach  above  the  point  D.  But  the  pidure 
is  extended  upon  the  paper  as  far  as  the  rays  at  F  reach  one  way  and  the 
rays  at  D  the  other  way.  Therefore  the  pidure,  when  it  is  confufed,  is 
fomething  longer  than  when  it  is  diftind.  In  the  fame  manner  we  might 
prove  that  it  is  fomething  broader  too.  And  confequently  the  confufed 
pidure  is  every  way  fomething  bigger  than  the  diftind  one. 

There  is  another  way  of  making  the  pidure  confufed  befides  bringing 
the  paper  too  near  to  the  lens,  and  that  is  by  removing  it  to  too  great  a 
diftance.  For  when  the  rays  of  any  pencil  have  met  at  their  focus,  as  at 
F,  for  inftance,  if  there  is  nothing  there  to  ftop  them,  they  will  proceed 
ftrait  forwards,  and,  after  they  are  pafted  the  focus,  will  begin  to  diverge 
from  thence  as  from  a  radiant,  by  propofition  15.  So  that  when  the  pa-' 
per  is  more  remote  than  this  focus,  thefe  rays,  inftead  of  being  colleded 
into  a  fingle  point  at  F  will  be  in  a  diverging  ftate,  and  confequently 
will  be  fpread  over  a  fmall  circle  at  F.  The  fame  likewife  will  happen 
to  the  rays  at  D.  And  this,  for  the  fame  reafons  as  before,  will  make 
the  pidure  a  little  bigger  every  way,  than  it  would  be  if  it  was  diftind. 

90.  The 


NATURAL  PHILOSOPHY.  299 

90.  j Vhe  objebl  and  the  dijlinbl  pi  blur e  are  Jimilar  furfaces. 

It  will  here  be  neceffary  to  explane  what  is  meant  by  the  furface  of 
the  object.  When  an  object  is  confidered  as  reflecting  light  from  that 
fide  of  it  which  is  towards  the  lens,  whatever  is  the  fhape  of  the  objeCt 
on  that  fide,  we  may  always  look  upon  it  as  a  plane  furface  differently 
fhaded.  Thus  if  AC,  Plat.  XI.  fig.  1.  is  the  body  of  a  man  j  though  the 
fide  of  the  man,  which  is  towards  the  lens,  is  not  a  plane  furface,  yet 
the  light  is  reflected  from  it,  juft  as  if  it  was  the  figure  of  a  man  drawn 
upon  the  plane  furface  of  a  piece  of  canvas  and  differently  fhaded  in  dif¬ 
ferent  parts  of  it.  Upon  this  account  we  confider  the  fide  of  the  man,  or 
other  objeCt,  which  is  next  the  lens,  as  fuch  a  plane  furface  differently 
fhaded.  And  in  this  view  we  affirm  that  the  furface  of  the  ob¬ 
ject  will  be  fimilar  to  the  furface  of  the  diftinCt  picture.  Thefe  two  fur- 
faces  are  fimilar,  if  the  height  of  the  objeCt  bears  the  fame  proportion  to 
the  height  of  the  picture,  that  the  breadth  of  the  objeCt  in  any  part  of 
it  bears  to  the  breadth  of  the  picture  in  the  correfponding  part.  The 
proportion  that  the  height  of  the  object  bears  to  the  height  of  the 
picture,  is  always  the  fame  with  the  proportion,  that  the  breadth  of 
the  object  in  every  part  of  it  bears  to  the  breadth  of  the  picture  in  the 
correfponding  part,  for  each  of  thefe  proportions  is  the  fame  with  that 
which  the  diftance  of  the  object  from  the  lens  bears  to  the  diftance  of  the 
picture  from  the  lens,  by  propofition  88.  Therefore  the  object  and  pic¬ 
ture  are  always  fimilar  to  one  another. 

Indeed  it  is  in  this  fimilarity  that  a  principal  part  of  the  likenefs  between 
the  object  and  picture  confifts.  For  though  they  are  fhaded  and  coloured 
in  the  fame  manner ;  yet  one  of  them  would  not  be  like  the  other  un- 
lefs  their  outlines  were  fimilar,  that  is,  unlefs  the  furface  included  with¬ 
in  the  outlines  of  the  objeCt  was  fimilar  to  the  furface  included  within  the 
outlines  of  the  picture. 

91.  When  the  obj eft  is  given ,  the  diameter  of  the  dijlinft  picture  is  inverfe- 
ly  as  the  difance  of  the  objeft  from  the  lens. 

The  diameter  of  the  picture  encreafes  as  its  diflance  from  the  lens  en- 
creafes,  and  decreafes  as  its  diftance  decreafes,  by  propofition  88.  For 
when  it  is  at  the  fame  diftance  with  the  objeCt,  it  is  equal  to  the  objeCt ; 
when  it  is  more  remote  than  the  objeCt  its  diameter  is  greater  than  that 
of  the  objeCt  in  proportion  as  its  diftance  is  greater ;  and  when  it  is  nearer 
than  the  objeCt,  its  diameter  is  lefs  in  proportion  as  its  diftance  is  lefs. 
Now  the  diftance  of  the  picture  encreafes  as  the  diftance  of  the  objeCt 
decreafes,  and  decreafes  as  the  diftance  of  the  objeCt  encreafes,  by  pro- 
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pofition  47.  Since  therefore  the  diameter  of  the  pidture  encreafes  as  its 
diftance  encreafes,  and  fince  its  diftance  encreafes  as  the  diftance  of  the 
objedt  decreafes  ;  it  follows  that  the  diameter  of  the  pidture  encreafes  as 
the  diftance  of  the  objedt  decreafes,  or  that  the  diameter  of  the  pidture  is 
greater  as  the  diftance  of  the  objedt  is  lefs,  or  that  the  diameter  of  the 
pidture  is  inverfely  as  the  diftance  of  the  objedt.  * 

92.  ’The  area  of  the  pidture,  when  the  objedt  is  given,  is  inverfely  as  the 
fquare  of  the  objedt s  diftance  from  the  lens. 

Whatever  is  the  diftance  of  the  objedt,  and  whatever,  in  confequence 
of  that,  is  the  fize  of  the  pidture,  it  has  been  proved,  in  propofttion  90, 
that  the  furface  of  the  pidture  is  always  fimilar  to  the  furface  of  the  ob¬ 
jedt.  And,  becaufe  the  furface  of  the  object,  by  the  fuppofition,  is  al¬ 
ways  the  fame,  the  furface  of  the  picture,  which  in  all  fizes  of  it  is  fimi- 
lar  to  the  furface  of  the  object,  muft  in  all  ftzes  of  it  be  fimilar  to  itfelf. 
But  the  areas  of  fimilar  furfaces  are  as  the  fquares  of  their  homologous  di¬ 
ameters,  that  is,  as  the  fquares  of  their  heights,  or  as  the  fquares  of  their 
breadths.  Euc.  b.VI.  prop.  20.  corol.  1.  Therefore  the  area  of  the  pic¬ 
ture  is  always  as  the  fquare  of  its  diameter.  But  the  diameter  of  the  pic¬ 
ture  is  inverfely  as  the  diftance  of  the  object,  by  propofttion  91.  There¬ 
fore  the  fquare  of  the  diameter  of  the  picture,  or  the  area  of  it,  is  inverfely 
as  the  fquare  of  the  diftance  of  the  object. 

We  may  apply  this  propofttion  and  the  foregoing  one  at  the  fame 
time  to  an  inftance  or  two  by  the  help  of  numbers.  When  the  object 
AC,  Plat.  XI.  fig.  1.  is  at  the  diftance  BH  from  the  lens,  the  height  of 
the  picture  is  DF.  But  if  the  diftance  of  the  object  was  twice  BH,  then 
the  height  of  the  picture  would  be  only  \  DF.  And  when  the  height  of 
it  is  thus  reduced  to  i,  the  breadth  will  at  the  fame  time  and  for  the  fame 
reafon  be  likewife  reduced  to  |.  For,  by  propofttion  91,  either  the  height 
or  the  breadth  of  the  picture  is  inverfely  as  the  diftance  of  the  object :  fo 
that  by  doubling  the  diftance  of  the  object  both  the  height  and  the  breadth 
of  the  picture  are  halved.  But  if  by  doubling  the  diftance  of  the  object, 
the  picture  is  made  only  \  as  long  and  \  as  broad  as  it  was,  the  furface 
of  it  will  be  reduced  to  ?.  That  is,  if  we  call  the  diftance  BH  1 ,  then 
twice  BH  will  be  2  :  the  fquare  of  2  is  4  j  and  by  encreafing  the  diftance 
of  the  object  from  BH  to  twice  BH,  the  area  of  the  pidture  is  diminished 
to  -  of  what  it  was.  But  iis  the  reciprocal  of  4  or  of  the  fquare  of  the 
diftance.  Therefore  the  area  of  the  pidture  is  as  the  reciprocal  of  the 
fquare  of  the  diftance,  or  inverfely  as  the  fquare  of  the  diftance.  In  like 
manner  if  the  diftance  of  the  objedt  was  three  times  HB,  the  height  of 
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the  picture  would  be  1  of  DF,  and  the  breadth  of  it  would  likewife  be  re¬ 
duced  to  j  of  what  it  was  before.  Therefore  the  area  of  the  picture  would 
be  reduced  to  for  if  at  the  diftance  3HB  the  furface  of  it  is  but  1  in 
length  and  i  in  breadth  what  it  is  when  the  diftance  was  FIB,  the  area 
of  that  furface  will  be  but z-  of  what  it  was.  And  thus  in  all  other  inftan- 
ces,  the  area  of  the  picture,  or  the  furface  of  that  part  of  the  paper, 
where  the  rays  of  light  fall  which  form  the  picture,  is  always  as  the 
reciprocal  of  the  Iquare  of  the  objects  diftance:  fo  that  if  we  call  that  fur¬ 
face  1  at  any  certain  diftance  of  the  object,  at  twice  the  diftance  of  the 
object  it  will  be  only  i;  at  three  times  the  diftance  of  the  object  it  will 
be  |  j  at  four  times  the  diftance  it  will  be  ^ ;  6c c. 

93.  When  the  diftance  of  the  objeB  is  given ,  the  diameter  of  the  diflinB 
pi  Bure  is  direBly  as  the  diameter  of  the  objeB. 

If  the  diftance  of  the  object  is  given,  that  is,  if  the  diftance  of  the  ob¬ 
ject  does  not  vary,  the  picture  will  always  be  at  the  fame  diftance  from 
the  lens.  If  the  object  is  always  at  the  diftance  BH  from  the  lens,  Plat. 
XI.  fig.  1 .  the  image  will  always  be  at  the  diftance  EH,  by  propofition 
64,  84.  In  this  cafe  the  diameter  of  the  picture  DF  will  be  greater  or  lefs 
as  the  diameter  of  the  object  AC  is  greater  or  lefs.  For  AC  the  diame¬ 
ter  of  the  object  always  bears  the  fame  proportion  to  DF  the  diameter  of 
the  picture  that  BH  the  diftance  of  the  object  bears  to  EH  the  diftance 
of  the  picture,  by  propofition  88.  But  when  BH  and  EH  are  given,  that 
is,  when  the  object  and  picture  continue  at  the  fame  diftance  from  the 
.  lens,  the  proportion  which  BH  bears  to  EH  is  likewife  given ;  for  the 
fame  lines  always  bear  the  fame  proportion  to  each  other.  Therefore 
when  BH  and  EH  are  given,  the  proportion,  which  AC  bears  to  DF,  muft 
be  given  too.  Now  where  the  proportion  of  AC  to  DF  is  invariable,  it 
follows  that  if  AC  encreafesDF  muft  encreafe  in  the  fame  proportion,  or 
if  AC  decreafes  DF  muft  decreafe  in  the  fame  proportion ;  that  is,  where 
the  diftance  of  the  objedt,  and  confequently  the  diftance  of  the  picture 
is  given,  as  the  height  or  any  other  diameter  of  the  object  is  greater  or 
lefs  the  height  or  any  other  correfponding  diameter  of  the  picture  will 
be  greater  or  lefs  in  the  fame  proportion.  But  quantities  which  vary  in 
the  fame  proportion  are  directly  as  each  other.  Therefore  where  the  di¬ 
ftance  of  the  object  from  the  lens  is  given,  the  diameter  of  the  picture 
is  directly  as  the  diameter  of  the  object.  So  that  if  AC  was  twice  as  long 
as  it  is  in  the  figure  before  us,  the  length  of  DF  would  be  doubled,  if  AC 
was  thrice  as  long,  then  DF  would  be  tripled,  or  in  whatever  other  pro¬ 
portion  AC  encreafes,  DF  will  encreafe  at  the  fame  time  and  in  the  fame 

pro- 
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proportion.  Or  if  AC  was  half  as  long  as  it  is  in  the  figure,  DF  would 
be  but  half  as  long,  if  the  length  of  AC  was  only  one  third  of  what  it  is, 
the  length  of  DF  would  likewife  be  only  one  third,  or  in  whatever  other 
proportion  AC  decreafes,  DF  will  decreafe  at  the  fame  time  and  in  the 
lame  proportion. 

94.  Whatever  is  the  dijlance  of  the  objeB  from  the  lens ,  the  diameter  of 
the  diftinffl  picture  will  always  be  the  fame  ^  provided  the  diameter  of 
the  objedt  is  proportional  to  its  dijlance. 

If  the  diftance  of  the  object  AC,  Plat.  XI.  fig.  1.  was  twice  HB,  this 
would  make  the  picture  DF  half  as  long  as  it  is,  when  the  diftance  of 
the  objedt  is  only  once  FIB,  by  propofition  9 1 .  But  if  the  length  of  AC 
Was  to  be  doubled,  this  would  make  the  picture  twice  as  long,  by  pro¬ 
pofition  93.  Now  if,  when  the  diftance  of  the  object  is  doubled,  the 
length  of  it  was  to  be  doubled  at  the  fame  time,  the  length  of  the  pidture 
would  be  halved  upon  one  account,  and  at  the  fame  time  would  be 
doubled  upon  the  other  account,  that  is,  the  length  of  the  pidture  would 
be  diminifhed  and  encreafed  equally,  and  confequently  upon  both  ac¬ 
counts  taken  together  it  would  continue  the  fame.  In  like  manner,  if 
the  diftance  of  AC  the  objedt  was  only  half  BH,  this  would  make  the 
pidture  DF  twice  as  long  as  it  is,  by  propofition  91.  And  if  the  length 
of  the  objedt  was  half  AC  this  would  make  the  pidture  half  as  long  as  it 
is.  If  therefore,  when  the  diftance  of  the  objedt  is  halved  the  length  of 
it  is  halved  at  the  fame  time,  that  is,  if  the  length  of  the  objedt  decrea- 
les  in  the  fame  proportion  with  its  diftance,  this  will  make  the  pidture 
twice  as  long  upon  one  account  and  half  as  long  upon  the  other  account, 
and  confequently  upon  both  accounts  taken  together  its  length  will  be  en¬ 
creafed  and  diminifhed  equally,  and  therefore  will  continue  the  fame. 
This  method  of  reafoning  may  eafily  be  applyed  to  any  other  inftance 
where  the  diameter  of  the  objedt  is  proportional  to  its  diftance  from  the 
lens,  that  is,  where  the  diameter  of  the  object  encreafes  or  decreafes  in 
the  fame  proportion  with  its  diftance. 

Or  otherwife.  Call  the  height  of  an  object  X,  and  call  the  diftance  of 
it  from  the  lens  Z.  Then  the  length  of  the  picture  is  as  X  directly,  by 
propofition  93,  and  as  Z  inverfely,  by  proportion  91.  Therefore  uni- 

ver  tally  the  length  of  the  picture  will  be  as  the  fraction  J ;  for  fuch  a  frac- 

JL-* 

tion,  like  all  other  fractions,  is  as  its  numerator  directlv  and  as  its  deno¬ 
minator  inverfely,  that  is,  it  is  directly  as  X  and  inverfely  as  Z.  But  if 

X  is  always  directly  as  Z  then  ^  or  the  length  of  the  picture  will  be  a  gi¬ 
ven 
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X 

ven  quantity,  that  is  ^  will  always  be  the  fame,  whatever  be  the  values 
of  X  and  Z,  or  let  the  diftance  and  length  of  the  object  be  what  they 
will.  For  the  fraction  ^  is  as  X  directly,  or  encreafes  in  the  fame  propor¬ 
tion  that  X  encreafes,  and  it  is  inverfely  as  Z,  or  decreafes  in  the  fame  pro¬ 
portion  that  Z  encreafes.  But  X  is  directly  as  Z,  that  is,  in  whatever  pro¬ 
portion  X  encreafes  Z  will  encreafe  in  the  fame  proportion.  Therefore  in 

whatever  proportion  the  fraction  ^  encreafes  when  its  numerator  X  en¬ 
creafes,  it  will  be  diminiftied  at  the  fame  time  in  the  fame  proportion  by 
the  encreafe  of  its  denominator  Z.  In  like  manner,  if  ^  is  diminiftied 

becaufe  X  its  numerator  decreafes ;  it  will  at  the  fame  time  be  propor¬ 
tionally  encreafed  by  the  decreafe  of  its  denominator  Z.  Therefore  in 

.  .X 

all  the  variations  of  X  and  Z,  the  value  of  the  fradtion  continues  the 

fame ;  or  in  all  the  changes  of  the  objedts  height  and  diftance ;  the  length 
of  the  pidture  will  continue  the  lame  ^  provided  X  is  diredtly  as  Z,  or 
provided  the  height  of  the  objedt  is  diredtly  as  its  diftance. 

Suppofe  there  were  two  objedts  at  different  diftances  from  the  lens, 
and  fuppofe  their  heights  to  be  in  the  fame  proportion  to  one  another  that 
their  diftances  are,  for  inftance,  call  the  height  of  one  objedt  X  and  the 
height  of  the  other  x,  call  the  diftance  of  the  former  objedt  Z  and  the 
diftance  of  the  latter  z ;  and  let  X  be  to  x  as  Z  to  z  :  then  the  diftindt 
pidture  of  each  objedt  will  be  of  the  fame  length.  The  length  of  one 

pidture  will  be  as  ^  and  the  length  of  the  other  will  be  as  -,  butftnceX 

is  to  Z  as  x  to  z,  the  firft  term  divided  by  the  third  is  equal  to  the  fecond 

divided  by  the  fourth,  that  is,  j  that  is,  lince  ^  is  a  given  quantity 

whatever  are  the  values  of  X  and  Z,  when  they  are  both  diminifhed  in 

the  fame  proportion  and  reduced  to  x  and  z,  the  fradtion  -  will  be  equal 

to  Therefore  each  pidture  will  be  of  the  fame  length. 

95.  When  the  diameter  and  difiance  of  the  objeB  are  given ,  the  diameter 
of  the  pi  Bure  will  be  direBly  as  its  diftance  from  the  lens. 

If  the  diameter  and  diftance  of  the  objedt  are  given,  it  is  plane,  from 
proportions  91,  93,  that  the  diameter  of  the  pidture  cannot  be  varyed, 
whilft  the  fame  lens  is  made  ufe  of.  But  though  the  objedt  continues  the 
fame  and  is  placed  at  the  fame  diftance,  yet  by  changing  the  lens  GHK, 
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Plat.  XI.  fig.  i,  for  one  that  is  lefs  convex  or  that  has  a  longer  principal 
focus,  the  rays  will  be  made  to  converge  lefs  by  pafling  through  it,  and 
the  focufes  of  the  feveral  pencills,  or  the  pidture  made  by  thole  pencills 
will  be  at  a  greater  difiance  from  the  lens.  In  like  manner,  if  a  more 
convex  lens  is  made  ufe  of,  the  refradted  rays  will  converge  the  more,  and 
the  pidture  will  be  at  a  lefs  diftance.  This  may  be  proved  more  certainly 
by  applying  propofition  64.  When  the  difiance  of  the  pidture  is  thus  va- 
ryed  only  by  changing  the  convexity  of  the  lens,  without  any  alteration 
being  made  either  in  the  diameter  or  in  the  difiance  of  the  objedt,  the 
diameter  of  the  pidture  will  be  greater  as  its  diftance  is  greater,  or  lefs  as 
its  diftance  is  lefs.  For  fince  the  diftance  of  the  objedt  is  always  to  the  di¬ 
fiance  of  the  picture,  as  the  diameter  of  the  object  is  to  the  diameter  of 
the  picture;  and  fince  the  firft  and  third  terms,  or  the  diftance  and  dia¬ 
meter  of  the  objedt,  are  fuppofed  invariable,  in  whatever  proportion  the 
fecond  term,  or  diftance  of  the  picture,  is  encreafed  or  diminilhed,  the 
fourth  term,  or  diameter  of  the  picture,  muft  encreafe  or  decreafe  in  the 
fame  proportion ;  that  is,  the  diameter  of  the  picture  will  be  directly  as 
its  diftance  from  the  lens. 

96.  When  the  diameter  and  diftance  of  the  oh]  eft  are  given,  the  area  of  the 
pifture  is  as  the  fquare  of  its  dftance  Jrom  the  lens . 

For  the  objedt  and  picture  are  always  fimilar  fur  faces,  by  propofition 
90  ;  and  confequently  the  picture,  whatever  is  tile  lize  of  it,  will  al¬ 
ways  be  fimilar  to  itfelf,  becaufe  it  is  always  fimilar  to  the  object.  But 
the  areas  of  fimilar  furfaces  are  as  the  fquares  of  their  correfponding  dia¬ 
meters.  Euc.  b.VI.  prop.  20.  corol.  1.  Therefore  the  area  of  the  picture 
is  as  the  fquare  of  its  diameter.  Now  the  diameter  of  the  picture,  when 
the  diameter  and  diftance  of  the  object  are  given,  is  as  its  diftance  from 
the  lens,  by  propofition  95.  Therefore  the  fquare  of  its  diameter,  or 
the  area  of  it,  is  as  the  fquare  of  its  diftance  from  the  lens. 

97.  f hough  the  dftance  of  the  objeft  from  the  lens  fould  be  varyed \  yet  the 
pifture  may  be  preferved  dftinft  upo?i  the  paper  without  varying  the 
dftance  of  the  paper  from  the  lens . 

This  indeed  would  be  impoftible,  as  appears  from  propofition  87,  if 
the  fame  lens  was  to  be  made  ufe  of  in  all  the  different  diftances  of  the 
objedt.  But  we  have  obferved,  in  propofition  95,  that  a  lefs  convex  lens 
will  make  the  pidture  more  remote  from  the  lens,  and  a  more  convex 
one  will  make  it  nearer.  Suppofe  therefore  that  the  pidture  of  any  ob¬ 
jedt  is  reprefented  diftindtly  upon  the  paper  in  the  dark  room,  and  then 

let 
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let  the  objed  be  removed  to  a  greater  difiance  from  the  lens;  if  in  this 
greater  diftance  of  the  objed  the  fame  lens  is  made  ufe  of,  the  pidure 
will  be  confufed,  unlefs  the  paper  is  brought  nearer,  by  proportion  87. 
But  if  in  this  cafe  the  lens  is  changed  for  one  of  a  lefs  convexity,  this 
will  throw  the  pidure  farther  back.  And  if  it  is  thrown  as  much  back 
by  diminifhing  the  convexity  of  the  lens,  as  it  js  brought  forwards  by 
the  removal  of  the  object ;  then  by  both  caufes  concurring  to  produce 
equal  and  contrary  effects  it  will  be  kept  in  the  fame  place,  and  will  con¬ 
tinue  difiind,  though  the  paper  is  not  fiirred.  In  like  manner  if  the  ob¬ 
ject  comes  nearer  to  the  lens,  then,  by  propolition  87,  the  paper  muft 
be  removed  backwards  from  the  lens  in  order  to  preferve  the  pidure  di« 
ftind,  fuppofing  the  fame  lens  to  be  made  ufe  of.  But  a  more  convex  lens 
would  bring  the  pidure  forwards.  Therefore,  when  the  objed  approaches 
the  lens,  if  a  more  convex  lens  is  made  ufe  of,  the  pidure  may  by  this 
means  be  brought  forwards  juft  as  much  as  it  is  thrown  backwards  by  the 
approach  of  the  objed.  And  thus  again,  by  both  thefe  caufes  concurring 
to  produce  equal  and  contrary  effeds,  the  diftindnefs  of  the  pidure  may 
be  preferved  without  ftirring  the  paper. 

98.  Though  the  dijlance  of  the  objeSt  from  the  le?is  fould be  varyed ,  yet  the 
pi  Bure  jnay  be  preferved  difiinft  upon  the  paper ,  without  either  moving 
the  paper  or  changing  the  lens. 

When  BH,  Plat.  XI.  fig.  1.  which  is  the  difiance  of  the  objed  from 
the  lens,  is  encreafed,  the  difiind  pidure  will  approach  to  the  lens,  by 
propolition  87;  that  is,  when  BH  encreafes  EH  decreafes.  Now  if  EH 
is  the  difiance  of  the  paper  from  the  lens,  and  one  way  of  keeping  the 
pidure  difiind  upon  the  paper  is  by  moving  the  paper  nearer  to  the  lens 
as  the  picture  moves  nearer  to  it,  yet  this  is  not  the  only  way :  for  as  by 
moving  the  paper  nearer  to  the  lens  the  diftance  EH  is  diminifhed,  fo 
likewile  without  fiirring  the  paper  the  difiance  EH  may  be  deminilhed, 
if  the  lens  is  moveable  and  can  be  brought  nearer  to  the  paper.  By  the 
lame  means  the  picture  may  be  kept  diftinct,  when  the  object  approaches 
to  the  lens :  for  as  the  difiinct  picture  will  in  this  cafe  depart,  the  di fiance 
EH  between  the  lens  and  the  paper  mufi  be  encreafed  till  it  is  equal  to 
the  difiance  of  the  difiinct  picture ;  and  this  may  be  done  not  only  by  mo¬ 
ving  the  paper  farther  from  the  lens,  but  by  moving  the  lens  farther 
from  the  paper  without  fiirring  the  paper  at  all. 

99.  When  the  object  is  very  near  the  lens ,  though  its  dijlance  is  greater  than 
the  principal  focal  dijlance ,  yet,  in  order  to  make  the  picture  dijlinct , 
the  area  of  the  lens  mufi  be  very  fmall. 
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The  picture  is  not  diftinct,  unlefs  all  the  rays,  that  come  from  one 
and  the  fame  radiant  in  the  object,  are  united  in  one  and  the  fame  point 
upon  the  paper,  by  proportion  86.  Now  if  a.  Plat.  XI.  fig.  2.  is  a  ra¬ 
diant,  and  the  lens  is  very  near  it,  as  fuppofe  at  np3  and  fuppofe  ?ip  to  be 
the  diameter  of  the  lens :  then  the  cone  of  rays,  the  bafe  of  which  is  the 
lens,  will  be  nap.  Of  thefe  rays  the  extreme  ones  as  an  and  ap  diverge 
much  more  than  the  middle  ones  ad  and  ae :  fo  that  if  the  paper,  upon 
which  the  focus  of  thefe  rays  is  to  be  received  after  they  have  palled 
through  the  lens,  is  placed  where  the  middle  or  lefs  diverging  rays  are 
collected,  the  extreme  rays,  becaufe  they  diverged  more,  will  not  be 
collected  fo  near  to  the  lens,  and  confequently,  if  they  fall  upon  the  pa¬ 
per,  they  will  make  the  picture  confufed,  as  they  are  not  brought  to  a 
focus.  But  if  thefe  extreme  rays  are  excluded,  or  prevented  from  palling 
through  the  lens,  then  the  picture  will  be  diftinCt.  The  way  to  exclude 
them  is  to  diminish  the  area  of  the  lens,  or  of  the  hole  where  the  lens  is 
placed  :  for  if  the  diameter  of  it  was  de  inftead  of  np ,  only  the  middle  rays 
could  pafs  through  it,  and  the  extreme  ones  would  be  flopped  by  the 
window-flutter.  This  would  not  be  necefary,  if  the  radiant  was  at  a 
greater  diltance  from  the  lens.  Suppofe  the  lens  was  at  fr3  then  the  ex¬ 
treme  rays  as  an  and  ap  pafs  along  in  the  directions  nb  and  nc ,  fo  that  fome 
of  them  will  be  above  the  lens  and  fome  below  it :  only  the  middle  rays 
of  the  cone,  as  and  ar  which  are  ad  and  ae  continued,  and  fuch  rays  as 
are  contained  between  thefe,  will  pafs  through  the  lens,  though  the  area 
of  it  is  not  diminifhed,  or  though  the  diameter  is  fr  equal  to  np. 

100.  When  the  di/lances  of  the  object  and  picture  and  likewife  the  diame¬ 
ter  of  the  object  are  given  3  the  diameter  of  the  picture  will  not  be  al¬ 
ter  ed  by  altering  the  area  of  the  lens. 

If  GHK,  Plat.  XI.  fig.  1.  is  the  lens,  and  the  hole  in  the  window- 
flutter  is  big  enough  to  leave  the  whole  area  of  the  lens  open  fo  that  the 
rays  may  pafs  through  it,  then,  fuppofing  DF  to  be  the  length  of  the 
picture,  no  alteration  would  be  made  in  the  length  of  this  picture,  though 
the  hole  in  the  flutter  was  to  be  damnified,  and  by  that  means  the  whole 
area  of  the  lens  was  to  be  covered,  except  a  very  fmall  part  in  the  middle 
of  jt  at  FI.  The  height  of  the  picture  DF  is  the  diltance  between  the  two 
extreme  focufes  D  and  F.  One  of  thefe  focufes  is  always  in  the  axis 
AFIF  of  that  cone  which  comes  from  A  one  extreme  point  of  the  object ; 
the  other  is  always  in  the  axis  CHD  of  the  cone  which  comes  from  C 
the  other  extreme  point  of  the  object,  and  thefe  two  axes  go  frait  through 
the  middle  of  the  lens,  as  appears  from  what  lias  been  faid  in  demonftra- 
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ting  propofition  85.  Since  therefore  DF  the  height  ofthepi&ure  is  the 
diftance  between  thefe  two  lines  AHF  and  CHD,  when  they  come  to 
the  paper,  the  height  of  the  picture  will  be  the  fame  whether  the  whole 
area  of  the  lens  is  open  or  only  a  fmall  part  of  it  in  the  middle  at  H :  be- 
caufe  thefe  two  extreme  axes  go  ftrait  through  the  middle  of  the  lens  and 
there  crofs  each  other;  and  confequently  the  diftance  between  them, 
when  they  come  to  the  paper,  or  DF,  will  be  the  fame,  whether  the 
area  of  the  lens  is  great  or  fmall. 

10 1.  T?he  brightnefs  of  the  picture,  when  its  diftance  from  the  lens  is  given, 
is  directly  as  the  area  of  the  lens . 

The  diftin&nefs  of  the  picture  is  not  the  fame  thing  as  its  brightnefs ; 
nor  is  the  confufion  of  its  parts  the  fame  thing  as  its  obfcurity.  The  pic¬ 
ture  may  be  diftin£t  in  all  its  parts,  the  rays,  which  come  from  one  and 
the  fame  point  in  the  object,  may  be  exactly  collected  into  one  and  the 
fame  point  upon  the  paper,  and  yet  if  but  few  rays  fliould  pafs  through 
the  lens  fb  that  the  fpace  or  area  upon  the  paper,  where  the  picture  is 
painted,  fhould  be  but  faintly  enlightened,  this  picture,  though  it  is  di- 
ftinct,  will  be  a  faint  or  obfcure  one.  Or,  though  the  picture  is  confu- 
fed  either  by  the  papers  being  placed  at  an  improper  diftance  from  the  lens, 
or  by  any  other  means,  yet  if  many  rays  fliould  pafs  through  the  lens, 
fo  that  the  fpace,  where  this  picture  is  painted,  fliould  be  ftrongly  en¬ 
lightened,  this  picture,  notwithftanding  its  confufion,  will  be  a  bright 
one. 

Now  the  brightnefs  or  faintnefs  of  the  picture  in  every  part,  as  wc 
have  here  explaned  what  is  meant  by  brightnefs  and  faintnefs,  muft  evi¬ 
dently  depend  on  the  number  of  rays  that  come  to  that  part;  the  pic¬ 
ture  will  be  bright  or  faint  in  proportion  as  it  is  formed  by  more  or  by 
fewer  rays.  And  the  quantity  of  light  or  number  of  rays  that  pafs  from 
a  given  object  into  the  room  is  greater  or  lefs  as  the  hole,  through  which 
they  pafs,  or  as  the  area  of  the  lens  is  greater  or  lefs.  Therefore  the  de¬ 
gree  of  brightnefs,  that  the  picture  has,  will  be  greater  or  lefs  as  the  area 
of  the  lens  is  greater  or  lefs ;  that  is,  it  will  be  directly  as  this  area. 

From  hence  it  is  plane  that  though  the  fize  of  the  picture  is  not  alte¬ 
red  by  diminifhing  the  area  of  the  lens,  as  was  proved  in  propofition  ioo, 
yet  the  brightnefs  of  it  will  be  diminifhed.  Thus  whatever  degree  of 
brightnefs  the  picture  DF,  Plat.  XI.  fig.  1.  may  have  when  the  whole  area 
of  the  lens  GHK  is  open ;  if  the  greateft  part  of  this  area  was  to  be  co¬ 
vered,  and  none  but  a  fmall  round  hole  at  H  was  to  be  left  open  for  the 
light  to  pafs  through,  this  would  make  the  picture  much  fainter.  For  when 

Q^q  2  the 


308  A  SYSTEM  OF 

the  whole  area  is  open,  the  entire  cone  of  rays  AG,  AK,  and  all  the  other 
rays  included  between  thofe  extreme  ones,  paffes  through  the  lens  from 
the  points  A  in  the  object :  but  when  the  area  is  diminished  to  a  Small 
hole  atH,  the  greateft  part  of  this  cone  is  excluded,  no  rays  but  the  middle 
ones  AH  and  a  few  that  are  very  near  to  AH  can  pafs  through  the  lens; 
and  consequently  the  focus  F  where  the  point  A  is  reprefented  will  be 
-  but  faintly  enlightened.  The  fame  may  be  Said  of  every  other  cone  of 
rays  and  of  every  other  point  in  the  picture.  Therefore  the  whole  pic¬ 
ture  will  be  made  fainter  or  lefs  bright  by  diminifhing  the  area  of  the 
lens. 

Here  too  we  may  obferve  farther,  that  though,  when  an  objedt  is  ve¬ 
ry  near  to  the  lens,  the  pidture  is  made  more  difiindt  by  diminifhing  the 
area  of  the  lens,  as  was  fhewn  in  proportion  99,  yet  by  this  means  it 
will  at  the  fame  time  be  made  more  faint:  for  by  diminishing  the  area  of 
the  lens  many  rays  are  excluded,  and  the  part  of  the  paper,  where  the 
pidture  is  painted,  will  consequently  be  lefs  enlightened. 

102.  The  brightnefs  of  the  pi  Bure,  when  the  area  of  the  lens  and  the  di - 
fiance  of  the  objeB  are  given ,  is  inverfely  as  the  fquare  of  its  difiance 
from  the  le?is. 

When  the  area  of  the  lens  is  given,  we  have  Seen  in  proportion  10 1, 
that  the  number  of  rays,  which  pafs  through  it  and  form  the  picture, 
will  be  given  too.  Now  the  fame  quantity  of  rays,  if  they  are  Spread 
over  a  large  Space  upon  the  paper  will  not  enlighten  it  fo  firongly,  as  they 
would  a  fmaller  Space,  where  they  are  kept  clofer  together  and  all  of 
them  fall  within  a  narrower  compafs.  That  is  to  fay,  the  brightnefs  at 
the  paper  will  be  greater,  as  the  Space,  upon  which  the  rays  fall,  is  lefs, 
and  will  be  lefs  as  that  Space  is  greater ;  or  the  brightnefs  will  be  inverfe¬ 
ly  as  that  Space.  But  the  Space  upon  which  the  rays  fall,  that  produce  the 
picture,  is  the  area  of  the  picture.  Therefore  the  brightnefs  of  the  picture 
will  be  inverfely  as  its  area.  Now  the  area  of  the  picture,  when  the  di¬ 
fiance  of  the  object  is  given,  is  as  the  fquare  of  its  diflance  from  the  lens, 
by  propofition  96,  and  consequently  its  brightnefs  is  inverfely  as  the 
fquare  of  its  difiance. 

10  3.  When  the  area  of  the  lens  is  given,  the  brightnefs  of  the  pitfure  will 
not  be  altered ,  let  the  difiance  of  the  objeff  be  what  it  will . 

It  appears  from  propofition  102,  that  the  brightnefs  of  the  picture  is 
inverfely  as  the  fquare  of  its  difiance  from  the  lens ;  when  this  difiance 
is  varyed  by  changing  the  convexity  of  the  lens  without  altering  the  di¬ 
fiance 
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dance  of  the  objedt.  And  fo  likewife  it  would  be  when  the  didance  of  it 
is  varyed  by  changing  the  didance  of  the  objedt,  if  fuch  a  change  of  the 
objects  didance  made  no  other  alteration  but  in  the  didance  of  the  picture. 
But  there  is  another  alteration  made  in  this  cafe,  which  will  preferve  the 
degree  of  brightnefs  in  the  picture  always  the  fame. 

Now  the  area  of  the  picture  is  inverfely  as  its  brightnefs,  as  appears 
from  what  has  been  faid  in  proving  propodtion  102.  And  the  area  of  the 
picture  is  inverfely  as  the  fquare  of  the  objects  didance,  by  propodtion 
92.  From  hence  it  follows  that  the  brightnefs  of  the  picture  and  the 
fquare  of  the  objects  didance  are  varyed  in  the  fame  proportion,  for  they 
are  both  of  them  inverfely  as  the  area  of  the  picture.  But  two  quanti¬ 
ties  which  are  varyed  always  in  the  fame  proportion  are  directly  as  each 
other.  Therefore,  if  all  other  circumdances  were  equal,  the  brightnefs  of 
the  picture  would  be  directly  as  the  fquare  of  the  objects  didance  from 
the  lens.  Light  is  propagated  in  right  lines  from  every  point  of  the  ob¬ 
ject,  by  propodtion  34.  Therefore  the  quantity  of  light  that  falls  upon  a 
given  fpace,  or  the  quantity  that  pafles  through  a  lens  the  area  of  which 
is  given,  will  be  inverfely  as  the  fquare  of  the  objects  didance,  by  propo- 
dtion  22  of  mechanics.  And  confequently  the  brightnefs  of  the  picture,  if 
all  other  circumdances  were  equal,  would  be  inverfely  as  the  fquare  of  the 
objects  didance.  We  fee  therefore  that  upon  altering  the  objects  didance, 
the  brightnefs  of  the  picture  is  altered  upon  two  accounts  5  drd,  it  will 
be  directly  as  the  fquare  of  the  objects  didance  upon  account  of  the  alte¬ 
ration  that  is  made  in  its  area ;  and  fecondly,  it  will  be  inverfely  as  the 
fquare  of  the  objects  didance,  upon  account  of  the  alteration  that  is  made 
in  the  quantity  of  light,  by  which  it  is  formed :  or,  calling  the  objects 
didance  D  and  the  fquare  of  its  didance  Dq,  the  brightnefs  of  the  picture 

will  be  as  Dq  directly  and  as  Dq  inverfely,  that  is,  it  will  be  as  But 

fuch  a  fraction  will  be  equal  to  1 ,  fince  the  numerator  and  denominator 
are  the  fame.  And  1  is  an  invariable  or  given  quantity.  Therefore  the 
brightnefs  of  the  picture,  will  be  the  fame  or  invariable  let  the  didance  of 
the  object  be  what  it  will. 

We  have  not  here  taken  notice  that  the  rays  of  light  are  to  pafs  through 
the  atmofphere  from  the  object  to  the  lens,  and  that  fome  of  them  will 
necedarily  be  dopped  in  their  paflage  by  the  air  and  by  fuch  bodies  as 
float  in  it.  From  whence  it  is  evident  that  the  more  of  the  atmolphere 
the  rays  have  to  pafs  through  the  more  of  them  will  be  dopped,  and  the 
lefs  of  it  they  have  to  pafs  through  the  fewer  of  them  will  be  dopped. 
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And  confequently  more  rays  will  be  flopped  in  palling  from  a  remote 
objed  than  from  a  near  one.  This  will  make  the  picture  of  a  remote  ob- 
jed  fomething  fainter  than  it  would  be  if  the  object  was  nearer.  So  that 
this  propofition  is  true  only  upon  fuppofition  that  the  rays  pafs  freely 
from  the  objed  to  the  lens,  and  that  none  of  them  are  intercepted  in 
their  pafiage. 

1 04.  When  all  other  circumjlances  are  equal ,  the  piffure  will  he  brighter  in 
proportion  as  the  object  is  brighter . 

The  reader  could  fcarce  want  to  be  reminded  of  this :  for  it  is  plane, 
that  in  equal  circumftances,  the  more  rays  will  pafs  through  the  lens 
from  the  objed  in  proportion  as  the  objed  is  brighter :  and  confequent¬ 
ly,  fince  the  brightnefs  of  the  pidure  depends  upon  the  number  of  rays 
that  form  it,  the  pidure  will  be  more  or  lefs  bright  in  proportion  as 
the  objed  itfelf  is  more  or  lefs  bright.  Upon  this  account  it  is,  that,  when 
a  houfe,  or  a  man,  or  any  other  objed  abroad  is  reprefented  upon  the 
paper  in  a  dark  room,  this  pidure  will  be  lefs  bright,  when  the  fun  does 
not  fhine  upon  the  objed,  than  when  it  does. 

105.  If  the  hole  in  the  window -flitter  is  very  finally  the  inverted  pictures 
o  f  objects ,  that  are  abroad ,  will  be  reprefented  upon  a  piece  of  paper 
in  a  dark  room  though  there  is  no  lens  in  the  hole. 

The  pidure  in  a  dark  room,  when  there  is  a  convex  lens  in  the  hole 
of  the  window- fhutter,  is  drawn  upon  a  piece  of  white  paper  placed  at 
the  focus,  becaufe  the  rays,  that  come  from  one  and  the  fame  point  in 
the  object,  will  be  collected  there  fo  as  to  fall  upon  one  and  the  fame 
point  of  the  paper,  by  propofition  84.  Now  if  the  hole  is  very  fmall 
this  may  in  a  great  meafure  be  brought  about,  though  there  is  no  lens 
made  ufe  of :  for  the  fmallnefs  of  the  hole  will  in  fome  fort  anfwer  the 
purpofe  of  a  lens  5  becaufe  it  will  admit  only  a  llender  cone  of  rays  from 
each  point  in  the  objed :  and  when  any  one  of  thefe’  cones  comes  to  the 
paper,  all  the  rays  of  it  will  be  fo  near  to  one  another  as  to  fall  nearly  up¬ 
on  one  and  the  fame  point.  Let  abc ,  Plat.  XI.  fig.  3.  be  an  objed,  ml 
a  dark  room,  and  ik  the  diameter  of  a  very  fmall  circular  hole  in  the 
window-fhutter.  Of  all  the  rays  that  come  from  the  point  a  only  the 
llender  cone  contained  between  aif  and  akf  can  be  admitted  into  the 
room,  on  account  of  the  ftraitnefs  of  the  hole  through  which  the  light 
is  to  pafs.  The  diameter  of  the  bafe  of  this  cone  at  the  paper  will  be  ff  for 
all  the  rays  of  it  are  there  included  within  this  compafs.  And  when  the 
hole  is  very  fmall  this  circular  bafe  will  necelfarily  be  fo  too :  fo  that  all 
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the  rays,  which  come  from  one  and  the  fame  point  a  in  the  objedl,  though 
they  do  not  fall  exactly  upon  a  lingle  point  of  the  paper,  fall  upon 
only  a  very  fmall  round  fpot:  and  at  this  fpot  the  picture  of  the  point  a 
will  be  reprefented  in  the  fame  manner  that  fuch  a  point  is  reprefentedi li¬ 
the  confufed  picture  defcribed  in  proportion  86,  where  a  lens  is  made 
ufe  of.  For  the  fame  reafons,  the  dender  cone  of  rays  that  is  admitted 
through  the  hole  from  the  point  b  and  falls  upon  the  paper  within  the 
compafs  of  a  fmall  round  fpot,  the  diameter  of  which  is  e,  e3  will  paint  the 
picture  of  that  point.  And  the  flender  cone,  that  is  admitted  from  the 
point  c  and  falls  within  the  compafs  of  a  fpot  having  d ,  dy  for  its  diameter 
will  paint  the  picture  of  that  point.  Thus  the  picture  of  each  point  in  the 
object,  and  confequently  the  whole  object^  will  be  represented  upon 
the  paper.  But  then  this  reprefentation  will  be  confufed :  becaufe  the 
rays  from  each  point  of  the  object  are  not  collected  into  a  lingle  point 
upon  the  paper,  but  cover  a  circular  fpot  upon  it:  by  which  means  the 
rays  of  one  point  will  be  mingled  a  little  with  thofe  from  another  ;  the 
raysyj  f  which  come  from  the  points,  with  the  rays  ey  e ,  that  come  from 
another  point,  and  the  rays  d ,  dy  with  the  fame  rays  e,  e. 

This  picture  will  be  inverted  in  refpect  of  the  object.  For  the  rays 
from  ay  which  is  the  highefl  point,  as  they  pafs  through  the  hole,  will 
crofs  thofe  from  c,  which  is  the  lowed:  point :  and  therefore  at  the  pa¬ 
per,  after  the  rays  have  thus  eroded,  thofe  which  came  from  the  higheft 
point  will  fall  lower  than  thofe  which  came  from  the  loweft  point.  The 
rays  muft  crofs  in  this  manner  j  becaufe  they  defcribe  right  lines  by  pro¬ 
portion  34:  and  no  two  right  lines  can  be  drawn  from  a  and  c  into  the 
room  ml  through  fo  fmall  a  hole  as  ik  without  crofting  each  other  at  the 
hole.  That  the  rays  do  thus  crofs  each  other,  or  that  thofe  from  the  higheft: 
point  a  fall  lower  than  thofe  from  the  lowed:  point  c3  would  be  evident 
to  any  perfon  {landing  within  the  room.  For  if  his  eye  was  at  e3  ey  direct¬ 
ly  before  the  hole  he  could  then  fee,  through  fo  fmall  a  hole,  only  the 
middle  of  the  object  about  b :  in  order  to  fee  the  higheft  point  of  it  or  ay 
that  is,  in  order  to  receive  rays  from  the  higheft  point  into  his  eye,  he 
muft  fink  his  eye  to  ff  lower  than  e3  e ,  and  in  order  to  fee  the  lowefl 
point  or  c ,  he  mufl  raife  his  eye  to  d3  dy  higher  than  ey  e » 

106.  When  there  is  no  lens  in  the  hole3  through  which  the  rays  are  admit¬ 
ted  into  a  dark  room3  the  diameter  of  the  piBure ,  if  the  diftance  of 
the  object  and  picture  are  given ,  'will  be  proportional  to  the  diameter 
of  the  hole. 

It  will  be  otherwife,  as  we  have  feen  in  propodtion  1 00,  if  a  lens  is 
made  ufe  of:  for  then  neither  the  height  nor  breadth  of  the  pi&ure  will 

be 
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be  varyed  by  any  alteration  that  can  be  made  in  the  area  of  the  hole. 
For  when  a  lens  is  made  ufe  of  the  height  of  the  pi&ure  will  be  the  di¬ 
dance  between  the  two  extreme  focufes  DF,  Plat.  XI.  fig.  i.  and  thefe 
focufes  are  always  in  the  lines  CHD  and  AHF,  or  in  the  axes  of  two 
cones  of  rays,  one  of  which  comes  from  C  the  lowed  and  the  other  from 
A  the  highed:  point  in  the  objedr.  And  as  thefe  two  axes  pafs  through 
the  middle  of  the  lens,  the  didance  between  them,  when  they  come  to 
the  paper,  will  be  the  lame  whether  the  area  of  the  lens  is  great  or  fmall. 
But  if  there  is  no  lens  in  the  hole,  the  pidure  is  terminated  at  the  bot¬ 
tom,  not  by  the  middle  ray  or  axis  of  the  cone  that  comes  from  a ,  Plat. 
XI.  fig.3,  but  by  af  which  is  the  lowed  ray  of  that  cone;  and  it  is  termi¬ 
nated  at  the  top,  not  by  the  axis  of  the  cone  that  comes  from  c ,  but 
by  cd ,  which  is  the  highed  ray  of  that  cone.  Now  if  the  diameter  of 
the  hole  ik  was  made  lefs,  it  is  plane  that  the  lowed  ray  af  would  be  ex¬ 
cluded  at  k  and  fome  other  ray,  which  palfes  nearer  to  i  than  this,  would 
be  then  the  lowed  and  would  terminate  the  picture  at  the  bottom :  for 
the  fame  reafon  the  highed  ray  cd  would  be  excluded  at  i  and  fome  other 
ray,  which  pades  nearer  to  k  than  this,  would  terminate  the  picture  at 
the  top.  Thus  by  diminifhing  the  diameter  of  the  hole  the  bottom  and 
top  of  the  picture  will  be  brought  nearer  together,  that  is,  the  height  of 
it  will  be  diminilhed.  And  the  fame  might  be  proved  of  the  breadth  or 
of  any  other  diameter  of  the  picture.  In  like  manner  by  encreadng  the 
diameter  of  the  hole  ik  the  height  or  any  other  diameter  of  the  picture 
will  encreafe.  For  when  i  and  k  are  farther  afunder  the  lowed  ray,  that 
palfes  by  k ,  will  fall  lower  upon  the  paper  than  the  ray  akf  and  the 
highed,  that  pades  by  /,  will  fall  higher  upon  the  paper  than  cid.  But 
the  height  of  the  picture  is  the  didance  between  the  lowed  and  highed 
ray,  when  they  come  to  the  paper.  Therefore  the  height  of  the  picture 
is  encreafed  by  encreadng  the  diameter  of  the  hole  ik% 

107.  rfhe  heat  at  the  focus  of  a  burning- { glafs ,  when  the  area  of  the  glafs 
is  given,  is  as  the  fquare  of  the  focal  diflance  inverfely. 

The  burning  fpot,  into  which  the  rays  of  the  fun  are  collected,  is  a 
picture  of  the  fun,  as  was  obferved  under  propofition  -84.  And  the  di¬ 
dance  of  this  picture  will  always  be  equal  to  the  focal  didance  of  the  lens, 
upon  account  of  the  remotenefs  of  the  fun,  which  is  the  object.  Now 
fuppodng  the  heat  at  the  focus  to  be  proportional  to  the  number  of  rays 
or  quantity  of  light  that  is  collected  there,  dnce  the  brightnefs  of  the  pic¬ 
ture  is  likewife  proportional  to  the  quantity  of  light,  it  follows  that  the 
heat  will  be  proportional  to  the  brightnefs.  The  didance  of  the  object  is 
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here  given  5  for  the  object  is  the  fun  5  and  the  area  of  the  lens  is  hippo- 
led  to  be  given.  Therefore  the  brightnefs  of  the  picture  is  inverfely  as 
the  fquare  of  its  diftance  from  the  glafs,  by  propofition  102  ;  and  con- 
fequently  the  heat  at  the  focus,  which  is  always  as  the  brightnefs  of  the 
picture,  will  be  inverfely  as  the  fquare  of  the  focal  diftance  of  the 
glafs. 

Upon  this  account  of  two  lenfes,  which  have  equal  furfaces,  that  lens 
will  fet  fire  to  any  thing  the  fooneft  which  has  the  fhorteft  focus.  Thus 
if  the  focal  diftance  of  one  lens  was  1  inch  and  the  focal  diftance  of  any 
other  lens,  that  had  an  equal  furface,  was  4  inches,  the  fquares  of  their 
focal  diftances  are  to  each  other  as  1  to  1 6  5  and  the  heat  at  the  focufes 
will  be  as  thofe  fquares  inverted,  or  as  16  to  1  ;  that  is,  the  heat  at  the 
focus  of  the  former  lens  will  be  16  times  greater  than  the  heat  at  the  fo¬ 
cus  of  the  latter. 

108.  The  heat , at  the  focus  of  a  barning-gJafs ,  when  the  focal  diftance  is 
given ,  is  directly  as  the  area  of  the  glafs. 

The  heat  at  the  focus  is  proportional  to  the  brightnefs  of  the  picture, 
by  what  has  been  faid  in  demonftrating  propofition  107.  The  diftance 
of  the  fun,  which  is  the  object,  is  given,  and  the  focal  diftance  of  the 
lens,  or  diftance  of  the  picture,  is  fuppofed  to  be  given.  But  in  this  cafe 
the  brightnefs  of  the  picture  is  as  the  area  of  the  lens,  by  propofition  lor. 
Therefore  the  heat  at  the  focus  is  likewife  as  the  area  of  the  lens.  This 
is  the  reafon  why,  if  two  lenfes  have  equal  focal  diftances,  that  lens  which 
is  the  broader  of  the  two  will  fet  fire  the  fooneft  to  any  thing  that  is  pla¬ 
ced  at  the  focus. 

109.  The  heat  at  the  focus  of  a  burning-glafs  is  to  the  common  heat  of  the 
fun ,  as  the  area  of  the  focus  to  the  area  of  the  glafs  inverfely . 

The  common  heat  of  the  fun  is  the  heat  of  the  diredt  rays  before  they 
are  refradted.  Now  when  the  diredt  rays  fall  upon  the  glafs,  they  are 
fpread  over  the  whole  area  of  it ;  and  when  they  are  colledted  at  the 
focus  they  are  reduced  within  the  compafs  of  the  area  of  the  focus.  But 
the  brightnefs  arifing  from  the  fame  number  of  rays  is  inverfely  as  the 
area  over  which  they  are  fpread,  or  the  fame  number  of  rays  when  they 
are  fpread  over  a  large  furface  will  not  make  that  furface  appear  fo  bright, 
as  they  would  make  a  fmaller  furface  appear  if  they  were  brought  clofer 
together  and  were  all  of  them  made  to  fall  upon  this  fmaller  furface. 
Therefore  the  brightnefs  at  the  focus  is  to  the  brightnefs  upon  the  fur¬ 
face  of  the  glafs,  as  the  area  of  the  focus  to  the  area  of  the  glafs  inverfe- 
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ly.  Bat  fince  the  heat  is  proportional  to  the  brightnefs,  it  follows  that 
the  heat  at  the  focus  will  be  to  the  heat  at  the  glafs,  or  to  the  common 
heat  of  the  fun,  as  the  area  of  the  focus  to  the  area  of  the  glafs  inverfely: 
or  as  much  as  the  area  of  the  burning  fpot  is  lefs  tharu  the  area  of  the 
glafs,  fo  much  greater  the  heat  of  that  fpot  will  be  than  the  common  heat 
of  the  fun. 

Indeed  the  heat  at  the  focus  will  be  fomething  lefs  than  in  this  propor¬ 
tion,  becaufe  in  proving  the  truth  of  the  propofition  we  have  fuppofed 
that  there  is  the  fame  number  of  rays  at  the  focus,  as  there  is  upon  the  fur- 
face  of  the  lens,  that  is  towards  the  fun.  But  this  fuppofition  is  not  exact¬ 
ly  true :  for  though  the  greateft  part  of  the  rays,  that  fall  upon  the  glafs, 
will  pafs  through  it  to  the  focus,  yet  all  of  them  will  not ;  fome  few 
rays,  that  fall  upon  the  furface  of  the  glafs,  will  be  refledted  from  it,  and 
will  therefore  never  come  to  the  focus. 

CHAP.  IX. 

Of  plane  vifion. 

I  io.  When  the  rays ,  that  come  from  the  fever al  poitits  in  any  object ,  enter 
the  eye ,  they  will  paint  an  inverted  picture  of  that  object  upon  the 
bottom  of  the  eye. 

IN  order  to  underftand  this  propofition  it  will  be  neceffary  to  give 
fome  account  of  the  flrudture  of  the  eye  and  of  the  principal  parts 
that  compofe  it.  If  an  eye,  when  it  is  taken  out  of  the  head  of  an  ani¬ 
mal,  is  cut  by  a  plane,  that  is  parallel  to  the  horizon  and  pafifes  through 
the  center  of  the  eye ;  this  plane  will  divide  the  fphere  or  globe  of  the 
eye  into  two  hemifpheres ;  and  the  flat  fide  of  either  hemifphere  is  called 
a  fedtion  of  the  eye,  and  will  appear  as  in  Plat.  XI.  fig.  4.  In  fuch  a  fedtion 
we  have  at  ©nee  a  view  of  all  the  humours  and  other  principal  parts  of 
the  eye.  ABBA  is  the  white  coat,  which  encompaifes  the  whole  globe 
of  the  eye,  except  the  fore  part  of  it  between  A  and  A.  This  coat  is 
called  the  fclerotica.  The  fore  part  AA  is  covered  by  a  tranfparent  coat 
that  is  a  little  more  protuberant  than  any  other  part  of  the  eye  and  pre¬ 
vents  the  figure  of  it  from  being  a  perfedt  fphere.  This  tranfparent  coat 
is  called  the  cornea.  The  cavity  of  the  eye  is  divided  into  two  parts  by 
a  convex  lens  CC.  This  lens  confifls  of  a  hard  tranfparent  fubftance,  and  is 
called  the  chryftalline  humour.  It  is  kept  in  its  place  and  fixed  to  the 
coats  by  certain  ligaments  all  round  it,  as  eey  which  are  called  ligamenta 
ciliaria.  Under  the  cornea,,  and  at  fome  little  diftance  from  it,  is  the  iris 
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fii  f°i  which  has  a  hole  in  it  at  00.  This  hole  is  called  the  pupill  of  the 
eye.  The  iris  is  tinged  with  variety  of  colours ;  and  from  the  difference 
of  thefe  colours  fome  eyes  are  called  blue  ones,  others  brown,  others 
black.  It  confifls  of  mufcular  fibres,  which  can  either  contradt  or  dilate 
the  hole  or  pupill  00.  So  much  of  the  eyes  cavity  as  lies  between  the  cor¬ 
nea  and  chryflalline  humour  is  filled  with  a  thin  tranfparent  fluid  like  wa¬ 
ter,  which  is  called  the  aqueous  humour.  ^SN,  eSN  is  a  white  coat,  that 
confifls  of  the  fibres  of  the  optic  nerve  woven  together  like  a  net.  This 
coat  is  called  the  retina.  Between  the  fclerotica  ABBA,  and  the  retina 
*SN,  ?SN,  is  another  coat,  which  is  called  the  choroides.  The  cavity 
of  the  eye  between  the  chryflalline  humour  and  the  retina  is  filled  with 
a  tranfparent  fubftance,  that  is  not  fo  fluid  as  the  aqueous  humour,  nor 
fo  hard  as  the  chryflalline :  it  has  much  the  fame  confiflency  with  the 
white  of  an  egg.  This  is  called  the  vitreous  humour.  The  optic  nerve 
MBB  is  inferted  at  N. 

Now  the  cavity  of  the  eye  may  be  confidered  as  a  dark  room,  and  the 
pupill  is  the  hole  through  which  rays  that  diverge  from  the  feveral  points 
of  any  objedt  abc ,  Plat.  XI.  fig.  5,  pafs  into  this  cavity.  The  rays  firfl: 
pafs  through  the  cornea  iky  which  is  a  menifcus  like  a  watch-glafs;  and 
therefore  the  effect  of  it  upon  the  rays  may  be  neglected.  The  fore  part 
of  the  aqueous  humour  under  the  cornea  is  convex ;  and  this  humour 
being  denfer  than  the  air  will  make  the  feveral  diverging  beams  from  a 
and  b  and  c ,  and  any  other  points  of  the  objedt,  diverge  lefs.  After  the 
rays,  that  come  from  the  feveral  points  of  the  objedt,  have  pafled  through 
the  pupill,  which  to  keep  the  figure  diftindt  is  not  here  reprefented  ;  they 
are  to  pafs  through  the  chryflalline  humour  gob,  which  is  a  convex  lens 
and  will  make  them  converge  to  as  many  points  upon  the  retina  lemy  by 
propofition  83.  And  confequently  at  df  or  fomewhere  upon  the  white 
retina,  as  upon  a  piece  of  white  paper  in  a  dark  room,  there  will  be 
painted  an  inverted  image  of  that  objedt,  by  propofitions  84,  85. 

This  theory  is  agreeable  to  fadt.  For  when  the  fclerotica  is  carefully 
taken  off,  the  back  part  of  an  animals  eye  lem  is  tranfparent.  And  if 
the  eye  thus  prepared  is  placed  in  the  hole  of  a  window-fhutter  of  a  dark 
room  with  its  fore  part  ik  towards  the  objedts  abroad,  a  perfon  in  the 
room  may  fee  the  inverted  pidtures  of  thole  objedts  through  the  tranfpa¬ 
rent  coats  where  they  are  painted. 

hi.  rfhe  optic  axis  is  the  axis  of  the  chryftalline  humour  continued  to  the 
object ,  that  ‘ive  look  at . 
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The  chryftalline  humour  is  a  convex  lens,  and po.  Plat.  XI.  fig  5,  is 
the  axis  of  it,  by  propofition  19.  This  axis  po  continued  from  0  to  any 
point  b  in  the  objed  that  we  look  at  is  the  optic  axis. 

1 12.  By  the  middle  of  the  retina  we  mean  that  point  of  it,  upon  which  the 
optic  axis  continued  back  to  it  would  fall. 

If  the  optic  axis  bp,  Plat.  XI.  fig.  5,  was  continued  back  to  the  retina 
it  would  fall  upon  the  point  e-}  and  this  point  we  fhall  hereafter  call  the 
middle  of  the  retina. 

And  here  we  may  obferve  that  N,  Plat.  XI.  fig.  4,  or  the  place  where 
the  optic  nerve  is  inferted  is  not  in  the  middle  of  the  retina  but  a  little  on 
one  fide  towards  the  nofe. 

1 1 3 .  fhe  pictures  upon  the  retina  are  the  caufe  of  vifion. 

When  the  pidure  of  an  object  is  diftind  upon  the  retina,  the  objed: 
Is  feen  diftindly ;  and  when  the  picture  is  confufed,  the  objed  appears  in 
confufion.  In  like  manner  when  the  pidure  is  bright,  the  objed  is 
clearly  feen  j  and  when  the  pidure  is  faint,  the  objed  appears  faint.  Since 
therefore  vifion  fo  much  depends  upon  thefe  pidures,  that  the  diftind- 
nefs  or  confufion  of  the  pidure  will  occafion  diftindnefs  or  confufion  in 
the  appearance  of  the  objed,  and  the  different  brightnefs  of  the  pidure  will 
make  a  proportionable  alteration  in  the  clearnefs  or  faintnefs  of  vifion  j 
we  may  conclude  that  thefe  pidures  are  the  caufe  of  vifion,  or  that  by 
means  of  thefe  pidures,  the  objects,  which  are  painted  upon  the  retina, 
are  made  vifible. 

The  only  difficulty  is,  how  we  fhall  be  able  to  know,  when  an  object 
is  feen  by  the  eye,  whether  the  picture  on  the  retina  is  diftinct  or  confu¬ 
fed,  bright  or  faint.  For  if  the  eye  is  in  the  head  of  an  animal,  fo  as  to 
enjoy  the  ufe  of  fight,  we  have  no  opportunity  of  making  any  obferva- 
tions  upon  the  pictures  on  the  retina.  And  if  the  eye  is  taken  out  of  the 
head,  fo  as  to  give  us  an  opportunity  of  obferving  the  pictures,  then  the 
eye  has  no  vifion.  So  that  when  there  is  vifion,  how  fhall  we  know  whe¬ 
ther  the  pictures  are  difiinct  or  confufed,  bright  or  faint  ?  and  when  we 
are  able  by  obferving  the  picture  to  know  whether  it  is  diftinct  or  con¬ 
fufed,  bright  or  faint,  how  fhall  we  be  able  to  tell  what  fort  of  vifion 
an  animal  would  have  in  thefe  circumftances  of  the  picture?  Now  to  this 
we  may  anfvver  that  there  is  no  occafion  to  take  the  eye  out  of  the  head 
of  the  animal,  and  to  remove  the  hinder  coat,  fo  as  to  fee  the  picture  upon 
the  retina,  in  order  to  know  whether  it  is  diftinct  or  confufed,  bright  or 
faint.  For  fince  the  picture  on  the  retina  is  of  the  fame  fort  with  that  in 
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a  dark  room,  and  fince  vve  know  what  will  make  the  picture  in  a  dark 
room  diftinct  or  confufed,  bright  or  faint,  we  know  likewife  what  will 
have  the  fame  effect  upon  the  picture  on  the  retina.  Thus  for  inftance, 
if  an  object  is  placed  too  near  the  lens,  the  picture  upon  a  paper  in  a  dark 
room  becomes  confufed ;  but  its  diftinctnefs  will  be  reftored,  if  the  area 
of  the  lens,  or  hole  through  which  the  rays  are  admitted,  is  very  much 
contracted,  by  proportion  99.  The  lame  caufe  will  produce  the  fame  ef¬ 
fect  in  the  picture  on  the  retina :  if  a  book  is  held  too  near  the  eye,  the 
pictures  of  the  letters  on  the  retina  will  be  confufed  $  but  the  diftinct- 
nefs  of  them  will  be  reftored  by  looking  through  a  fmall  hole  made  with 
a  pin  in  a  piece  of  paper,  which  is  an  artificial  contraction  of  the  pupil!. 
By  this  way  of  reafoning  we  may  find  out  in  other  inftances  when  the  pic¬ 
ture  on  the  retina  is  diftinct  and  when  it  is  confufed.  And  as  the  letters 
are  feen  in  confufion,  or  vifion  is  confufed,  when  the  book  is  too  near  the 
eye,  but  are  feen  diftinctly,  or  vifion  is  diftinct,  if  we  look  through  the 
pin  hole ;  fo  likewife  we  fhould  find,  in  all  other  inftances,  that  our  di¬ 
ftinct  or  confufed  vifion  depends  upon  the  diftinctnefs  or  confufion  of  the 
pictures  on  the  retina.  When  the  fun  fhines  upon  an  object,  the  picture 
of  it  in  a  dark  room,  and  confequently  the  picture  of  it  on  the  retina, 
will  be  bright :  but  if  the  object  is  fliaded,  either  of  thefe  pictures  will 
for  the  fame  reafon  be  faint  or  obfcure,  by  propofitions  104, '105.  And 
we  find  by  our  own  experience  that  vifion  is  more  clear,  when  the  fun 
fhines  upon  any  object  that  we  look  at,  and  more  obfcure,  when  the  ob¬ 
ject  is  fhaded.  The  fame  holds  good  in  all  other  inftances.  When  we 
have  found,  by  reafoning  about  the  picture  on  the  retina  as  if  it  was  a 
picture  in  a  dark  room,  whether  it  is  clear  or  obfcure,  we  fhall  always 
find  by  experience  that  our  vifion  will  be  clear  or  obfcure  accordingly. 

1 14.  'That point  in  any  object ,  towards  which  the  optic  axis  is  directed ,  is 
J'een  more  diflinctly  than  the  reft. 

The  truth  of  this  is  confirmed  by  every  ones  own  experience  :  if  we 
turn  our  eyes  directly  towards  one  particular  part  of  an  object  fo  as  to 
look  fteadily  at  it,  we  may  indeed,  if  the  object  is  not  very  large,  fee 
all  the  reft  of  it  at  the  fame  time,  but  this  part  will  appear  more  diftinct 
than  the  reft:  and  turning  of  our  eyes  towards  it  or  looking  at  it  fteadily 
is  turning  our  optic  axes  towards  it.  And  indeed  when  the  optic  axis 
oh ,  Plat.  XI.  fig.  5,  is  directed  towards  any  point  h  in  an  object,  fo  that 
this  point  is  painted  on  e  the  middle  of  the  retina ;  if  this  part  of  the  pic¬ 
ture  is  diftindt,  the  other  parts  will  be  a  little  confufed :  becaufe  the  re¬ 
tina  in  any  other  place,  as  d  or  f  is  nearer  to  the  lens  or  chryftallme  hu¬ 
mour 
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mour  than  e  is  j  therefore  if  e  is  at  a  proper  diftance  from  the  chryftal- 
line  humour  to  make  the  pifftire  diftind:  there,  d  or  f  will  be  rather  too 
near,  and  upon  that  account  the  picture  in  thefe  places  will  be  a  little  con¬ 
futed,  by  proportion  86. 

1 15.  Objects  appear  erect ,  when  their  pictures  on  the  retina  are  inverted . 

This  is  one  obje&ion  to  the  account  which  has  juft  been  given  of  the 
caufe  of  vition.  For  if  vifion  is  owing  to  the  picture  on  the  retina,  and  this 
picture  is  inverted,  we  are  apt  to  enquire  why  the  object  does  not  appear  in 
the  fame  fituation  with  the  picture.  This  objection  would  be  of  fome  weight 
if  it  was  the  picture  that  we  faw  and  not  the  object.  But  the  picture  is  not 
feen  at  all :  it  is  the  inftrument  by  means  of  which  the  object  is  percei¬ 
ved  j  but  it  is  not  perceived  itfelf.  When  we  perceive  an  object  by  the 
fenfe  of  feeling,  how  do  we  know  the  fituation  of  it  ?  If  for  inftance  we 
were  to  fhut  our  eyes  and  to  lay  hold  on  the  middle  of  a  ftick,  that  is 
perpendicular  to  the  horizon,  how  do  we  find  out  which  end  of  the  ftick 
is  the  higheft  and  which  the  lowed:  ?  The  way  of  finding  this  out  is  by 
feeling  along  the  ftick,  and  we  know  that  end  to  be  the  higheft,  which 
we  feel  by  moving  our  hand  upwards,  and  that  to  be  the  lowed,  which 
we  feel  by  moving  our  hand  downwards.  If  we  afk  the  lame  queftion 
about  the  fenfe  of  feeing,  we  may  give  the  fame  anfwer.  When  we 
perceive  an  object  by  the  fenfe  of  feeing,  how  do  we  know  the  fituation 
of  it  ?  how  do  we  find  out,  which  end  of  it  is  the  higheft  and  which 
the  lowed  ?  The  way  of  finding  this  out  is  by  looking  along  the  object, 
which  is  done  by  moving  the  eye  and  is  a  fort  of  feeling  with  the  eye. 
For  fince,  by  propofition  1 13,  that  point  of  an  object  is  feen  the  mod 
perfectly  which  we  look  at  directly,  we  know  that  part  of  an  object  to 
be  the  higheft,  which  we  fee  diftinctly  by  turning  our  eyes  upwards,  and 
that  part  to  be  the  lowed,  which  we  fee  diftinctly  by  turning  our  eyes 
downwards. 

There  is  one  remarkable  inftance  of  inverted  vifion,  which  feems  to 
confirm  this  account,  and  cannot  well  be  explaned  any  other  way.  If 
any  one  holds  a  pin  in  an  erect  pofition  fo  near  to  his  eye  that  it  appears 
confufed ;  notwithftanding  the  confufion,  the  picture  of  the  pin  upon  the 
retina  is  inverted,  by  propofition  85;  and  the  pin  though  feen  confufed 
will  appear  erect.  But  if  he  turns  his  face  towards  a  window  in  order  to 
have  a  ftrong  light,  and  holds  a  paper  with  a  fmall  hole  in  it,  fuch  as  a  pin¬ 
hole,  at  a  little  diftance  behind  the  pin,  fo  as  to  be  between  the  pin  and 
the  window,  the  pin  will  then  appear  more  diftintft,  and  will  be  inverted. 

The  difficulty  here  to  be  explaned  is  why  the  pin  ftiould  appear  in¬ 
verted  5  fince  certainly  the  putting  a  paper  behind  it  will  not  alter  the 
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pofition  of  the  pidure  upon  the  retina?  Why  therefore,  as  the  pin  ap¬ 
pears  ered,  when  there  is  not  paper  behind  it,  fhould  it  appear  inverted, 
when  there  is  ?  Let  fg,  Plat.  XI.  fig.  6,  be  the  paper,  0  the  hole,  pfn 
the  pin,  ret  the  eye,  and  d  a  candle,  which,  indead  of  the  window, 
cads  a  drong  light  through  the  hole.  The  light,  which  comes  through 
the  hole  0,  diverges  from  thence  afterwards  as  from  a  radiant,  fo  that  any 
two  rays  as  ao  and  bo ,  when  they  have  paffed  the  hole,  will  diverge  from 
thence  in  the  lines  oe  and  ol :  but  the  eroding  of  thefe  rays  at  the  hole, 
fince  this  happened  before  they  came  to  the  pin,  will  make  no  alteration 
in  the  pofition  of  the  picture.  But  here  it  is  to  be  obferved,  that  the  ray 
oe}  which  pades  by  p  the  head  of  the  pin,  came  from  the  lowed  part  of 
the  candle,  and  the  ray  ol ,  which  pades  by  s  the  lowed  part  of  the  pin 
that  can  appear  oppodte  to  the  hole,  came  from  the  highed  part  of  the 
candle.  And  as  the  hole,  though  it  is  a  fmall  one,  is  very  near  the  eye, 
the  whole  dame  of  the  candle,  or  however  the  greated  part  of  it,  will  ap¬ 
pear  through  the  hole.  But  it  is  plane  that  if  the  eye  is  turned  down¬ 
wards  to  look  at  the  lowed  part  of  the  dame,  p  the  head  of  the  pin 
will  intercept  the  rays  which  come  from  that  part,  or  will  cover  that 
part,  and  if  it  is  turned  upwards  to  look  at  the  highed  part,  then  s 
the  lowed  part  of  the  pin  will  intercept  the  rays  which  come  from  thence, 
or  will  cover  that  highed  part.  Now  the  pin  is  no  otherwife  vidble  than 
as  it  intercepts  the  light  of  the  candle,  and  fo,  properly  fpeaking,  the  pic¬ 
ture  of  it  upon  the  retina  is  nothing  but  a  daadow  in  the  fhape  of  the  pin. 
And  dnee  the  head  of  the  pin  intercepts  the  light,  which  comes  from 
the  lowed  part  of  the  candle,  by  turning  the  eye  downwards  we  fee 
the  head  \  and  dnee  the  lowed  part  of  the  pin  intercepts  the  light,  which 
comes  from  the  highed  part  of  the  candle,  by  turning  the  eye  upwards- 
we  fee  the  lowed  part  of  the  pin.  And  for  this  reafon  the  head  of  the 
pin  will  appear  the  lowed,  becaufe  we  turn  the  eye  downwards  to  lee  it,, 
and  the  bottom  of  it  will  appear  the  highed,  becaufe  we  turn  the  eye 
upwards  to  fee  it.  What  is  here  faid  of  the  dame  of  a  candle  may  eadly 
be  applyed  to  a  pane  of  glafs  in  a  window,  or  to  any  light  fpace  beyond 
the  hole :  for  the  head  of  the  pin  will  cover  the  bottom  of  the  pane,  and 
the  lowed  part  of  the  pin  will  cover  the  top  of  it. 

From  this  particular  indance  and  from  the  common  indances  of  plane 
vifion  we  may  conclude  that  the  pofition,  in  which  an  objed  appears, 
does  not  at  all  depend  upon  the  pofition  of  the  pidure  upon  the  retina.. 
For  in  this  cafe  the  pidure  is  inverted  and  the  objed  appears  inverted ; 
in  common  cafes  the  pidure  is  likewife  inverted,  and  the  objed  appears 
ered.  But  the  apparent  pofition  of  an  objed,  or  what  point  of  the  object 
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fhall  appear  the  higheft  and  what  the  lowed,  depends  upon  the  diredtion 
in  which  the  eye  mud  be  turned  in  order  to  fee  that  point  to  the  bed 
advantage. 

1 1 6.  An  objedt  may  appear  Jingle,  though  it  is  feen  with  both  eyes  at  oncel 

This  is  a  fecond  objection  to  the  caufe  of  vifion,  as  we  have  jud  ex- 
planed  it.  For  flnce,  when  we  look  at  an  objedt  with  both  eyes,  there  is 
a  pidture  of  it  upon  each  retina,  it  may  be  afked,  if  the  pidture  is  the 
caufe  of  vifion,  why  is  vifion  fimple,  ought  we  not  to  fee  as  many  ob- 
jedts  as  there  are  pictures  ?  And  fince  there  are  two  pidtures  of  every 
objedt  why  does  not  every  objedt  appear  double  ? 

In  anfwer  to  this  enquiry,  we  fay  that  the  fame  objedt  may  appear 
either  double  or  fingle,  and  by  obferving  in  what  pofition  the  two  eyes 
are,  when  it  appears  double,  and  in  what  pofition  they  are,  when  it 
appears  fingle,  we  may  be  led  to  the  true  caufe  of  fimple  vifion.  If,  in 
common  language,  both  eyes  are  turned  diredtly  towards  an  objedt,  or, 
in  the  language  of  optics,  if  the  optic  axes  are  diredted  towards  it  and  con¬ 
cur  or  meet  at  the  place  of  the  objedt,  the  objedt  appears  fingle :  but  if, 
when  we  lee  an  objedt,  one  eye  only  is  diredted  towards  it,  and  the  other 
is  diredted  another  way,  or  if  neither  eye  is  turned  towards  it,  but  both 
of  them  are  diredted  towards  fomething  elfej  in  either  of  thefe  cafes  the 
objedt  appears  double. 

If  both  eyes  are  turned  diredtly  to  the  objedt  C,  Plat.  XI.  fig.  7,  or, 
if  the  optic  axes  AC  and  AB  concur  in  this  objedt,  it  will  appear  fingle. 
But  if,  whilft  one  eye  is  turned  towards  C,  the  corner  of  the  other  is 
prefied  with  the  finger  fo  as  to  turn  it  another  way,  then  the  objedt  will 
appear  double.  Or  if,  whilft  both  eyes  are  diredted  to  C,  there  is  any 
other  objedl  D  placed  at  fome  diftance  beyond  it ;  the  objedt  D  will  ap¬ 
pear  double,  as  the  eyes  are  not  diredted  towards  it,  but  towards  fomething 
elfe,  which  is  placed  nearer,  at  C.  Or  if  two  objedts  c  and  d ,  Plat.  XI. 
fig.  8,  were  placed  as  before,  and  both  eyes  were  diredted  towards  the 
remoter  of  them  d ,  then  the  nearer,  which  is  at  c ,  will  appear  double, 
fince  therefore  an  objedt  appears  fingle,  when  the  optic  axes  concur  in  it, 
and  double,  when  they  do  not,  we  may  conclude  that  fimple  vifion  is 
owing  to  the  concourfe  of  the  optic  axes.  But  in  what  manner  it  is  owing 
to  this  caufe  is  the  queftion :  as  thofe  perfons  fee  objedts  fingle,  who 
know  nothing  of  either  optic  axes  or  their  concourfe.  It  is  true  that 
common  people  know  nothing  of  thefe  technical  terms  :  but  then  they 
know  fomething  which  is  equivalent  to  what  thefe  terms  fiand  for,  fome¬ 
thing  which  is  the  true  reafon  why  fuch  a  concourfe  of  the  optic  axes 
fhould  produce  fimple  vifion. 
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When  one  eye  is  turned  towards  an  object,  and  the  other ’is  turned  a 
different  way,  which  is  the  cafe,  if  the  corner  of  either  is  preffed  with 
the  finger  ;  then  if  the  fame  object  is  feen  by  both  the  eyes,  it  is  feen  by 
each  in  a  different  direction,  or  one  eye  fees  it  in  one  place  and  the  other 
eye  fees  it  in  another:  this  is  obvious  to  every  man  who  has  the  ufe  of 
his  eyes  ;  and  it  is  as  obvious  that  when  an  objedt  is  feen  in  two  places  at 
once  it  muft  appear  double.  But,  if  both  eyes  are  directed  the  fame  way 
or  to  the  fame  place,  and  that  is  the  place  of  the  objedt ;  then,  though  it 
is  feen  by  each  eye,  fo  that  two  objedts  may  be  faid  to  be  feen,  yet 
as  both  of  them  are  feen  in  the  fame  place  they  will  appear  but  as 
one. 

This  is  fo  certain,  that  even  when  there  are  really  two  objedts,  yet  if 
they  can  by  any  contrivance  be  made  to  appear  in  the  fame  place  they 
will  look  like  one.  Let  C  and  D,  Plat.  XI.  fig.  9,  be  two  candles.  EH 
FG  a  piece  of  pafte-board  with  a  hole  in  it  at  K.  Place  the  candles  at 
fuch  a  diftance  from  each  other  and  from  the  pafte-board  that,  when 
the  eyes  are  at  A  and  B,  if  the  right  eye  B  is  fliut  the  left  eye  A  may 
fee  only  the  candle  D,  and  if  the  left  eye  A  is  fhut  the  right  eye  B  may 
fee  only  the  candle  C.  From  this  fuppofition  it  is  evident  that  if  both 
eyes  are  open  both  the  candles  will  be  feen,  one  of  them  by  one  eye  and 
the  other  by  the  other  eye.  And  yet  if  both  eyes  are  directed  to  the  hole 
K  fo  as  not  to  attend  to  the  diftance  of  the  candles  from  the  hole,  then 
both  will  feem  to  be  at  K,  or  both  of  them  will  be  feen  in  the  fame 
place,  and  then  thefe  two  candles  will  appear  as  if  there  was  only 
one. 

If  the  eyes  were  both  of  them  fixed  upon  the  fame  objedt  C,  Plat.  XI. 
fig.  7,  any  other  object  as  D,  which  ftands  beyond  it  will  appear  double. 
For  fince  the  eyes  fee  the  object  D  without  being  turned  directly  towards 
it,  the  place  of  D  is  quite  indeterminate ;  only  it  appears  on  the  right 
hand  fide  of  C  to  the  right  eye  at  B,  and  on  the  left  hand  fide  of  C  to  the 
left  eye  at  A :  and  therefore  it  appears  double  becaufe  it  is  feen  on  both 
fides  of  C  or  in  two  different  places  at  the  fame  time. 

If  the  eyes  were  both  of  them  fixed  upon  the  fame  object  d ,  Plat.  XI. 
fig.  8,  any  other  object  c ,  which  ftands  nearer  than  d ,  will  appear  double. 
For  fince  the  eyes  fee  the  object  c  without  being  turned  directly  towards 
it,  the  place  of  c  is  quite  indeterminate;  only  it  appears  to  the  right  eye 
fomewhere  in  the  line  bee,  and  to  the  left  eye  fomewhere  in  the  line  acj\ 
And  becaufe  the  eyes  are  not  directed  towards  c  but  towards  d}  no  fort 
of  judgment  is  made  about  the  diftance  of  c,  but  it  feems  to  be  fome¬ 
where  in  the  fame  plane  odt  where  d  is.  Now  thefe  two  lines  bee  and 
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acf  crofs  each  other  at  c  \  fo  that  the  line  bee ,  which  is  drawn  from  the 
right  eye  falls  on  the  left  hand  fide  of  d  at  the  plane  ot3  and  the  line  acf 
which  is  drawn  from  the  left  eye,  falls  on  the  right  hand  of  d. 
Therefore  the  object  c  is  feen  on  the  left  hand  fide  of  d  by  the  right  eye, 
and  on  the  right  hand  fide  of  it  by  the  left  eye;  and  confequently  fince 
each  eye  fees  it  in  a  different  place,  it  muff  neceffarily  appear  double. 

From  thefe  two  laff  cafes  we  might  now  draw  two  general  con- 
clufions  about  double  vifion;  but  as  they  will  be  of  fome  ufe  to  us 
hereafter  and  will  more  eafily  be  referred  to,  if  we  make  diftinct  pro- 
pofitions  of  them,  they  fhall  be  the  fubject  of  the  two  next  propor¬ 
tions. 

People,  that  fquint,  never  direct  both  their  eyes  to  the  object  they  are 
looking  at :  and  for  this  reafon  if  they  ufed  both  their  eyes  to  look  at  it, 
they  would  fee  it  double.  But  when  one  of  their  eyes  is  directed  towards 
the  object,  the  diftorted  eye  is  turned  fo  far  away  from  it,  towards  their 
nofe  commonly,  that  by  this  eye  the  object  is  not  feen  at  all  or  elfe  is 
feen  too  confufedly  to  be  taken  notice  of :  fo  that  their  fingle  vifion  ari- 
fes  from  their  ufing  but  one  eye  at  a  time.  A  Perfon,  who  can  fquint 
a  little  when  he  pleafes,  by  a  voluntary  diftortion  of  his  eyes,  may  eafily 
try  this.  For  if  he  difforts  them  juft  enough  to  appear  to  fquint  to  any 
one  that  looks  at  him,  but  not  enough  to  turn  either  eye  quite  away  from 
the  objects  before  him,  he  will  find  that  thefe  objects  appear  double. 

1 17.  WJjen  an  object  is  more  remote  than  the  concourfe  of  the  optic  axes,  it 
appears  doable  ;  and  of  this  double  appearance  the  left-hand  one  is  feen 
by  the  left  eye3  and  the  right-hand  one  by  the  right  eye . 

If  the  eyes  are  both  of  them  dire&ed  to  C,  Plat.  XI.  fig.  7,  that  is, 
if  C  is  the  concourfe  of  the  optic  axes ;  any  objedt  D,  which  is  farther 
off  than  C,  will  appear  double.  This  was  proved  and  the  reafon  of  it 
was  fhewn  in  propofition  116.  Where  we  obferved  that  D  is  feen  by  the 
left  eye  on  the  left  hand  of  C,  and  by  the  right  eye  on  the  right-hand  of 
C.  And  as  this  is  the  reafon  why  D  appears  double,  it  follows  that  fince 
in  this  double  appearance  the  left-hand  one  is  feen  on  the  left  hand  of 
C  it  muff  be  feen  by  the  left  eye ;  and  for  the  fame  reafon  the  right-hand 
appearance  muff  be  feen  by  the  right  eye.  This  will  be  made  farther  e- 
vident  upon  tryal.  For  if  the  left  eye  A  was  fhut,  the  right  one  continu¬ 
ing  open,  then  the  left-hand  appearance,  would  be  feen  no  longer,  but 
D  would  appear  fingle :  from  whence  it  is  plane  that  the  left  eye,  when 
open,  fees  this  left-hand  appearance.  In  like  manner  if  the  right  eye  B 
was  ffiuta  the  left  one  continuing  open,  then  the  right-hand  appearance 

would 
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would  vanitti  and  D  would  appear  Tingle  :  from  whence  it  is  plane  that 
the  right  eye,  when  open,  fees  this  right-hand  appearance. 

1 18.  When  an  object  is  nearer  than  the  concourfe  of  the  optic  axesi  it  ap¬ 
pears  double ;  and  of  this  double  appearance  the  left-hand  one  is  feen 
by  the  right  eye ,  and  the  right-hand  one  by  the  left  eye . 

If  both  eyes  are  dire&ed  to  d3  Plat.  XI.  fig.  8,  or  if  d  is  the  concourfe 
of  the  optic  axes,  then  this  concourfe  is  farther  from  the  eyes  than  an 
object  placed  at  cy  and  the  objedt  c  will  appear  double  j  as  was  ftiewn  in 
proportion  1 1 6  :  to  the  right  eye  b  it  will  appear  at  e  on  the  left-hand 
of  d3  and  to  the  left  eye  a  it  will  appear  at  f  on  the  right  hand  of  d:  fo 
that  in  this  double  appearance  the  left-hand  one  e  is  feen  by  the  right  eye, 
and  the  right-hand  one  by  the  left  eye.  This  will  be  farther  evident  up¬ 
on  tryal.  For  if  only  the  right  eye  b  is  ttiut  the  left-hand  appearance  at 
e  vanishes  j  and  if  only  the  left  eye  a  is  fhut,  the  right-hand  appearance 
at  y’vanilhes. 

1 19.  fhe  chord des  is  the  principal  feat  of  vifon. 

Let  two  fmall  circles  of  white  paper  be  fattened  upon  a  dark-coloured 
wall  at  fuch  a  height  as  to  be  level  with  the  eyes  and  at  the  dittance  of 
fomething  lefs  than  two  feet  from  each  other.  Then  let  the  lpedtator 
place  himfelf  at  a  proper  dittance  (what  that  proper  dittance  is  he  will 
beft  find  by  trying.)  And  if  he  (huts  his  left  eye  and  turns  his  right  eye 
towards  the  paper  on  his  left  hand,  he  will  not  be  able  to  fee  the  right- 
hand  paper  at  all.  In  like  manner  if  he  fhuts  his  right  eye  and  turns  his 
left  eye  fo  as  to  look  diredtly  at  the  paper  on  his  right  hand,  he  will  fee 
nothing  of  the  left-hand  paper.  In  either  of  thefe  cafes,  in  the  firtt  of 
them  for  inftance,  when  his  right  eye  is  directed  towards  the  left-hand 
paper,  notwithttanding  the  turn  of  his  eye  makes  it  very  oblique  to  the 
right-hand  paper,  yet  feme  rays  from  thence  will  enter  it :  for  if  this 
obliquity  was  great  enough  to  prevent  the  rays  from  entering  it,  then  cer¬ 
tainly  no  rays  could  enter  it  from  any  other  objects  which  are  farther 
placed  to  the  right  than  this  paper  is,  and  to  which  confequently  his  eye 
is  more  oblique.  But  fuch  objects  as  are  fo  placed  will  be  vifible  at  the 
fame  time  that  the  paper  is  not  vifible.  Therefore  rays  coming  from  thofe 
objects  and  confequently  rays  coming  from  the  paper  enter  his  eye.  From 
whence  we  may  conclude,  that  as  the  paper  is  invifible,  though  rays,  which 
come  from  thence,  pafs  into  the  fpedtators  eye,  thofe  rays  or  the  pictture 
of  the  paper  mutt  fall  upon  fuch  a  part  at  the  bottom  cf  the  eye  as  is  in- 
fenfible.  The  part  where  they  fall  is  the  point  N,  Plat.  XI.  ttg.  4,  where 

s  s  2  the 


324  A  SYSTEM  OF 

the  optic  nerve  is  inferted.  Now  the  retina,  which  is  fpread  every  where 
elfe  over  the  bottom  of  the  eye  is  not  difcontinued  at  N  but  is  fpread 
over  that  part  as  well  as  the  reft.  Therefore  if  the  retina  was  the  feat  of 
vifion  the  paper  would  be  feen  as  well,  when  the  picture  of  it  falls  upon 
the  point  N,  as  when  it  falls  any  where  elfe.  But  in  this  place  where  the 
nerve  is  inferted,  the  choroides,  which  enclofes  and  touches  the  retina  in 
all  other  parts,  does  not  touch  it  at  the  bafe  of  the  optic  nerve.  From 
whence  we  may  conclude  that  though  the  picture  is  painted  upon  the  re¬ 
tina,  yet  the  preception  of  this  picture  is  in  the  choroides ;  for  where  this 
coat  is  clofe  to  the  retina,  and  can  receive  impreilions  from  it,  there  the 
picture  produces  vifion ;  but  notwithftanding  a  picture  is  painted  where 
it  is  not  clofe  enough  to  receive  thofe  impreffions,  that  picture  produces 
no  vifion. 

From  hence  we  may  fee  the  reafon  why  the  optic  nerve  was  not  in¬ 
ferted  exadtly  in  the  middle  of  the  retina :  for  if  it  had,  any  picture  fal¬ 
ling  upon  the  middle  of  the  retina  would  have  produced  no  fenfation,  and 
confequently  that  point  of  an  objedt,  towards  which  our  eyes  are  imme¬ 
diately  directed,  inftead  of  being  feen  diftindter  than  the  reft,  would  have 
been  invifible. 

120.  Objects >  which  are  placed  at  different  difiances ,  could  not  be  feen  di- 
finctly ,  unlefs  fome  change  was  ?nade  in  the  difiance  between  the  cbry- 
Jlalline  humour  and  the  retina ,  or  elfe  in  the  coTivexity  either  of  the 
fore  part  of  the  eye  or  of  the  chryfialline  humour. 

If  the  figure  of  the  eye  and  the  fituation  of  all  its  parts  were  to  conti¬ 
nue  always  the  fame  at  all  diftances  of  the  objedts  that  we  are  looking  at ; 
the  pidture  of  fome  objedts  upon  the  retina  would  be  confufed  becaufe 
they  are  too  far  off,  and  of  others  becaufe  they  are  too  near. 

For  fuppofe  an  objedt  was  feen  diftindtly  at  the  diftance  of  2  feet  from 
the  eye ;  then  the  pidture  of  it,  when  it  is  at  this  diftance,  is  diftindt 
upon  the  retina;  as  was  obferved under  proportion  112.  But  fince,  by 
propofition  1 1 1,  this  pidture  has  the  fame  properties  with  thofe  that  are 
painted  upon  a  paper  in  a  dark  room ;  if  the  objedt  was  nearer  than  2 
feet,  and  the  eye  did  not  alter  its  f  gure,  the  pidture  upon  the  retina  and 
confequently  the  appearance  of  the  objedt  would  be  confufed.  For,  by 
propofition  87,  as  the  objedt  approaches  the  cornea,  or  fore  part  of  the 
eye,  the  diftindt  pidture  will  depart  from  it:  and  confequently  if  the  re¬ 
tina  does  not  move  but  continues  at  the  fame  diftance  from  the  cornea, 
the  pidture  of  the  objedt  upon  it  cannot  be  diftindt.  But  if  either  the  re¬ 
tina  could  be  moved  farther  from  the  cornea,  and  confequently  farther 
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from  the  chryflalline  humour ;  or  if  the  chryflalline  humour  was  move- 
able  and  could  be  brought  forwards  fo  as  to  be  farther  from  the  retina ; 
that  is,  if  the  paper  was  moved  farther  from  the  lens,  or  the  lens  was 
moved  farther  from  the  paper,  the  pidture,  and,  in  confequence  of  that, 
the  appearance  of  the  objedt  would  be  diflindt  j  by  proportions  87,  98. 
In  like  manner,  if  the  objedt  was  at  a  greater  diflance  from  the  eye  than 
2  feet,  becaufe  as  the  objedt  departs  the  diflindt  pidture  approaches,  the 
retina  in  order  to  preferve  the  reprefentation  upon  it  diflindt  mufl  be 
brought  nearer  to  the  chryflalline  humour,  by  propofition  87,  or  elfe  ‘ 
the  chryflalline  humour  mufl  be  moved  nearer  to  the  retina,  by  propo¬ 
rtion  98.  Thus  if  either  the  chryflalline  humour  or  the  retina  or  both 
of  them  are  moveable,  fo  that  the  diflance  between  them  may  be  varyed ; 
objedls,  which  are  placed  at  different  diflances  from  the  eye,  may  be  feen. 
diflindlly. 

The  fame  advantage  of  diflindt  vifion,  at  different  diflances  of  the  ob¬ 
jedt,  may  be  obtained  another  way,  and  that  is  by  changing  the  convexity 
either  of  the  chryflalline  humour  or  of  the  cornea.  Where  we  are  to  ob- 
ferve  that  changing  the  convexity  of  the  cornea  will  neceffarily  change 
the  convexity  of  the  fore  part  of  the  aqueous  humour  which  is  contained 
in  this  coat.  The  pidture  upon  the  retina  is  made  diflindt  by  either  of 
thefe  means,  in  the  fame  manner  as,  in  propofition  97,  the  pidture  upon 
the  paper  in  a  dark  room  is  preferved  diflindt,  when  the  diflance  of  the 
objedt  is  altered,  by  changing  the  lens  and  ufing  one  either  of  a  greater 
or  of  a  lefs  convexity,  as  the  diflance  of  the  objedt  requires.  Thus  if  the 
objedt  is  remote  the  convexity  either  of  the  aqueous  humour  where  the 
rays  fuffer  the  find  refradtion,  or  of  the  chryflalline  humour  where  they 
are  refradted  again,  fhould  be  diminifhed ;  that  the  pidture  may  be  thrown 
back  by  thus  diminifhing  the  convexity,  juft  as  much  as  it  is  brought 
forwards  by  encreafing  the  diflance  of  the  objedt.  Or  if  the  objedt  is  a 
near  one,  then  the  convexity  of  one  or  perhaps  of  both  thefe  humours  may 
be  encreafed,  that  the  pidture  may  be  brought  forwards  by  thus  encrea¬ 
fing  the  convexity,  juft  as  it  is  thrown  backwards  by  diminifhing  the  di¬ 
flance  of  the  objedt.  By  fuch  an  alteration  as  this  the  pidture  may  be 
preferved  diflinct  upon  the  retina,  though  the  retina  itfelf  is  immove¬ 
able. 

Some  of  thefe  changes  are  neceffary.  But  which  of  them  is  the  change 
that  the  eye  has  a  power,  of  making  we  muft  leave  to  the  anatomifls  to 
determine, 

12 1.  The  defeSl  of  feme  eyes  is  of  fuch  a  fort ,  that  no  objects  mil  appear 
difeintt  unlefs  they  are  very  near . 
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This  is  the  defect  in  their  eyes,  who  are  faid  to  be  IhorC-fighted.  If 
"  an  object  is  at  fuch  a  diftance,  that  a  perfon  with  good  eyes  might  fee  it 
diftinctly,  it  will  appear  confufed  to  them  ;  but  if  the  object  is  at  a  lefs 
diftance  or  is  almoft  clofe  to  their  eyes,  then  they  are  able  to  fee  it  di- 
ftinctly.  If  the  eye,  either  in  the  fore  part  of  it  or  in  the  chryftalline 
humour  is  too  convex  it  will  have  this  defeat.  For  the  greater  the  con¬ 
vexity  is,  where  the  rays  are  refracted,  the  nearer  the  picture  will  be  to 
the  fore  part  of  the  eye,  when  the  diftance  of  the  objedt  is  given,  as  ap¬ 
pears  from  what  was  faid  under  propofttion  95.  Now  if  the  diftindt  pic¬ 
ture  is  nearer  to  the  fore  part  of  the  eye  than  the  retina  is,  then  the  re- 
prefentation  upon  the  retina  and  confequently  the  vifion  will  be  confu¬ 
ted;  by  propofitions  86,  no,  113.  But  when  the  object  is  brought 
nearer,  the  diftindt  pidture  will  be  farther  from  the  fore  part  of  the  eye, 
by  propofttion  87.  And  therefore,  if  theobjedt  is  brought  near  enough, 
the  diftinct  picture  may  by  this  means  be  thrown  fo  far  back  as  to  fall 
upon  the  retina  and  produce  diftinct  vifion. 

Some  fhort-fighted  perfons  in  reading  or  in  looking  at  any  object  hold 
the  book  or  the  object  oblique  to  their  eyes,  and  this  helps  them  to  fee  it 
more  diftinctly.  For  if  they  hold  it  directly  before  their  eyes  the  picture 
will  fall  upon  the  middle  of  the  retina  about  the  point  ey  Plat.  XI,  fig.  5. 
But  if  they  hold  it  obliquely  it  will  fall  upon  the  fide  of  the  retina  between 
d  and  /,  or  between  f  and  m,  according  as  they  hold  the  object  on  one 
fide  or  the  other.  Now  the  middle  of  the  retina  is  farther  from  the  fore 
part  of  the  eye  than  the  fide  of  it  is.  Therefore  though  the  picture  is  fo 
near  to  the  fore  part  of  the  eye  as  to  be  confufed,  if  it  was  to  fall  upon  the 
middle,  it  may  be  diftinct,  when  it  falls  upon  the  fide. 

Perfons,  who  are  not  born  with  this  defect,  are  frequently  found  to 
bring  it  upon  themfelves  by  the  manner  in  which  they  ufe  their  eyes. 
This  is  remarkably  the  cafe  of  watch-makers,  engravers,  and  painters 
in  miniature,  who  are  obliged  to  look  very  near  to  their  work.  For  when 
the  eye  has  been  long  ufed  to  that  figure,  which  is  proper  for  feeing  near 
objects  diftinctly,  it  fettles  into  that  figure,  and  cannot,  as  a  good  eye  may, 
be  altered  at  pleafure  fo  as  to  fee  any  objects  diftinctly  that  are  not  near  to 
it.  For  the  fame  reafon  ftudents,  if  they  hold  their  book  too  clofe  to 
their  eyes,  will  be  apt  to  grow  fhort-fighted. 

From  hence  we  may  obferve  that  this  defect  does  not  always  mend  as 
a  man  grows  older :  for  by  looking  long  and  frequently  at  very  near  obr 
jects,  whilft  he  is  young  and  his  eyes  are  capable  of  being  fixed  in  any 
fhape  by  ufe  and  cuftom,  he  will  keep  himfelf  fhort-fighted,  if  he  was 
lo  at  firft,  or  will  make  himfelf  fhort-fighted,  though  he  had  naturally 
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good  eyes.  This  obfervation  will  point  out  a  way  either  to  remedy  this 
defect  or  to  prevent  it,  if  our  employment  is  of  fuch  a  fort  as  to  allow  us 
to  follow  it.  If  thofe,  who  are  fhort-fighted,  inftead  of  ufing  the  arti¬ 
ficial  helps  of  glaffes,  will  frequently  look  at  remote  objects,  and  in 
reading  would  hold  their  book  as  far  from  their  eyes  as  they  poflibly  can ; 
the  eye  will  change  its  figure  by  degrees  and  by  cuftom  will  acquire  the 
power  of  adapting  itfelf  fo  as  to  fee  diftant  objects  more  diftindily.  And 
good  eyes  may  be  prevented  from  becoming  fhort-fighted,  if  in  reading 
we  are  careful  not  to  hold  the  book  too  clofe  to  our  eyes,  and  ufe  our- 
felves  to  look  at  diftant  objects  as  well  as  at  near  ones. 

122.  l’he  defedi  of  fome  eyes  is  of  fuch  a  fort  that  no  objects  are  feen  di - 
ftindily ,  unlej  's  they  are  at  fome  diflance . 

Old  people  are  moll  liable  to  this  defedt,  and  thofe  more  efpecially 
who  have  been  ufed  to  look  much  at  very  diftant  objedts,  and  feldom 
at  near  ones,  fuch  as  travellers,  failors,  and  fportfmen.  For  as  the  eye 
grows  flatter,  either  by  age  or  by  ufe,  the  rays  of  each  pencil  in  pafling 
through  it  are  made  to  converge  lefs,  and  the  place  of  the  diftindt  pidture, 
if  the  objedt  is  near,  will  be  more  remote  than  the  retina,  and  confe- 
quently  the  pidture  upon  the  retina  will  be  confufed  ;  by  propofition  87. 
But  if  the  objedt  is  removed  farther  from  the  eye,  this  will  bring  the  di¬ 
ftindt  pidture  nearer  to  the  fore  part  of  the  eye;  and  by  removing  the 
objedt  to  a  proper  diftance,  the  diftindt  pidture  may  be  brought  near 
enough  to  fall  upon  the  retina. 

It  is  fometimes  impoflible  to  prevent  this  defedt  by  any  care  whatever : 
for  age  will  fometimes  flatten  the  eye  notwithftanding  all  our  endeavours. 
But  it  may  frequently  be  prevented  by  ufing  ourfelves  to  look  often  at 
near  obje<fts  as  well  as  at  remote  ones.  For  this  will  prevent  the  eye  from, 
fettling  to  any  particular  figure.  And  indeed  the  mufcles,  which  are  ufed 
for  changing  the  figure  of  the  eye  in  order  to  fee  objedts  at  different  di- 
ftances,  will  beft  retain  their  ufe  in  all  inftancesby  frequent  exercife;  fo 
that  by  accuftoming  ourfelves  fometimes  to  look  at  very  near  objedts  and 
fometimes  at  very  remote  ones,  we  may  commonly  preferve  our  eyes, 
and  neither  make  ourfelves  fhort-fighted,  when  we  are  young,  nor  be 
long-fighted,  when  we  are  old. 

123.  An  objedt  may  be  either  fo  near  or  fo  remote ,  that  the  beft  eyes  would 
be  unable  to  fee  it  diftindily. 

Though  the  eye  has  a  power  of  changing  its  figure  fo  as  to  fee  ob¬ 
jedts  diftindily  at  different  diftances;  yet  this  power  is  a  limited  one.  If 
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the  objed  is  either  too  near  or  too  remote,  the  eye  cannot  change  itfelf 
enough  to  make  the  pidure  diftind  upon  the  retina.  And  for  this  reafon 
near  objeds  or  very  remote  ones  will  appear  a  little  confufed  to  the  bed 
eyes.  To  fee  an  objed  very  diftindly  the  diftance  of  it  Should  not  be 
lefs  than  about  7  or  6  or  at  the  lead:  5  inches. 

124.  The  optic  angle  in  viewing  any  objedl  is  an  angle  at  the  eye  fubt ended 
by  the  diameter  of  the  objedl. 

The  angle  aoc,  Plat.  XI.  fig.  5,  which  in  viewing  the  objed  abc  is 
fubtended  by  ac  the  diameter  of  this  object,  is  called  the  optic  angle. 

125.  The  apparent  diameter  of  any  objeSf  is  proportional  to  the  diameter  of 
that  objects  picture  upon  the  retina . 

The  apparent  diameter  of  an  object  is  a  quantity  of  vifible  extenfion, 
that  lies  between  the  two  extremities  of  that  object.  Thus  the  apparent 
diameter  of  an  object  abc ,  Plat.  XI.  fig.  5,  to  an  eye  placed  at  0  is  that 
vifible  extenfion,  which  lies  between  the  two  extreme  points  of  it  a  and 
c.  But  if  two  lines  ao  and  co  are  drawn  from  thefe  points  fo  as  to  crofs 
one  another  at  the  eye,  thefe  two  lines  will  be  the  axes  of  the  extreme 
pencils,  one  of  which  comes  from  a ,  and  the  other  from  c  ;  and  each 
point  will  be  painted  upon  the  retina  in  thefe  two  lines  continued  thither, 
as  wasobferved  in  proving  propofition  85.  From  hence  it  follows  that 
the  apparent  diameter  of  the  object  is  a  vifible  extenfion  contained  with¬ 
in  two  right  lines  ao  and  co,  which  are  drawn  from  the  extremities  of 
the  object  and  crofs  each  other  at  the  eye ;  and  df  the  diameter  of  the 
picture  upon  the  retina  is  likewife  contained  between  the  fame  right  lines 
continued  to  the  retina.  Therefore  the  angle  aoc,  which  is  fubtended  by 
the  object,  is  equal  to  the  angle  dof  which  is  fubtended  by  the  picture : 
for  they  are  vertical  angles  made  by  two  right  lines  eroding  each  other. 
Euc.  b.  I.  prop.  1 5.  But  if  thefe  two  angles  are  always  equal,  one  of  them 
can  neither  encreafe  nor  decreafe  but  the  other  will  encreafe  or  decreafe 
in  the  fame  proportion :  thus  if  aoc  wras  to  encreafe  fo  as  to  be  double 
what  it  is,  dof  would  likewife  be  doubled,  if  aoc  was  to  be  tripled,  dof 
would  be  tripled;  or  if  aoc  was  to  be  diminished  one  half,  dof  would  be 
halved  at  the  fame  time,  if  aoc  was  reduced  to  |  of  what  it  is,  dof  would 
be  reduced  to  i.  Now  the  vifible  extenfion  contained  between  ao  and  co 
will  be  greater  as  the  diftance  between  thefe  lines  is  greater,  or  lefs  as 
the  diftance  between  them  is  lefs ;  that  is,  the  apparent  diameter  of  the 
object  will  be  proportional  to  the  angle,  which  thefe  two  lines  make  with 
another  at  the  eye,  or  to  the  angle  aoc.  And  the  diameter  of  the  picture  ' 

upon 


NATURAL  PHILOSOPHY.  329 

upon  the  retina  which  is  contained  between  do  and  fo  will  be  greater  as 
the  didance  between  thefe  lines  is  greater,  and  lefs  as  the  didance  between 
them  is  lefs  j  that  is,  the  diameter  of  the  picture  will  be  proportional  to 
the  angle  which  thefe  lines  make  with  each  other  at  fl^or  to  the  angle 
dof.  But  the  angle  aoc  is  always  equal  and  confequently  proportional  to 
the  angle  dof.  Therefore  the  apparent  diameter  of  the  object  is  propor¬ 
tional  to  the  diameter  of  its  pidure  upon  the  retina. 

126.  When  the  diameter  of  an  ohjehl  is  given ,  its  apparent  diameter  is  in- 
verj'ely  as  its  diftance  fro?n  the  eye . 

The  diameter  of  the  fame  objed  does  not  appear  equal,  when  it  is  view¬ 
ed  from  different  didances;  but  the  apparent  length  of  it  will  be  inverfe- 
ly  as  the  didance  of  the  eye  from  it,  greater  in  proportion  as  this  didance 
is  lefs,  and  lefs  in  proportion  as  this  didance  is  greater.  For  the  apparent 
diameter  of  an  objed  is  proportional  to  the  diameter  of  its  pidure  upon 
the  retina,  by  propofition  125.  And  when  the  diameter  of  the  objed  is 
given,  the  diameter  of  the  pidure,  like  that  of  a  pidure  in  a  dark  room 
will  be  inverfely  as  the  didance  of  the  objed,  by  propofitions  91,  1 1  3. 
Therefore  the  apparent  diameter  of  the  objed  is  likewil'e  inverfely  as  the 
,  objeds  didance. 

What  has  here  been  proved  of  the  apparent  diameter  or  apparent  length 
of  an  objed  is  applicable  to  any  other  apparent  length  whatsoever.  Thus 
if  AE  and  BF,  Plat.  XI.  fig.  10,  are  two  parallel  rows  of  trees  j  to  a 
fpedator  danding  at  G  the  two  oppofite  trees  E  and  F  at  the  farther  end 
of  the  row  will  feem  nearer  to  one  another  than  the  two  oppofite  trees 
A  and  B,  which  are  at  the  end  next  to  him.  For  the  apparent  lengths 
AB,  CD,  EF,  or  the  apparent  didances  of  any  two  oppofite  trees,  will 
be  inverfely  as  the  fpedators  didance  from  them.  And  upon  this  ac¬ 
count  the  two  rows,  though  they  are  parallel,  will  feem  to  converge. 
In  like  manner  if  AE  was  the  deling  and  BF  the  door  of  a  large  room, 
the  didance  between  the  door  and  the  deling  will  appear  to  be  lefs  at  E 
and  F  than  at  A  and  B,  if  the  fpedator  dands  at  G.  Or,  if  GFI  an  ima¬ 
ginary  line  is  conceived  to  be  drawn  parallel  to  both  the  door  and  the 
deling  j  the  deling  will  converge  downwards  and  the  door  upwards  to¬ 
wards  this  line.  Now  this  apparent  rifing  of  the  door  towards  the  line 
GFI  would  evidently  be  the  fame  whether  there  was  any  deling  or  not. 
Let  us  therefore  fuppofe  that  BF,  indead  of  being  the  door  of  a  room, 
was  the  furface  of  the  fea ;  this  furface  would  apparently  rile  towards 
the  imaginary  line  GFI.  And  this  is  the  reafon  why  to  a  fpedator  upon 
the  fhorethe  furface  ol  the  water,  as  he  looks  out  to  fea, Teems  gradually 
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to  afcend,  and  the  fhips  out  at  Tea  feem  to  be  higher  than  the  land  that 
he  hands  upon.  Or  if  BF,  inftead  of  being  a  horizontal  plane  fuch  as 
the  door  of  a  room  or  the  lurface  of  the  fea,  was  the  tower  of  a  church 
or  any  high  building  perpendicular  to  the  horizon  ;  then  if  a  fpedtator 
hood  at  the  bottom  or  at  G,  and  we  conceive  an  imaginary  line  GH 
drawn  from  his  eye  parallel  to  the  building,  however  upright  the  build¬ 
ing  may  hand,  it  will  apparently  converge  to  this  imaginary  line,  and 
therefore  will  feem  to  lean  towards  that  fide,  where  the  fpedtator  is. 

From  this  propofition  it  follows  that  the  apparent  diameter  of  an  ob¬ 
ject  when  we  fee  it  with  the  naked  eye,  may  be  magnifyed  in  any  pro¬ 
portion  that  we  pleafe.  For,  fince  the  apparent  diameter  is  inverfely  as 
the  dihance  of  the  eye,  in  whatever  proportion  we  have  a  mind  to  en- 
creafe  the  apparent  diameter  we  need  only  diminiih  the  dihance  of  the  eye 
from  the  objedt  in  the  fame  proportion.  Thus  fuppofe  there  is  an  objedt 
AB,  Plat.  VIII.  fig.  i,  which  to  an  eye  at  E  appears  under  or  fubtends 
the  angle  AEB ;  we  may  magnify  the  apparent  diameter  in  what  propor¬ 
tion  we  pleafe  by  bringing  our  eye  nearer  to  it.  If  for  inhance  we  would 
magnify  it  in  the  proportion  of  FG  to  AB,  that  is,  if  we  would  fee  the 
objedt  under  an  angle  as  great  as  FEG,  or  would  make  it  appear  of  the 
fame  length  that  an  objedt  as  long  as  FG  would  appear,  this  may  be 
done  by  coming  nearer  to  the  objedt.  For  the  apparent  diameter  is  as 
the  dihance  inverfely  ;  therefore,  if  CD  is  as  much  lefs  than  CE  as  FG  is 
greater  than  AB,  by  bringing  the  eye  nearer  to  the  objedt  in  the  propor¬ 
tion  of  CD  to  ED,  the  apparent  diameter  will  be  magnifyed  in  the  pro¬ 
portion  of  FG  to  AB.  So  that  the  objedt  AB  to  the  eye  at  D  will  appear 
as  long  as  an  objedt  FG  would  appear  to  the  eye  at  E.  In  the  fame  man¬ 
ner  we  might  fiaew  that  the  apparent  diameter  of  an  objedt,  when  feen 
by  the  naked  eye,  may  be  infinite.  For  fince  the  apparent  diameter  is 
reciprocally  as  the  diftance  of  the  eye,  when  the  diitance  of  the  eye  is 
nothing,  or  when  the  eye  is  clofe  to  the  objedt  at  C,  the  apparent  dia¬ 
meter  will  be  the  reciprocal  of  nothing  or  will  be  infinite. 

There  is  indeed  one  great  inconvenience  in  thus  magnifying  an  objedt 
without  the  help  of  glades  only  by  placing  the  eye  nearer  to  it.  The 
inconvenience  is,  that  we  cannot  fee  an  objedt  diftindtly  unlefs  the  eye  is 
about  5  inches  from  it :  therefore  if  we  bring  it  nearer  to  our  eye  than 
5  inches,  however  it  may  be  magnifyed,  it  wdll  be  feen  confufedly.  Up¬ 
on  this  account  the  greateit  apparent  magnitude  of  an  objedt,  that  we  are 
ufed  to,  is  the  apparent  magnitude,  when  the  eye  is  about  5  inches  from 
it.  For  though  by  bringing  it  within  1  inch  of  our  eye  the  apparent  dia¬ 
meter  would  be  5  times  as  great,  or  at  the  diitance  of  ~  inch  would  be 
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20  times  as  great,  or  at  the  didance  of  inch  would  be  50  times  as  great ; 
yet  fince  in  thefe  near  approaches  of  the  eye  the  object  will  be  feen  in 
great  confudon,  we  never  place  an  objedt  fo  near  us  in  order  to  look  at 
it :  becaufe  though  it  might  be  magnifyed  by  this  means,  the  confufion 
would  prevent  us  from  making  any  ufe  or  advantage  from  feeing  the  ob¬ 
ject  fo  large.  The  iize  of  any  objedt,  when  it  is  viewed  through  a  con¬ 
vex  lens,  feems  to  be  extraordinary  ;  not  becaufe  it  is  impoflible  to  make 
it  appear  of  the  fame  lize  to  the  naked  eye,  but  becaufe  in  fo  near  an 
approach  of  the  naked  eye,  as  would  be  neceflary  for  this  purpofe,  it 
would  appear  very  much  confufed  j  for  which  reafon  we  never  do  bring 
our  eye  fo  near  to  it :  and  confequently,  as  we  have  not  been  commonly 
ufed  to  fee  the  objedt  of  this  fize,  we  think  it  an  extraordinary  one. 

127.  The  apparent  diameter  of  an  cbjeB  is  diredlly  as  its  real  diameter a 
when  its  dijlance  from  the  eye  is  given . 

The  apparent  diameter  of  an  objedt  is  proportional  to  the  diameter  of 
the  pidture  of  it  upon  the  retina,  by  proportion  125.  And  the  diame¬ 
ter  of  the  picture  upon  the  retina,  when  the  didance  of  the  objedt  is  gi¬ 
ven,  is  proportional  to  the  real  diameter  of  the  objedt,  by  proportions 
93,  1  j  3 .  Therefore  the  apparent  diameter  of  an  objedt,  whofe  didance 
is  given,  is  proportional  to  its  real  diameter. 

128.  The  apparent  diameters  of  different  objects  at  different  di fiances  from 
the  eye  will  be  equal ,  if  their  real  diameters  are  proportional  to  their 
difta?ices. 

If  a  man  6  feet  high  is  at  40  yards  didance  from  us,  and  a  boy  3  feet 
high  is  at  only  20  yards  j  then  their  heights  are  proportional  to  their  re- 
fpective  didances  for  6  is  to  3  as  40  is  to  20.  In  this  and  in  all  other 
indances  of  the  fame  fort,  their  apparent  heights  will  be  equal.  This  fol¬ 
lows  from  proportions  94,  125.  For  the  diameters  of  their  refpedtive 
pidtujes  upon  the  retina  will  be  equal ;  and  their  apparent  diameters  are 
proportional  to  the  diameters  of  thefe  pidtures. 

129.  The  apparent  diameter  of  an  objcB  feen  obliquely ,  is  proportional  to 
the  apparent  length  of  a  fubtenfe  of  the  optic  angle  perpendicular  to 
the  optic  axis . 

We  have  hitherto  fuppofed  that  the  objedt  is  feen  diredtly,  or  that  the 
optic  axis  ob ,  Plat.  XI.  dg.  5,  is  perpendicular  to  the  objedt  ac.  But  let 
the  objedt  AB,  Plat.  XI.  dg.  1 1,  be  teen  obliquely,  that  is,  let  it  be  in¬ 
clined  to  the  optic  axis  OC;  and  then  if  AOB  is  the  optic  angle  the  ap- 
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parent  diameter  of  the  objedt  will  be  proportional  to  the  apparent  length 
of  DB,  which  is  a  iubfenfe  of  AOB  perpendicular  to  OC  the  optic  axis. 
For  fince  the  apparent  diameter  of  the  object  is  the  vifible  extenfion  which 
lies  between  AandB,  or  which  is  included  between  AO  and  BO  the  two 
legs  of  the  optic  angle,  by  propofition  125;  and  fince  the  fubtenfe  DB  is 
included  between  AO  and  BO ;  it  follows  that  the  vifible  extenfion  or  ap¬ 
parent  length  of  this  fubtenfe  is  proportional  to  the  apparent  diameter  of 
the  objedt.  Or  otherwife.  If  AB  is  an  obje<£t  feen  obliquely,  and  DB  is 
an  object  feen  diredtly ;  that  is,  if  AB  is  oblique  to  the  optic  axis  and  DB 
is  perpendicular  to  it,  then  fuppofing  both  of  them  to  fubtend  the  fame 
angle  AOB,  their  pictures  upon  the  retina  and  confequently  their  appa¬ 
rent  diameters  will  be  equal,  by  propofition  125.  That  their  pictures  upon 
the  retina  will  be  equal  is  evident :  for  the  fame  right  lines  BO  and  ADO 
continued  to  the  retina  determine  the  length  of  both  their  pictures,  as  ap¬ 
pears  from  what  was  faid  in  proving  propofition  125. 

From  hence  we  fee  that  an  object  appears  Ihorter  for  being  feen 
obliquely.  For  though  the  object  AB  is  longer  than  DB,  yet  becaufe 
AB  is  feen  obliquely  and  DB  is  feen  directly,  AB  appears  no  longer  than 
DB.  If  AB  was  more  oblique  it  would  appear  Bill  fhorter.  And  if  it 
was  fo  oblique  as  to  lie  ftrait  out  from  the  eye,  fo  that  the  end  B  was 
towards  the  eye  and  the  end  A  was  in  the  fame  right  line  directly  from 
it,  the  apparent  length  of  BA  wrould  then  be  nothing.  For  in  this  cafe  a 
line  AO  drawn  from  A  the  farther  end  of  the  object  to  O  the  eye,  and  a 
line  BO  drawn  from  the  nearer  end  B  to  O  would  coincide,  fo  that  the 
angle  AOB  contained  between  them,  and  confequently  DB  the  fubtenfe 
of  that  angle,  would  be  nothing. 

130.  When  equal  objects  are  feen  very  obliquely ,  the  apparent  lengths  of  them 
are  inversely  as  the  fquares  of  their  difiances  from  the  eye. 

Let  the  eye  be  at  O,  Plat.  XII.  fig.  1,  and  any  where  in  the  line  BC 
at  a  confiderable  distance  from  the  eye  take  equal  fpaces  DF  and  df  The 
apparent  lengths  of  thefe  equal  fpaces  DF  and  df  vj\\\  be  inverfely  as  the 
fquares  of  their  distances,  that  is,  they  will  be  as  the  reciprocals  of  the 
fquares  ofthofe  diftances.  Thus  if  Of  is  double  OF,  or  if  the  diftances 
are  as  2  to  1 ,  the  apparent  length  of  df  will  be  J  the  apparent  length  of 
DF.  If  Of  was  to  OF  as  3  to  1,  the  apparent  length  of  df  would  be 
that  of  DF.  If  their  diftances  were  as  4  to  1,  their  apparent  lengths 
would  be  as  to 

The  apparent  length  of  DF  is  proportional  to  the  apparent  length  of 
GD,  by  propofition  129.  For  DF  is  feen  obliquely,  OR  is  the  optic 
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axis,  DOF  is  the  optic  angle,  and  GD  is  a  fubtenfe  of  this  angle  perpen¬ 
dicular  to  OR.  For  the  fame  reafon  the  apparent  length  of  df  is  propor¬ 
tional  to  the^.apparent  length  of  gd.  But  if  O/'  is  double  OF  than  gd  is  | 
GD,  if  O/  is  .triple  OF,^  is  \  GD,  and  univerfally,  gd  is  to  GD  as  Of  to 
OF,  or  as  the  diflances  of /'and  F  from  the  eye  inverfely.  In  order  to 
prove  this,  we  mu  ft  obferve  that  GD  is  the  fubtenfe  not  only  of  the 
angle  DOF,  but  likewife  of  the  angle  GFD  ;  and  gd  is  the  fubtenfe  not 
only  of  the  angle  dOf  but  likewife  of  the  angle  gfd.  Now  if  Of  is 
double  OF,  the  angle  O/F  is  \  the  angle  OFB.  For  fince  QYf  is  a  plane 
triangle  the  lides  are  to  one  another  as  the  fines  of  the  oppofite  angles* 
by  propofition  32,  or  O/is  to  OF  as  the  fine  of  the  angle  OF /  to  the 
line  of  the  angle  O/F.  But  OF/' and  OFB  have  the  fame  fine,  becaufe 
one  of  thefe  angles  is  the  complement  of  the  other  to  two  right  ones. 
Therefore  O/'is  to  OF  as  the  fine  of  the  angle  OF'B  to  the  fine  of  the 
angle  O/F  or  O/B,  fince  O /F  and  O/B  are  one  and  the  fame  angle. 
Now  Of  by  the  conflrudtion,  is  double  OF,  and  confequently  the  fine 
of  the  angle  OFB  is  double  the  fine  of  the  angle  Q/B.  But  fmall  angles 
are  to  one  another  nearly  as  their  fines,  by  propofition  26.  Therefore  if 
thefe  are  fmall  angles  OFB  will  be  double  O/B  ;  and  the  fubtenfe  GD 
will  be  double  gdy  or  GD  will  be  to  gd  as  2  to  1  5  that  is,  fince  OF  is  to 
Of  as  1  to  2,  GD  will  be  to  gd  as  OF  to  O/inverted  j  or  the  fubtenfes 
to  which  the  apparent  diameters  of  DF  and  df  are  proportional  will  be 
inverfely  as  the  diflances  of  DF  and  dfi rom  the  eye,  upon  account  of  the 
different  obliquities  at  which  the  eye  fees  thefe  two  equal  fpaces  DF  and 
df.  But  then  befides  this,  without  confideringthe  difference  of  obliquity, 
or  if  their  obliquities  were  the  fame,  the  apparent  length  of  DF  is  to  the 
apparent  length  of  an  equal  line  df  as  their  diflances  inyerfely,  by  prop. 
126.  Since  then  the  apparent  lengths  ofDF  and /fare  inverfely  as  their  di¬ 
flances  upon  account  of  their  different  obliquities;  and  are  likewife  inverfe¬ 
ly  as  their  diflances  upon  account  of  their  different  diflances ;  it  follows 
that  upon  both  accounts  together  they  will  be  in  a  ratio  compounded  of  the 
inverfe  one  of  their  diflances,  or  will  be  inverfely  as  the  refpeftive  diflan¬ 
ces  multiplyed  into  themfelves,  or  inverfely  as  the  fquares  of  their  re- 
fpedive  diflances.  Thus  if  O/is  twice  OF  or  if  O/'is  to  OF  as  2  to  r* 
the  apparent  length  of  df  will  be  to  the  apparent  length  ofDF  in  the  com¬ 
pound  ratio  of  j  to  j  and  \  ta*  or  as  J  to  1.  For  //'appears  but  1  as  long 
as  DF  upon  account  of  their  different  obliquities,  and  but  \  as  long  upon 
account  of  their  different  diflance,  therefore,  the  apparent  length  of  df 
being  twice  halved  in  refpeft  to  DFV,  upon  both  accounts  together  it  will 
be  only  \  of  the  apparent  length  of  DF. 


From* 
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From  whence  we  fee  the  reafon,  why  in  walking  through  a  double 
row  of  trees,  the  apparent  diftance  between  the  two  neareft  trees  in  the 
fame  row  encreafes  much  fafter  than  the  diftance  between  the  two  oppo- 
fite  trees  in  the  different  rows.  Thus,  Plat.  XI.  fig,  io,  if  trees  were 
planted  in  a  row  along  the  line  ACE,  and  other  trees  along  the  line  BDF, 
any  perfon  walking  between  the  rows  in  the  direction  GH  will  fee  the 
apparent  diftance  DF  between  the  two  trees  D  and  F,  that  are  neareft  to 
one  another  in  the  fame  row,  encreafe  much  fafter  than  the  apparent 
diftance  EF,  which  lies  between  two  oppoftte  trees  in  the  different  rows. 
For  the  diftance  EF  is  feen  diredly  and  confequently  the  apparent  length 
of  it  encreafes,  when  the  fpedator  approaches  it,  in  the  fame  proportion 
that  his  diftance  from  it  decreafes  j  for  the  apparent  length  of  it  is  in- 
verfely  as  his  diftance,  by  propofition  126.  But,  by  the  propofition  now 
before  us,  the  apparent  length  of  DF  which  is  feen  obliquely  encreafes 
in  the  fame  proportion  that  the  fquare  of  the  fpe&ators  diftance  decrea¬ 
fes,  or  is  inverfely  as  the  fquare  of  his  diftance.  Therefore  ftnee  the 
fquare  of  the  fpedators  diftance  decreafes  fafter  than  the  diftance  itfelf, 
the  apparent  length  of  DF  will  encreafe  fafter  than  the  apparent  length 
of  EF.  If  the  reader  is  not  aware  that  the  fquares  of  a  quantity  decreafe 
fafter  than  the  quantity  itfelf,  he  may  fee  it  in  the  following  inftance. 
Suppofe  a  fpe&ator  was  walking  in  the  direction  GH,  his  diftance  then 
from  EF  and  fromDF  would  keep  decreafing:  fuppofe  him  to  view  EF 
and  likewife  DF  at  three  feveral  diftances,  and  let  thefe  diftances  be  to 
one  another  as  3,  2,  and  1 ;  then  the  fquares  of  thefe  diftances  will  be 
9,  4,  and  1 :  and  it  is  evident  that  thefe  latter  numbers  decreafe  fafter 
than  the  former.  Now  the  apparent  length  of  EF  is  as  his  diftances  in¬ 
verted  ;  and  the  apparent  length  of  DF  is  as  the  fquares  of  his  diftances 
inverted.  Therefore  at  the  diftances  3,  2,  and  1,  the  apparent  length  of 
EF  will  encreafe  in  the  proportion  of  1,  2,  and  3  3  and  the  apparent  length 
of  DF  will  encreafe  in  the  proportion  of  1,  4,  and  9.  But  thefe  latter 
numbers  encreafe  fafter  than  the  former ;  and  confequently  the  apparent 
length  of  DF  will  encreafe  fafter  than  the  apparent  length  of  EF. 

1 3 1 .  fhe  apparent  diameter  of  dn  objeB  is  not  at  all  changed  either  by  con - 
trailing  or  dilating  the  pupil. 

When  the  diftance  of  the  objed  is  given,  the  diameter  of  its  pidure 
upon  the  retina  will  be  the  fame,  whether  the  area  of  the  pupill  is  large 
or  fmall,  by  propofition  100.  And  confequently  the  apparent  diameter 
of  the  objed  will  be  the  fame,  whatever  is  the  area  of  the  pupill,  by  pro¬ 
pofition  125. 


132. 
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132.  If  all  other  circumjlances  are  the  fame  an  object  will  appear  larger 
when  it  is  feen  confufedly  than  when  it  is  feen  dif  inSlly. 

When  an  object  is  feen  confufedly  the  picture  upon  the  retina  is  con¬ 
fufed,  by  proportion  1 13.  But  the  confuted  pidture  is  bigger  than  the 
diftindt  pidture  of  the  fame  objedt  would  be,  when  all  other  circumftan- 
ces  are  the  fame,  by  proportion  89.  And  the  apparent  magnitude  of  the 
objedt  is  always  proportional  to  the  magnitude  of  its  pidture  upon  the  re~- 
tina.  Therefore  any  objedt,  when  it  is  feen  confufedly,  will  appear  big¬ 
ger  than  when  it  is  feen  diftindtly. 

This  is  the  reafon  why  any  objedt,  as  a  man,  or  a  houfe,  or  a  tree,  in 
very  mifty  weather  fhould  feem  larger,  than  they  do  when  the  weather 
is  clear.  For  when  the  rays  that  are  to  make  the  objedts  vifible  are  to 
pafs  through  fo  many  fmall  drops  of  water,  as  they  do  in  mifty  weather,, 
fuch  a  great  variety  of  furfaces  will  fo  differently  refradt  them,  that  thofe 
of  the  fame  pencil  will  not  be  colledted  into  one  and  the  fame  focus  up¬ 
on  the  retina  3  and  this  will  make  the  pidture  at  the  retina  a  confufed 
one. 

Upon  this  principle  any  luminous  body,  when  the  pidture  of  it  upon 
the  retina  is  confufed  or  imperfedt,  fhould  appear  larger,  than  when  that 
pidture  is  diftindt  or  perfedt.  And  the  lefs  perfedt  the  pidture  is,  fo  much 
the  larger  the  body  ought  to  appear.  Now  when  the  fun  or  the  moon 
are  in  the  horizon,  that  is,  wffien  they  are  either  riling  or  letting  j  all 
the  rays,  which  come  from  them,  pals  along  very  near  the  furface  of 
the  earth,  through  all  the  vapours  that  float  in  the  lower  part  of  the  at- 
molphere  3  whereas  when  they  are  in  the  meridian  or  at  their  greateff 
height,  the  rays  come  more  diredtly  to  the  fpedtators  eye  without  palling 
lo  clofe  to  the  earths  furface,  or  without  palling  through  fo  many  vapours 
or  fo  much  miff.  For  this  reafon  the  pidture  of  the  fun  or  moon  upon 
the  retina,  when  they  are  in  the  horizon,  will  be  lefs  perfedt  and  confe- 
quently  will  be  bigger,  than  when  they  are  in  the  meridian  3  and  this 
makes  them  appear  larger  at  riling  and  letting  than  when  they  are  at  their 
greateff  height.  The  apparent  magnitude  of  the  fun  or  moon  is  the  fame, 
when  they  are  in  the  horizon,  as  when  they  are  in  the  meridian,  if  they 
are  feen  through  a  telefcope:  for  the  pidture,  which  is  imperfedt  when 
they  are  viewed  by  the  naked  eye,  is  made  a  perfedt  one  by  the  refrac¬ 
tion  of  a  telefcope :  and  if  the  difference  of  apparent  magnitude  in  the 
horizon  and  meridian  was  owing  to  the  imperfedtion  or  confufednefs  of 
the  pidture,  then,  by  making  the  pidture  perfedtly  diftindt,  the  apparent 
magnitude  ought  to  be  the  fame.  From  hence  we  may  fee  the  reafon,, 
why  the  horizontal  moon  fhould  at  fome  times  appear  much  larger  than 

at 
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at  others :  for  the  more  imperfedt  the  pidture  is  the  larger  the  moon  will 
appear  ;  and  the  picture  will  be  more  imperfedt,  when  the  rays  have  a 
thicker  miff  to  pafs  through,  that  is,  when  the  lower  parts  of  the  at- 
mofphere  are  tilled  with  a  greater  quantity  of  vapours.  Whether  the 
caufe  here  affigned  is  the  only  one,  upon  which  the  difference  of  appa¬ 
rent  magnitude  of  the  fun  or  moon  in  the  horizon  and  in  the  meridian 
depends,  is  more  than  I  will  venture  to  affirm  :  but  perhaps  we  may  find 
as  we  go  on  that  the  principal  caufes  which  have  commonly  been  affigned, 
are  at  leaff  as  unfatisfadtory. 

133.  Bright  vbjeffs  feem  to  be  larger  than  obfcnre  ones ,  though  they  are 
really  of  the  fame  fize . 

This  is  remarkably  the  cafe  in  the  appearance  of  the  moon,  juft  be¬ 
fore  and  juft  after  the  new.  At  that  time  the  whole  circular  face  or  difk 
of  the  moon  is  vifible  j  but  only  one  part  of  it,  which  is  the  crefcent  or 
horns,  is  bright  5  the  reft  of  the  circle  has  barely  light  enough  to  make 
it  vifible  and  is  very  faint  in  comparifon  of  the  crefcent.  Now  though  the 
crefcent  and  the  faint  part  of  the  difk  are  portions  of  the  fame  circle,  yet 
the  crefcent  feems  to  be  a  portion  of  a  greater  circle  than  the  faint  part. 
There  are  many  inftances  of  the  fame  fort :  and  it  is  well  known  that  a 
white  or  light-coloured  objedt  will  appear  larger  than  a  black  or  dark- 
coloured  one,  more  particularly  if  they  are  at  fome  diflance  from  the 
eye. 

When  an  objedt  is  remote  enough  from  the  eye  to  make  the  pidture 
of  it  upon  the  retina  a  little  confufed,  the  rays  of  each  pencil,  inltead  of 
being  colledted  into  a  fingle  point  upon  the  retina,  are  fcattered  over  a 
l'mall  circular  lpot  upon  it ;  and  a  pidture,  that  is  made  up  of  fuch  fpots, 
will  be  fomething  larger  than  one,  that  is  made  up  of  exact  focufes  or 
points,  as  we  obferved  in  proportion  89.  Upon  this  account,  by  pro¬ 
portion  130,  all  objects  whether  bright  or  obfcure  will  appear  the  big¬ 
ger  for  being  feen  a  little  confufedly.  But  we  are  to  affign  a  reafon  why 
this  fhould  be  more  perceivable  in  bright  than  obfcure  ones.  Now  the 
edges  of  a  confufed  picture  will  always  be  fainter  than  any  other  part  of 
it.  Thus  for  inftance,  if  the  picture  df\  Plat.  XI.  fig.  5,  was  confufed,  the 
ends  of  it  at  d  and  f  would  be  fainter  than  the  middle  of  it  at  c.  The  rays 
indeed  of  the  middle  pencil,  which  fhould  be  all  of  them  collected  into 
one  and  the  lame  point  at  e>  are  fpread  over  a  fmall  circular  fpot  there  of 
which  lpot  e  is  the  center:  and  for  this  reafon  any  part  of  that  fpot  will  be 
Id's  enlightened,  and  confequently  will  be  fainter  than  the  point  e  would 
have  been,  if  they  had  all  been  collected  into  that  fingle  point.  But  then 

as 
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as  the  rays  of  this  pencil  are  thus  fcattered,  fo  likewife  are  the  rays  of  each 
pencil  all  round  it ;  fo  that  fome  rays  of  all  thefe  pencils,  when  they  are 
are  thus  fpread  upon  the  retina,  will  fall  upon  the  fame  part  of  it  with 
thofe  of  the  middle  one :  and  confequently  what  the  middle  fpot  would 
want  in  brightnefs,  if  it  had  been  enlightened  by  no  rays  but  thofe  of  the 
middle  pencil,  will  be  made  up  by  the  other  rays,  which  are  extended  from 
the  neighbouring  pencils  and  fall  upon  the  fame  place.  This  is  equally 
true  of  any  other  part  of  the  pidture  as  well  as  of  the  middle,  except  only 
its  edges.  For  at  the  two  ends  d  and  j\  or  any  where  elfe  at  the  edge, 
the  rays  of  each  pencil  are  fcattered,  and  fpread  themfelves  over  a  final! 
circular  fpot,  inftead  of  being  collected  into  a  fingle  point.  The  pidture 
extends  no  farther  upon  the  retina  than  the  extreme  focufes,  when  it  is 
diftindt ;  but  it  is  extended  as  far  as  the  extreme  fpots  reach,  when  it  is 
confufed.  But  as  all  the  rays  of  any  pencil  will  enlighten  a  fingle  point 
more,  than  they  will  a  circular  fpot  which  is  bigger  than  a  point,  the 
edges  of  a  confufed  pidture  will  neceftarily  be  fainter  than  the  edges  of 
a  diftindt  one :  unlefs  where  the  rays  of  the  neighbouring  pencils  are 
fpread  over  the  fame  fpace  with  thofe  of  the  extreme  ones ;  which,  as 
we  have  already  feen,  is  the  cafe  in  the  middle  of  the  pidture.  But  at 
the  edges  this  is  impoflible:  becaufe  there  are  no  other  pencils  beyond 
the  extreme  ones.  Therefore  the  edges  of  the  confufed  pidture  will  be 
fainter  than  the  middle  or  than  any  other  part  of  it.  Now  if  the  objedt 
is  a  bright  one,  the  edges  of  the  confufed  pidture,  though  they  are  faint, 
will  however  be  bright  enough  to  be  perceived ;  and  confequently  the 
objedt  will  appear  larger,  than  if  the  pidture  had  been  diftindt.  But  if 
the  objedt  is  very  obfcure,  the  edges  of  the  confufed  pidture  will  be  too 
faint  to  be  perceived,  and  the  objedt  will  fcarce  appear  larger  than  if  the 
pidture  had  been  diftindt.  Therefore  a  bright  objedt  will  feem  bigger, 
when  feen  a  little  confufedly,  than  an  obfcure  one  of  the  fame  fize. 

This  is  no  objedtion  to  the  account  that  was  given  of  the  horizontal 
moon.  For  though  the  moon,  when  in  the  horizon,  is  not  fo  bright,  as 
when  in  the  meridian;  yet  in  the  horizon  it  is  bright  enough  for  the 
whole  confufed,  or  rather  imperfedtly  diftindt,  pidture  upon  the  retina 
to  be  perceived. 

134.  ObjeBs  'would  appear  equally  bright  at  all  difiances ,  if  no  rays  'were 
intercepted  in  their  pajjage  from  them  to  the  eye. 

This  follows  from  proportions  103,  1 13.  For  the  brightnefs  of  vi- 
fton  depends  upon  the  brightnefs  of  the  pidture  upon  the  retina:  and  this 
pidture  would  be  equally  bright  at  all  diftances  of  the  objedt,  if  no  rayvs 
were  intercepted  in  coming  from  the  objedt  to  the  eye  of  the  fpedtator. 

U  u  The 
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The  fun  and  the  moon  appear  fainter  when  they  are  rifing  or  fet- 
ting,  than  they  do  when  they  are  at  their  greateft  height.  This  faint- 
nefs  is  not  owing  to  the  remotenefs  of  either  of  them,  as  has  been  already 
proved.  But  when  they  are  in  the  horizon,  the  light  that  comes  from 
them  paftes  along  near  the  furface,  where  the  vapours  are  thick  and  will 
intercept  many  of  the  rays :  whereas  when  they  are  in  the  meridian,  the 
light  comes  to  the  eye  more  diredly,  and  does  not  pafs  lb  far  through 
the  lowed:,  which  are  alfo  the  denfeft,  parts  of  the  atmofphere,  and  con- 
fequently  fewer  rays  will  be  intercepted. 

Some  have  imagined  that  this  faintnefs  of  the  moon  in  the  horizon 
may  be  the  reafon,  why  it  Ihould  feem  bigger,  when  it  is  there,  than 
it  does,  when  it  is  in  the  meridian.  Becaufe  when  an  objed  is  faint,  the 
pupill  in  looking  at  it  is  dilated,  and  this,  as  they  affirm,  will  make 
the  pidure  upon  the  retina  fo  much  the  bigger.  But  this  has  already  been 
fhewn  to  be  a  miftake,  fince  we  have  proved,  in  proportion  13 1,  that 
the  apparent  diameter  of  an  objed  is  not  changed  either  by  con  trading 
or  dilating  the  pupill.  To  this  indeed  it  is  replyed,  that  the  merely  con- 
trading  or  dilating  the  pupill  will  not  alter  the  diameter  of  the  pidure 
upon  the  retina,  and  confequently  will  not  alter  the  apparent  diameter  of 
an  objed  y  yet  when  the  pupill  is  dilated  the  confequence  is  that  the  liga¬ 
ments  e  and  c,  Plat.  XI.  fig.  4,  are  drawn  outwards,  or  towards  A  and  A, 
by  which  means  the  chryftalline  humour  will  be  brought  forwarder  or 
will  be  removed  farther  from  the  retina  y  and  when  the  pupill  is  con- 
traded  this  humour  will  be  removed  nearer  to  the  retina :  and  the  far¬ 
ther  the  chryftalline  humour  is  from  the  retina  fo  much  bigger  the  pic¬ 
ture  will  be,  or  the  nearer  this  humour  is  to  the  retina,  fo  much  lefts  the 
pidure  will  be,  by  propofition  95.  Now  if  this  was  true,  if  a  dilated 
pupill  made  the  pidure  larger  and  a  contraded  one  made  it  fmaller,  all 
faint  objects,  which  are  looked  at  with  a  dilated  pupill,  ought  to  appear 
larger  than  bright  objects  of  the  fame  fort,  which  are  always  looked  at 
with  a  more  contracted  one :  but  fince  we  have  feen,  in  propofition  133, 
that  juft  the  reverfe  of  this  happens,  we  may  conclude  that  it  is  not  the 
contraction  or  dilatation  of  the  pupill,  nor  any  confequences  of  fuch  con¬ 
traction  or  dilatation,  which  makes  the  moon  appear  bigger  in  the  hori¬ 
zon  and  lefs  in  the  meridian.  - 

135.  The  judgment  that  we  make  about  the  difiance  of  objects  does  not  de~ 
pend  upon  any  Jingle  principle. 

The  diftance  of  an  object  is  the  extenfion  that  lies  between  the  eye  and 
the  object,  or  is  the  length  of  a  line  drawn  from  the  eye  to  the  object. 

Thus 


NATURAL  PHILOSOPHY.  339 

Thus,  Plat.XI.  fig.  10,  the  diflance  ofEF  the  end  of  a  room  from  the  fpec- 
tator  at  G  is  the  extension  that  lies  between  G  and  EF  or  is  the  length  of 
the  imaginary  line  GH.  Now  this  line  is  invifible  in  itfelf,  or  if  it  was  not 
fo  but  was  a  real  line,  fuch  as  a  pack-thread,  extended  from  G  to  H, 
yet  the  length  of  it  would  be  invifible  from  its  fituation,  by  propofition 
129 ;  becaufe  the  end  of  it  or  G  is  at  the  eye  and  it  is  drawn  directly 
from  thence  in  the  direction  GH.  Therefore  the  diflance  of  EF,  if  we 
look  at  EF  directly,  without  confidering  any  thing  elfe,  is  not  to  be  feen 
or  is  not  the  object  of  fenfe.  But  though  GH  is  invifible,  yet  BF  the 
floor  of  the  room,  or  AE  the  cieling  of  it,  or  the  walls  on  each  fide,  are 
any  of  them  vifible  extenfions,  which  lie  between  the  eye  at  G  and  the 
end  of  the  room  EF,  therefore  by  looking  at  any  of  thefe  we  may  judge 
of  the  diflance  of  EF  or  may  make  this  diflance  in  fome  fort  the  object 
of  fenfe.  By  the  fame  method  we  perceive  or  judge' of  the  diflance  of 
other  objects  in  many  inftances.  The  vifible  length  of  road,  which  is  be¬ 
tween  us  and  the  place  we  have  in  view,  is  our  apparent  diflance  from 
that  place.  The  vifible  length  of  the  fields,  hedges,  woods,  hills,  and  buil¬ 
dings,  between  us  and  a  houfe  at  the  end  of  the  profpect,  is  the  apparent 
diflance  of  that  houfe  from  us. 

This  method  of  eftimating  apparent  diftances  will  frequently  fail  us  and 
fome  other  muft  be  made  ufe  of.  When  the  diftances  of  objects  are  very 
great,  the  farther  parts  of  thefe  diftances  are  invifible.  The  apparent 
magnitudes  of  the  remoter  parts  of  long  lines  decreafe  very  faft,  by  pro¬ 
pofition  130 ;  in  the  line  BC,  Plat.  XII.  fig.  r,  the  apparent  magnitudes 
of  DF  and  df  are  inverfely  as  the  fquares  of  their  refpective  diftances 
from  the  eye  j  and  in  all  other  cafes  the  apparent  length  of  any  given 
part  in  the  fame  line  BC  continued  will  decreafe  as  faft  as  the  fquare  of 
its  diflance  from  the  eye  encreafes.  But  fince  this  quick  decreafe  of  ap¬ 
parent  magnitude  makes  the  remoter  parts  of  long  lines  invifible  on  ac¬ 
count  of  the  fmallnefs  of  the  angles  which  they  fubtend*  it  follows 
that  though  two  remote  objects  are  at  different  diftances,  yet  the  eye  can¬ 
not  perceive  this,  becaufe  the  difference  of  their  diflance  may  fubtend 
too  fmall  an  angle  for  the  eye  to  difcern  it.  This  is  the  reafon  why  a  per- 
fon,  who  is  unufed  to  a  fea-profpect,  and  has  not  by  habit  acquired  fome 
other  method  of  judging  how  far  an  object  is  from  him,  belides  this  of 
looking  at  the  apparent  fpace  that  lies  between  him  and  the  object,  will 
be  much  miftaken  in  his  judgment  of  diftances.  A  fhip  that  is  eight  or 
ten  miles  from  the  fhore,  will  fcarce  feem  to  him  to  be  a  mile  off.  For 
at  land,  when  we  have  an  extenfive  profpect  we  commonly  ftand  upon 
fome  eminence,  and  the  country  about  us  from  the  valley  beneath  or 
from  the  foot  of  the  eminence  rifes  gradually*  fo  that  there  the  variety 
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of  vifible  objects  rifing  one  above  another  in  the  profpect  helps  us  to  per¬ 
ceive  and  obferve  the  intermediate  extenhon.  But  upon  a  continued  uni¬ 
form  level,  as  the  fea  is,  we  have  no  luch  helps :  and  if  we  attend  only 
to  the  length  of  a  vifible  fpace  lying  between  us  and  the  objedt,  we  (hall 
be  milled  in  our  judgment:  becaufe  the  fame  diltance,  when  feen  upon 
an  uniform  level,  will  appear  much  fhorter  than  it  ufed  to  do  at  land. 
This  method  of  judging  how  far  an  objebt  is  from  us  will  likewife  fail 
us  at  land,  when  there  are  hills  between  us  and  the  object,  which  do  not 
rife  one  above  another,  fo  that  neither  the  valleys  between  them  are  feen, 
nor  molt  of  the  hills  which  lie  beyond  the  firft  of  them.  If  at  the  end 
of  a  flat  profpedt  there  are  two  hills  one  much  farther  off  than  the  other 
but  of  nearly  the  fame  apparent  height,  and  a  wind-mill  hands  upon 
each  of  them  j  the  eye  could  not  perceive  at  once  which  of  the  two  wind¬ 
mills  was  the  molt  remote :  for  the  fpace  that  lies  between  them  cannot  be 
feen,  becaufe  the  nearer  of  the  two  hills  will  hide  it.  In  any  of  thefe  cafes 
we  lind  out  the  diltance  of  an  objebt,  or  rather  the  difference  between  the 
diltances  of  different  objects,  by  reafoning  upon  it.  How  we  reafon  about 
it  and  form  our  judgment  will  belt  appear  from  confidering  what  anfwer 
a  man  would  make,  who  can  tell  which  of  two  (hips  out  at  fea  or  which 
of  two  wind-mills  in  the  lituation  lalt  defcribed  appears  to  be  the  farthelt 
off,  if  he  was  to  bealked  why  he  thinks  fo.  He  might  fay  that  one  of  the 
fhips  feems  lefs  than  the  other,  and  that  he  judges  that  to  be  the  nearer 
of  the  two,  wrhich  appears  the  bigger.  This  would  be  a  rational  anfwer. 
But  the  reader  mult  obferve  that  this  principle  of  judging  might  fail  or 
might  miilead  the  fpectator  :  for  if  the  fhips  were  of  different  lizes,  and 
the  remoter  of  the  two  was  the  larger,  it  might  appear  as  big  or  bigger 
than  the  nearer,  by  propofitions  126,  12 7,  128.  There  is  another  thing 
worth  taking  notice  of  in  this  principle  of  judging,  and  we  fhould  be  led 
to  it  by  alking  the  fpectator  why  he  thought  either  of  the  two  fhips  was 
very  far  from  him.  His  anfwer  would  probably  be  that  even  that  which 
appears  the  bigger  of  the  two  feems  to  be  very  fmall.  From  this  anfwer 
it  is  evident  that  he  has  in  his  mind  a  notion  of  the  real  magnitude  of  a 
fhip,  and  that  he  has  been  ufed  to  fee  it  at  different  diflances :  fo  that  fince 
it  appears  much  fmaller  than  it  really  is  and  than  he  has  been  ufed  to  fee 
it,  when  it  was  near  to  him,  he  concludes  that  it  muft  be  at  a  great  di- 
ftance.  Upon  this  account  he  will  make  falfe  judgments  of  the  diltance 
of  fuch  objects,  as  he  is  before  unacquainted  with  and  has  not  frequently 
viewed  at  different  diltances,  if  he  depends  wholly  upon  this  principle. 
In  travelling  towards  a  large  city,  or  a  cattle,  or  a  cathedral  church,  or  a 
mountain  larger  than  ordinary,  if  he  has  not  been  ufed  to  fee  fuch  large 
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buildings  or  fo  large  a  mountain,  he  will  think  himfelf  nearer  to  them 
than  he  is.  But  when  this  principle  fails,  or  even  in  inftances  when  we 
might  make  ule  of  it,  we  fometimes  have  recourfe  to  another.  For  if 
the  fpedlator  was  to  be  afked,  in  the  cafe  juft  now  propofed,  why  he 
thinks  that  one  of  the  wind-mills  is  nearer  to  him  than  the  other,  it  would 
be  a  very  rational  anfwer  to  fay  he  can  fee  all  the  parts  of  one  more  di- 
ftindtly  than  of  the  other  ;  and  ftnce  by  experience  he  has  found  that  re¬ 
mote  objedts  appear  more  confufed  than  fuch  as  are  nearer,  he  concludes 
that  the  more  diftindt  one  of  the  two  is  nearer  than  the  other.  If  the 
fpedlator  was  to  change  his  place  he  might  judge  which  of  the  two  was 
the  more  remote,  and  likewife  whether  any  fingle  objedt  was  near  to 
him,  or  far  from  him,  by  the  parallax  of  the  objedt,  that  is,  by  the 
change  of  the  objedts  apparent  place,  whilft  he  has  been  changing  his 
ftation.  Let  L,  Plat.  XII.  fig.  2,  be  one  objedt  and  H  another  objedt 
more  remote  than  L  from  the  fpedtator.  Then  if  the  fpedtator  is  at  A 
the  remoter  objedt  H  will  be  feen  in  the  line  FA,  and  the  nearer  objedt 
L  will  be  feen  in  the  line  DA :  and  fuppofing  that  AD  is  on  the  left- 
hand  fide  of  AF  the  nearer  objedt  L  will  appear  on  the  left-hand  fide  of 
the  remoter  H.  But  if  the  fpedtator  changes  his  place  and  removes  to  By 
then  the  nearer  objedt  feen  from  this  ftation  will  appear  in  the  line  BC. 
and  the  remoter  in  the  line  BE ;  fo  that  the  nearer  one  L  will  be  on  the 
right-hand  of  the  remoter  one  H.  To  thofe,  who  are  ufed  to  judge  of  di~ 
ftances,  this  change  of  the  apparent  place  of  objedts,  when  viewed  in  diffe¬ 
rent  ftations,  is  as  lure  a  principle  as  any :  for  fuch  objedts,  as  by  altering  the 
fpedtators  ftation  change  place  the  moft,  are  always  the  neareft,  and  fuch 
as  change  it  the  leaft  are  always  the  moft  remote.  There  is  yet  another 
principle,  befides  thofe  already  mentioned,  by  which  we  fometimes  make 
a  judgment  of  the  different  diftances  of  remote  objedts ;  and  that  is  their 
apparent  faintnefs.  When  a  man  fees  two  mountains  at  a  great  diftance 
from  him,  though  he  cannot  meafure  with  his  eye  the  vilible  extenfion, 
that  lies  between  him  and  either  of  them  ;  though  he  is  unacquainted 
with  their  real  magnitude  and  therefore  cannot  judge  of  their  diftance  by 
their  apparent  magnitude;  though  they  both  of  them  appear  confufed  ; 
and  though  he  has  no  opportunity  of  changing  his  ftation  fo  as  to  try 
which  has  the  greater  parallax;  yet  if  one  of  them  is  fo  faint  as  to  look, 
almoft  like  a  blue  cloud  in  the  horizon,  and  the  other  is  fomething 
brighter,  he  would  fcarce  be  at  a  lofs  to  determine  which  is  the  remoter 
of  the  two. 

All  thefe  principles,  except  one,  are  obferved  in  painting  a  landfkip. 
The  parts,  that  are  to  appear  the  fartheft  oft',  are  drawn  of  a  lefs  fize, 
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are  made  more  confufed  and  more  faint,  than  thofe  that  are  to  appear 
nearer.  But  where  objedts  at  different  apparent  diftances  are  to  be  repre- 
fented  upon  the  fame  plane  furface  of  the  canvas,  it  is  impoflibleto  give 
them  a  different  parallax,  or  to  make  thofe,  which  are  nearer,  change 
their  apparent  place  in  refpedt  of  thofe,  which  are  more  remote,  from  the 
fpedtators  changing  his  ftation.  And  indeed  as  a  perfon  looking  at  a  land- 
fkip  does  not  change  his  ftation  much,  fuch  a  parallax  in  the  feveral 
parts  of  the  pidture  is  neither  expedted  nor  wanted. 

Now  we  have  explaned  the  feveral  principles,  by  which  we  judge  of 
diftances,  when  the  objedts  are  very  remote,  we  may  the  better  understand 
how  we  judge  of  diftances  when  the  objedts  are  nearer.  I  chofe  this  me¬ 
thod,  becaufe  when  objedts  are  very  remote  we  have  not  fuch  frequent  oc- 
cafion  to  judge  of  their  diftances,  as  we  have  when  they  are  nearer.  Upon 
this  account  we  are  not  much  pradtifed  in  judging  of  the  diftances  of  re¬ 
mote  objedts,  and  therefore  the  mind  proceeds  more  flowly  for  want  of 
frequent  exercife  and  habit,  the  feveral  fteps  that  it  takes  are  more  evi¬ 
dent,  the  principles,  upon  which  it  reafons,  are  more  eafily  difcerned, 
and  the  conclufion  of  the  judgment  can  feldom  be  miftaken  for  the  per¬ 
ception  of  fenfe.  Whereas,  when  objedts  are  nearer  to  us,  though  we 
judge  of  their  diftance  by  nearly  the  fame  principles,  yet  by  frequent  ex¬ 
ercife  the  mind  is  too  quick  in  the  feveral  fteps  that  it  takes  for  thofe 
principles  to  be  difcerned  and  attended  to :  fo  that  the  conclufion  of  the 
judgment  being  made  at  once  is  commonly  imagined  to  be  a  perception 
of  the  fenfes;  we  imagine  that  we  immediately  fee  the  diftance  of  an  ob- 
iedt,  when  in  fadt  we  have  determined  it  by  a  deduction  of  reafoning ; 
but  by  fuch  a  deduction  as  frequent  practice  has  made  fo  obvious  and  fa¬ 
miliar  to  us  that  we  have  no  fooner  turned  our  eyes  towards  an  object, 
but  we  can  tell  at  the  .firft  view  whether  it  is  near  to  us  or  far  from 
us. 

If  an  object  is  at  no  great  diftance  from  us,  and  we  attend  to  the  vifible 
extenfion  between  us  and  that,  fuch  as  the  floor  of  a  room,  the  walk 
of  a  garden,  the  breadth  of  a  bowling-green,  we  may  then  in  fome  fort 
be  faid  to  fee  the  objects  diftance.  But  if  it  is  held  before  the  eye  in  fuch 
a  manner  as  to  be  detached  from  all  vifible  extenfion  between  the  eye 
and  that,  if  we  look  fo  directly  at  the  object  as  either  not  to  fee  or  not 
to  attend  to  any  thing  elfe,  then  we  muft  judge  of  its  diftance  upon  fome 
other  principles.  We  judge  of  the  diftance  of  objects  by  their  apparent 
confufion,  when  they  are  near  enough  to  appear  confufed.  When  we 
know  beforehand  that  two  objects  are  very  remote  from  us,  and  one  ap¬ 
pears  more  confufed  than  the  other,  we  conclude  that  the  more  confu¬ 
fed 
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fed  one  is  the  more  remote  one  of  the  two.  But  if  this  principle  is 
made  ufe  of  in  one  cafe,  it  feems  likely  that  we  fhould  make  ufe  of  it  in 
another.  And  when  we  know  beforehand  that  an  object  is  near  to  us, 
and  by  that  means  are  convinced  that  its  apparent  confufion  cannot  be 
owing  to  its  remotenefs  but  mult  be  owing  to  its  nearnefs,  we  have  a 
good  reafon  for  concluding,  that  thofe  near  objects,  which  appear  mofr. 
confuted,  are  at  a  lefs  diftance  than  thofe,  which  are  feen  more  diftinctly. 
We  judge  of  the  diftance  of  remote  objects  from  their  parallax,  or  their 
change  of  apparent  place  by  the  fpectators  changing  his  ftation.  Upon 
the  fame  principle  we  may  judge  of  an  objects  diftance  when  it  is  nearer 
to  us,  without  moving  out  of  our  place.  For  if  the  diftance  between  the 
two  eyes  bears  any  proportion  to  the  diftance  of  the  object,  then  one  eye 
views  it  from  one  ftation  and  the  other  views  it  from  a  different  ftation  ; 
fo  that  by  opening  each  eye  alternately  a  parallax  or  change  of  apparent 
place  will  be  produced  in  the  object.  If  c ,  Plat.  XI.  fig.  8,  is  an  object  at 
fuch  a  diftance  from  us  that  the  diftance  between  the  two  eyes  a  and  b  bears 
fome  proportion  to  it,  and  if  d  is  an  object  a  little  farther  off,  then  by 
fhutting  the  left  eye  at  a  the  object  c  will  appear  to  the  right  eye  in  the 
line  be ,  on  the  left-hand  fide  of  d ,  and  by  fhutting  the  right  eye  at  b  it 
will  appear  to  the  left  eye  in  the  line  af  on  the  right-hand  fide  of  d.  This 
change  of  apparent  place,  when  each  of  the  two  eyes  views  the  object' c 
from  a  different  ftation,  is  a  certain  mark  that  the  object  is  near  to  us,  and 
fo  much  the  nearer  as  this  parallax  is  greater.  Indeed  we  feldom  proceed 
in  this  method  when  we  judge  of  an  objects  diftance;  for  fome  time 
will  be  taken  up  in  making  this  tryal :  the  mind  muft  therefore  proceed 
flowly  in  determining,  and  the  conclufion  of  our  judgment  could  not  be 
miftaken  for  the  perception  of  our  fenfes.  But  though  we  do  not  ufe 
this  method  yet  we  proceed  upon  the  fame  principles :  for  where  the 
fame  principles  for  judging  of  diftances,  that  are  applyed  in  one  cafe,  can 
be  applyed  in  another,  there  feems  to  be  little  reafon  to  doubt  of  their 
being  made  ufe  of  in  both.  It  is  this  parallax  or  difference  of  apparent 
place  to  the  two  eyes  which  makes  an  object  feem  double,  unlefs  we  turn 
both  eyes  directly  towards  it,  as  has  been  already  fhewn  in  propofitions 
1 16,  1 17,  1 18.  And  when  to  avoid  this  double  appearance  the  eyes  are 
both  of  them  directed  to  the  object,  if  the  diftance  of  it  is  fmall,  they  are 
turned  very  much  towards  each  other, and  if  its  diftance  is  greater  they  are 
turned  towards  each  other  in  a  lefs  degree.  Thus  in  looking  directly  at  the 
nearer  object  c ,  or  in  directing  the  optic  axes  towards  c  the  eyes  muft  be 
turned  fo  much  towards  each  other  as  to  look  along  the  lines  ac  and  be  5 
but  in  directing  them  to  a  remoter  object  d>  they  are  lefs  turned  towards 
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each  other;  for  then  they  look  along  the  lines  ad  and  bd.  And  as  this 
different  turn  of  the  two  eyes  is  neceffary  to  fee  objedls  fingle  at  diffe¬ 
rent  diflances,  when  we  ufe  both  eyes  at  once,  it  is  by  experience  and 
habit  made  a  fettled  mark  for  determining  the  diflance  of  an  objedl.  We 
no  fooner  find  it  neceffary  to  turn  our  eyes  very  much  towards  each  other 
in  order  to  look  at  an  objedl,  but  the  mind  concludes  the  objedl  to  be 
near ;  and  by  the  degree  in  which  they  are  thus  turned  determines  how 
near.  After  we  have  long  ufed  ourfeives  to  judge  of  the  diflance  of  an 
object  by  this  method,  in  which  both  eyes  are  neceffary,  we  fhould  be 
at  a  lofs  for  fome  time,  if  we  were  to  lofe  one  of  our  eyes,  to  make  any 
exadt  judgment  of  diflances,  till  by  ufe  and  experience  we  had  fettled 
fome  other  method  and  had  made  it  habitual.  For  this  reafon  a  perfon, 
who  lofes  an  eye,  is  at  firfl  apt  to  miflake  the  place  of  an  objedt,  that 
is  not  far  from  him,  as  will  appear  in  his  fnuffing  a  candle  or  pouring 
liquor  out  of  one  veffel  into  another.  A  perfon,  who  plays  well  at  tennis, 
will  find  himfelf  fubjedt  to  the  fame  miflakes,  the  firfl  time  that  he  plays 
with  one  eye  hood- winked.  But  in  either  inflance  experience  and  ule 
will  prevent  thefe  miflakes.  Thofe,  who  cannot  apply  the  principles  of 
judging  of  diflances  by  the  help  of  both  eyes,  will  by  pradtice  eftablifh 
a  method  of  judging  with  one  eye  only,  upon  the  principles  of  apparent 
magnitude.  For  thefe,  which  are  principles  of  judging  of  diflances,  when 
objedls  are  remote,  will  likewife  be  made  ufe  of,  when  the  objedls  are 
near;  where  it  is  out  of  our  power  to  make  ufe  of  fuch  as  are  better. 
But  from  the  miflakes  that  are  made  by  a  man,  when  he  firfl  lofes  the 
ufe  of  one  eye,  it  is  evident,  that  this  is  not  the  firfl  principle  that  we 
go  upon  in  forming  our  judgments,  for  if  it  had,  he  would  determine  the 
place  of  an  objedt  immediately  with  one  eye  as  readily  and  as  certainly 
as  he  ufed  to  do  with  both.  From  hence  we  may  fee  the  reafon,  why  in 
looking  through  a  lens  either  convex  or  concave,  we  fhould  commonly 
judge  of  an  objedls  diflance,  that  is  feen  through  it,  by  the  apparent  mag¬ 
nitude  only.  For  the  objedt  is  feen  through  the  lens  detached  from  every 
thing  elfe,  fo  that  no  extenfion  between  the  eye  and  the  objedt  can  be 
feen :  and  fince  we  feldom  make  ufe  of  more  than  one  eye  in  any  experi¬ 
ments  of  this  fort,  we  have  no  other  way  to  judge  of  the  objedts  diflance 
but  by  its  apparent  magnitude.  Therefore  when  it  is  proved  that  in  thefe 
experiments  we  always  do  judge  of  diflances  upon  this  principle;  yet  this 
is  very  far  from  proving  that  this  is  either  the  only  principle,  or  the  prin¬ 
ciple  that  is  in  all  cafes  mofl  attended  to :  all  that  fuch  proof  amounts  to 
is  this,  that  we  make  ufe  of  this  principle  where  it  is  not  in  our  power 
to  make  ufe  of  any  other.  For  even  in  looking  through  a  lens  we  may 
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find  by  a  very  eafy  experiment  that  the  apparent  diftance  of  an  object  is 
not  always  determined  by  its  apparent  magnitude.  Take  a  convex  lens 
fo  large  that  you  may  look  through  it  with  both  eyes  at  once,  and  hold 
a  long  {lender  objed,  fuch  as  an  ivory  folding  knife,  behind  it  in  fuch 
a  manner  that  half  the  knife  may  appear  through  the  lens,  and  the  other 
half  may  be  feen  below  the  lens  by  the  naked  eye :  let  the  knife  be  fo 
far  behind  the  lens  that  the  part,  which  is  feen  through  it,  may  appear 
diftind.  In  this  fituation,  that  part,  which  is  feen  through  the  lens,  will 
be  magnifyed,  and  the  reft  of  the  knife,  which  is  feen  by  the  naked  eye, 
will  not.  And  if  the  fpedator  looks  directly  with  both  his  eyes  at  thefe 
two  parts  of  the  objed,  firft  at  the  magnifyed  part  and  then  at  the  other ; 
he  will  find,  after  having  with  fome  attention  compared  the  apparent  di- 
ftances  of  the  two  parts,  that  the  magnifyed  part,  which  is  feen  through 
the  glafs  feems  to  be  farther  off  than  the  other,  which  is  feen  below 
the  glafs  and  is  not  magnifyed.  At  leaft  I  know  that  they  appear  fo  to 
me.  Whereas,  if  he  had  judged  of  diftance  from  apparent  magnitude 
only,  juft  the  reverfe  muft  have  happened,  the  part  which  appears  to  be 
the  larger  of  the  two  muft  likewife  have  appeared  to  be  the  nearer.  When 
an  objed  is  very  remote  from  us,  we  fometimes  judge  of  its  diftance, 
when  compared  with  that  of  other  objeds,  by  the  apparent  faintnefs  of 
it.  But  in  near  objeds  this  principle  of  judging  is  of  little  or  no  ufe. 
For  the  brightnefs  of  an  objed  is  no  otherwife  altered  by  the  greater  di¬ 
ftance  of  it,  than  as  the  rays  have  fo  much  more  of  the  atmofphere  to 
pafs  through,  by  propofition  134:  and  this  will  make  but  little  diffe¬ 
rence,  unlefs  when  objeds  are  very  remote  and  their  refpedive  diftances 
differ  very  much  from  one  another.  Indeed  in  objeds,  that  are  near  us, 
there  are  innumerable  accidents  which  may  vary  their  apparent  bright¬ 
nefs  :  for  which  reafon  the  idea  of  a  different  diftance  is  not  fo  fteadily 
conneded  by  ufe  and  habit  with  the  idea  of  a  different  brightnefs,  as  to 
make  us  conclude  at  once,  when  an  objed  appears  faint,  that  it  is  there¬ 
fore  at  a  great  diftance  from  us.  Nay  even  in  the  cafe  of  very  remote  ob¬ 
jeds,  this  conclufion  is  not  made  at  once  without  fome  previous  doubt ; 
and  an  objed  is  not  judged  from  the  faintnefs  of  it  to  be  at  a  very  unu- 
fual  diftance  from  us,  unlefs  it  appears  fainter  than  almoft  any  accident  can 
make  an  objed  appear,  when  it  is  nearer  to  us.  This  principle  is  com¬ 
monly  the  laft  we  have  recourfe  to,  and  is  fcarce  ever  made  ufe  of,  where 
we  can  pofiibly  form  a  judgment  upon  any  other.  This  apparent  faint¬ 
nefs  is  indeed  imitated  in  painting,  but  it  is  done  rather  to  preferve  a  like- 
nefs  between  the  pidure  and  the  real  appearance  of  things,  than  to  fug- 
geft  to  us  the  idea  of  a  greater  diftance  of  thofe  parts  which  are  drawn 
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the  mofl  faint.  For  though  remote  objects  always  appear  fainter  than 
near  ones,  and  therefore,  in  imitation  of  nature,  thofe  parts  of  the  land- 
fkip,  which  are  defigned  for  the  moft  dillant  ones,  fhould  be  riiade  lefs 
bright,  than  thofe,  which  are  nearer ;  yet  faint  objedts  do  not  always  ap¬ 
pear  the  moll  remote :  and  confequently  though  the  parts  of  the  pidture 
which  appear  the  moll  remote  are  made  the  moll  faint,  this  apparent  re- 
motenefs  is  not  fo  much  owing  to  their  faintnefs  as  to  their  fmallnefs  and 
apparent  confulion.  When  the  moon  or  the  fun  are  in  the  horizon,  they 
appear  more  faint,  than  when  they  are  in  the  meridian.  But  this  does 
not  make  either  of  them  appear  more  remote.  For  notwithllanding  they 
are  fainter  in  the  horizon,  yet  even  there  they  are  either  of  them  as 
bright,  and  the  fun  in  particular  is  more  bright  than  moll  other  objects 
are,  which  are  very  near  to  us. 

The  heavenly  bodies,  the  fun,  the  moon,  the  other  planets,  and  the 
fixed  liars,  though  they  are  at  very  different  dillances  from  us,  feem  to 
be  all  at  the  fame  dillance  and  appear  as  if  they  were  in  one  and  the  fame 
concave  furface  of  the  Iky.  For  here  all  our  principles  of  making  any 
quick  judgment  of  dillances  fail  us.  There  is  no  vifible  extenlion,  whole 
length  we  can  judge  of,  between  them  and  us.  The  apparent  confufion 
is  the  fame  in  all  of  them.  Their  real  magnitudes  are  unknown  to  us, 
and  therefore  cannot  be  compared  with  their  apparent  magnitudes.  The 
parallax  of  thofe,  which  have  any,  is  not  obvious,  nor  can  it  be  found 
without  taking  up  fome  time.  And  their  apparent  faintnefs  is  not  fuffi- 
cent  to  fhew  us  at  once  that  they  are  very  remote  from  us,  and  much  lefs 
is  it  fufficient  to  fhew  us  that  one  of  them  is  more  remote  than  another. 
Therefore,  as  our  judgment  cannot  help  us  to  dilfinguilh  their  feveral 
difcances,  they  all  feem  to  be  at  the  fame  dillance  from  us. 

Indeed  the  moon  or  the  fun  or  any  other  of  the  heavenly  bodies,  will 
feem  farther  from  us,  when  it  is  in  the  horizon,  than  when  in  the  meri¬ 
dian.  And  the  concave  furface  of  the  Iky  in  an  open  horizon  does  not  feem 
a  hemifphere,  but  the  parts  that  are  directly  over  our  heads  feem  nearer 
than  thofe  parts  which  are  directly  before  us  about  the  horizon,  where  the 
Iky  all  round  feems  to  touch  the  furface  of  the  earth.  So  that  this  con¬ 
cave  furface  appears  like  a  lefs  fegment  of  a  Iphere  than  a  hemifphere  is. 
And  an  arc  drawn  from  the  point  L,  Plat.  XII.  fig  3,  in  the  horizon 
through  R  to  the  oppofite  point]H  will  not  appear  to  be  a  femicircle  as  LRM 
having  its  center  at  S,  which  is  the  place  of  the  fpectator,  but  will  feem 
to  be  a  fegment  of  a  circle  having  its  center  below  the  horizon,  and  fo 
will  be  lefs  than  a  femicircle.  For  the  only  vifible  extended  line  between 
the  fpectator  and  the  apparent  Ikv,  if  his  face  is  towards  L,  will  be  SL, 
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a  line  drawn  along  the  vifible  plane  of  the  horizon,  and  by  this  vifible 
line  he  is  to  eftimate,  as  well  as  he  can,  both  the  diftance  of  the  point  L 
from  him  and  of  all  the  other  points  between  L  and  R.  Now  when  he 
looks  directly  before  him  towards  L,  he  fees  this  line  to  the  greateft  ad¬ 
vantage  as  to  the  apparent  length  of  it,  that  he  poffibly  can ;  for  if  he 
raifes  his  eye  to  B  this  common  meafure  SL  will  be  feen  more  obliquely ; 
and  confequently,  when  it  is  referred  to  the  point  B  as  the  meafure  of  its 
diftance  from  him,  it  will  appear  fhorter  than  when  referred  to  L  j  upon 
which  account  he  will  fuppofe  the  point  B  nearer  to  him  than  the  point 
L.  In  like  manner,  when  he  would  judge  of  the  diftance  of  the  point  C 
from  him,  his  common  meafure  SL  is  feen  ftill  more  obliquely,  and  there¬ 
fore  will  appear  ftill  fhorter,  or  the  diftance  of  C  will  feem  to  be  lefs 
than  the  diftance  of  B.  And  when  this  common  meafure  is  referred  to 
R  it  is  feen  moft  oblique  of  all?  fo  that  R  will  appear  nearer  than  any 
other  point  of  the  Iky.  And  fince,  as  the  eye  rifes  from  L  towards  R, 
every  point  appears  nearer  and  nearer ;  the  whole  apparent  figure  of  this 
quarter  of  the  iky  will  be  L ber ;  and  for  the  fame  reafons  the  whole  ap¬ 
parent  figure  of  the  other  quarter  will  be  ra;H, 

136.  In  viewing  objects  that  we  are  much  ufed  to,  if  they  are  at  fuch  di- 
fances  as  we  can  readily  allow  for ,  the  judgment  of  the  mind  about 
their  magnitude  is  commonly  more  attended  to  than  the  perception  of 
the  eye. 

If  a  man  6  feet  high  is  40  yards  from  us,  and  a  boy  3  feet  high  is  20 
yards  from  us,  their  apparent  heights,  as  perceived  by  the  eye,  will  be 
equal,  by  propofition  128.  And  yet  when  we  look  at  them,  we  are  apt 
to  think  otherwife ;  the  man  feems  to  be  as  much  bigger  than  the  boy, 
as  he  would  if  they  were  both  at  the  fame  diftance.  The  two  objects 
are  fuch  as  we  fee  frequently,  we  have  often  viewed  them  at  different 
diftances,  and  know  by  experience  how  much  an  encreafe  of  diftance 
will  diminifh  their  apparent  magnitudes :  the  diftances,  at  which  they  are 
fuppofed  to  be  placed,  are  likewife  fuch  as  we  are  ufed  to,  and  therefore 
are  fuch  as  we  can  readily  allow  for.  And  by  a  quick  and  imperceptible  adt 
of  the  judgment  we  determine  which  of  the  two  is  the  more  remote  and 
what  is  the  real  magnitude  of  each.  And  having  thus  at  once  found  out 
their  real  magnitude  we  attend  fo  much  to  this,  as  to  negledt  the  appa¬ 
rent  magnitude  perceived  by  the  eye,  and  then  think  that  we  fee  each 
of  them  of  the  fame  fize  that  it  really  is,  and  of  the  fame  fize  that  they 
would  appear  if  they  were  lefs  remote. 

Tfye  reader  will  do  well  to  obferve  here,  that  this  can  never  be  the 
cafe  unlefs  the  obje&s  are  placed  at  fuch  diftances  as  we  are  ufed  to  and 
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can  readily  allow  for,  and  unlefs  the  objects  themfelves  are  fuch  as  have 
been  familiar  to  us,  fuch  as  we  have  frequently  viewed  at  different  di- 
ffances,  till  we  are  well  acquainted  with  their  real  magnitudes.  Some  of 
the  principal  inllances  to  fupport  thefe  obfervations,  I  fhall  borrow  from 
the  ingenious  and  truly  learned  dodtor  Jurin.  The  ufe,  that  is  to  be  made 
of  the  obfervations  themfelves,  will  be  feen  hereafter. 

Firff  j  in  diftances  that  we  know  not  how  to  allow  for  readily,  the  per¬ 
ception  of  the  eye  is  all  that  we  attend  to  in  judging  of  the  magnitude  of 
an  objedt.  “  Children  of  three  or  four  years  of  age,  not  having  yet  lear¬ 
ned  how  to  allow  for  the  leffer  apparent  magnitude  of  diftant  objects,  take 
every  thing  feen  at  a  diflance  to  be  lefs  than  it  really  is.  If  they  fee  a  man 
or  a  woman  thirty  or  forty  yards  off,  they  take  the  one  for  a  boy  and 
the  other  for  a  girl.  And  though  experience  teaches  them  in  a  little  time 
to  correct  this  error  in  objedts  feen  upon  the  level,  or  from  a  moderate 
height,  yet  if  they  happen  to  look  upon  them  from  any  high  building, 
they  are  apt  to  make  the  fame  miflake  as  before.  Let  a  boy,  who  has 
never  been  upon  any  high  building,  go  up  to  the  top  of  the  monument, 
and  look  down  into  the  ftreet;  the  objects  feen  there,  as  men  and  hor- 
fes,  will  appear  fo  fmall  as  greatly  to  furprize  him.  But  ten  or  twenty 
years  after,  if  in  the  mean  time  he  has  ufed  himfelf  bow  and  then  to  look 
down  from  that  and  other  great  heights,  he  will  no  longer  find  the  fame 
objedts  to  appear  fo  fmall.  Becaufe  now,  having  had  frequent  experience 
of  the  leffening  of  the  apparent  magnitude  by  the  encreafe  of  diflance, 
he  does  by  a  quick  and  imperceptible  judgment  conceive  the  objedts  to 
be  of  the  fame  magnitude  as  if  they  were  lefs  remote:  which  judgment 
of  the  mind  not  being  diftinguifhed  from  the  perception  of  the  eye,  he 
thinks  that  he  adtually  fees  them  larger  than  before.  And  if  he  were  to 
view  the  fame  objedts  from  fuch  heights,  as  frequently  as  he  fees  them 
upon  the  fame  level  with  himfelf  in  the  flreets,  I  fuppofe,  they  would 
appear  to  him  jufl  of  the  fame  magnitude  from  the  top  of  the  monu¬ 
ment,  as  they  do  from  a  window  one  flory  high.  For  in  the  flreet  a 
man  at  a  hundred  yards  diflance  appears  of  the  fame  height  as  another  at 
ten,  though  the  pidture  of  the  former  in  the  eye  is  but  a  tenth  part  of 
the  length  of  the  other,  the  fmallnefs  of  the  pidture  being  compenfated 
by  the  knowledge  of  the  greatnefs  of  dillance.”  But  though  we  think 
that  a  man  at  a  hundred  yards  dillance  feems  as  big  as  if  he  was  only 
ten  yards  from  us,  yet  in  greater  diftances  than  thefe  we  fhould  think 
otherwife.  A  man  at  the  dillance  of  a  mile  feems  lefs  than  at  the  dillance 
of  ten  yards :  and  as  children  three  or  four  years  old,  who  are  unable  to 
dlimate  and  allow  for  fmaller  diftances,  take  a  man  at  thirty  yards  di¬ 
llance 
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fiance  for  a  boy ;  fo  when  the  diftance  of  an  object  is  too  great,  as  by 
proportion  130,  it  foon  may  be  too  great,  for  the  eye  of  a  grown  per- 
fon  to  eftimate  it,  if  he  does  not  fall  into  the  fame  miftake  that  children 
do,  yet  the  greatnefs  of  the  diftance,  becaufe  it  is  unknown,  cannot 
compenfate  for  the  fmallnefs  of  the  pidture  upon  his  retina :  he  cannot 
therefore  perfuade  himfelf  by  any  quick  and  imperceptible  judgment,  that 
the  objects  at  fuch  great  diftances  appear  of  the  fame  magnitude,  as  if  they 
were  lefs  remote ;  fince  for  want  of  a  ready  way  to  eftimate  and  allow 
for  thofe  diftances,  he  has  no  opportunity  of  forming  fuch  a  judgment. 
And  thus,  though  in  travelling  upon  the  road,  a  man  ten  yards  before  us 
does  not  feem  larger  than  another  a  hundred  yards  before  us ;  yet  a  mile- 
ftone  only  ten  yards  from  us,  if  we  can  fee  the  next  beyond  it  at  the  fame 
time,  will  feem  much  larger  than  that  which  is  a  mile  and  ten  yards 
from  us.  A  church,  at  the  diftance  of  a  furlong  may  feem  no  lefs  than 
at  the  diftance  of  half  a  furlong,  becaufe  thefe  diftances  are  fmall  enough 
for  the  eye  to  eftimate  and  allow  for  readily  j  the  vilible  extenfion  be¬ 
tween  us  and  the  objedt  is  the  meafure  of  its  diftance.  But  if  we  were  to 
fee  two  churches  of  nearly  the  fame  ftze  one  at  five  miles  diftance  and  the 
other  at  ten,  and  were  afked  which  of  thofe  two  was  the  fartheft  off,  and 
the  reafon  why  we  think  fo;  the  anfwer  would  fhew  that  they  do  not 
feem  to  be  of  the  famefize;  for  it  would  moft  probably  be  that  we  think 
one  of  them  farther  off  than  the  other,  becaufe  it  feems  to  be  lefs.  And 
I  fancy,  no  one  imagines,  that  either  of  them  feems  to  be  as  big  as  it 
does,  when  he  is  within  half  a  furlong  of  it.  The  reafon  is  obvious.  For 
in  very  great  diftances  the  length  of  the  vifible  extenfion  between  us  and 
the  objedt,  decreafes  too  faft,  by  propofition  130,  for  the  eye  to  make 
any  eftimate  of  it ;  and  upon  this  account  our  judgment  of  the  objedts 
diftance  is  commonly  made  by  attending  to  its  apparent  magnitude  as 
perceived  by  the  eye ;  and  when  we  have  attended  enough  to  this  appa¬ 
rent  magnitude  to  determine  the  diftance  of  the  objedt,  we  cannot  imme¬ 
diately  allow  for  the  diftance  thus  eftimated,  forget  the  apparent  mag¬ 
nitude  as  perceived  by  the  eye,  and  then  attend  only  to  the  didtate 
of  our  judgment  about  the  real  magnitude.  If  we  attend  only  to  this 
didtate  of  the  judgment,  we  cannot  eftimate  and  allow  for  the  objedts  di¬ 
ftance  ;  if  we  do  eftimate  and  allow  for  the  diftance,  we  muft  attend  to 
the  apparent  magnitude  as  our  fenfes  perceive  it. 

Secondly ;  unlefs  the  objedts,  that  we  are  viewing,  are  fuch  as  have 
been  familiar  to  us,  fuch  as  we  have  frequently  viewed  at  different  di¬ 
ftances,  till  we  are  well  acquainted  with  their  real  magnitudes,  the  per¬ 
ception  of  the  eye  is  all  that  we  attend  to  in  judging  of  their  magnitude*. 

“  Though 
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“  Tho’  fome  objedl?,  when  feen  at  a  diftance,  are  by  a  quick  and  imper-* 
ceptible  judgment  conceived  to  be  of  the  fame  magnitude  as  if  they  were 
lefs  remote  5  yet  the  famous  monfieur  Perrault  feems  to  be  greatly  mi- 
ilaken,  when  he  applyes  this  principle  to  overthrow  an  opinion,  which 
has  generally  been  received  by  all  architects  and  fculptors  lince  the  time 
of  Phidias,  that  ftatues  placed  upon  very  high  buildings  ought  to  be  made 
of  a  larger  fize,  and  to  be  heightened  with  bolder  ftrokes  than  thofe, 
which  are  to  be  feen  at  a  nearer  diltance.  He  fays  the  judgment  made 
by  the  eye  is  fo  perfect  and  fo  accuftomed  to  make  the  proper  allowance 
for  the  diftance  of  the  objeCt,  that  it  appears  of  the  fame  magnitude  to 
us  whether  at  a  greater  or  a  leffer  diftance.  In  things  very  familiar  to  us 
he  is  certainly  right :  but  ftatues  upon  very  high  buildings  are  not  fo  con- 
Itantly  feen  as  men  and  horfes  in  the  ftreets ;  and  therefore  we  cannot 
make  fo  juft  an  allowance  for  the  diftance  in  one  cafe  as  in  the  other. 
Very  few  fpeCtators  are  able  to  make  a  near  eftimateof  the  length  of  the 
dragon  upon  Bow-fteeple,  or  of  the  height  of  the  St.  Michael  at  Bruffels, 
except  fuch  as  faw  thofe  figures  before  they  were  put  up.”  It  is  for  want 
of  being  acquainted  with  the  real  magnitude  of  the  objeCt,  for  want  of 
having  frequently  viewed  it  at  different  diftances,  that  a  perfon,  as  has 
been  already  obferved  in  propofition  135,  when  he  is  travelling  towards 
a  large  city,  or  a  caftle,  or  a  cathedral  church,  or  a  mountain  larger  than 
ordinary,  is  not  able  to  allow  in  his  mind  for  the  diftance  and  to  deter¬ 
mine  the  real  magnitude;  but  attending  only  to  the  apparent  magnitude, 
as  his  eye  perceives  it,  judges  of  the  diftance  from  thence  and  concludes 
himfelf  to  be  nearer  to  them  than  he  finds  himfelf  upon  tryal. 

We  may  now  be  able  to  guefs  whether  the  moon,  when  it  is  in  the 
horizon,  appears  to  be  bigger,  than  when  in  the  meridian,  upon  account 
of  its  apparent  diftance  being  greater,  when  in  the  former  fituation,  than 
when  in  the  latter.  If  this  is  the  true  reafon  of  this  remarkable  ap¬ 
pearance,  we  mull  explane  it  in  the  following  manner.  The  moon 
is  really  at  the  fame  or  at  nearly  the  fame  diftance  from  us  in  either 
place ;  and  confequently  the  pidture  of  it  upon  the  retina,  and  the  ap¬ 
parent  magnitude,  as  perceived  by  the  eye,  is  the  fame  (in  both,  by 
propofitions  127,  125.  But  the  apparent  diftance  of  the  moon,  when 
in  the  horizon,  is  greater  than  when  in  the  meridian.  Therefore  the 
mind  by  a  quick  and  imperceptible  adt  allows  for  this  apparently 
greater  diftance  and  concludes  that  the  moon,  which  at  this  greater 
diftance  feems  as  big  to  the  eye,  as  when  it  is  in  the  meridian  at  an 
apparently  leffer  diftance,  muft  neceffarily  be  bigger  in  itfelf.  And  when 
this  conclufion  is  once  made,  we  attend  to  it  more  than  to  what  the 
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eye  perceives,  and  fancy  that  it  looks  bigger  in  the  horizon  than  it  does 
in  the  meridian.. 

It  is,  upon  thefe  principles,  a  fort  of  perfpedtive  view  of  the  moon :  for  as 
in  a  picture,  if  two  objects  feem  at  different  diftances,  and  are  drawn  equal 
to  each  other,  the  imagination  will  immediately  conceive  that  object  to  be 
the  larger  of  the  two,  which  appears  to  be  at  the  greater  diftance,  and  this 
dictate  of  the  imagination  will  be  more  attended  to  than  the  preception  of 
the  eye ;  fo  if  the  moon  feems  to  be  more  remote  in  the  horizon  than  in  the 
meridian,  and  the  apparent  magnitude,  as  perceived  by  the  eye,  is  the  fame 
in  both  fituations;  the  imagination  will  immediately  conceive  that  the 
moon  is  larger  in  the  horizon  than  in  the  meridian  j  and  our  attention  to 
this  conclufion  of  the  mind  is  all  that  we  attended  to,  the  perception  of 
fenfe  ferves  only  to  lead  us  to  this  conclufion  and  then  is  forgotten.  Thus 
fuppofe  that  the  eye  is  at  S,  Plat.  XII.  fig.  3,  the  moon  in  the  horizon 
at  H  and  in  the  meridian  at  M  $  fo  that  the  angle,  which  it  fubtends  at  S, 
when  in  either  place,  is  equal.  If  the  moon  in  the  meridian  was  to  ap¬ 
pear  as  if  it  was  at  M,  that  is,  if  its  apparent  difiance  SM  when  in  the 
meridian,  was  equal  to  SH  its  apparent  diftance  when  in  the  horizon, 
then  in  both  fituations  it  would  appear  of  the  fame  fize.  But  the  moon 
in  the  meridian  does  not  feem  to  be  at  the  diftance  SM  but  at  a  lefs  di¬ 
ftance  Sm.  Now  fince  a  moon  at  the  greater  diftance  SH  muft  be  larger 
in  itfelf,  than  one,  which  at  the  leffer  diftance  Sm>  appears  of  the  fame 
fize,  as  much  larger  as  H  is  than  ?n ;  and  fince  the  eye  does  perceive 
the  moon  of  the  fame  fize  when  it  appears  at  m  as  when  at  H ;  there¬ 
fore  the  mind  by  a  quick  and  imperceptible  adt  conceives  it,  when  at  H, 
to  be  bigger,  than  when  at  w,  and  we  attend  fo  much  more  to  this  con¬ 
clufion  of  the  judgment,  than  we  do  to  the  perception  of  fenfe,  as  to 
think,  not  only  that  it  is  bigger,  but  that  we  fee  it  bigger  in  the  horizon 
at  H  than  in  the  meridian  at  m. 

Now  here  we  may  apply  the  two  foregoing  obfervations.  Firft ;  this 
conclufion  cannot  be  made,  except  in  inftances,  where  the  mind  can 
readily  allow  for  the  apparent  diftance  of  the  objedt.  The  conclufion  of 
the  judgment  is  never  fubftituted  inftead  of  the  perception  of  fenfe,  ex¬ 
cept  where  this  conclufion  can  be  made  at  once.  But  the  mind  cannot 
adt  in  fo  quick  and  imperceptible  a  manner,  unlefs  where  the  eye  can 
cafily  eftimate  the  different  diftances  of  the  objedt.  And  though  the  moon 
does  feem  farther  off,  when  in  the  horizon,  than  when  in  the  meridian, 
yet  both  thefe  apparent  diftances  are  much  greater  than  the  eye  can  eaiily 
eftimate  and  readily  allow  for.  If  in  a  profpedt  from  any  eminence  we 
could  fee  two  buildings  of  the  fame  fize,  one  at  5  miles  diftance  and  the 

other 
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other  at  i  o ;  though  we  might  perceive  a  long  tra£l  of  country  lying  be¬ 
tween  one  and  the  other,  and  fo  might  be  fure  that  one  is  more  remote 
than  the  other;  yet  we  fhould  never  fancy  that  one  feemed  to  be  as 
large  as  the  other.  This  is  only  done,  where  the  obje&s  are  near,  and 
the  eye  can,  not  only  perceive  that  they  are  at  different  diftances,  but  can 
like  wife  readily  eflimate  that  difference  and  allow  for  it  at  once.  But  in 
fuch  remote  objects,  the  difference  of  diftance,  though  it  is  perceived, 
can  be  eftimated  no  otherwife  than  by  attending  to  the  apparent  magni¬ 
tude  of  the  objects;  and  when  this  is  attended  to  in  eftimating  the  di¬ 
ftance,  it  is  impoffible  immediately  to  allow  for  that  diftance,  forget  the 
apparent  magnitude,  as  perceived  by  the  eye,  and  fubftitute  inftead  of  it 
an  imagined  real  magnitude,  as  dictated  by  the  judgment.  Though  the 
diftance  of  the  moon  in  the  horizon  is  apparently  greater  than  in  the 
meridian,  yet  as  both  of  them  are  too  great  for  the  eye  to  eflimate,  we 
can  form  no  conclufion  of  judgment  to  ftrike  our  imagination  and  take 
off  our  attention  from  what  the  eye  perceives :  and  if  the  apparent  mag¬ 
nitude  as  perceived  by  the  eye,  is  the  fame  in  either  fituation,  we  can¬ 
not  fancy  that  it  feems  bigger  when  in  the  horizon,  than  when  in  the 
meridian. 

Secondly;  the  conclufion  of  judgment,  that  we  have  been  fpeaking 
of,  cannot  be  made,  except  in  fuch  objects  as  are  familiar  to  us,  and 
have  been  often  viewed  at  different  diftances.  In  obje<5ts  that  we  are  Gran¬ 
gers  to,  or  that  we  have  never  feen  but  at  one  and  the  fame  diftance,  we 
attend  only  to  the  perceptions  of  fenfe;  and  inftead  of  judging  what  their 
real  magnitudes  are  from  their  apparent  diftances,  we  eflimate  their  di¬ 
ftance  from  their  apparent  magnitudes  as  perceived  by  the  eye.  This  is 
the  cafe  of  the  moon ;  it  has  never  been  viewed  by  us  at  more  diftan¬ 
ces  than  one ;  its  real  magnitude  is  what  common  fpe&ators  have  no  con¬ 
ception  of,  and  we  cannot  tell  by  an  alteration  in  its  diftance,  how  much 
or  how  little  its  apparent  magnitude  will  be  altered :  fo  that  though  its 
apparent  diftance,  is  greater  in  the  horizon  than  in  the  meridian,  the  mind 
has  not  been  ufed  to  make  allowance  for  difference  of  diftance  and  com 
fequently  has  never  acquired  fuch  an  habit  as  is  requifite,  where,  in  look¬ 
ing  at  an  objedl,  a  conclufion  of  judgment  is  fubftituted  in  the  place  of  the 
perception  of  the  fenfe. 

We  may  now  examine  the  inftance  of  a  piflure  in  perfpeflive,  which 
we  before  made  ufe  of  in  explaning  the  opinion,  that  we  are  now  endea¬ 
vouring  to  confute.  In  a  perfpedive  picture,  the  apparent  diftance  of  the 
feveral  parts  depends  upon  the  magnitude  of  them  compared  with  one 
another :  fo  that  one  part  will  appear  remoter  than  the  reft  by  being  made 
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fmaller  than  the  reft ;  that  is,  the  apparent  didance  is  judged  of  by  the 
apparent  magnitude  :  which  agrees  very  well  with  what  has  been  proved 
in  propofition  135,  that  in  very  remote  objects  the  apparent  magnitude 
is  the  leading  principle,  by  which  we  edimate  the  didance.  But  if  we 
condder  the  moon  in  the  horizon  and  the  moon  in  the  meridian  as  two 
perfpedive  views  of  an  equal  objed  at  diderent  didances,  the  judgment 
Is  formed  jud  the  contrary  way.  Of  two  objeds,  that  are  equal  as  to 
fenfe,  we  fancy  that  appears  bigger  which  feems  to  be  the  mod  remote  : 
fo  that  in  this  indance  there  could  be  no  perfpedive  view,  unlefs  the  mind 
in  very  remote  didances  is  able  to  judge  of  magnitude  from  apparent  di¬ 
dance.  How  confident  this  is  with  the  principles  laid  down  in  propofi¬ 
tion  135,  how  in  very  great  didances,  fuch  as  we  cannot  edimate  without 
attending  to  the  objeds  apparent  magnitude,  we  can  judge  of  the  real 
magnitude  from  the  apparent  didance,  let  the  reader  determine.  But  let 
this  be  as  it  will.  In  a  perfpedive  pidure  the  fancy  determines  the  ap¬ 
parent  didance  of  the  feveral  parts  from  the  eye  by  the  comparative  mag¬ 
nitudes  of  thofe  parts ;  and  if  in  a  perfpedive  view  of  a  portico,  all  of 
it  was  to  be  covered  except  one  pillar,  for  want  of  the  red  to  compare 
it  with,  the  fpedator  would  not  be  able  to  judge  whether  that  pillar 
was  a  near  one  or  a  remote  one.  In  like  manner  in  the  perfpedive  view 
of  the  moon,  where  the  fancy  is  fuppofed  to  determine  the  magnitude 
from  the  comparative  didances  of  the  moon  in  the  horizon  and  the  moon 
in  the  meridian,  if  thofe  didances  are  hid,  as  they  will  be  if  we  look 
through  the  tube  of  a  fhort  telefcope  with  the  glades  taken  out  of  it,  for 
want  of  an  opportunity  of  comparing  the  different  apparent  didances, 
the  fpedator  ought  not  to  fee  the  moon  at  all  larger  in  one  dtuation  than 
in  the  other.  Whereas  upon  tryal  he  will  find  the  appearance  jud  the  fame 
as  if  he  had  made  ufe  of  no  tube  at  all. 

CHAP.  X. 


Of  refraded  vifion  through  fingle  glafles. 

137.  When  any  fmall  object  or  any  point  of  an  object  is  feen  by  refracted 
light ,  it  appears  in  the  direction  of  that  line ,  which  the  rays  defer i be 
after  their  lajl  refraction. 

IF  the  rays,  that  come  from  any  fmall  objed  D,  Plat.  XII.  fig.  4,  pafs 
through  a  glafs  prifm,  the  end  of  which  is  ACB,  the  ray  DE  will 
be  refraded  towards  a  perpendicular,  when  it  enters  the  prifm,  and  will 
deferibe  the  line  EF,  and  when  it  goes  out  of  the  glafs,  it  will  be  refrac- 
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ted  from  a  perpendicular  into  the  line  FG;  which  line  FG  is  the  direc¬ 
tion  of  it  after  its  laft  refraction,  and  the  objeCt  D  will  be  feen  in  the  di¬ 
rection  of  the  line  FG,  and  will  appear  to  be  at  L  inftead  of  D.  For  in 
this  and  in  all  other  cafes  of  the  fame  fort,  the  picture  of  the  objeCt  upon 
the  retina  will  be  in  the  fame  place,  that  it  would  have  been  in,  if  the  na¬ 
ked  eye  had  been  looking  at  an  objeCt  really  placed  at  L  ;  for  the  re¬ 
fraction  gives  the  rays  the  fame  direction,  as  if  they  had  come  originally 
from  L. 

From  hence  we  may  underftand  why  an  objeCt  feen  through  a  mul¬ 
tiplying  glafs  or  through  a  glafs  that  is  cut  into  different  furfaces  inclined 
to  one  another,  appears  at  one  view  in  many  different  places.  If  the  objeCt 
f  \  Plat.  XII.  fig,  5,  is  feen  through  the  glafs  abed',  by  the  ray  fo  that  paffes 
through  the  furface  cb  the  objeCt  by  the  eye  at  0  will  be  feen  at  f :  the 
ray  fx  paffes  through  the  furface  cd ,  and,  when  it  is  refraCted,  comes  out 
in  the  direction  xo  as  if  it  had  come  from  / ;  therefore  through  the  fur¬ 
face  cd  the  objeCt  appears  at  / :  and  for  the  fame  reafon,  through  the  fur¬ 
face  ab  it  appears  at  m.  Confequently  there  mu  ft  be  the  appearance  of 
as  many  objects  as  there  are  fuch  furfaces  on  the  glafs  ;  for  each  of  them 
fhews  the  fame  objeCt  in  a  different  place. 

Hence  it  is  that  if  fuch  a  glafs  as  abed ,  Plat.  XII.  fig.  5,  or  a  lens,  fuch 
as  gil,  fig.  7,  8,  was  to  be  fhaken  before  the  eye,  the  objects  on  the 
other  fide  would  appear  to  fliake :  for  the  rays  from  the  fame  point  of 
the  objeCt,  in  different  fituations  of  the  glafs,  will  fall  with  different  obli¬ 
quities  upon  its  furface,  and  therefore  will  be  differently  refraCted.  Now 
as  the  glafs  is  fhaken,  its  fituation  is  conflantly  changing,  upon  which  ac¬ 
count  the  refraCted  rays  will  be  fhaken,  and  the  apparent  place  of  the 
objeCt  will  by  this  means  be  conftantly  varyed.  In  viewing  an  objeCt 
through  the  plane  glafs  AB,  fig.  6,  it  will  be  otherwife:  for  in  all  fitua¬ 
tions  of  the  glafs,  the  rays  fall  in  the  fame  manner  on  any  part  of  that 
plane  furface  which  is  towards  the  objeCt,  and  the  refraCted  rays  come 
out  in  the  fame  manner  from  the  other  plane  furface  which  is  towards 
the  eye :  fo  that  by  fhaking  the  glafs,  the  refraCted  rays  will  not  be  made 
to  tremble,  and  confequently  the  objeCt  feen  through  it  will  not  vary  its 
apparent  place,  or  will  not  appear  to  fliake. 

138  .In  ref  raffed  vifion  it  is  not  the  objeff  itfelf  that  we  fee ,  but  the  lafi 
image  of  it ,  which  con/ifls  of  all  the  imaginary  radiants ,  from  whence 
the  rays  appear  to  diverge  after  their  lajl  refraffion . 

It  will  be  neceffary  to  deferibe  particularly  what  is  here  meant  by  the 
laft  image.  Plat.  XII,  fig.  7.  Let  ac  be  an  objeCt  nearer  to  a  convex  lens 

than 
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than  its  principal  focus ;  the  rays  that  diverge  from  any  point  b  in  this 
objedt,  will  by  palling  through  the  lens  be  made  to  diverge  lefs,  and  the 
imaginary  radiant  will  be  more  remote  than  the  real  one,  by  proportions 
67,  28.  Thus  the  rays  bg,  bl ,  when  they  have  gone  through  the  lens 
will  not  proceed  ftrait  forwards  in  the  lines  gk.  Ip ,  but  will  be  refracted 
into  the  lefs  diverging  diredtions  gm}  In ,  as  if  they  had  come  from  the 
imaginary  radiant  which  is  more  remote  than  the  real  one  b.  The 
fame  will  happen  to  the  rays,  which  come  from  a  or  c  or  any  other  point 
in  the  objedt,  fo  that  there  will  be  fomewhere  behind  the  lens,  as  at  dft 
as  many  imaginary  radiants  as  there  are  real  ones  in  the  objedt,  and  thefe 
imaginary  radiants  taken  altogether  compofe  the  laft  image.  And  fince 
all  the  rays  fall  upon  the  eye  as  if  they  had  diverged  from  this  laft  image, 
the  eye  will  be  affedted  by  the  objedt  abc  juft  in  the  lame  manner,  when 
it  looks  through  the  lens,  as  it  would  be  without  the  lens  by  an  objedt 
in  all  refpedts  like  def  or  as  it  would  be  by  the  laft  image,  if  without 
the  lens  the  laft  image  could  be  made  vifible :  and  becaufe  the  eye  is 
affedted  when  it  looks  through  the  lens  as  if  def  was  the  objedt  and  not 
abc ,  therefore  we  fay  that  it  is  not  the  objedt  itfelf  that  we  fee  but  its  laft 
image  def.  This  is  univerfal,  in  refradted  vifion  the  eye  is  affedted  by 
the  rays  of  light  after  refradtion  as  if  they  had  come,  not  from  the  ob¬ 
jedt  itfelf,  but  from  its  laft  image,  which  confifts  of  all  the  imaginary 
radiants  from  whence  the  refradted  rays  appear  to  diverge  at  the  time  they 
fall  upon  the  eye.  We  will  apply  this  to  other  particular  inftances  as  we 
have  occafion. 

139.  Tdhe  apparent  place  of  a  far ,  when  it  is  near  the  horizon ,  is  higher 
than  its  real  place. 

If  <7,  Plat.  XII.  fig.  9,  is  a  ftar  not  very  high  above  the  horizon  5  any 
ray  fuch  as  ab ,  which  falls  obliquely  upon  the  atmofphere,  becaufe  it 
paffes  out  of  a  vacuum  into  the  air,  will  be  refradted  towards  a  perpendi¬ 
cular,  by  propofition  37,  and  will  not  go  ftrait  forwards,  but  will  defcribe 
the  line  be.  Now  the  atmofphere  is  not  fo  denfe  at  the  top  as  it  is  near 
the  earths  furface,  and  the  denfity  of  it  keeps  encreafing  from  the  top 
down  to  the  earths  furface :  upon  which  account  this  ray  as  it  goes  far¬ 
ther  into  the  atmofphere  keeps  paffing  conftantly  into  a  denfer  medium, 
and  will  be  conftantly  refradted  towards  a  perpendicular.  Thus  in  paffing 
through  the  firft  lamina  it  deferibed  be,  in  paffing  through  the  next  be¬ 
low  it,  which  is  fomething  denfer,  it  will  defcribe  cd ,  in  the  next  lamina 
below  that  it  will  be  refradted  into  the  line  dey  and  in  the  loweft,  where 
the  fpedtators  eye  is  at  f  the  diredtion  of  the  ray  will  be  ef.  But  the  ftar 
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will  be  feen,  by  propofition  137,  in  the  laft  diredlion  of  the  refradted 
ray,  or  in  the  line  gf  fo  as  to  appear  at  g3  inftead  of  a :  and  becaufe  the 
ray  in  its  defcent  through  the  atmofphere,  has  been  conftantly  refradted 
towards  a  perpendicular,  its  laft  direction  ef  continued  back,  or  fg  will 
be  nearer  perpendicular  to  the  furface  of  the  atmofphere  than  ba,  that  is, 
g  the  apparent  place  of  the  ftar  will  be  higher,  or  nearer  to  the  zenith, 
than  its  real  place  a. 

From  hence  it  is  plane,  that  a  ftar  may  be  feen  before  it  is  above  the 
plane  of  the  horizon :  for  when  its  real  place  is  below  the  horizon,  its 
apparent  place  by  the  refradtion  may  be  above  it. 

140.  "The  nearer  a  Jlar  is  to  the  horizon  the  more  its  apparent  place  is 
cha?iged  by  the  refraction  of  the  atmofphere . 

If  ABC,  Plat.  XII.  fig.  10,  is  the  earths  furface,  LDM  the  furface  of 
the  atmofphere,  T  the  common  center  both  of  the  earth  and  of  the  at- 
molphere,  that  furrounds  it ;  when  a  ftar  Z  is  in  the  zenith  of  a  fpedtator 
at  B,  or  is  diredtly  over  his  head,  a  ray  as  ZD  coming  from  the  ftar  to  his 
eye  will  be  perpendicular  to  the  atmofphere,  for  its  diredtion  ZD  conti¬ 
nued  pafies  through  T  the  center  of  the  atmofphere,  therefore  this  ray, 
by  propofition  41,  will  not  be  refradted,  and  confequently  the  apparent 
place  of  a  ftar  in  the  zenith  will  not  be  altered  by  the  refradtion  or  does 
not  differ  from  the  real  place.  But  when  the  ftar  is  at  G  in  the  horizon, 
as  far  off  from  Z  as  it  can  be,  if  it  is  feen  at  all,  the  incident  ray  GP  will 
be  as  far  from  a  perpendicular  OT  as  it  can  be,  and  confequently  as  the 
angle  of  incidence  GPO  is  there  the  greateft,  the  refradtion  will  be  the 
greateft,  by  propofition  40.  And  therefore  the  ftars  apparent  place  will 
be  more  altered  when  it  is  at  G  than  when  it  is  any  where  elfe  between 
G  and  Z.  Thus  for  inftance  when  the  ftar  is  at  H  a  ray  HR  is  lefs 
oblique  to  the  furface  of  the  atmofphere,  than  the  ray  GP  when  the 
ftar  was  at  G,  or  the  angle  of  incidence  HRN,  is  lefs  than  the  angle 
GPO.  For  fince,  when  it  is  at  Z,  this  angle  made  with  the  perpendi¬ 
cular,  or  angle  of  incidence,  is  nothing,  the  nearer  it  approaches  to  Z, 
fo  much  the  lefs  this  angle  will  be,  and  the  lefs  the  angle  of  incidence 
is  the  lefs  will  be  the  refradtion,  and  confequently  the  lefs  likewife  will 
be  the  change  of  apparent  place. 

Indeed  when  the  ftar  is  at  G,  or  any  where  elfe,  as  well  as  when  at 
Z,  there  will  be  a  ray  coming  from  it,  which  will  fall  perpendicularly 
on  the  furface  of  the  atmofphere;  but  this  perpendicular  ray,  as  GT  pafies 
towards  the  earths  center ;  and  therefore  is  not  one  of  the  rays  which  makes 
the  ftar  vifible  to  a  fpedlator  at  B  on  the  earths  furface. 

141.  The 
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14 1.  *fhe  fun ,  or  the  full  moon ,  appears  of  an  oval figure ,  when  they  are 
in  the  horizon. 

As  the  apparent  place  of  a  dar,  by  proportion  139,  fo  likewife  the 
apparent  place  of  any  point  in  the  fun,  will  by  the  redaction  of  the  at- 
mofphere  be  higher  than  its  real  place.  Now  fuppofe  a  diameter  drawn 
acrofs  the  difk  or  face  of  the  fun  perpendicular  to  the  horizon  ;  the  lowed 
point  of  this  diameter  will  be  apparently  raifed  by  the  refraction,  and  fo 
likewife  will  the  highed  point  of  the  fame  diameter.  But  then  as  the 
apparent  place  of  a  dar,  by  proportion  140,  is  more  raifed  the  nearer 
it  is  to  the  horizon,  fo  for  the  fame  reafon  the  lowed:  point  of  this  per¬ 
pendicular  diameter  will  be  apparently  more  raifed  than  the  higheft  point 
of  it,  becaufe  the  lowed  point  is  nearer  to  the  horizon  than  the  highed. 
Therefore  the  two  extremities  of  this  diameter  will  be  made  to  appear 
nearer  to  each  other,  or  the  perpendicular  diameter  will  be  apparently 
fhortened  by  the  refraction.  The  diameter,  which  erodes  this  at  right 
angles,  or  which  is  parallel  to  the  horizon,  is  no  otherwife  affeCted  by 
this  refraCtion  than  that  both  ends  of  it  are  equally  raifed  higher.  So  that 
dnee  the  perpendicular  diameter  of  the  fun  is  fhortened  and  the  parallel 
one  continues  the  fame  5  this  will  apparently  change  the  circular  figure 
of  the  fun  into  an  oval  or  elliptical  one,  the  fhorter  diameter  of  which 
will  be  perpendicular  to  the  horizon. 

142.  A  vefiel  feems  to  he  follower,  when  it  is  full  of  water ,  than  when 
it  is  empty . 

When  the  vefiel  is  full  of  water  the  bottom  of  it  is  feen  by  refracted 
light :  for  the  rays,  which  make  it  vidble,  pafs  out  of  the  water  into  the 
air,  before  they  come  to  the  eye.  Therefore,  by  propodtion  138,  it  is 
not  the  bottom  itfelf  that  is  feen,  but  its  lad  image.  And  dnee,  by  pro¬ 
podtion  45,  the  imaginary  radiants  will  be  nearer  to  the  eye  than  the 
real  ones,  the  lad  image  condding  of  thefe  radiants,  which  is  feen  when 
the  veffel  is  full,  will  be  nearer  than  the  bottom  itfelf,  which  is  feen  when 
the  vedel  is  empty. 

143.  In  vifion  through  any  glafs  the  ohjeB  will  appear  ere 51  if  the  objedt 
and  its  laft  image  are  on  the  fame  fide  of  the  glafs,  but  inverted  if 
they  are  on  contrary  fides. 

Since  the  lad  image  is  what  we  fee  in  refraCted  vidon  indead  of  the 
objeCl,  by  propodtion  138,  an  objeCt  feen  through  a  glafs  will  appear 
ereCt,  if  its  lad  image  is  fo.  And  the  image  will  be  ereCt,  or  in  the  fame 
podtion  with  the  objeCt  if  they  are  both  on  the  fame  fide  of  the  glafs, 
but  it  will  be  inverted,  or  the  objeCt  and  image  will  be  in  contrary  pofi- 

tions. 
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tions,  if  they  are  on  contrary  Tides.  If  abc ,  Plat.  XII.  fig.  7,  is  the  objed, 
and  the  glafs,  through  which  it  is  viewed  by  the  eye  at  0 ,  is  a  convex  lens 
gil ;  then  fuppofe  the  object  to  be  nearer  to  the  lens  than  its  principle  focus, 
and  all  rays  which  diverge  from  any  one  point  in  it  as  b ,  will  diverge  lefs 
after  refradion,  and  the  imaginary  radiant  e  will  be  more  remote  than 
the  real  one  b ,  by  propofition  67.  However,  all  the  rays,  which  di¬ 
verged  from  one  and  the  fame  point  b  before  refradion,  will  apparently 
diverge  from  one  and  the  fame  point  e  after  refradion.  So  likewife  all 
the  rays  which  diverged  from  the  fame  point  a  in  the  objed,  will  di¬ 
verge  from  the  fame  point  d  in  the  image ;  and  all,  which  diverged  from 
cy  will  after  refradion  diverge  from  f  Now  ai  is  the  axis  of  the  beam 
that  comes  from  a  the  higheft  point  in  the  objed,  and  this  axis  pafles 
through  the  lens  unrefraded,  by  propofition  59.  But  the  ray  ai  before 
refradion  diverged  from  a  as  well  as  any  other  ray  of  the  beam,  and  con- 
fequently  after  refradion  will  appear  to  diverge  from  the  fame  point  d 
with  the  reft  of  the  rays.  If  therefore  it  paftfes  ftrait  through  the  lens  and 
yet  appears  on  the  other  fide  to  come  from  dy  the  point  d  muft  be  in 
the  fame  right  line  with  a3  or  daiy  which  is  drawn  from  the  higheft  point 
in  the  image  through  the  higheft  point  in  the  objed  to  the  vertex  of  the 
lens,  is  always  a  right  line.  In  the  lame  manner  we  might  prove  that 
fciy  which  is  drawn  from  the  loweft  point  in  the  objed  through  the 
loweft  point  in  the  image  to  the  fame  vertex,  is  likewife  a  right  line. 
Now  thefe  right  lines  crofs  each  other  in  the  lens  and  no  where  elfe. 
And  fince  the  higheft  point  both  of  the  objed  and  image  is  fomewhere 
in  the  line  diy  and  the  loweft  point  of  both  is  fomewhere  in  the  line  jiy 
therefore  if  the  objed  and  its  laft  image  are  on  the  fame  fide  of  the  lens, 
that  is,  if  the  lens  is  not  between  them,  thefe  extreme  axes  will  not  crofs 
each  other  between  the  place  of  the  objed  and  the  place  of  the  image, 
but  will  be  in  the  fame  fituation  in  refped  of  each  other  at  both  places, 
daiy  which  is  the  higheft  at  the  objed,  will  be  the  higheft  at  the  image, 
and  fciy  which  is  the  loweft  at  the  one  will  be  the  loweft  at  the  other : 
and  confequently  the  point  a ,  which  is  higheft  at  the  objed,  appearing 
at  the  image  in  the  line  daiy  will  be  the  higheft  there,  and  the  point  cy 
which  is  the  loweft  at  the  objed,  appearing  at  the  image  in  the  line  fciy 
will  be  the  loweft  there ;  that  is  the  image  will  be  ered  or  in  the  fame 
pofition  with  the  objed. 

This  may  be  made  univerfal.  For  by  what  has  been  faid  it  appears 
that  the  higheft  point  of  an  objed,  when  feenby  refradion,  is  always  feen 
fomewhere  in  the  axis  of  the  beam,  which  comes  from  the  higheft  point ; 
and  the  loweft  point  is  always  feen  fomewhere  in  the  axis,  which  comes 
from  the  loweft  point.  Therefore  if  thefe  two  axes  have  not  crofted  each 

other 
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other  between  the  object  and  its  lad  image,  the  highed  point  in  the  ob¬ 
ject  will  appear  highed  in  the  image  and  the  lowed  point  of  the  object 
will  appear  lowed  in  the  image ;  that  is,  the  objedt  and  its  lad  image 
will  be  in  the  fame  pofition. 

In  a  concave  lens  gil,  Plat.  XII.  fig.  8,  if  the  object  is  abc  the  rays 
coming  from  every  radiant  in  the  objecd  are  made  to  diverge  more,  and 
the  imaginary  radiants  or  lad  image  will  be  nearer  than  the  object,  by 
proportion  76.  The  highed  point  a  will  appear  at  the  image  fome- 
where  in  aiy  or  in  the  axis  of  the  cone  of  rays  which  comes  from  that 
point ;  and  the  lowed  point  c  will  appear  in  the  image  fomewhere  in 
the  axis  ci.  Therefore  if  thefe  axes  ai  and  ci  have  not  eroded  between 
the  object  and  the  image,  that  point  which  is  the  highed  or  the  lowed 
in  one  will  appear  the  highed  or  the  lowed  at  the  other.  But  they  crofs 
no  where  except  in  the  lens  at  i  j  and  confequently  if  the  objedt  is  at  abcy 
and  the  lad  image  at  def  or  any  where  elfe  on  the  fame  fide  of  the  lens 
with  the  objedt,  fo  that  the  lens  where  the  axes  crofs  is  not  between 
them,  they  will  both  of  them  be  in  the  fame  pofition. 

But  if  the  objedt  abc ,  Plat.  XII.  fig.  1 1,  is  more  remote  than  the  prin¬ 
cipal  focus  of  the  convex  lens  gsl ,  there  would  be  a  didindt  pidture  of 
the  object  formed  fomewhere  on  the  other  fide  of  the  lens,  by  propo¬ 
rtion  84.  Suppofe  then  that,  if  a  paper  was  held  at  fed ,  this  didinct 
picture  would  be  painted  there.  Now  if  there  had  been  no  paper,  though 
the  rays  of  the  feveral  beams  would  dill  be  collected  into  their  refpective 
focufes  at  that  place,  yet  they  would  not  dop  there,  but  would  proceed 
drait  forwards:  the  rays,  that  had  converged  to  d  in  the  lines gd.  Id. ,  after 
they  had  met  there,  would  diverge  from  thence  in  the  lines  do ,  dx.  And 
the  rays,  that  had  converged  to  any  other  points  f  or  c,  would  proceed 
on  and  fo  diverge  from  thence,  by  proportion  15.  And  thus  every  fo¬ 
cus  in  the  picture  becomes  a  radiant :  for  which  reafon,  if  the  eye  is  at 
o3  the  points  from  whence  the  rays  lad  diverge,  when  they  fall  upon  it, 
are  the  feveral  focufes  in  the  didinct  picture.  Therefore  the  didinct  pic¬ 
ture  is  in  this  cafe  the  lad  image.  And  we  have  already  proved,  in  pro¬ 
portion  85,  that  the  didinct  picture  is  inverted  in  refpect  of  the  object. 
Therefore  when  the  object  is  on  one  fide  of  the  lens  and  the  lad  image 

is  on  the  contrary  dde,  the  lad  image  will  be  inverted. 

% 

144.  In  all  lenfes ,  the  diameter  of  the  objeB  is  to  the  diameter  of  the  laft 
image  as  the  diftance  of  the  object  from  the  lens  to  the  dijlance  of  the 
laft  image  from  the  lens. 

This  has  been  proved  already  of  the  didinct  picture,  in  proportion  88, 
therefore  the  propofition  is  true,  when  the  object  and  lad  image  are  on 

con- 
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contrary  Tides  of  the  lens,  as  they  are,  Plat.  XII.  fig.  1 1.  But  in  the  con¬ 
cave  lens  fig.  8,  or  the  convex  one  fig.  7,  where  the  object  and  image 
are  on  the  fame  fide,  the  higheft  point  of  both  will  be  fomewhere  in  the 
ftrait  line  dai ,  and  the  lowed  point  of  both  will  be  fomewhere  in  the 
ftrait  line  fci ;  by  what  has  been  proved  in  propofition  143.  Now  if  ac 
and  df  or  the  object  and  image  are  parallel  to  one  another,  the  triangle* 
aic  and  dif  are  iimilar :  for  the  angle  at  i  is  the  fame  in  both  of  them  ; 
and  becaufe  df  and  ac  are  parallel,  the  external  angle  will  be  equal  to  the 
internal  oppofite  angle  on  the  fame  fide;  Euc,  b.  I.  prop.  29;  that  is, 
iac  is  equal  to  idf  and  ica  to  ifdc  Therefore  the  fides  of  thefe  two  equi¬ 
angular  triangles  are  proportional,  Euc.  b.VI.  prop.  4,  ac  to  df  as  ai  to  di , 
or  the  height  of  the  object  is  to  the  height  of  the  image,  as  the  dillance 
of  the  objedt  from  the  lens  to  the  dillance  of  the  image  from  the  lens. 
The  fame  might  be  proved  in  the  fame  manner  of  their  refpedtive  breadths 
or  of  any  other  correfponding  diameters. 

145.  'The  object  itfelf  is  the  objeff  of  plane  vifton ,  the  laft  image  is  the  ob¬ 
ject  of  re fr aft ed  vifion.  This  follows  from  propofition  138. 

146.  The  apparent  magnitude  of  an  objeft  feen  through  any  lens  is  propor¬ 
tional  to  the  apparent  magnitude  of  its  laft  i?nage .  This  likewife 
follows  from  propofition  138. 

1 47.  The  apparent  magnitude  of  an  object  feen  through  a  lens  of  any  fort  is 
equal  to  its  apparent  magnitude  feen  without  the  lens,  if  the  lens  is 
clofe  either  to  the  eye  or  to  the  objeB. 

Firft ;  fuppofe  the  eye  to  be  clofe  to  the  vertex  /  either  of  the  convex 
lens  gil,  Plat.  XII.  fig.  7,  or  of  the  concave  lens  gil,  fig.  8,  the  object 
feen  through  the  lens  will  appear  of  the  fame  fize  that  it  would  do  to 
the  naked  eye  in  the  fame  ftation,  or  to  the  eye,  if  the  lens  was  out  of 
the  way.  For  the  diameter  of  the  object  of  refradted  vifion  df  is  to  the 
diameter  of  the  objedt  of  plane  vifion  ac ,  as  ei  to  bi ;  or  their  dia¬ 
meters  are  as  their  refpedtive  diftances  from  i  the  vertex  of  the  lens,  by 
propofition  143.  Therefore  their  apparent  diameters  are  equal,  when 
they  are  feen  from  /,  by  propofition  128.  Now  the  laft  image  or  object 
of  refracted  vifion  is  what  we  fee  through  the  lens,  and  the  object  itfelf 
or  object  of  plane  vifion  is  what  we  fee  when  the  lens  is  taken  away  from 
the  eye :  and  confequently  the  apparent  diameter  of  what  we  fee,  when 
we  make  ufe  of  the  lens,  upon  fuppofition  that  the  eye  is  placed  clofe  to 
the  lens,  is  equal  to  what  the  naked  eye  in  the  fame  ftation  would  fee, 
if  the  lens  was  taken  from  before  it. 

Se- 
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Secondly ;  the  apparent  magnitude  of  an  object  is  not  altered  by  be¬ 
ing  feen  through  a  lens,  if  the  lens  is  clofe  to  the  object.  For  when  the 
real  radiant  is  clofe  either  to  a  convex  or  a  concave  lens,  the  imaginary 
radiant  will  likewife  be  clofe  to  it,  by  propofitions  73  ;  that  is,  if 
the  objedt,  which  confifts  of  real  radiants,  touches  the  lens,  the  laft  image, 
which  confifts  of  imaginary  ones,  will  touch  it.  And  when  both  of  them 
are  clofe  to  the  lens  their  diameters  will  be  equal,  by  proportion  144. 
Therefore  whether  we  ule  the  lens  and  fo  fee  the  laft  image,  or  from 
the  fame  diflance  look  at  the  object  itfelf  without  the  lens,  their  appa¬ 
rent  magnitudes  will  be  the  fame. 

148.  If  an  objeft)  when  it  is  feen  through  a  convex  or  plano-convex  lens% 
is  nearer  to  the  le?is  than  its  principal  focus ,  it  will  appear  brighter 
than  to  the  naked  eye ,  and  will  be  diftinft  and  ere  ft. 

When  any  objedt  ac ,  Plat.  XII.  fig.  7,  is  nearer  to  the  lens  gil  than 
its  principal  focus,  the  rays,  that  come  from  b  or  any  other  point  in  it, 
will  diverge  the  lefs  or  will  be  the  clofer  together  for  being  refradted,  by 
propofition  67,  and  confequently  more  of  them  will  enter  the  eye;  fo 
that  the  objedt  upon  account  of  this  refradtion  will  appear  the  brighter, 
by  propofitions  1 04,  1 1 3 .  The  rays  of  each  pencil  diverge  after  refrac¬ 
tion,  and  therefore  come  to  the  eye  in  the  fame  manner  that  they  would 
if  the  objedt  was  at  a  moderate  diflance  and  no  lens  was  ufed.  But  when 
the  naked  eye  fees  an  object  at  a  moderate  diflance,  it  appears  diflindt. 
Therefore,  when  an  objedt,  that  is  nearer  to  a  convex  lens  than  its  prin¬ 
cipal  focus,  is  feen  through  the  lens,  it  will  appear  diflindt.  The  refracted 
rays  of  each  beam  diverge  lefs  than  the  incident  ones,  by  propofition  67  ; 
fo  that  all  the  imaginary  radiants  are  more  remote  than  the  real  ones,  by 
propofition  28,  or  the  laft  image  is  farther  from  the  lens  than  the  objedt ; 
and  confequently,  fince  the  objedt  is  beyond  the  lens,  the  laft  image  muft 
neceflarily  be  fo  too  3  or  the  laft  image  is  on  the  fame  fide  of  the  lens 
with  the  objedt.  Therefore  the  laft  image,  which  is  the  object  of  re¬ 
fracted  vifion  will  be  erect,  by  propofition  143. 

1 49.  If  an  objeft ,  when  it  is  feen  through  a  convex  or  plano-convex  lens ,  is 
farther  from  the  lens  than  its  principal  focus ,  it  will  appear  brighter 
than  to  the  naked  eye ,  and  will  be  confufed  and  ere  ft ,  provided  the 
eye  is  nearer  to  the  lens  than  the  place  of  the  difiinft  pifture. 

If  gsl ,  Plat.  XII.  fig.  11,  is  a  convex  lens  and  abc  is  an  object  placed 
at  a  greater  diflance  than  the  lens’s  principal  focus,  there  is  a  place  fiome- 
where  on  the  other  fide  of  the  lens,  fuppofe  at  fedj  where  the  picture 
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of  this  object  would  be  diftinctly  painted  upon  a  paper.  This,  whether  a 
paper  is  held  there  or  not,  is  called  the  place  of  the  diftinct  picture.  Now 
if  the  eye  is  any  where  between  e  and  s ,  the  object  will  appear  brighter 
through  the  lens  than  it  would  to  the  naked  eye.  For  the  rays  of  each  beam 
would  diverge,  if  there  was  no  lens ;  but  the  lens  makes  them  converge,  by 
proportion  63  :  upon  that  account  they  are  kept  clofer  together,  and  con- 
fequently  more  of  them  will  enter  the  eye.  The  object  feen  in  this  man¬ 
ner  will  be  confufed,  for  when  an  object  is  feen  by  the  naked  eye,  the 
rays  of  each  beam  diverge,  if  it  is  near,  or  are  parallel,  if  it  is  very  re¬ 
mote  j  no  rays  that  come  from  one  and  the  fame  point  in  an  object  na¬ 
turally  converge.  Therefore  fince  the  rays  of  each  beam  by  the  refraction 
of  the  lens  are  made  to  converge,  they  come  to  the  eye  in  fuch  a  ftate 
as  the  eye  is  not  ufed  to  ;  and  it  has  not  a  power  of  changing  its  figure 
fo  as  to  have  diftinct  vifion  by  rays  that  are  in  fuch  a  direction  as  no  rays 
are  naturally.  But  fince  there  is  no  picture  formed  till  the  rays  come  to 
the  retina,  the  picture  there,  though  it  is  a  confufed  one,  will  be  inver¬ 
ted,  and  confcquently  the  object  will  appear  erect,  by  propofition  1 1 5. 

150.  If  an  objett ,  when  it  is  feen  through  a  convex  or  plano-convex  lensy 
is  in  the  lens* s  principal  focus ,  it  will  appear  brighter  than  to  the  na¬ 
ked  eye ,  and  will  be  diJtinSl  and  erett. 

If  the  object  abcy  Plat.  XII.  fig.  7,  was  in  the  principal  focus  of  the 
lens  gil,  the  rays  of  each  particular  beam,  fuch  as  eg ,  eiy  ely  will  be  pa¬ 
rallel  after  refraction,  by  propofition  62  :  this  makes  them  clofer  toge¬ 
ther  than  if  they  diverged,  as  they  would  do  if  the  lens  was  taken  away ; 
and  confequently  more  of  them  will  enter  the  eye,  which  will  make  the 
object  appear  the  brighter.  The  rays  from  very  remote  objects  are  nearly 
parallel,  by  propofition  30.  Therefore  an  object  placed  in  the  lens’s  prin¬ 
cipal  focus,  becaufe  it  is  feen  by  parallel  rays,  will  be  as  diftinct  as  re¬ 
mote  objects  ufually  are  to  the  naked  eye.  The  laft  image  def  becaufe 
the  refracted  rays,  which  diverge  from  the  feveral  points  of  it,  are  pa¬ 
rallel,  will  be  very  remote  j  and  confequently  it  will  be  on  the  lame  fide 
of  the  lens  with  the  object.  Therefore,  by  propofition  143,  the  object 
will  appear  erect. 

352.  When  an  object  feen  through  a  convex  or  plano-convex  lens  is  nearer 
than  the  principal  focus  it  is  magnify ed  5  unlefs  the  eye  touches  the 
lensy  or  the  lens  touches  the  object ;  and  as  the  eye  departs  from  the 
lensy  its  apparent  magnitude  will  decreafe. 

The  apparent  magnitude  of  df  Plat.  XII.  fig.  7,  is  greater,  than  that 
of  acx  if  the  eye  is  at  oy  or  if  it  is  any  where  elfea  except  at  i  3  that  is,  un¬ 
lefs 
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lefs  the  eye  touches  the  lens,  the  object  of  refracted  vifion  will  appear 
bigger  than  the  object  of  plane  vifion.  If  the  object  abc  continues  in  the 
fame  place  or  does  not  change  its  distance  bi  from  the  lens,  then  the  lad 
image  will  likewife  be  always  at  the  fame  diRance  ei,  by  proportion  68. 
Therefore,  by  proportion  144,  the  real  diameter  of  the  lad  image  will 
be  invariable,  wherever  the  eye  is  placed.  And  if  the  Ration  of  the  eye 
is  at  the  vertex  i  of  the  lens,  the  apparent  diameter  of  the  lad  image  feen 
through  the  lens  is  equal  to  the  apparent  diameter  of  the  object  feen  by 
the  naked  eye  in  the  fame  Ration,  by  propofition  147.  But  if  the  eye 
withdraws  from  the  vertex  to  any  other  Ration  0 ,  the  apparent  diame¬ 
ter  of  the  lad  image,  which  is  the  object  of  refracted  vifion,  will  decreafe, 
by  propofition  126,  becaufe  the  eye  is  at  a  greater  diRance  from  it.  By 
the  eyes  withdrawing  itfelf  from  the  vertex  to  any  other  remoter  Ration 
0  the  apparent  diameter  of  ac ,  when  feen  by  the  naked  eye,  will  likewife 
decreafe.  Since  then  either  df or  ac  have  the  fame  apparent  diameter,  when 
the  eye  is  at  i  clofe  to  the  lens,  and  fince  the  apparent  diameter  of  both  de¬ 
creases,  when  the  eye  withdraws  from  thence  to  o\  why  Riould  ^appear 
larger  than  ac  to  the  eye  at  o->  why  Riould  the  apparent  diameter  of  the 
object  of  refracted  vifion  be  greater  than  the  apparent  diameter  of  the 
object  of  plane  vifion,  or  why  Riould  the  object,  when  feen  from  the 
Ration  0  through  the  lens,  feem  bigger  than  when  feen  from  the  fame  Ra¬ 
tion  by  the  naked  eye  ?  The  reafon  is,  that  though  the  apparent  diame¬ 
ter  both  of  the  lad  image  and  of  the  object  are  diminifhed  by  the  depar¬ 
ture  of  the  eye  from  them,  yet  they  are  not  diminiRied  in  the  fame  pro¬ 
portion  5  the  apparent  diameter  of  the  laR  image  decreafes  in  a  lefs  pro¬ 
portion  than  the  apparent  diameter  of  the  object.  For  when  the  eye  has 
withdrawn  from  i  to  0  the  apparent  diameter  of  the  laR  image  decreafes 
in  the  inverfe  proportion  of  oe  to  ie ;  and  the  apparent  diameter  of  the 
object  in  the  inverfe  proportion  of  ob  to  ib.  But  oe  bears  a  lefs  proportion 
to  /V,  than  ob  bears  to  ib.  Therefore  the  apparent  diameter  of  the  laR 
image  decreafes  in  a  lefs  proportion  than  the  apparent  diameter  of  the  ob¬ 
ject.  That  oe  bears  a  lefs  proportion  to  ie  than  ob  to  ib ,  may  be  eafily 
proved,  whatever  is  the  length  of  to  or  whatever  is  the  diRance  of  the 
eye  from  the  lens.  For  ie  and  ib  are  two  unequal  quantities  of  which  ie 
the  diRance  of  the  image  is  always  the  greater,  by  propofitions  67,  28. 
And  when  the  eye  departs  from  the  lens  io  is  a  given  quantity  added  to 
both  of  them.  Therefore  both  of  them  are  equally  encreafed,  but  not  pro¬ 
portionally  :  for  a  given  addition  when  made  to  a  greater  quantity  will  en- 
creafe  it  lefs  in  proportion  than  when  made  to  a  lefs  quantity.  Thus  parti¬ 
cularly,  let  ie  be  to  ib  as  2  to  1,  and  let  then  zV-H0=2-i-i=3  > 

z  z  2  and 
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and  ^+/fl=i-{-i=2.  Therefore,  by  the  addition  of  to,  ie  is  en¬ 
treated  only  in  the  proportion  of  3  to  2,  and  ib  by  the  fame  addition 
is  encreafed  in  the  proportion  of  2  to  1 .  Since  then  the  apparent  diame¬ 
ter  of  the  image  is  equal  to  that  of  the  object,  when  the  eye  is  clofe  to 
the  lens,  and  fince  though  they  both  decreafe  as  the  eye  departs  from  the 
lens,  yet  the  apparent  diameter  of  the  image  decreafes  the  leaf!:  of  the 
two,  it  follows  that,  when  the  eye  is  at  any  distance  from  the  lens,  the 
object  of  refracted  vifion  will  be  bigger  than  the  object  of  plane  vifion ; 
or  the  apparent  magnitude  of  the  object  feen  through  the  lens  will  be 
greater  than  its  apparent  magnitude  feen  by  the  naked  eye. 

The  latter  part  of  the  proportion,  that  the  apparent  diameter  of  the 
object  feen  through  the  lens  will  decreafe  as  the  eye  withdraws  itfelf,  has 
been  proved  already  in  proving  the  firffc  part.  All  that  we  need  obferve 
upon  this  head  is,  that  when  the  eye  departs  to  an  infinite  difiance  from 
the  lens,  the  apparent  diameter  of  the  object  feen  through  it  will  be  in¬ 
finitely  fmall.  The  ufe  of  this  obfervation  will  be  feen  hereafter. 

There  is  one  thing  more  that  will  be  worth  our  notice  before  we  take 
leave  of  this  propofition,  which  is,  that  though  we  fay  an  object  feen 
through  the  lens,  when  the  eye  is  at  0 ,  appears  to  be  magnified,  yet 
by  that  we  mean  only  that  the  apparent  fize,  if  feen  through  the  lens, 
when  the  eye  is  there,  is  greater  than  it  would  be,  if  feen  by  the  naked 
eye  at  the  fame  ftation  0.  For  the  apparent  magnitude  of  it  feen  through 
the  lens  when  the  eye  is  at  o>  is  not  greater  than  the  fame  object  might 
appear  to  the  naked  eye,  if  the  naked  eye  was  nearer  to  it.  Nay  the  eye 
may  be  fo  near  as  to  fee  the  object  bigger  without  the  help  of  a  lens, 
than  it  fees  it  at  the  fiation  0  with  this  help.  Thus  particularly,  by  the 
lecondpart  of  this  propofition,  the  object  feen  through  the  lens,  when 
the  eye  is  at  0  appears  lefs  than  it  would,  if  the  eye  was  at  i.  But  if  the 
eye  was  at  z,  the  object  would  appear  no  bigger  with  the  lens  than  with¬ 
out  it,  by  propofition  147.  Therefore  the  object  with  the  help  of  the 
lens  does  not  feem  fo  big,  when  the  eye  is  at  0,  as  it  would  without  the 
lens,  if  the  eye  was  at  i  or  in  the  fiation  of  the  lens. 

Therefore  the  chief  ufes  of  a  convex  lens  in  vifion  may  be  reduced  to 
thefe  two.  Firft,  if  we  want  to  look  at  an  object,  and  the  eye  mu  ft  ne- 
cefiarily  be  placed  at  a  certain  diftance  from  it ;  we  fhall  fee  it  larger  at 
that  difiance  by  the  help  of  a  lens  than  we  could  without  one.  Secondly, 
if  we  want  to  fee  an  object  of  a  certain  fize,  and  the  naked  eye,  in  order 
to  fee  it  of  that  fize,  muft  come  fo  near  to  the  object  as  to  render  it  con- 
fufed ;  by  the  help  of  a  lens  we  may  fee  it  of  that  fize  and  yet  fee  it  di- 
ftinctly. 

*53>' 
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1 33.  If  an  obj eft feen  through  a  convex  or  plano-convex  lens  is  more  remote 
than  the  principal  focus ,  and  the  eye  on  the  other  fide  is  nearer  than 
the  place  of  the  dijlinft  pidture ,  the  objedt  appears  magnify ed ,  un- 
lefs  the  eye  touches  the  lensy  and  the  apparent  magnitude  of  it  will 
be  inverfely  as  the  eyes  diftance  from  the  diflindl  picture ;  fo  that  as 
the  eye  withdraws  from  the  lens  towards  the  pidture  the  apparent 
magnitude  of  the  objedt  will  encreafe. 

Let  gsl  be  the  lens,  abc  an  object  farther  off  from  the  lens  than  its 
principal  focus,  and  fed  the  diftindt  pidture  received  upon  a  paper.  In 
order  to  prove  the  propofition,  we  will  fhew  that  wherever  the  eye  is 
between  s  and  e  or  between  the  lens  and  the  picture,  if  it  turns  itfelf 
one  way  and  looks  through  the  lens  at  the  objedt  abc  or  turns  itfelf  the 
other  way  and  looks  at  the  pidture  upon  the  paper,  the  apparent  diame¬ 
ter  of  the  objedt  will  always  be  equal  to  the  apparent  diameter  of  the  pic¬ 
ture.  Suppofe  the  eye  was  at  the  fide  of  the  lens  g ,  then  it  would  fee  both 
the  objedt  and  the  picture  without  looking  through  the  lens,  and  fince 
the  real  diameter  of  the  objedt  is  to  the  real  diameter  of  the  pidture,  as 
their  refpedtive  diftances  from  the  lens,  or  from  the  eye  when  it  is  at  g, 
by  proportion  88,  confequently  their  apparent  diameters  will  be  equal, 
by  propofition  128.  Now  if  the  eye,  inftead  of  being  at^,  was  clofe  to 
the  lens  at  j,  and  was  to  look  through  it,  the  apparent  diameter  of  the  ob¬ 
jedt  would  not  be  altered,  by  propofition  1 47  ;  and  fince  its  diftance  from 
the  pidture  fed  is  the  fame  whether  it  is  at  g  or  at  s ,  it  follows  that  if 
the  eye  is  clofe  to  the  lens,  whether  it  turns  itfelf  one  way  and  looks 
through  it  at  the  objedt,  or  turns  itfelf  the  other  way  and  looks  at  the 
pidture  upon  the  paper,  the  apparent  diameters  of  the  objedt  and  pidture 
are  equal;  and  either  of  them  appears  of  the  fame  fize  that  the  naked 
eye  in  the  fame  ftation  would  fee  the  objedt.  But  fuppofe  the  eye  was 
clofe  to  the  paper  at /'or  e  or  d ,  the  apparent  diameter  of  the  pidture 
would  then  be  infinite,  by  propofition  126.  And  if  the  eye  when  clofe 
to  the  paper  was  to  turn  itfelf  and  look  at  the  objedt,  the  apparent  dia¬ 
meter  of  that  would  likewife  be  infinite.  For  fuppofe  it  was  at  f-y  all 
the  rays,  which  enter  it,  are  thofe  colledted  there ;  and  they  are  only  fuch 
as  come  from  the  point  c :  therefore  nothing  but  the  point  c  will  appear 
diffufed  over  the  whole  fur  face  of  the  lens  though  that  furface  was  ever  fo 
large.  The  fame  “would  be  true  of  the  point  by  if  the  eye  was  at  e ;  and 
of  the  point  a ,  if  it  was  at  d.  Therefore  in  this  ftation  of  the  eye  every 
point  in  the  objedt  is  infinitely  magnifyed,  and  confequently  its  apparent 
diameter  feen  through  the  lens  is  infinite.  Since  then  the  objedf  feen 
through  the  lens,  and  the  pidture  feen  upon  the  paper  appear  equal,  when 
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the  eye  is  clofe  to  the  lens,  and  appear  equal  again,  and  are  both  of  them 
infinite,  when  the  eye  is  at  the  paper  ;  it  follows  that  they  muft  both  of 
them  have  apparently  encreafed,  whilft  the  eye  departed  from  s  to  e,  or 
from  the  lens  to  the  paper :  and  they  muft  both  of  them  have  encreafed 
equally ;  becaufe  they  were  equal  at  firft  and  are  equal  at  laft.  But  fince 
they  have  encreafed  equally,  wherever  the  eye  was  between  s  and  e ,  the 
apparent  diameter  of  the  objedt  feen  through  the  lens  muft  always  have 
been  equal  to  the  apparent  diameter  of  the  pidture  feen  upon  the  paper. 
From  hence  we  may  prove  the  three  parts  of  the  propofition. 

Firft,  the  objedt  will  be  magnifyed,  if  the  eye  does  not  touch  the  lens, 
for  it  appears  of  the  fame  fize  either  with  the  lens  or  without  it,  if  the 
eye  is  at  s,  and  as  the  eye  withdraws  towards  a  the  apparent  magnitude 
of  the  objedt  encreafes. 

Secondly;  the  apparent  diameter  of  the  objedt  feen  through  the  lens 
is  every  where  equal  to  the  apparent  diameter  of  the  diftindt  pidture ;  and 
the  apparent  diameter  of  the  diftindt  pidture  is  every  where  inverfely  as 
the  diftance  of  the  eye  from  the  pidture,  by  propofition  126.  Therefore 
the  apparent  diameter  of  the  objedt  feen  through  the  lens  is  inverfely  as 
the  diftance  of  the  eye  from  the  diftindt  pidture. 

Thirdly,  that  as  the  eye  withdraws  from  the  lens  towards  the  diftindt 
pidture,  the  apparent  magnitude  of  the  objedt  feen  through  the  lens  will 
keep  encreafing  has  been  proved  as  we  went  along. 

154.  If  an  objeB  feen  through  a  convex  or  plano-convex  lens  is  placed  hi 
the  principal  focus,  it  will  be  magnifyed ;  unlefs  the  eye  touches  the 
lens ;  and  the  apparent  magnitude  of  it  will  not  be  altered  by  the  eyes 
withdrawing  from  the  lens . 

If  the  objedt  abc ,  Plat.  XII.  fig.  7,  was  in  the  lens’s  principal  focus, 
the  refradted  rays  of  each  beam  would  neither  diverge,  as  they  are  there 
reprefented,  nor  would  they  converge,  as  in  fig.  11,  but  would  be  pa¬ 
rallel,  by  propofition  62.  But  fince  the  refradted  rays  are  parallel,  if  we 
confider  them  as  diverging  ones,  the  imaginary  radiants  or  the  laft  image 
muft  be  at  an  infinite  diftance,  and  if  we  confider  them  as  converging 
ones  the  focufes  or  the  diftindt  pidture  muft  be  at  an  infinite  diftance,  by 
propofitions  30,  31.  Now  when  the  eye  departs  from  a  lens,  if  the  ap¬ 
parent  magnitude  of  an  objedt  feen  through  the  lens  decreafes,  it  is  be¬ 
caufe  the  eye  departs  to  a  greater  diftance  from  the  laft  image,  as  in  pro¬ 
pofition  152;  or  if  the  apparent  magnitude  of  the  objedt  encreafes,  it  is 
becaufe  the  eye  by  departing  from  the  lens  gets  nearer  to  the  place  of  the 

diftindt 
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diftinft  picture,  as  in  proportion  153.  But  when  the  objeft  is  in  the  prin¬ 
cipal  focus,  there  is  neither  laft  image  nor  diftindt  pidture,  except  at  an 
infinite  diftance.  Therefore  the  apparent  magnitude  of  the  objedt,  as  the 
eye  departs  from  the  lens,  will  neither  decreafe  nor  encreafe ;  fince  no 
finite  departure  of  the  eye  can  either  remove  it  farther  from  the  laft  image 
or  bring  it  nearer  to  the  diftindt  picture.  From  hence  it  follows,  that 
when  an  object  is  placed  in  the  lens’s  principal  focus,  its  apparent  mag¬ 
nitude  feen  through  the  lens  is  the  fame  whether  the  eye  touches  the 
lens,  or  is  withdrawn  to  any  finite  diftance  whatever.  Now  if  the  eye 
touches  the  lens,  the  object  is  not  magnifyed,  but  appears  of  the  fame 
lize  through  the  lens  that  it  would  appear  of  without  it  to  the  eye  in  the 
fame  ftation,  by  proportion  147.  But  fince,  let  the  eye  be  where  it  will 
behind  the  lens,  the  object  appears  of  the  fame  fize  as  when  the  eye  touches 
the  lens,  why  fhould  we  fay  that  the  object  is  not  magnifyed  in  this  ftation 
of  the  eye  but  will  be  magnifyed  in  any  other?  Theanfwer  is,  that  if  in 
any  place  as  0  behind  the  lens,  the  object  abc  appears  as  big  as  the  naked  eye 
could  fee  it  at  the  ftation  /,  then  at  the  ftation  0  the  object  feen  through 
the  lens  is  faid  to  be  magnifyed,  not  becaufe  it  appears  bigger  than  the 
naked  eye  could  fee  it  in  any  ftation,  but  becaufe  it  appears  bigger  than 
the  naked  eye  could  fee  it  in  that  particular  ftation  0. 

In  the  three  laft  propofitions  we  have  confidered  what  alterations  are 
made  in  the  apparent  magnitude  of  an  object  feen  through  a  convex  or 
plano-convex  lens,  by  the  motion  of  the  eye.  In  the  two  following 
ones  we  will  confider  what  alteration  it  will  undergo  by  the  motion  either 
of  the  lens  or  of  the  object. 

j  55.  When  the  eye  and  objeB  are  fixed  in  their  fiations ,  as  a  convex  or 
plano-convex  lens  moves  from  the  eye  the  apparent  magnitude  of  the 
objeB  keeps  encreafing, ,  till  it  has  got  to  the  middle  between  them ;  and 
then  as  the  lens  moves  farther ,  the  apparetit  magnitude  keeps  decrea- 
fing ,  till  it  has  got  clofe  to  the  object:  provided  that  in  this  whole ■ 
motion  of  the  lens  the  eye  is  never  more  remote  from  it  than  the  place’ 
of  the  diftinB  pi  Bure. 

When  the  lens  is  at  either  extreme,  either  clofe  to  the  eye  or  clofe  ta 
the  object,  by  proportion  147,  the  object  is  not  magnifyed.  But  when 
the  lens  is  any  where  between  the  two  extremes,  by  proportions  152, 
1 53>  1 54>  object  is  magnifyed.  Therefore  it  will  be  moft  magnifyed, 
when  the  lens  is  equally  removed  from  the  two  extremes,  or  when  it  is 
in  the  middle  between  the  eye  and  the  object.  Now  ftnce  the  object  is  not 
magnifyed,  when  the  lens  is  clofe  to  the  eye$  but  is  moft  magnifyed 

when 
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when  the  lens  Is  half  way  between  the  eye  and  the  objed,  it  follows 
that,  as  the  lens  moves  from  the  eye  towards  that  middle  ftation,  the  ap¬ 
parent  magnitude  mud;  keep  encreafing.  And  fince  the  object  is  mag- 
nifyed,  when  the  lens  is  in  that  middle  ftation,  but  is  not  magnifyed  at 
all,  when  it  gets  to  the  other  extreme  and  is  clofe  to  the  object,  it  follows 
that,  as  the  lens  moves  from  that  middle  ftation  towards  the  object,  the 
apparent  magnitude  muft  keep  decreafmg. 

156.  When  an  objeB  feen  through  a  convex  or  plano-convex  lens  departs from 
the  lens ;  if  the  eye  is  in  the  principal  focus ,  the  objeSls  apparent 
magnitude  is  not  altered  j  if  the  eye  is  more  remote  than  the  principal 
focus ,  the  appare?it  magnitude  is  encreafed  3  if  the  eye  is  ?iearer  than 
the  prmcipal  focus  the  apparent  magnitude  is  di minified . 

When  an  objedt  departs  from  a  convex  lens,  its  laft  image  on  the  fame 
fide  of  the  lens  with  itfelf  departs  at  the  fame  time,  by  proportion  72, 
and  confequently  the  apparent  magnitude  is  diminifhed,  fo  that  if  the 
objedt  was  to  depart  to  an  infinite  diftance  its  apparent  magnitude  would 
be  infinitely  fmall,  by  propofition  152.  But  whilft  the  objedt  and  its 
laft  image  depart  on  one  fide,  the  diftindt  picture  will  approach  on  the 
other  fide  where  the  eye  is,  by  propofition  7 1 :  and  if  the  diftinct  pic¬ 
ture  was  to  approach  till  it  came  to  the  place  where  the  eye  is,  the  ob¬ 
ject  would  be  infinitely  magnifyed,  by  what  was  faid  in  proving  propo¬ 
fition  153.  Now  if  the  eye  is  fuppofed  to  be  in  the  principal  focus  of 
the  lens,  the  diftinct  picture  cannot  come  to  the  place  of  the  eye,  unlefs 
the  object  departs  to  an  infinite  diftance,  as  appears  under  propofition 
107.  Therefore  when  the  eye  is  in  the  principal  focus,  if  the  object  de¬ 
parts  to  an  infinite  diftance,  the  apparent  magnitude  is  infinitely  dimi- 
fhed  upon  one  account  and  infinitely  encreafed  upon  another  j  infinitely 
diminifhed,  becaufe  the  laft  image  is  at  an  infinite  diftance ;  and  infinitely 
encreafed,  becaufe  the  diftinct  picture  will  be  at  the  fame  place  with  the 
eye.  Confequently,  fince  in  an  infinite  departure  of  the  object  from  the 
lens,  the  apparent  magnitude  is  encreafed  and  diminifhed  equally,  it  muft 
have  kept  decreafing  juft  as  much  upon  one  account,  whilft  the  object  was 
departing,  as  it  has  kept  encreafing  upon  the  other;  and  therefore  upon 
both  accounts  together,  it  muft  have  been  always  the  fame. 

If  the  eye  was  more  remote  than  the  principal  focus  3  then  the  appa¬ 
rent  magnitude,  as  before,  would  not  be  infinitely  diminifhed,  but  by 
an  infinite  departure  of  the  object.  But  fince,  when  the  object  is  at  an  in¬ 
finite  diftapce,  the  diftinct  picturewill  be  in  the  principal  focus,  and  fince 
the  eye  is  farther  from  the  lens  than  the  principal  focus,  the  diftindt 
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pidture  will  be  at  the  place  where  the  eye  is,  before  the  object  has  de¬ 
parted  to  an  infinite  diftance.  Confequently  a  finite  departure  of  the  ob¬ 
ject  will  magnify  it  infinitely.  But  if  the  apparent  magnitude  may  upon 
one  account  become  infinitely  great  by  the  objects  departing  only  to  a 
finite  diftance,  but  cannot  upon  the  other  account  become  infinitely  fmall 
but  by  departing  to  an  infinite  diftance;  it  follows  that  in  this  ftation  of 
the  eye  whilft  the  objedt  is  departing,  its  apparent  magnitude  mu  ft  en- 
creafefafter  than  itdecreafes,  and  therefore  it  will  encreafe  upon  the  whole. 

If  the  eye  was  nearer  to  the  lens  than  the  principal  focus,  the  appa¬ 
rent  magnitude  would,  as  before,  be  infinitely  diminifhed  by  the  objedts 
departing  to  an  infinite  diftance.  But  it  cannot  be  infinitely  encreafed, 
unlefs  the  diftindt  pidture  is  at  the  fame  place  with  the  eye.  Now  when 
the  objedt  has  departed  to  an  infinite  diftance,  the  diftindt  pidture  is  no 
nearer  to  the  lens  than  its  principal  focus.  Therefore,  fince  the  eye  is  fup- 
pofed  to  be  nearer,  an  infinite  departure  of  the  objedt  will  not  bring  the 
diftindt  pidture  to  the  place  of  the  eye,  and  confequently  will  not  infi¬ 
nitely  encreafe  its  apparent  magnitude.  But  fince  an  infinite  departure  of 
the  objedt  will  infinitely  diminifti  its  apparent  magnitude  upon  one  ac¬ 
count,  but  will  not  infinitely  encreafe  it  upon  the  other  account,  if  the 
eye  is  nearer  than  the  principal  focus,  it  follows  that  the  apparent  mag¬ 
nitude  in  the  departure  of  the  objedt  muft  decreafe  fafter  than  it  encreafes, 
and  confequently  muft  decreafe  upon  the  whole. 

157.  We  commonly  make  a  wrong  judgment  of  an  objeBs  apparent  diftance , 
when  we  fee  it  ere£l>  through  a  convex  or  plano-convex  lens . 

The  objedt  of  refradted  vifion  is  always  more  remote  from  the  lens 
than  the  objedt  of  plane  vifion.  For  if  the  refradted  rays  diverge  lefs  than 
the  incident  ones,  as  in  propofition  148,  then  the  imaginary  radiants 
or  the  laft  image,  will  be  more  remote  than  the  real  ones,  or  than  the 
objedt,  by  propofition  67.  Or  if  the  refradted  rays  either  are  parallel  or 
converge,  as  in  propofitions  149,  150,  then  the  imaginary  radiants  are 
at  an  indefinite  diftance,  and  the  place  of  the  laft  image  though  indeter¬ 
minate  will  be  at  a  greater  diftance  than  the  place  of  the  object.  And  yet 
in  any  of  thefe  cafes,  the  object,  when  feen  through  the  lens,  feems  to  be 
nearer,  than  when  feen  by  the  naked  eye.  For  in  looking  through  a  lens 
we  feldom  ufe  more  than  one  eye  at  once ;  and  there  is  commonly  no¬ 
thing  feen  befides  the  object,  fo  that  there  is  no  vifible  extenfion  between 
the  eye  and  the  object  by  which  we  may  eftimate  its  apparent  diftance. 
In  thefe  circumftances  the  apparent  magnitude  is  the  principle,  by  which 
we  judge  of  its  diftance :  and  confequently,  by  propofition  135,  fince 
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the  lens  encreafes  its  apparent  magnitude,  we  Ihall  judge  the  didance  to 
be  lefs  than  it  is.  But  if  the  objeft  is  placed  at  the  end  of  a  ruler,  which 
is  parallel  to  the  horizon,  and  the  lens  is  large  enough  for  us  to  fee  the 
ruler  through  it;  there  is  then  a  vifihle  extenfion  between  the  lens  and 
the  objeft.  And  by  feeing  the  ruler  through  the  lens  its  apparent  length, 
which  is  the  apparent  diftance  of  the  objeft  at  the  end  of  it,  will  be 
planely  encreafed.  Or  if  the  lens  is  large  enough  to  ufe  both  eyes  at  once 
and  the  object  is  placed,  as  in  proportion  135,  fo  that  part  of  it  appears 
through  the  lens  and  part  of  it  may  be  feen  by  the  naked  eye  at  one  fide 
of  the  lens,  we  have  then  another  principle  to  judge  by  ;  and  the  part 
which  is  feen  through  the  lens  will  feem  at  a  greater  diftance  than  the 
other  part,  which  is  feen  by  the  naked  eye. 

158.  If  an  objeft  is  farther  from  a  convex  or  plano-convex  lens  than  its 
principal  focus ,  and  the  eye  on  the  other  Jide  is  nearer  than  the  di - 
Jlinft  pifture ,  the  place  of  the  objeft  of  r  ef rafted  vifion  is  at  a  greater 
difta?ice  from  the  lens  than  the  place  where  we  look  for  it. 

In  this  fituation  the  object  feen  through  the  lens  appears  double  5  and 
if  the  right  eye  is  ftiut,  the  right-hand  objedt  vanifhes ;  or  if  the  left  eye 
it  fhut,  the  left-hand  objedt  vanishes.  Therefore  the  place  of  the  objedt 
feen  by  refradtion  is  beyond  the  concourfe  of  the  optic  axes,  or  at  a  greater 
diftance  than  the  place  where  we  look  for  it,  by  propofition  1 1 7. 

i  59.  If  an  objeft  is  farther  from  a  convex  or  plano-convex  lens  than  its 
principal  focus ,  and  the  eye  is  at  a  greater  diftance  from  it  on  the 
other  fde  than  the  place  of  the  dijlinft  pifture ,  the  objeft  appears 
fainter  than  to  the  naked  eye ,  it  is  inverted \  and  may  be  feen  di - 
jiinftly. 

If  the  objedt  abc ,  Plat.  XII.  fig.  1 1,  is  at  a  greater  diftance  from  the 
lens  gsl  than  the  lens’s  principal  focus,  and  the  eye  at  0  is  at  a  greater  di¬ 
ftance  than  fed  the  place  of  the  diftindt  pidture ;  then  the  laft  image  or 
objedt  of  refracted  vifion  is  the  diftinct  picture  itfelf,  by  propofition  138. 
For  after  the  rays  that  come  from  the  feveral  points  in  the  object,  have 
met  in  as  many  focufes,  at  the  place  of  the  diftinct  picture,  they  will  di¬ 
verge  laft  from  the  focufes,  when  they  come  to  the  eye  at  0.  Now  as  the 
diftinct  picture  is  nearer  to  the  eye  than  the  object,  the  rays  coming  from 
that  picture  will  diverge  fo  much,  that  many  of  them  will  be  too  far 
afunder  to  enter  the  eye:  and  upon  this  account  the  object  of  refracted 
vifion  will  appear  faint.  The  object  and  the  diftinct  picture,  which  is 
now  the  object  of  refracted  vifion,  are  on  contrary  fides  of  the  lens : 

there- 
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therefore  the  object  will  appear  inverted,  by  propofition  143.  The  rays 
diverge  from  the  feveral  imaginary  radiants  in  the  picture  fed  juft  as  they 
would  from  the  feveral  real  radiants  of  an  object  in  the  fame  place  ;  and 
confequently  if  the  eye  is  too  near  it  the  appearance  will  be  confufed, 
juft  as  it  would  be  in  too  near  an  approach  of  the  eye  to  a  real  object. 
But  if  the  eye  is  removed  to  a  moderate  diftance  it  will  appear  as  diftinct 
as  any  real  object  would  at  the  fame  diftance. 

160.  When  an  object  is  more  remote  from  a  lens  than  its  principal  focus , 
and  the  eye  is  more  remote  than  the  diftindl  picture ,  the  apparent  di¬ 
ameter  of  the  object  is  directly  as  the  pictures  dijlance  from  the  lensi 
and  inverfely  as  its  diftance  from  the  eye . 

In  this  pofttion  of  the  object  and  eye  the  diftinct  picture  is  the  object 
of  refracted  vifion,  by  propofition  138.  And  the  apparent  diameter  of 
the  object  feen  in  this  manner  is  proportional  to  the  apparent  diameter 
of  that  picture.  Now  the  apparent  diameter  of  the  picture,  like  that  of 
any  real  object  is  directly  as  its  real  diameter  and  inverfely  as  its  diftance 
from  the  eye,  by  propofitions  127,  126.  But  the  real  diameter  of  the 
picture  is  directly  as  its  diftance  from  the  lens,  by  propofition  88.  There¬ 
fore  the  apparent  diameter  of  the  picture,  and  confequently  of  the  object, 
is  directly  as  its  diftance  from  the  lens,  and  inverfely  as  its  diftance  from 
the  eye. 

1 6 1.  If  an  object  is  farther  from  a  convex  or  plano-convex  lens  than  its 
principal  focus ,  and  the  eye  is  farther  from  it  than  the  diftinct  pic¬ 
ture  ;  the  place  of  the  object  of  refracted  vifion  is  nearer  to  us  than 
the  place  where  we  look  for  it. 

We  look  at  the  lens,  and  the  object  of  refracted  vifion  is  nearer  to  us; 
for  it  is  at  the  place  of  the  diftindl  picture,  which  is  between  the  lens 
and  the  eye.  And  accordingly  we  find  that  the  objed  thus  feen  appears 
double  ;  and  in  this  double  appearance  the  right-hand  one  is  feen  by  the 
left  eye,  and  the  left-hand  one  by  the  right  eye.  Therefore  the  place 
of  the  objed  feen  by  refradion  is  nearer  to  us  than  the  concourfe  of  the 
optic  axes  or  than  the  place  where  we  look  for  it,  by  propofition  1 1 8. 
But  fiippofe  the  objed  that  we  are  looking  at  to  be  a  candle,  and  let  a 
pencil  or  any  other  {lender  body  be  held  at  the  place  of  the  diftind  pic¬ 
ture  as  a  guide  to  our  eyes;  if  we  look  diredly  at  the  pencil  we  may 
fee  the  candle  at  the  fame  time ;  but  then  it  will  appear  double  no  lon¬ 
ger.  For  the  optic  axes  concurring  in  the  pencil,  concur,  by  the  fuppo- 
lition,  in  the  place  of  the  candle  feen  by  refraction :  therefore  the  candle 
ought  to  appear  fingle,  by  propofition  116. 
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162.  When  an  object  is  farther  from  a  convex  or  plano-convex  lens  than  its 
principal  focus ,  and  the  eye  is  farther  from  it  than  the  diftinct  pic¬ 
ture  }  if  the  lens  is  moved  towards  the  right  hand  or  towards  the 
left ,  the  object  will  appear  to  move  in  the  J'ame  direction ;  but  if  the 
eye  is  ?noved  towards  the  right  hand  or  towards  the  left,  the  object 
will  appear  to  move  in  the  contrary  direction . 

Firft  5  from  any  point  as  b  in  the  object  abc  let  a  line  bse  be  conceived 
to  be  drawn  through  the  middle  of  the  lens  to  the  object  of  refracted  vi- 
fion  fed.  This  line  is  the  axis  of  the  rays  that  come  from  b.  Now,  fince 
the  object  is  fuppofed  immoveable,  one  end  of  this  line  is  fixed  at  b,  and 
the  other  end  will  always  be  at  that  point  e  in  the  diftinct  picture,  where 
the  rays  that  come  from  b  are  united  in  their  focus.  But  if  the  lensgr/  is 
moved  towards  the  left  hand  the  middle  point  s  moves  the  fame  way 
with  the  whole  lens.  And  fince  the  line  bse  always  pafles  through  the 
middle  of  the  lens ;  this  line  whilft  the  lens  is  moved  towards  the  left- 
hand  will  turn  round  upon  b  as  upon  a  center  and  will  move  towards  the 
left  hand  with  the  point  s.  But  the  other  end  of  it  is  always  at  e  in  the 
diftinct  picture.  Therefore  as  this  line  turns  round  upon  b  and  moves  to¬ 
wards  the  left  hand,  the  point  e  in  the  diftinct  picture  will  move  the 
fame  way.  This  might  be  proved  of  every  other  point  in  the  picture ; 
and  confequently  the  whole  picture  or  the  object  of  refracted  vifion 
moves  in  the  fame  direction  with  the  lens  j  towards  the  left  hand,  if  the 
lens  moves  towards  the  left ;  or  towards  the  right  hand,  if  the  lens  moves 
towards  the  right.  So  that,  when  the  lens  is  moved,  the  apparent  motion 
of  the  object  feen  through  it  arifes  from  the  real  motion  of  the  pic¬ 
ture,  which  is  the  object  of  refracted  vifion. 

Secondly ;  fuppofe  the  eye  to  be  at  0  directly  before  s  the  middle  of 
the  lens ;  and  from  s  through  e  the  middle  of  the  diftinct  picture  to  the 
eye  at  0  conceive  the  line  sco  to  be  drawn.  If  the  object  and  lens  are  both 
fixed,  the  diftinct  picture  fed  and  the  middle  point  of  it  e  will  be  immo¬ 
veable.  Now  the  line  seo  gaffes  through  this  middle  point.  Therefore  if 
the  eye  0  or  one  end  of  the  line  seo  is  moved  towards  the  left  hand,  it  will 
turn  round  upon  e  as  a  center,  and  the  other  end  of  it  next  the  lens' 
will  move  the  contrary  way  or  towards  the  right ;  that  is,  towards  /. 
The  eye  refers  the  diftinct  picture  to  the  lens  and  determines  the  appa¬ 
rent  place  of  it  by  the  part  of  the  lens  upon  which  it  appears,  by  propo- 
fition  1 6 1,  and  confequently  the  end  of  the  line  seo  which  is  at  the  lens 
determines  the  apparent  place  of  the  diftinct  picture.  But  if  the  eye  moves 
towards  the  left  hand,  that  end  of  the  line  seo  which  is  next  the  lens 
moves  towards  the  right  >  and  upon  that  account  the  picture  or  object 
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of  refracted  vifon  appears  to  move  upon  the  lens  towards  the  right:  or 
if  the  eye  was  to  move  towards  the  right  hand,  the  picture  would  feem 
upon  the  lens  to  move  towards  the  left.  So  that,  when  the  eye  is  mo¬ 
ved,  the  apparent  motion  of  the  object  feen  through  the  lens  arifes 
from  an  apparent  motion  of  the  picture  or  laft  image  in  reference  to  the 
lens. 

The  many  cafes  of  vifion  through  convex  or  plano-convex  lenfes  is 
owing  to  the  many  different  directions,  in  which  the  refracted  rays  may 
come  to  the  eye.  When  the  object  is  nearer  than  the  principal  focus,  the 
refracted  rays  diverge,  or  if  it  is  in  the  principal  focus,  they  are  parallel,, 
when  they  come  to  the  eye,  wherever  the  eye  is  placed.  When  the  ob¬ 
ject  is  more  remote  than  the  principal  focus  if  the  eye  is  nearer  than  the 
diflinct  picture,  the  rays  are  converging,  when  they  fall  upon  it ;  if  the 
eye  is  at  the  place  of  the  diftinct  picture,  they  are  met  in  their  feveral  fo~ 
cufes  ;  if  it  is  more  remote  than  this,  they  have  paffed  their  focufes  and 
have  begun  to  diverge  from  thence.  But  the  cafes  of  concave  or  piano- 
cave  lenfes  are  very  few;  for  wherever  the  eye  is,  the  refracted  rays, 
when  they  fall  upon  it,  always  diverge  from  an  image  on  the  fame  fide  of 
the  lens  with  the  object. 

163.  When  an  object  is  feen  through  a  concave  or  plano-co?icave  lens ,  it 
feems  faint er,  than  wheiz  feen  by  the  naked  eye ;  it  appears  erect  and 
may  be  feen  diflinctly. 

If  the  object  abcy  Plat.  XII.  fig.  8.  is  feen  through  the  concave  lens 
gil,  the  rays  that  come  from  the  point  b  or  any  other  points  in  the  ob¬ 
ject  are  made  to  diverge  more  by  palling  through  the  lens  than  they 
would  have  done,  if  the  object  had  been  viewed  with  the  naked  eye,  by 
proportion  76.  But  the  more  they  diverge,  the  farther  they  are  afunder, 
when  they  come  to  the  eye  at  0 ;  and  confequently  fewer  of  them  will 
come  within  the  compafs  of  the  pupill  and  enter  the  eye.  Therefore  the 
lens  will  make  the  object  feem  fainter.  The  refracted  rays  diverge  from 
imaginary  radiants  dy  e,  f  &c.  which  are  behind  the  lens,  by  propor¬ 
tion  77.  Therefore  the  object  and  the  lafl  image  are  on  the  fame  fide 
of  the  lens,  and  the  object  feen  through  the  lens  will  appear  erect,  by 
propofition  143.  If  the  eye  is  very  near  to  the  lens,  fo  as  to  receive  the 
extreme  rays  emy  eny  of  the  cone  coming  from  the  imaginary  radiant  ey 
and  the  extreme  rays  of  all  other  refracted  cones  coming  from  the  feve¬ 
ral  imaginary  radiants  d ,  f  &c.  which  compofe  the  laft  image ;  thefe  ex¬ 
treme  rays  will  diverge  too  much  and  the  picture  upon  the  retina  of  moffc 
eyes  will  be  confufed,  by  proportion  99.  But  there  are  two  ways  of 

ren- 
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rendering  it  diftinct.  One  way  is  to  have  a  piece  of  paper  with  a  pin-hole 
in  it  clofe  to  the  lens ;  for  by  this  means  the  extreme  rays  will  be  flop¬ 
ped  and  only  the  middle  rays  of  each  cone,  which  are  lefs  diverging, 
will  enter  the  eye.  The  other  way  requires  no  fuch  paper ;  for  if  the 
eye  only  withdraws  itfelf  to  a  moderate  diftance  from  the  lens,  the  ex¬ 
treme  rays  will  be  fo  far  afunder,  as  not  to  enter  the  pupill,  only  the 
middle  or  lefs  diverging  rays  will  enter  it,  and  then  the  picture  upon  the 
retina  and  confequently  the  vifton  will  be  diftindt,  by  propofitions  99, 

1  r3* 

164.  tfhe  apparent  magnitude  of  an  objeB  feen  through  a  concave  or  plano¬ 
concave  lens  is  diminijhed ,  unlefs  the  eye  touches  the  lens  or  the  lens 
touches  the  object  -3  and  as  the  eye  departs  from  the  lens ,  its  apparent 
magnitude  decreafes . 

If  the  eye  touches  the  vertex  of  the  lens  at  /,  the  apparent  diameter  of 
the  laft:  image  df  is  the  fame,  that  the  apparent  diameter  of  the  object 
itfelf  ac  would  be  to  the  naked  eye  in  the  fame  ftation,  by  proportion 
147.  Now  as  the  eye  withdraws  from  the  lens  to  any  point  0 ,  its  di¬ 
ftance  both  from  the  laft  image  and  from  the  objedt  encreafes,  and  con¬ 
fequently  the  apparent  magnitude  either  of  the  laft  image  feen  through 
the  lens  from  the  ftation  0  or  of  the  objedt  feen  by  the  naked  eye  at  the 
fame  ftation  will  be  lefs,  than  when  feen  from  the  ftation  /,  by  propo¬ 
rtion  126.  But  as  the  eye  withdraws  from  the  lens,  its  diftance  from  the 
laft  image,  which  is  the  objedt  of  refradted  vifion,  encreafes  fafter  in  pro¬ 
portion  than  its  diftance  from  the  objedt  itfelf,  which  is  the  objedt  of 
plane  vifion.  Therefore  r nee,  by  proportion  126,  the  apparent  diame¬ 
ter  decreafes  as  the  diftance  of  the  eye  encreafes,  the  apparent  diameter 
of  the  objedt  of  refradted  vifton  decreafes  fafter  than  the  apparent  diame¬ 
ter  of  the  objedt  of  plane  vifton.  Their  apparent  diameters  were  equal 
when  the  eye  was  at  i.  But  the  apparent  diameter  of  that  will  be  the 
leaft,  when  the  eye  is  at  0 ,  which  in  this  departure  of  the  eye  has  de- 
creafed  the  moft ;  and  this  is  the  apparent  diameter  of  the  objedt  of  re¬ 
fradted  vifton.  Therefore  when  the  eye  is  at  0  the  objedt  of  refradted  vi- 
fton  will  be  apparently  lefs  than  the  objedt  of  plane  vifion ;  or  the  objedt, 
when  feen  through  the  lens  by  the  eye  at  0 ,  will  feem  lefs,  than  when 
feen  by  the  naked  eye  at  the  fame  ftation.  That  the  diftance  from  e  the 
laft  image  encreafes  fafter  than  the  diftance  from  b  the  objedt,  whilft  the 
eye  departs  from  i  to  0 ,  is  evident  from  what  has  been  ftiewn  under  pro- 
pofition  1  52.  For  the  diftance  of  the  image  from  the  lens  is  always  lefs 
than  the  diftance  of  the  objedt :  ie  is  lefs  than  ib :  and  as  the  eye  departs 

from 
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from  i  to  0 ,  both  thefe  quantities  encreafe  by  the  addition  of  one  and  the 
fame  quantity  io  made  to  each  of  them.  But  if  the  fame  quantity  is  added 
reflectively  to  two  unequal  quantities,  the  leffer  of  the  two  will  be  en- 
creafed  more  in  proportion  by  this  addition  than  the  greater  is ;  fo  that 
oe  will  bear  a  greater  proportion  to  2V,  than  ob  bears  to  ib. 

The  fecond  part  of  this  proportion,  that  the  apparent  magnitude  of 
the  objedt  feen  through  the  lens  will  decreafe,  as  the  eye  departs  from 
the  lens,  has  been  fufficiently  proved  in  proving  the  flrfl  part. 

165.  When  the  eye  and  object  are  fixed  in  their  places ,  as  a  concave  or 
plano-concave  lens  moves  from  the  eye  the  apparent  magnitude  of  the 
object  keeps  decreafing ,  till  it  has  got  to  the  middle  between  themi  and 
then ,  as  the  lens  moves  farther ,  the  apparent  magnitude  keeps  encrea - 
fingy  till  it  has  got  clofe  to  the  object . 

When  the  lens  is  at  each  extreme,  when  it  is  either  clofe  to  the  eye 
ort clofe  to  the  object,  the  apparent  magnitude  of  the  objedt  is  the  fame, 
when  feen  through  the  lens,  as  when  feen  with  the  naked  eye,  by  pro¬ 
portion  147.  In  all  other  flations  of  the  lens,  the  objedt  feen  through  it 
appears  to  be  diminifhed,  by  proportion  1 64.  But  fmee  the  objedt  is  not 
at  all  diminifhed,  when  the  lens  is  at  either  extreme,  and  is  diminifhed, 
when  the  lens  is  in  any  intermediate  Ration ;  it  will  be  moll  of  all  dimi¬ 
nifhed,  when  the  lens  is  equally  removed  from  each  extreme  or  is  in  the 
middle  between  the  eye  and  the  objedt.  And  fince  the  objedt  is  not  dimi¬ 
nifhed,  when  the  lens  is  clofe  to  the  eye,  and  is  mod  diminifhed,  when 
it  is  in  the  middle  Ration,  it  follows,  that,  as  the  lens  moves  from  the 
eye  to  this  Ration,  the  apparent  magnitude  of  the  objedt  muR  keep  de- 
creahng :  fo  likewife  hnce  the  objedt  is  moR  diminifhed,  when  the  lens  is 
in  the  middle  Ration  and  is  not  diminifhed  at  all,  when  it  is  clofe  to  the 
objedt;  it  follows,  that,  as  the  lens  moves  from  this  Ration  to  the  objedt, 
the  apparent  magnitude  muR  keep  encreafing. 

166.  ‘The  apparent  magnitude  of  an  object  feen  through  a  concave  or  plano¬ 
concave  lens  decreafes  as  the  object  departs  from  the  lens. 

For  as  the  objedt  departs,  the  laR  image  will  depart  with  it,  but  flower, 
by  proportions  78,  138.  And  confequently  as  the  objedt  departs  the 
diameter  of  the  laR  image,  which  is  the  objedt  of  refradted  vihon,  will  de¬ 
creafe  on  account  of  the  objedts  diflance  from  the  lens  being  encreafed,  by 
proportion  144. 

1 67.  We  commonly  make  a  wrong  judgment  of  an  objects  apparent  difiance \ 
when  we  fee  it  through  a  concave  or  plano-concave  lens ; 


We 
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We  feldom  ufe  both  eyes  in  looking  through  a  concave  lens,  and  there 
is  feldom  any  thing  elfe  to  be  feen  through  it  befides  the  objedt.  There¬ 
fore  we  judge  of  the  objedts  diftance  by  its  apparent  magnitude :  and  as 
the  lens  diminifhes  the  objedt,  we  conclude  it  to  be  farther  off,  when 
feen  through  the  lens,  than  when  feen  without  it.  This  is  certainly  a  wrong 
judgment :  for  the  objedt  of  refradted  vifion  is  nearer  to  the  eye  than  the 
objedt  of  plane  vifion,  by  prop.  76,  28.  And  this  wrong  judgment  of  the 
apparent  diftance,  which  is  owing  to  our  want  of  all  other  principles  to  go 
upon,  except  the  apparent  magnitude,  may  be  corredted,  as  in  propor¬ 
tion  1 57.  For  if  the  objedt  is  placed  upon  a  ruler,  which  is  parallel  to 
the  horizon,  fo  that  we  may  fee  the  ruler  through  the  lens,  at  the  fame 
time  that  we  fee  the  objedt ;  then  if  we  judge  of  the  objedts  diftance  by 
the  vifible  extenfion  of  the  ruler,  we  fhall  fee  that  it  is  nearer  to  us,  when 
we  look  at  it  through  the  lens,  than  when  we  look  at  it  with  the  naked 
eye.  Or  if  we  place  the  objedt  in  fuch  a  manner  as  to  fee  one  part  of  it 
through  the  lens,  and  another  part  of  it  by  the  naked  eye,  and  the  lens 
is  broad  enough  to  fee  through  it  with  both  eyes  together  •,  upon  compa¬ 
ring  the  apparent  diftances  of  the  two  parts,  we  fhall  find,  that  the  part, 
which  we  fee  through  the  lens,  appears  nearer  than  the  other. 

168.  Shortsighted  people  fee  objects  dijlinctly  at  ?noderate  diftances  by  the 
help  of  concave  lenfes. 

The  defedt  of  fuch  perfons  eyes  as  are  fhort-fighted  has  already  been 
explaned,  in  propofition  121.  Their  eyes  are  too  convex  and  will  bring 
the  feveral  pencils  of  rays  to  their  refpedtive  focufes,  or  will  form  a  di- 
ftindt  pidture,  before  the  rays  come  to  the  retina,  unlefs  the  objedt  is 
brought  very  near  to  the  eye.  Now  all  that  is  done  by  bringing  the  ob¬ 
jedt  near  to  the  eye  may  be  done  by  looking  through  a  concave  lens, 
whilft  the  objedt  remains  at  a  moderate  diftance.  Bringing  the  objedt  very 
near  makes  the  rays  diverge  fo  much  the  more,  by  propofition  28.  And 
the  refradtion  of  a  concave  lens  will  do  the  fame,  by  propofition  76. 
So  that  when  we  look  through  a  concave  lens  at  objects,  which  are  not 
near  us,  the  rays  come  to  the  eye,  as  they  do  when  we  look  at  very  near 
objects  without  a  lens.  Therefore  fuch  perfons,  as  fee  very  near  objects 
diftinctly  with  the  naked  eye,  will  be  able  to  fee  remoter  objects  as  di- 
ftinctly  by  the  help  of  a  concave  lens. 

Though  concave  glafies  help  fhort-fighted  people  for  the  prefent,  yet 
the  conftant  ufe  of  them  will  make  their  eyes  worfe.  For  when  an  objedt 
is  feen  through  a  concave  lens,  the  rays,  that  come  from  it,  diverge  as 
much  as  they  would  if  that  objedt  was  very  near.  So  that  the  confequence 
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of  ufing  a  concave  lens  conftantly  is  the  fame  as  if  a  man  was  only  to 
look  at  near  objects.  The  eye  has  no  occafion  to  (train  itfelf ;  but  is  al¬ 
ways  kept  and  by  cuftom  is  confirmed  in  that  very  figure,  which  is  fit 
only  to  fee  near  objeds,  and  which  is  the  occafion  of  fhort-fightednefs. 
And  though  the  perfons,  who  have  this  defeat  in  their  eyes,  find  that  it 
(trains  their  eyes  to  look  at  diftant  objeds  without  their  glafs,  yet  this 
(training  would  be  of  fervice  to  them ;  it  might  gradually  change  the 
figure  of  their  eyes,  and  either  remedy  the  defed,  or  at  lead:  prevent  it 
from  encreafing. 

169.  Old  people  fee  objefts  dljlinctly  at  moderate  dijlances  by  the  help  of 
convex  lenfes. 

The  defed  of  old  peoples  eyes  has  been  explaned,  in  propofition  122. 
Their  eyes  are  too  flat  and  would  not  refrad  the  rays  enough  to  bring 
them  to  their  refpedive  focufes,  or  to  form  a  diftind  pidure  upon  the 
retina,  unlefs  the  objed  was  removed  to  a  confiderable  diftance  from  the 
eye.  Now  removing  an  objed  far  from  the  eye  only  makes  the  rays  of 
each  beam  diverge  the  lefs,  by  propofition  28.  And  though  the  objed  is 
near,  yet  the  rays  will  be  made  to  diverge  lefs,  if  they  pafs  through  a 
convex  lens,  by  propofition  67.  Therefore  they,  who  can  fee  only  diftant  - 
objeds  diftindly  with  the  naked  eye,  will  be  able  to  fee  near  ones  as  di¬ 
ftindly,  if  they  make  ufe  of  convex  fpectacles.  For  the  rays  come  to 
the  eye  from  near  objects,  when  we  look  through  a  convex  lens,  juft  as 
they  do  from  remote  ones,  when  we  look  at  them  with  the  naked 
eye. 

Perfons,  that  have  good  eyes,  and  when  they  are  employed  in  fine 
work,  frequently  ufe  convex  fpectacles  only  for  the  fake  of  magnifying 
their  work,  will  foon  be  unable  to  fee  diftindly  any  thing,  that  is  near 
them,  without  fuch  fpedacles.  For  the  rays  come  to  the  eye  through, 
convex  lenfes  in  the  fame  manner  that  they  would  do  from  remote  objeds 
and  confequently  the  eye,  when  we  look  through  fuch  lenfes,  puts  on> 
the  figure  that  fits  it  for  feeing  remote  objeds  diftindly.  Therefore  if. 
by  ufing  fpedacles  we  keep  it  conftantly  of  this  figure,  it  will  by  degrees 
fix  itfelf  too  much  to  be  altered;  and  then  we  (hall  be  unable  without, 
fpedacles  to  foe  any  objeds  diftindly  but  remote  ones.  The  work  might 
be  magnifyed,  as  much  as  there  is  occafion  for,  by  looking  very  near  to  it 
without  fpedacles :  and  though  this  may  be  found  to  (train  the  eyes,  yet 
fuch  (training  will  feldom  do  them  any  great  harm :  the  only  harm  it 
can  do  them  is  to  make  them  (hort-fighted;  and  the  good  it  may  do 
them  is  to  prevent  them  from  ever  having  occafion  for  convex  (pedacles. 

B  b  b  1700 


37$  A  SYSTEM  OF 

170.  Objects  fern  through  a  plane  glafs  are  erect,  nearer ,  and  feem  brighter 
and  larger ,  than  when  they  are  feen  by  the  naked  eye. 

If  GL,  Plat.  XII.  fig.  6,  is  a  plane  glafs  the  objeCt  PR,  when  feen 
through  it  will  appear  ereCt.  The  axes  of  the  feveral  beams,  that  come 
from  any  points  P,  Q,  R,  in  the  object,  are  the  rays,  which  pafs  through 
the  glafs  without  being  refraCted :  and  thefe  rays,  by  propofition  4 1 , 
muft  be,  PA,  QC,  RB,  perpendicular  to  the  furface  of  the  glafs.  But  lines 
perpendicular  to  a  plane  furface  are  parallel  to  one  another.  Euc,  b.  XI. 
prop.  6.  Therefore  the  axes  PA,  QC,  RB  are  parallel.  Now  all  the 
rays  of  each  beam  diverge  from  one  and  the  fame  point  before  refraction, 
and  they  diverge  likewife  from  one  and  the  fame  point  after  the  two  re¬ 
fractions,  which  they  fuffer  in  palling  through  the  glafs,  by  propofition 
45.  But  the  axis  of  any  beam  is  one  of  the  rays.  Therefore  the  axis  of 
any  beam  both  before  and  after  refraction  diverges  from  the  fame  point 
with  the  other  rays  of  the  fame  beam.  But  the  axis  itfelf  is  not  refraCted 
at  all  5  and  confequently  the  point  from  whence  the  other  rays  diverge 
both  before  and  after  refraction  muft  be  fomewhere  in  the  axis.  Thus 
for  inftance,  the  rays  of  the  higheft  beam,  and  PA  amongft  the  reft,  di¬ 
verge  before  refraction  from  the  point  P.  Suppofe  that  all  the  other  rays 
diverge  after  refraction  from  the  point  p,  then  this  point  p  muft  be  fome¬ 
where  in  the  axis  PA  5  for  fince  PA  pafles  ftrait  forwards  and  yet  after 
all  the  other  rays  are  refraCted  is  to  diverge  from  the  fame  point  with 
them,  this  point  muft  be  fomewhere  in  the  line  PA,  or  elfe  the  ray, 
whofe  direction  is  in  the  line  PA  could  not  diverge  from  it.  The  fame 
may  be  faid  of  the  rays  that  come  from  the  loweft  point  R ;  they  will 
diverge  after  refraction  from  fome  point  in  the  axis  RB.  From  hence  it 
follows  that  to  the  eye  on  the  other  fide  of  the  glafs,  the  higheft  point  P  of 
the  objeCt  will  appear  in  the  line  Pa,  and  the  loweft  point  R  will  appear 
in  the  line  R£,  by  propofition  137.  Now  Pa  and  R£  are  always  paral¬ 
lel,  and  confequently  cannot  crofs  one  another  between  the  eye  and  the 
objeCt.  Therefore  that  axis,  which  is  higheft  at  the  object,  will  be  higheft 
at  the  eye,  and  that,  which  is  loweft  at  the  objeCt,  will  be  loweft  at  the 
eye.  And  fince  the  higheft  point  of  the  objeCt  appears  in  the  higheft  axis 
or  line  aP,  and  the  loweft  point  appears  in  the  loweft  axis  or  line  bRy 
and  the  middle  point  appears  for  the  fame  reafon  in  the  middle  axis 
©r  line  e every  point  appears  in.  its  proper  place,  or  the  objeCt  is 
ereCt. 

The  laft  image  is  nearer  to  the  glafs  than  the  objeCt:  for  every  ima¬ 
ginary  radiant  is  nearer  than  every  real  one.  If  abkl.  Plat.  IX.  fig.  9,  is  a 
plane  glafs  and  c  is  a  radiant,  the  rays  cd,  ce,  which  diverge  from  it  will 

be 
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be  refraded,  when  they  enter  the  glafs,  into  the  lines  dg ,  eni  and  again, 
when  they  come  out  of  it,  into  the  lines  gt}  no>  parallel  to  cd ,  ce>  by 
propofition  47.  But  if  from  g  and  n  lines  as  gj ,  nf  are  drawn  parallel 
to  cd ,  ce ,  they  will  meet  at  f  Therefore  the  rays  after  their  laft  refrac¬ 
tion  appear  to  diverge  from  the  imaginary  radiant  f  which  is  nearer 
than  the  real  one  c.  In  like  manner  every  imaginary  radiant  will  be 
nearer  than  every  real  one  in  the  objed  PQR,  Plat.  XII.  fig.  6,  or  the 
laft  image  pqr ,  which  is  the  objed  of  refraded  vifion,  will  be  nearer  than 
the  objed  itfelf. 

I f  gn,  Plat.  IX.  fig.  9,  is  the  diameter  of  the  pupill  the  raysg/  and  no 
will  enter  it,  which,  if  there  had  been  no  glafs  between  the  radiant  c  and 
the  eye,  would  have  palled  ftrait  on  in  the  lines  cd ,  ce  continued,  and 
when  they  came  to  the  place  of  the  eye  would  have  been  too  far  afun- 
der  to  enter  it.  Therefore  fince  more  rays  from  each  radiant  enter  the 
eye,  when  it  looks  through  the  glafs,  than  would  have  entered,  if  there 
had  been  no  glafs,  each  point  of  the  objed  will  appear  the  brighter. 

The  laft  image  is  equal  to  the  objed.  For  the  objed  PQR  is  contain¬ 
ed  between  the  extreme  axes  PA,  RB;  and  fo  is  the  laft  image  pqr.  And 
thefe  axes  are  parallel,  as  has  been  proved  already.  Therefore  they  are 
juft  as  far  afunder  at  the  place  of  the  image  as  they  are  at  the  place  of 
the  objed  j  and  confequently  the  height  of  the  image  will  be  equal  to 
the  height  of  the  objed.  But  then  the  image  is  nearer  to  the  eye  than  the 
objed;  and  for  that  reafon  will  appear  larger,  by  propofition  126. 

Common  window-glafs  is  too  thin  to  make  any  alteration  in  the  ap<- 
parent  diftance  or  apparent  magnitude  of  objeds,  which  are  feen  through 
it.  For  it  is  plane  that  if  the  glafs  abkl>  Plat.  IX.  fig.  9,  had  no  thick- 
nefs,  or  if  the  fides  ak  and  bl  were  clofe  together,  then  dg  and  cn  would 
have  no  length,  fo  that  g  would  coincide  with  d  and  n  with  e .  But  gf 
and  dc  are  parallel.  Therefore  if  g  and  d  are  clofe  together  gf  and  dc 
would  coincide,  and  fo  likewife  would  nf  and  ec ,  that  is,  f  and  c  would 
be  at  the  fame  place.  Now  if  the  imaginary  radiant  is  at  the  fame  place 
with  the  real  one,  the  laft  image  will  be  at  the  fame  place  with  the  ob¬ 
jed  and  confequently  will  appear  at  the  fame  diftance  and  of  the  fame 
iize.  This  would  be  the  cafe  if  the  glafs  had  no  thicknefs  at  all :  from 
whence  it  is  evident  that  the  lefs  the  thicknefs  of  the  glafs  is  the  lefs  al¬ 
teration  will  be  made  in  the  apparent  diftance  and  apparent  magnitude  of 
the  objed.  Therefore  in  fuch  thin  glafs  as  common  window-glafs  the 
alteration  is  too  fmall  to  be  perceived. 

b  b  b  2  CHAP. 
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CHAP.  IX. 

Of  telefcopes  and  microfcopes. 

lyi.  An  agronomical  tele/ cope  confijls  of  two  convex  lenfes\  whofe  diftance 
from  each  other  is  equal  to  the  Jum  of  their  principal  focufes :  that 
lens ,  which  is  towards  the  objetty  is  called  the  object-glafs ,  and  that , 
which  is  next  the  eye ,  is  called  the  eye-glafs. 

I  F  nl ,  Plat.  XIII.  fig.  I,  is  one  convex  lens,  whofe  principal  focal  di- 
flance  is  mf  and  bd  is  another  convex  lens,  whofe  principal  focal  di¬ 
ftance  is  cf  \  let  thefe  two  lenfes  be  fo  placed  that  the  diftance  between 
them  may  be  equal  to  mf  added  to  cf  that  is,  let  their  difiance  from  each 
other  be  mci  and  in  this  fituation  they  make  an  aftronomical  telefcope. 

172.  Very  remote  objects  feen  through  an  afronomical  telefcope  appear  di- 
finct  and  inverted . 

If  zxy,  Plat.  XIII.  fig.  1,  is  a  very  remote  object,  the  rays  that  come 
from  one  and  the  fame  point  in  it  will  be  parallel  to  one  another,  by  pro- 
pofition  30.  Therefore  let  the  parallel  lines  pn ,  pm>  pi ,  be  the  rays, 
which,  come  from  x  the  middle  point  in  the  objedt,  let  an ,  am ,  al ,  be 
thofe,  which  come  from  z  the  highefi  point,  and  gn}  gm ,  gl ,  thofe,  ,wTiich 
come  from  y  the  loweft  point.  Thefe  rays,  and  likewife  the  rays  which 
come  from  all  the  other  points,  becaufe  they  are  parallel  to  one  another, 
will  be  collected  into  their  leveral  focufes  at  gyfei  the  principal  focus,  by 
propofition  60,  and  will  there  paint  the  diftindt  pidture  of  the  objedt. 
This  diftindt  pidture  is  the  laft  image,  and  therefore,  by  propofition  145, 
is  the  objedt  of  refracted  vifion.  But  by  the  conftruction  of  the  telefcope 
gfe  is  in  the  principal  focus  of  the  eye-glafs,  for  fc  is  the  eye-glafs’s 
principal  focal  diftance.  Confequently  the  rays  which  diverge  from  any 
point  g  in  this  picture,  will  become  parallel  to  their  axis,  after  they  have 
pafled  through  the  eye-glafs,  by  propofition  61.  So  that  if  gc  is  the  axis 
of  the  beam  that  proceeds  forwards  and  diverges  from  the  point  gy  this 
axis  goes  ftrait  through  the  lens,  but  any  other  ray,  as  gd3  will  be  re¬ 
fracted,  and  will  come  out  of  the  eye-glafs  in  the  direction  do  parallel  to 
gc.  The  fame  may  be  proved  of  the  rays  of  any  other  beam.  There¬ 
fore  if  the  eye  is  at  0  or  any  where  on  the  other  fide  of  the  eye-glafs,  the 
laft  image  fed  or  object  of  refracted  vifion  may  be  feen  as  diftinctly  as  any 
object  is  by  the  naked  eye,  when  that  objedt  is  fp  remote  that  the  rays 
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of  each  beam  are  parallel  to  one  another.  It  is  plane  from  what  has  been 
faid  that  the  object  thus  feen  will  appear  inverted ;  for  the  diftinct  pic¬ 
ture  is  the  object  of  refracted  vifion,  and  the  diftinct  picture  is  inver¬ 
ted,  by  propofition  85. 

173.  The  apparent  diameter  of  an  objcfd  feen  through  an  afronomical  te¬ 
lefcope  ^  is  to  the  apparent  diameter  of  the  fame  object  feen  by  the  na¬ 
ked  eye  at  the  fation  of  the  objeB-glafs,  as  the  diflance  of  the  dijiin  ft 
picture  from  the  object-glafs  to  its  difiance  from  the  eye-glafs. 

In  the  telefcope  tnc ,  Plat.  XIII.  fig.  1,  the  diflance  of  the  picture  from 
the  object-glafs  is  mf  and  its  diflance  from  the  eye-glafs  is  fc.  The  di¬ 
ameter  of  any  remote  object  zy  will  appear  longer  through  the  telefcope 
when  the  eye  is  at  0,  than  it  would  appear  to  the  naked  eye  placed  at  m, 
which  is  the  flation  of  the  object-glafs.  This  propofition  determines  how 
much  longer  the  diameter  of  the  object  will  appear  j  it  is  magnified  in 
the  proportion  of  mf  to  fc\  or  the  diameter  feems  as  much  longer  with 
the  telefcope  than  it  would  without  it,  as  mf  is  longer  than/c.  Thus  lup- 
pofe  that  mf  is  to  fc  as  40  to  1,  then  the  apparent  diameter  of  the  ob¬ 
ject  zy  will  be  magnifyed  in  the  proportion  of  40  to  1 ,  or  the  obje<ft 
will  appear  40  times  longer  and  likewife  40  times  broader  through  the 
telefcope  than  it  would  appear  to  the  naked  eye  at  m. 

If  the  diftinct  picture  was  received  upon  a  paper  at  efg,  the  apparent 
diameter  of  the  object  feen  by  the  naked  eye  at  m  the  flation  of  the  object- 
glafs  is  equal  to  the  apparent  diameter  of  the  picture  feen  from  the  fame 
flation,  as  was  proved  under  propofition  153.  Now  the  real  diameter  of 
the  picture  is  given,  by  propofition  88,  becaufe  its  diflance  mf  from  the 
lens  is  given :  confequently  the  apparent  diameter  of  the  picture  will  be 
inverfely  as  the  eyes  diflance  from  it;  by  propofition  126,  or  160.  So 
that  if  the  eye  is  any  where  at  a  lefs  diflance  from  the  picture  than  mf\ 
its  apparent  diameter  will  be  greater  in  proportion  as  that  diflance  is  lefs, 
Suppofe  then  that  the  paper  was  taken  away  and  that  there  was  no  eye- 
glafs,  and  let  the  eye  be  at  c  the  flation  of  the  eye-glafs  $  its  diflance  from 
the  place  of  the  diftinct  picture  is  then  fc.  Therefore  the  picture  to  the 
eye  in  that  flation  will  appear  bigger  than  it  did  at  the  flation  m  in  the 
proportion  of  the  diftances  fc  and  mf  inverted,  or  in  the  proportion  of  mf 
to  fc.  But  the  apparent  diameter  of  the  picture  feen  from  the  flation  m 
is  equal  to  the  apparent  diameter  of  the  object  feen  by  the  naked  eye. 
Therefore  the  picture  feen  from  the  flation  c  appears  bigger  than  the  ob¬ 
ject  in  the  proportion  of  mf  to  fc.  This  would  be  the  cafe,  if  there  was 
no  eye-glafs  and  the  eye  was  placed  in  that  flation  where  the  eye-glafs 
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fhould  be.  But  if  the  eye-glafs  was  flipped  between  the  eye  and  the  pic¬ 
ture,  fo  that  the  eye  fhould  touch  the  eye-glafs ;  this  would  make  no  al¬ 
teration  in  the  apparent  diameter  of  the  picture  feen  through  it,  by  pro¬ 
portion  147.  Therefore  if  the  eye  is  clofe  to  the  eye-glafs  of  the  telef- 
cope,  the  object  feen  through  it  will  he  magnifyed  in  the  proportion  of 
mf  to  fc  But  fince  the  picture  is  in  the  eye-glafs’s  principal  focus,  by 
the  conftruction,  it  appears  of  the  fame  fize  whether  the  eye  is  clofe  to 
this  lens  or  at  any  diftance  from  it,  by  propofition  154.  Therefore, 
wherever  the  eye  is,  the  apparent  diameter  of  the  object  feen  with  the 
telefcope  is  to  the  apparent  diameter  of  the  fame  object  feen  by  the  naked 
eye  at  the  ftation  of  the  object- glafs,  as  mf  to  fc,  or  as  the  diftance  of 
the  diftinct  picture  from  the  object-glafs  to  its  diftance  from  the  eye- 
glafs.  What  is  the  mod  convenient  fituation  for  the  eye  to  be  placed  in, 
{hall  be  {hewn  hereafter, 

1 74.  An  aftrojiomical  telefcope  will  not  magnify  an  objedl  unlefs  the  principal 
focal  difance  of  the  object-glafs  is  greater  than  the  principal  focal 
diflance  of  the  eye-glafs . 

Becaufe  the  objects,  at  which  we  look  through  telefcopes,  are  remote 
ones,  fo  that,  by  propofition  30,  the  rays  of  each  beam,  that  come  from 
them,  are  nearly  parallel  to  one  another ;  it  follows,  by  propofition  60,  that 
the  diftinct  picture  gfe.  Plat.  XIII.  fig.  1,  will  be  in  the  principal  focus 
of  the  object-glafs  j  and  this  picture,  by  the  conftruction  of  the  telefcope 
is  likewife  in  the  principal  focus  of  the  eye-glafs.  Therefore  the  diftance 
of  the  diftinct  picture  from  the  object-glafs  is  the  principal  focal  diftance 
of  the  object-glafs  5  and  the  diftance  of  it  from  the  eye-glafs  is  the  prin¬ 
cipal  focal  diftance  of  the  eye-glafs.  But,  the  apparent  diameter  of  an 
object  feen  through  a  telefcope  is  to  the  apparent  diameter  of  the  fame  ob¬ 
ject  feen  with  the  naked  eye,  as  the  diftance  of  the  picture  from  the  object- 
glafs  to  its  diftance  from  the  eye-glafs,  by  propofition  173,  that  is,  by 
what  has  juft  been  proved,  as  the  principal  focal  diftance  of  the  object- 
glafs  to  the  principal  focal  diftance  of  the  eye-glafs. 

From  hence  it  follows,  that,  if  mf  the  principal  focal  diftance  of  the 
objedt-glafs  is  greater  than  fc  the  principal  focal  diftance  of  the  eye- 
glafs,  the  telefcope  will  magnify  the  object.  But,  if  mf  was  equal  to  fcy 
the  objedt  will  appear  no  larger  with  the  telefcope  than  it  does  to  the 
naked  eye.  Or  laftly,  if  mf  was  lefs  than  fc ,  the  objedt  would  be  appa¬ 
rently  diminifhed.  Now  the  lefs  convex  a  lens  is  the  greater  is  its  prin¬ 
cipal  focal  diftance,  by  propofition  53  ;  and  confequently  iince  the  prin¬ 
cipal  focal  diftance  of  the  objedt-glafs  muft  be  greater  than  that  of  the 
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eye-glafs  for  a  telefcope  to  magnify  an  objedt,  the  objedt-glafs  mu  ft  be 
Id's  convex  or  muft  be  a  fegment  of  a  larger  fphere  than  the  eye-glafs. 

175.  An  obj/B  may  be  equally  magnify ed  by  two  telefcope s  of  very  different 
lengths. 

If  the  principal  focal  diftance  of  the  object- glafs  is  20  feet,  and  that  of  the 
eye-glafs  is  \  foot ;  one  is  to  the  other  as  40  to  1  j  and  fuch  a  teleicope 
2o\  feet  long  will  magnify  an  object  40  times ;  fo  that  its  apparent  di¬ 
ameter,  when  feen  through  the  telefcope,  will  be  40  times  longer,  than 
when  feen  with  the  naked  eye,  by  proportion  173,  174.  Another  te¬ 
lefcope  20^  inches  long  would  magnify  in  the  fame  proportion,  if  the 
principal  focal  diftance  of  its  objedt-glafs  was  20  inches  and  that  of  its 
eye-glafs  f  inch :  for  in  this  telefcope  as  well  as  in  the  former  the  prin¬ 
cipal  focal  diftance  of  the  objedt-glafs  is  to  the  principal  focal  diftance 
of  the  eye-glafs  as  40  to  1 .  And  univerfally,  fince  a  telefcope  magnifyes 
an  object  in  the  proportion  of  the  focal  diftance  of  the  objedt-glafs  to  the 
focal  diftance  of  the  eye-glafs  j  all  telefcopes,  in  which  this  proportion  is  the 
fame,,  will  magnify  equally,  whatever  may  be  the  lengths  of  the  telef¬ 
copes.  The  reafon  why  fhort  telefcopes  that  magnify  an  objedt  very 
much  are  not  fb  ufeful  as  long  ones  that  magnify  no  more  fhall  be  fhewn 
in  its  proper  place. 

176.  IJ  an  aftr  onomical  telefcope  is  inverted ,  objects,  that  are  feen  through 
it%  will  appear  to  be  di  minified. 

The  principal  focal  diftance  of  the  objedt-glafs  is  greater  than  the  principal 
focal  diftance  of  the  eye-glafs,  when  the  telefcope  isufed  in  its  proper  po- 
fition,  by  propofition  174.  But  when  it  is  inverted  the  eye-glafs  is  turned 
towards  the  objedt,  and  therefore  becomes  the  objedt-glafs  j  and  the  objedt- 
glafs  is  next  the  eye,  and  therefore  becomes  the  eye-glafs.  So  that  in 
this  pofition  of  the  telefcope  the  principal  focal  diftance  of  the  objedt-glafs 
is  lei's  than  the  principal  focal  diftance  of  the  eye-glafs;  and  confequent- 
ly,by  propofition  173,  174.  the  apparent  diameter  of  the  object  will  be 
diminifhed. 

177.  cThe  vifible  area ,  or  [pace  that  may  be  feen  at  one  view  through  a 
telefcope ,  is  proportional  to  the  area  of  the  eye-glafs. 

Since  the  diftance  of  the  picture  from  the  objedt-glafs  is  equal  to  the 
lens’s  principal  focal  diftance  ;  the  area  of  the  picture  is  a  given  quan¬ 
tity,  by  propofition  96 ;  but  how  much  of  that  picture  we  can  fee  at  a 
time  depends  upon  the  breadth  of  the  eye-glafs.  If  a  picture  of  any  de¬ 
terminate 
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terminate  fize  drawn  upon  canvas  was  to  hang  up  againft  a  wall,  and 
we  were  to  ftand  at  a  certain  diftance  from  it  and  to  look  at  it  through 
a  hole  in  a  piece  of  board,  it  is  evident  that  we  fhould  fee  more  of  the 
picture  as  the  area  of  the  hole  was  greater,  and  lefs  of  it  as  the  area  of 
the  hole  was  lefs ;  fo  that  the  quantity  of  the  picture,  which  might  be 
feen  at  one  view,  would  be  proportional  to  the  area  of  the  hole.  This  is 
the  cafe  of  the  diftinct  picture  in  a  telefcope :  the  fize  of  it  is  determi¬ 
nate  ;  it  is  at  a  certain  diftance  from  the  eye-glafs,  for  it  is  always  in 
the  eye-glafs’s  principal  focus ;  and  the  eye-glafs  is  the  hole  through 
which  we  look  at  it.  Therefore  the  quantity  of  the  picture  that  we  can 
fee  at  one  view,  or  the  vifible  area,  will  be  greater  as  this  hole  is  greater, 
or  lefs  as  this  hole  is  lefs ;  that  is,  it  will  be  proportional  to  the  area  of 
the  eye-glafs.  Thus  if  gfe  Plat.  XIII.  fig.  1.  is  the  picture  of  the  moon, 
the  area  of  the  eye-glafs  may  be  large  enough  to  fee  the  whole  moon 
at  once,  or  it  may  be  fo  fmall  that  we  can  only  be  able  to  fee  a  part  of 
it  at  a  time.  Or  if  there  is  at  f  the  diftinct  picture  of  any  planet  that  we 
are  looking  at  through  the  telefcope,  and  efgf Is  the  diftinct  picture  of  the 
blue  fky  round  the  planet ;  how  much  of  this  blue  fky  we  fhall  fee  de¬ 
pends  upon  the  area  of  the  hole  or  eye-glafs,  through  which  we  look. 

There  is  a  great  inconvenience  in  ufing  a  telefcope  where  the  eye- 
glafs  is  fmall,  which  is,  that  it  will  be  difficult  to  find  an  object.  If  the 
area  of  the  eye-glafs  is  large  the  telefcope  will  take  in  a  large  compafs 
at  one  view  5  fo  that  we  may  fee  a  planet  that  we  are  looking  for,  though 
the  telefcope  is  not  directed  exactly  towards  it.  For  though  it  is  ne- 
cefiary  that  it  fhould  be  fo  directed  in  order  to  fee  the  planet  in  the 
very  middle  of  the  vifible  fpace  j  yet  without  fuch  exactnefs,  where  the 
fpace  taken  in  at  one  view  is  large,  the  planet  may  be  feen  fomewhere 
in  it,  though  it  is  not  in  the  middle.  But  if  the  area  of  the  eye-glafs, 
and,  in  confequence  of  that,  the  vifible  area  is  very  fmall,  unlefs  the  te¬ 
lefcope  is  directed  exactly  towards  the  planet,  we  fhall  not  be  able  to 
fee  it. 

178.  rfhe  brightnefs  of  an  object  feen  through  a  telefcope  depends  upon  the 
area  of  the  object-glafs :  but  whether  the  area  of  the  object-glafs  is 
great  or  fmall  the  fpace  that  may  be  feen  at  one  view  will  be  the 
fame ,  if  the  area  of  the  eye-glafs  is  given. 

The  brightnefs  of  an  objedt  feen  through  a  telefcope  depends  upon 
the  brightnefs  of  the  diftindt  pidture,  and  this,  by  propofition  101,  is 
proportional  to  the  area  of  the  lens,  through  which  the  rays  pafs  to 
form  that  picture.  But  this  lens  is  the  object-glafs.  Therefore  an  ob- 
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ject  feen  through  a  telefcope  will  appear  the  brighter  for  ufing  an  object- 
glafs  of  a  large  area,  and  the  fainter  for  ufing  one  of  a  fmail  area. 

But,  by  proportion  100,  the  fize  of  the  diftinct  picture  is  the  fame 
whether  the  area  of  the  object-glafs  is  great  or  fmail,  and  confequently, 
by  propofition  177,  if  we  look  at  it  through  a  given  hole,  or  through 
an  eye-glafs  of  a  given  area,  the  quantity  that  we  can  fee  at  once,  or  the 
fpace  that  we  fee  at  one  view,  will  not  be  altered  by  any  alteration  in 
the  area  of  the  object-glafs. 

179.  The  diftance  of  the  eye  from  the  eye-glafs  in  looking  through  a  telef¬ 
cope  Jhould  be  equal  to  the  eye-glafs*  s  principal  focal  diftance. 

Since  the  diftinct  picture  gfe  is  in  the  principal  focus  of  the  glafs  dcb> 
wherever  the  eye  is  placed  on  the  other  fide  of  the  glafs,  it  will  fee  that 
picture  equally  magnifyed,  by  propofition  154.  Therefore  it  is  not  for 
the  fake  of  magnifying  the  object  more,  that  the  eye  is  to  be  placed  at 
0 ,  fo  that  co  the  diftance  of  it  from  the  eye-glafs  may  be  equal  to  this 
glafs’s  principal  focal  diftance.  The  advantage  gained  by  this  pofition 
of  the  eye  is,  that  we  may  fee  more  of  the  object  at  one  view,  or  that 
the  viftble  area  will  be  greater,  when  the  eye  is  placed  there,  than  when 
it  is  placed  any  where  elfe.  This  will  be  beft  underftood  by  confidering 
the  two  glades  ;?/  and  db  fixed,  as  they  commonly  are,  in  a  tube  whofe 
fides  are  parallel  to  me ,  which  me  is  the  common  axis  of  the  two  lenfes 
continued,  and  is  called  the  axis  of  the  telefcope.  Now  no  rays  can 
make  any  furface  vifible,  but  fuch  as  come  from  that  furface,  by  pro- 
pofitions  1 1  o.  1 1 3.  But  no  rays,  that  are  parallel  to  the  inner  furfaces  of 
the  fides  of  the  tube,  come  from  thofe  furfaces.  Therefore  no  rays,  that 
are  parallel  to  the  axis  of  the  telefcope,  can  make  the  fides  of  the  tube 
vifible.  At  0,  which  is  the  principal  focus  of  the  eye-glafs  bd,  no  rays 
meet  but  fuch  as  before  refraction  were  parallel  to  the  axis  of  the  lens  dbt 
or  to  me,  which  as  it  is  the  axis  of  the  telefcope,  is  the  axis  of  the  lens 
db  continued,  by  propofition  60  ;  confequently  no  rays  that  are  col¬ 
lected  at  0  will  make  the  fides  of  the  tube  vifible.  And  upon  this  ac¬ 
count  if  the  eye  is  placed  at  0 ,  fince  it  receives  no  other  rays  but  fuch  as 
are  collected  at  0 ,  the  fides  of  the  tube  will  not  be  feen  through  the  eye- 
glafs.  But  if  the  eye  was  placed  any  where  elfe,  either  nearer  to  the  eye- 
glafs  or  farther  from  it  than  0  its  principal  focus  fome  rays  would 
enter  the  eye,  which  were  not  parallel  to  one  another  before  refraction  : 
fothat  in  any  other  pofition  of  the  eye,  the  fides  of  the  tube  will  be  feen 
through  the  eye-glafs  as  well  as  the  object  that  we  are  looking  at.  Now 
the  area  taken  in  at  one  view  is  proportional  to  the  area  of  the  eye- 
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glafs,  by  proportion  177.  Therefore  a  greater  area  of  the  object  will 
be  taken  in  at  one  view,  when  nothing  elfe  is  feen  through  the  eye- 
glafs :  but  if  we  can  fee  the  fides  of  the  tube,  fome  part  of  the  area  of 
the  eye-glafs  will  be  taken  up  by  thofe  fides  of  the  tube ;  and  the  ob¬ 
ject  will  be  feen  only  through  the  remaining  part.  Therefore  more  of 
the  object  will  be  taken  in  at  one  view,  if  the  eye  is  at  0 ,  where  the 
fides  of  the  tube  cannot  be  feen,  than  if  it  was  placed  in  any  other 
ftation. 

The  cafe  would  be  the  fame  though  the  glades  were  ufed  without  a 
tube.  Then  indeed  the  eye  placed  any  where  befides  at  0  could  not  fee 
the  fides  of  a  tube,  but  it  would  fee  the  open  fpace  nd ,  lb  5  and  when 
any  part  of  the  eye-glafs  is  taken  up  with  feeing  that  open  fpace,  the 
remaining  area,  through  which  the  picture  is  to  be  feen,  will  be  fo  much 
the  lefs  and  confequently  fo  much  the  lefs  of  the  picture  will  be  feen 
at  one  view. 

j8o.  A  telefcope  conjijling  of  four  convex  lenfes  is  a  double  aftronomical 
telefcope. 

The  two  lenfes  nml ,  deb ,  Plat.  XIII.  fig.  2.  if  they  are  placed  at  the 
diftance  me  equal  to  the  fum  of  their  principal  focufes,  make  one  aftro¬ 
nomical  telefcope ;  and  the  two  lenfes  ptq,  rus  placed  at  the  diftance  tut 
equal  to  the  fum  of  their  principal  focufes  is  another,  by  propofition 

17 1.  If  thefe  two  telefcopes  are  fixed  at  the  diftance  ct  from  each 
other,  fo  as  to  be  both  of  them  ufed  together,  they  make  one  telefcope 
confifting  of  four  convex  lenfes.  In  this  compound  telefcope  the  lens, 
that  is  towards  the  objedt,  is  called  the  objedt-glafs,  and  all  the  others  are 
called  eye-glaftes.  Of  thefe  eye-glafles,  deb ,  which  is  next  the  objedt- 
glafs  is  called  the  firft,  ptq  is  the  fecond,and  rus,  which  is  next  the  eye, 
is  the  third. 

18 1.  An  objeft  appears  diftinft  and  ereSl  through  a  telefcope  conffing  of 
four  convex  lenfes . 

Such  a  telefcope  is  in  effedt  two  aftronomical  telefcopes,  by  propofi¬ 
tion  180.  Therefore  as  the  objedt  would  appear  diftindt  through  each 
of  them,  by  propofition  1 72,  one  will  not  change  the  diftinctnefs  pro¬ 
duced  by  the  other 5  and  confequently  it  will  appear  diftindt  through 
both  of  them,  when  they  are  ufed  together.  But  fince,  by  propofition 

172,  each  of  them  ufed  alone  would  invert  the  objedt,  it  follows  that 
when  they  are  both  ufed  together,  the  firft  will  invert  it  and  the  fecond 
by  inverting  it  again  will  fhew  it  upright.  Therefore  through  fuch  a 
compound  telefcope  the  objedt  appears  eredt. 
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It  will  be  no  great  trouble  to  prove  this  proportion  by  tracing  thfe 
rays  through  all  the  four  lenfes.  The  rays  of  each  beam  are  parallel  to 
one  another  when  they  fall  upon  the  objedt-'glafs  nml ,  by  proportion  30* 
becaufe  the  objedt  is  very  remote :  therefore  a  diftindt  inverted  pidture 
will  be  formed  at  gfe  the  principal  focus  of  the  objedt-glafs,  by  propor¬ 
tions  60.  84.  This  pidture,  by  the  conftrudtion  is  in  the  principal  focus  of 
deb  the  firft  eye-glafs.  Therefore  the  rays  of  each  beam  which  diverge 
from  the  feveral  points  in  the  diflindt  pidture  gfe,  will  be  made  parallel 
to  one  another  by  palling  through  the  frit  eye-glafs,  by  proportion 
61.  Confequently  the  rays  of  each  beam,  when  they  fall  upon  the  fe- 
cond  eye-glafs  ptq ,  are  parallel  to  one  another,  juft  as  they  were  when 
they  fell  upon  the  objedt-glafs  nml.  Therefore  a  diftindt  inverted  pi¬ 
dture  will  be  formed  again  at  kih,  the  principal  focus  of  this  fecond  eye- 
glafs.  And  this  pidture,  by  the  conftrudtion,  is  in  the  principal  focus  of 
the  third  eye-glafs  rus.  Therefore  the  rays  of  each  beam,  which  di¬ 
verge  from  the  feveral  points  in  this  pidture  will  be  parallel  to  one  another, 
when  they  have  pafled  through  the  lens  rus  and  come  to  the  eye  at  0. 
Confequently  the  objedt  feen  by  thefe  rays  will  be  feen  as  diftindtly 
through  the  telefcope  as  the  naked  eye  can  fee  any  objedt  where  the 
rays  of  each  beam  are  parallel. 

From  what  has  been  faid  we  may  obferve  the  reafon  why  the  objedt 
appears  credt.  The  firft  picture  gfe  is  inverted  and  fo  is  the  fecond  kih. 
But  the  firft  is  inverted  in  refpect  of  the  object,  and  the  fecond  is  in¬ 
verted  in  refpect  of  the  firft.  Therefore  the  fecond  picture,  which  is  the 
laft  image,  or  object  of  refracted  vifion,  is  in  the  fame  fituation  with 
the  object  itfelf. 

182.  A  telefcope  conffting  of  four  lenfes  commonly  magnifies  an  objeSl  in  the 
proportion  of  the  objefi-glafs' s  principal  focal  di/lance  to  the  fir{l 
eye-glafs' s  principal  focal  diftance . 

The  telefcope  mu.  Plat.  XIII.  fig.  2.  confifts  of  two  aftronomicai 
telefcopes,  by  propofition  180.  The  firft  of  them  me  magnifyes  the  ob¬ 
ject  in  the  proportion  of  mf  to  fc ,  or  in  the  proportion  of  the  principal 
focal  diftance  of  the  object-glafs  to  the  principal  focal  diftance  of  the 
firft  eye-glafs,  by  propofition  173,  174.  But  the  fecond  telefcope  tu  is 
commonly  made  up  of  two  convex  lenfes  of  equal  convexities.  There¬ 
fore  this  fecond  telefcope  does  not  alter  the  apparent  magnitude  of  the 
object,  by  propofition  174.  From  whence  it  follows,  that,  when  both 
telefcopes  are  ufed  together,  the  object  is  magnifyed  only  by  the 
firft  of  them  :  fo  that  the  apparent  diameter  of  the  object  feen  through 
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the  telefcope  is  to  its  apparent  diameter  feen  by  the  naked  eye,  as  rnf  the 
principal  focal  diflance  of  the  object-glafs  nml  to  fc  the  principal  focal 
diflance  of  the  firft  eye-glafs  deb. 

183.  Galileo's  telefcope  conffls  of  a  convex  objeSl-glafs  and  a  concave  eye- 
glafs  ;  and  the  diflance  between  them  is  the  difference  of  their  princi¬ 
pal  focufes. 

I iyf,  Plat.  XIII.  fig.  3.  is  the  principal  focal  difiance  of  the  convex 
lens  zyx,  and  cf  is  the  principal  focal  diflance  of  the  concave  lens  be  a  ; 
then yf — cf=yc  is  the  difference  of  their  principal  focal  diftances.  And 
if  thefe  two  lenfes  are  placed  at  this  diflance  yc  from  each  other,  they 
make  Galileo’s  telefcope. 

184.  An  object  feen  through  Galileo's  telefcope  appears  eredl  and  dflinff. 

The  rays  that  come  from  each  point  in  a  very  remote  objedt  are  pa¬ 
rallel  to  one  another,  by  propofition  30 :  and  if  thefe  rays  pafs  through 
the  convex  lens  zyx,  Plat.  XIII:  fig.  3.  they  would  converge  to  as  ma¬ 
ny  points  at  the  lens’s  principal  focus,  by  propofition  60,  83,  and  at  gfe 
would  paint  the  pidlure  of  the  object,  if  the  concave  eye-glafs  was  out 
of  the  way.  Suppofe  therefore  the  eye  was  at  c  the  flation  of  the  eye-glafs, 
then  the  objedl  feen  through  the  objedl-glafs  alone  would  appear  eredt 
and  confufed,  by  propofition  149.  And  if  the  concave  eye-glafs  was  ?o 
be  flipped  between  the  eye  and  the  objedl-glafs,  this  would  not  change 
the  apparent  fituation  of  the  objedl,  by  propofition  163,  fo  that  as  the 
objedl  would  appear  eredt  through  the  convex  lens  alone,  it  will  like- 
wife  appear  ered:  when  feen  through  both  the  lenfes.  But  the  concave 
eye-glafs  will  make  the  object  diflinct,  which  would  be  confufed  with¬ 
out  it.  For  fince  the  feveral  beams  of  rays,  when  they  fall  upon  the 
concave  glafs  are  converging  to  feveral  focufes  g,  f,  e ,  See.  and  all  thefe 
focufes  are  at  the  diflance  cf  from  the  lens,  or,  by  the  conftruction  of 
the  telefcope,  at  the  diflance  of  the  eye-glafs’s  principal  focus,  it  fol¬ 
lows,  from  propofition  62,  that  the  rays  of  each  beam,  when  they  are 
refracted,  will  become  parallel,  and  the  eye  will  fee  the  object  as  diftinct- 
ly  through  the  telefcope,  as  the  naked  eye  fees  an  object  when  it  is 
far  enough  off  for  the  rays  of  each  beam  of  rays,  that  come  from  it,  to 
be  parallel  to  one  another. 

185.  Galileo's  telefcope  magnify es  an  ohjeB  in  the  proportion  of  the  objefl- 
glafs's  principal  focal  diflance  to  the  eye-glajs's  principal  focal 
dijlance , 
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The  apparent  diameter  of  an  object  feen  through  the  telefcope  yr, 
Plat.  XIII.  hg.  3.  is  as  much  longer  than  its  apparent  diameter  feen  with 
the  naked  eye,  as  yf  the  principal  focal  diftance  of  the  object-glafs  is 
greater  than  cf  the  principal  focal  diftance  of  the  eye-glafs. 

If  the  concave  lens  bca  was  taken  away  and  the  diftinct  picture  g  fe 
was  received  upon  a  paper,  the  apparent  diameter  of  the  object  either 
through  the  lens  zyx  by  the  eye  clofe  to  it  at  yt  or  by  the  naked  eye  at 
the  fame  place  is  equal  to  the  apparent  diameter  of  this  picture  feen 
from  y  at  the  diftanc z  yf  by  propofitions  147,  153.  And  fince  the  ap¬ 
parent  diameter  of  the  object  feen  through  the  lens  zyx  is  inverfely  as 
the  eyes  diftance  from  the  diftinct  picture,  by  propofition  153,  if  the 
eye  was  to  withdraw  from  y  towards  c  the  ftation  of  the  eye-glafs,  the 
object  feen  through  the  lens  zyx  would  keep  encreafing  as  the  diftance 
y  f  decreafed,  fo  that  when  the  eye  was  arrived  at  c  the  object  would 
feem  as  much  bigger  than  it  did  when  the  eye  was  at  y  as  c f  is  lefs  than 
yj\  or  as  yf  is  greater  than  cf.  But  when  the  eye  was  at  y  its  apparent 
diameter  feen  through  the  lens  was  equal  to  its  apparent  diameter  feen 
with  the  naked  eye.  Therefore  if  the  eye  is  at  c  the  ftation  of  the  eye- 
glafs  the  object  will  be  magnifyed  by  the  lens  zyx  in  the  proportion  of 
yf  to  cf  or  in  the  proportion  of  the  principal  focal  diftance  of  the 
object-glafs  to  the  principal  focal  diftance  of  the  eye-glafs.  Now  fup- 
pofe,  whilft  the  eye  continues  at  cy  the  concave  lens  bca  to  be  placed  juft: 
before  it  fo  as  to  touch  it  j  this  lens,  by  propofition  147,  in  fuch  a  fitua- 
tion  will  make  no  alteration  in  the  apparent  magnitude  of  the  object. 
Therefore  the  object  feen  through  the  telefcope,  or  through  both  the 
lenfes,  will  continue  to  be  magnifyed  in  the  fame  proportion  as  before, 
if  the  eye  is  clofe  to  the  eye-glafs :  the  only  difference  will  be  that  the 
object  fo  magnifyed  is  feen  confufedly  without  the  eye-glafs,  by  propo¬ 
fition  149,  but  is  feen  diftinctly  with  it,  by  propofition  184.  And  hav¬ 
ing  thus  fhewn  that  the  propofition  is  true,  if  the  eye  is  clofe  to  the  eye- 
glafs,  we  may  fhew  it  to  be  equally  true  in  any  other  ftation  of  the 
eye.  For  fince  the  rays  of  each  beam,  when  they  come  out  of  the  eye- 
glafs  are  parallel  to  one  another,  by  propofition  184,  the  apparent  mag¬ 
nitude  of  [the  objed  will  not  be  altered  by  the  departure  of  the  eye 
from  c ,  for  a  reafon  afiigned  in  propofition  154;  fince,  as  the  rays  of 
each  beam  are  parallel,  the  eye  by  departing  from  the  eye-glafs  neither 
gets  farther  from  the  laft  image  nor  nearer  to  the  diftind  pidure. 

A  telefcope  of  this  fort  cannot  be  fo  contrived  as  not  to  magnify  the 
objeds,  that  are  feen  through  it.  For  if  the  telefcope  does  not  magnify, 
the  principal  focal  diltances  of  the  convex  objed-glafs  and  the  concave 
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eye-glafs  muft  be  equal.  Now  the  diftance  of  the  two  glaffes  from  each 
other  muft  be  the  difference  between  their  principal  focal  diftances,  by 
proportion  189.  Confequently  where  the  principal  focal  diftances  are 
equal,  that  is,  where  the  difference  between  them  is  nothing,  the  di¬ 
ftance  between  the  two  glaffes  muft  be  nothing,  or  the  two  glaffes  muft 
touch  each  other ;  and  then,  inftead  of  making  a  telefcope,  they  will  rather 
make  a  menifcus  having  its  convexity  on  one  fide  equal  to  its  concavity 
on  the  other. 

186.  fhe  vifible  area  in  Galileo's  telefcope  depends  upon  the  breadth  of  the 
pupill. 

The  rays  of  any  beam,  when  they  fall  upon  the  eye-glafs,  are  not 
far  from  their  focus :  therefore  they  do  not  fpread  over  the  whole  fur- 
face  of  the  lens ;  but  extend  only  over  a  fmall  part  of  it.  Thus  the  beam, 
which  is  converging  to  the  extreme  focus  g ,  Plat.  XIII.  fig.  3,  covers 
but  a  fmall  part  of  the  lens  at  b  the  edge  of  it ;  and  the  beam,  which  is 
converging  to  the  other  extreme  focus  e ,  covers  but  a  fmall  part  at  a  the 
other  edge  of  the  lens.  Now  if  the  pupill,  when  it  is  clofe  to  the  lens, 
is  wide  enough  to  reach  from  b  to  a ,  the  rays  from  the  extreme  parts  of 
the  objedt  will  enter  it,  and  confequently  thofe  parts  may  be  feen  through 
the  telefcope.  But  if  the  pupill  was  narrower,  if  for  inftance  it  was  no 
wider  than  do ,  the  rays  of  the  extreme  beams  would  not  enter  it,  fo  that 
the  extreme  parts  of  the  objedt  could  not  be  feen.  Therefore  the  vilible 
area  or  fpace  that  may  be  taken  in  at  one  view  will  be  greater  as  the 
breadth  of  the  pupill  is  greater,  or  lefs  as  that  breadth  is  lefs. 

187.  fhe  eye  is  in  the  mof  convenient  pofition  for  looking  through  Galileo's 
telefcope ,  when  it  is  clofe  to  the  eye-glafs. 

The  apparent  magnitude  of  the  objedt  feen  through  the  telefcope 
would  be  the  fame,  wherever  the  eye  was  placed,  by  what  was  flievvn 
under  proportion  1 8  5.  But  when  the  eye  is  clofe  to  the  concave  eye- 
glafs,  more  of  the  objedt  is  feen  at  one  view,  than  could  be  feen  in  any 
other  ftation  of  the  eye.  The  rays  of  each  beam  are  indeed  parallel  to  one 
another :  the  rays  of  the  beam  bk,  for  inftance,  are  parallel  amongft 
themfelves  j  and  fo  likewife  are  thofe  of  the  beam  al.  But  then  the 
beams  or  rays  of  different  beams  are  not  parallel  to  one  another:  the  beam 
bk  is  not  parallel  to  the  beam  al.  For  fince  the  beam  bk  before  refradtion 
was  tending  to  g  and  the  beam  al  to  e ,  fo  that  one  of  them  was  nearly 
parallel  to  the  other  5  it  follows  that  after  refradtion  they  will  diverge 
from  one  another,  by  propolition  54.  Therefore  the  farther  thefe  beams 
are  from  the  eye-glafs  the  farther  they  will  be  afunder,  by  proportion 
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10 :  confequently  though,  when  the  eye  is  clofe  to  the  glafs,  thefe  extreme 
beams  may  be  near  enough  to  each  other  to  enter  the  pupill,  yet,  when 
the  eye  is  placed  at  any  diftance  from  the  glafs,  they  will  be  fo  far  afun- 
der  that  they  cannot  enter  it :  therefore  the  extreme  parts  of  the  object, 
which  might  be  feen,  if  the  eye  was  clofe  to  the  eye-glafs,  will  not  be 
feen,  if  the  eye  is  removed  to  any  diftance  from  it. 

188.  A  Jingle  microfcope  is  only  a  very  convex  lens . 

A  lens  of  a  great  convexity  is  a  fegment  of  a  fmall  fphere  j  and  there¬ 
fore  will  have  a  Ihort  principal  focus,  by  propofition  53.  Suppofe  there¬ 
fore  fuch  a  lens  to  have  its  principal  focus  only  £  inch :  if  any  fmall  ob¬ 
jedt  is  placed  in  the  principal  focus  or  at  the  diftance  of  £  inch  of  the  lens, 
the  eye  on  the  other  fide  will  fee  it  diftindtly  through  the  lens,  and  as  big 
as  the  naked  eye  could  fee  it,  if  the  eye  was  at  the  ftation  of  the  lens  or 
within  i  inch  of  the  objedt,  by  propofitions  147,  151,  154.  But  the 
naked  eye  does  not  fee  an  objedt  diftindtly  unlefs  it  is  5  inches  from  it. 
Therefore  the  apparent  diameter  of  the  objedt  feen  through  the  lens  is 
as  great  as  it  would  be,  if  the  eye  was  50  times  nearer  than  it  ever  is, 
when  we  have  diftindt  vifion,  and  confequently  is  50  times  as  great  as 
we  are  ever  ufed  to  fee  it. 

189.  A  double  microfcope  confifts  of  two  convex  lenfes ,  of  which  the  objedt - 
glafs  is  more  convex  than  the  eye-glafs :  and  the  diftance  between 
them  is  equal  to  the  diftance  of  the  diftindt  pidture  from  the  objedt - 
glafs  added  to  the  principal  focal  diftance  of  the  eye-glafs . 

The  microfcope.  Plat.  XIII.  fig.  4,  confifts  of  a  very  convex  objedt- 
glafs  nml  and  a  lefs  convex  eye-glafs  deb.  The  fmall  objedt  zxy  is  nearer 
to  the  objedt-glafs  than  its  principal  focus,  fo  that  fomewhere  behind  the 
glafs  there  will  be  a  diftinft  pidture  of  it  gfe ,  by  propofition  84..  The 
diftance  of  this  pidture  from  the  objedt-glafs  is  mf  the  diftance  of  it  from 
the  eye-glafs,  or  cf  mull  be  equal  to  the  eye-glafs’s  principal  focus. 
And  the  diftance  of  the  two  glafles  from  each  other  muft  be  me,  or 
mf+fc ,  which  is  the  diftance  of  the  diftindt  pidture  from  the  objedt- 
glafs  added  to  the  principal  focal  diftance  of  the  eye-glafs. 

From  this  conftrudtion  it  is  evident  that  the  diftindt  pidture  is  always 
in  the  eye-glafs's  principal  focus.  And  by  this  defeription  of  a  compound 
microfcope  we  may  fee  what  is  the  eflential  difference  between  fuch  a 
microfcope  and  an  aftronomical  telefcope.  The  objedt-glafs  of  a  com¬ 
pound  microfcope  is  more  convex  than  the  eye-glafs :  but,  if  an  aftro¬ 
nomical  telefcope  magnifyes,  the  objedt-glafs  of  it  is  lefs  convex  than  the 
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eye-glafs.  How  each  of  thefe  inftruments  is  fitted  for  their  relpedtive  pur- 
pofes  by  this  conftruction  will  appear  as  we  go  along. 

Some  compound  microfcopes  are  made  with  three  glaftes ;  fo  that  the 
rays,  after  they  have  been  refradted  by  paffing  through  the  lens  nml ,  are 
received  upon  another  convex  lens,  and  are  refradted  again  before  they 
form  the  diftindt  pidture.  In  this  cafe  the  rays  are  made  to  converge  by 
the  refradtion  of  both  thefe  lenfes,  and  they  are  both  of  them  called  ob- 
]edt-glafles.  The  diftindt  pidture  fo  formed  is  in  the  principal  focus  of 
the  third  glafs,  which  being  next  the  eye  is  in  this  as  in  other  microfcopes 
called  the.  eye-glafs. 

190.  An  object  feen  through  a  double  microfcope  appears  difinft  and  in¬ 
verted. 

The  demonftration  of  this  propofition  is  the  fame  with  that  of  propo- 
fition  172  :  and  the  letters  of  reference  are  made  the  fame,  in  Plat.  XIII. 
fig.  1,  and  4,  that  the  reader,  if  he  pleafes,  may  the  more  readily  ap- 
ply  it. 

1 9 1 .  'The  apparent  diameter  of  an  objeB  feen  through  a  double  microfcope  is 
to  the  apparent  diameter  of  the  fame  objeB  feen  by  the  naked  eye  in  the 
fat  ion  of  the  objedl-glafs ,  as  the  difance  of  the  difinct  picture  from 
the  object-glafs  to  its  difance  from  the  eye-glafs. 

This  propofition  is  demonftrated  on  Plat.  XIII.  fig.  4,  in  the  fame 
manner  as  propofition  173,  is  on  fig.  1. 

Now  an  aftronomical  telefcope  will  not  magnify  an  objedt  unlefs  the 
principal  focal  diftance  of  the  objedt-glafs  is  greater  than  the  principal  fo¬ 
cal  diftance  of  the  eye-glafs,  or  unlefs  the  objedt-glafs  is  lefs  convex  than 
the  eye-glafs.  For  when  the  objedt  is  very  remote,  as  objedts  are  which 
we  look  at  through  a  telefcope,  the  diftindt  pidture  is  in  the  principal 
focus  of  the  object-glafs  j  and  confequently  it  cannot  be  farther  from  the 
object-glafs  than  it  is  from  the  eye-glafs  unlefs  the  principal  focal  diftance 
of  the  object-glafs  is  greater  than  the  principal  focal  diftance  of  the  eye- 
glafs.  But  when  the  object  is  very  near  the  object-glafs,  as  objects  are 
which  we  look  at  through  a  microfcope,  the  diftinct  picture  will  be  more 
remote  from  the  glafs  than  its  principal  focus,  by  propofition  61  :  and 
confequently  the  diftinct  picture  gfei  Plat.  XIII.  fig.  4,  may  be  more  re¬ 
mote  from  the  object-glafs  nl  than  it  is  from  the  eye-glafs  df  though  the 
object-glafs  is  more  convex  or  has  a  fhorter  principal  focus  than  the  eye- 
glafs. 

Here  we  may  obferve,  firft ;  that  an  aftronomical  telefcope  will  not 
anfwer  the  purpofes  of  a  microfcope  or  cannot  be  ufed  for  magnifying 
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near  objeds.  For  if  the  objed  z xy,  Plat.  XIII.  fig.  1.  was  near  the  lens 
nml ,  the  pidure  gfe  would  be  fo  far  from  it  as  not  to  be  within  the 
compafs  of  the  inftrument  or  between  the  two  lenfes.  Secondly,  a  dou¬ 
ble  microfcope  cannot  be  ufed  for  magnifying  diftant  objects :  becaufe 
the  objed-glafs  has  a  fhorter  principal  focus  than  the  eye-glafs,  and 
confequently  is  like  an  aftronomical  telefcope  inverted,  and  inftead  of 
magnifying  a  remote  objed  will  diminish  it,  by  proportion  176.  Third¬ 
ly,  an  agronomical  telefcope  inverted  will  not  anfwer  the  purpofe  of  a 
microfcope  in  magnifying  very  near  objeds :  for  though  if  bdy  Plat. 
XIII.  fig.  1.  is  towards  the  objed  and  nl  is  towards  the  eye,  the  objed- 
glafs  will  then  be  more  convex  than  the  eye-glafs,  as  in  a  double  mi¬ 
crofcope  j  yet  db  the  eye-glafs  of  an  aftronomical  telefcope  is  not  con- 
vex  enough  to  ferve  for  the  objed-glafs  of  a  microfcope  :  fo  that  when 
the  objed  is  very  near  dby  the  pidure  gfe  will  be  very  far  from  this  glafs 
db ,  and  confequently,  unlefs  the  telefcope  is  made  much  longer  than  it 
ufually  is,  this  pidure  will  either  not  be  between  the  lenfes,  or  however 
will  not  be,  as  it  ought,  in  the  principal  focus  of  the  lens  nl ,  which  is 
next  to  the  eye. 

192.  An  object  feen  through  a  microfcope  appears  magnify ed  in  the  pro¬ 
portion  of  the  limit  of  dijlinct  ojifion  to  the  difance  of  the  object - 
glafs  from  it. 

The  magnifying  power  of  a  microfcope,  as  determined  in  propofiti- 
on  1 9 1 ,  is  in  reference  to  the  eye  at  the  ftation  of  the  objed-glafs  m , 
Plat.  XIII.  fig.  4.  Thus  if  mf  is  to  cf  as  10  to  1,  the  apparent  diameter 
of  the  objed  feen  through  the  microfcope  will  be  1  o  times  greater  than 
the  naked  eye  would  fee  it  at  m.  But  if  mx  the  diftance  of  the  objed- 
glafs  from  the  objed  is  lefs  than  the  diftance  at  which  the  naked  eye  can 
lee  an  objed  diftindly,  or  lefs  than  the  limit  of  diftind  vifion,  the  ap¬ 
parent  diameter  of  the  objed  feen  by  the  naked  eye  at  m  will  be  as 
much  greater  than  we  are  ever  ufed  to  fee  it,  as  mx  is  lefs  than  that 
limit,  by  propofttion  126.  Thus  for  inftance,  the  limit  of  diftind  vi¬ 
fion  being  fuppofed  5  inches,  we  are  never  ufed  to  look  at  an  objed 
nearer  than  5  inches,  becaufe  if  we  were  to  hold  it  nearer  to  our  eye,  we 
lhould  fee  it  confufedly.  Therefore  if  mx  is  only  1  inch,  the  objed 
would  appear  to  the  naked  eye  at  m  5  times  longer  than  we  ufually 
fee  it.  Therefore  the  objed  feen  through  the  microfcope  appears  larger 
than  ufual  upon  two  accounts.  Firft  it  is  10  times  larger  than  the  nak¬ 
ed  eye  at  m  would  fee  it,  becaufe  fm  is  xo  times  fc.  And  fecondly,  the 
naked  eye  at  m  would  fee  it  5  times  larger  than  it  has  ever  been  ufed  to 
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fee  it,  becaufe  mx  is  $  times  lefs  than  the  limit  of  diftindt  vifion,  or  5 
times  lefs  than  the  diftance  at  which  -  the  naked  eye  has  been  ufed  to 
look  at  it.  But  if  the  apparent  diameter  is  10  times  greater  than  ufual 
upon  one  account,  and  5  times  greater  upon  the  other  account,  it  fol¬ 
lows,  that  upon  both  accounts  together  it  will  be  50  times  greater.  For 
the  microfcope  magnifyes  in  the  proportion  of  1  o  to  1 ,  and  of  5  to  1 , 
that  is  in  the  proportion  of  50  to  1.  From  whence  we  may  deduce 
the  following  general  propofition  for  determining  how  much  larger  an 
object  will  appear  through  a  microfcope  than  the  naked  eye  has  been 
ufed  to  fee  it. 

193.  A  microfcope  magnifyes  the  apparent  diameter  of  an  objeSl  in  a  pro¬ 
portion  compounded  of  the  diftance  of  the  diftinSl  pi Slure  from  the  cb- 
jeSi-glafs  to  its  di fiance  from  the  eye-glafs  t  and  of  the  limit  of  di - 
JlinSl  vifion  to  the  difiance  of  the  objeSl-glajs  from  the  objeSl . 

It  magnifyes  in  the  firft  proportion,  by  proportion  19 1,  and  in  the 
fecond,  by  propofition  192. 

194.  When  the  fame  eye-glafs  is  made  ufe  of  the  magnifying- power  of  a 
microfcope  is  encreafed ,  by  encreafmg  the  convexity  of  the  objeSl - 
glafe. 

If  the  microfcope  cmy  Plat.  XIII.  fig.  4.  magnifyes  an  objedt  in  the 
proportion  of  50  to  1  with  the  objedt-glafs  m,  it  would  magnify  the 
fame  object  in  a  greater  proportion,  if  this  object- glafs  was  changed  for 
a  more  convex  one. 

The  more  convex  an  objedt-glafs  is,  the  nearer  will  be  the  diftindt 
pidture,  if  the  object  was  to  continue  at  the  fame  diftance,  by  propofi¬ 
tion  95.  But  by  bringing  the  glafs  nearer  to  the  object  the  picture 
will  depart  from  it,  by  propofition  98.  And  thus,  whatever  is  the 
convexity  of  the  glafs,  by  altering  its  diftance  from  the  object  the 
pidture  is  always  kept,  where  it  ought  to  be,  at  gfe  the  principal  focus 
of  the  eye-glafs.  Now  when  the  place  of  the  diftindt  pidture,  and  con¬ 
sequently  its  diftance  from  each  of  the  glafifes,  is  given  5  the  microf¬ 
cope  magnifyes  in  the  proportion  of  the  limit  of  diftindt  vifion  to  the 
diftance  of  the  objedt-glafs  from  the  objedt,  by  propofition  192.  There¬ 
fore  the  nearer  this  glafs  is  to  the  objedi  the  more  the  microfcope  will 
magnify  :  and  fince  a  more  convex  objedt-glafs  mull;  be  brought  nearer 
to  it  than  a  lefs  convex  one,  the  more  convex  one  will  magnify  the  moil. 

If  mf  is  to  cf  as  ioto  i,  and  mx  is  1  inch  or  |  of  the  limit  of  di¬ 
ftindt  vifion,  we  found,  by  propofition  192,  that  the  objedts  apparent 
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diameter  feen  through  the  microfcope  will  be  50  times  greater  than 
ufual.  But  fuppofe  a  more  convex  objedt-glafs  was  made  ufe  of ;  fo 
that  to  keep  the  pidture  at  gfet  the  lens  mull  be  brought  within  \  inch 
of  the  objedt.  Then  mf  is  hill  to  cf  as  10  to  1.  But  mx>  being  now 
only  i  inch  or  ^  5  inches  or  -V  the  limit  of  diftindt  vifion,  the  micro¬ 
fcope  will  magnify  the  objedt  again  in  the  proportion  of  1  o  to  1 ,  by 
propofition  192.  Since  therefore  the  object  is  magnifyed  in  the  propor¬ 
tion  of  10  to  1  and  of  10  to  1,  upon  both  accounts  together  it  will 
be  magnifyed  by  this  more  convex  lens  in  the  proportion  of  100  to  1, 
or  twice  as  much  as  it  was  by  the  lefs  convex  one.  And  univerfallv, 
lince  in  the  fame  microfcope  the  diftindt  pidture  is  always  kept  in  the 
feme  place,  whatever  objedt-glafs  we  make  ufe  of,  the  magnifying 
power  of  it  will  always  be  inverfely  as  the  diftance  of  the  objedt-glafs 
from  the  objedt. 

We  need  fay  nothing  here  about  the  vifible  area  through  a  double 
microfcope,  or  about  the  proper  pofition  for  the  eye;  iince  the  fimilitude 
between  this  inftrument  and  an  agronomical  telefcope  planely  fhews  that 
thefe  particulars  are  to  be  determined  by  the  fame  rules  in  both. 

195.  T'he  aperture  of  the  objedt-glafs  in  a  microfcope  fhould  be  very  fmall. 

For  as  the  objedt-glafs  is  very  near  to  the  objedt,  the  outermolt  rays 

of  every  beam  will  diverge  very  much,  and  would  hinder  the  diftindt- 
nefs  of  the  pidture,  by  propofition  99,  unlefs  they  were  excluded  by 
making  the  aperture  fmall.  But  the  fmallnefs  of  the  aperture  will  make 
the  objedt  appear  faint,  by  propofition  178.  Therefore  to  make  amends 
for  this,  many  ways  are  contrived  to  illuminate  the  objedt  as  much  as 
poflible.  For  this  purpofe  it  is  placed  in  the  fun-fhine,  or  the  light  is 
colledted  by  a  convex  lens,  or  a  concave  mirrour,  and  is  thrown  upon  it. 

196.  Short-fighted  perfons  fee  left  through  a  telefcope  or  microfcope  if  it  is 
Shortened  a  little. 

When  an  agronomical  telefcope  or  double  microfcope  is  of  the  ufual 
length  the  diftindt  pidture  is  in  the  eye-glafs’s  principal  focus,  and  the 
rays  of  each  beam  come  out  parallel,  by  proportions  172.  190.  But  if 
either  inftrument  is  fhortened  a  little,  the  eye-glafs  is  brought  nearer  to 
the  pidture,  and  then,  as  the  pidture  is  nearer  to  it  than  the  principal  fo¬ 
cus,  the  rays  of  each  beam,  that  diverge  from  thence,  will  continue  to 
diverge  after  they  have  paffed  through  it,  by  propofition  67.  So  likewife 
in  Galileos  telefcope  the  rays  of  each  beam,  when  they  fall  upon  the 
concave  eye-glafs  converge  to  its  principal  focus,  and  therefore  when  they 
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have  palled  through  it  they  become  parallel,  by  propofition  184.  But  by 
ftiortening  the  telefcope  the  eye-glafs  is  moved  farther  from  the  place  of 
the  diftindt  picture,  for  which  reafon  the  rays  of  each  beam  converge  to 
points  more  remote  than  its  principal  focus;  and  therefore,  after  refradtion 
they  will  diverge,  by  propofition  65.  Since  therefore  Shortening  any  of 
thde  instruments  a  little  will  make  the  refradled  rays  diverge,  and  fince, 
by  propofition  168,  lliort-fighted  perfons  fee  better  by  diverging  rays  than 
by  parallel  ones,  it  follows  that  fuch  perfons  will  fee  more  diftinctly 
through  any  of  thefe  inftruments,  when  they  are  fliortened,  than  when 
they  are  of  the  ufual  length. 

1  97,  Old  perfons  fee  bejl  through  a  telefcope  or  microfcope ,  if  it  is  lengthened 
a  little . 

When  a  telefcope  or  double  microfcope  is  of  the  ufual  length  the  rays 
of  each  beam  are  parallel  when  they  come  to  the  eye,  by  propofitions 
172,  190,  184.  But  if  an  aftronomical  telefcope  or  double  microfcope 
is  lengthened  by  drawing  the  eye-glafs  farther  from  the  objedt-glafs,  the 
diftindt  picture  will  be  more  remote  from  the  eye-glafs  than  its  princi¬ 
pal  focus,  and  confequently  the  rays  of  the  feveral  beams,  which  diverge 
from  the  picture  will  converge,  after  they  have  pafied  through  the  glafs, 
by  propofition  63.  And  if  Galileo’s  telefcope  is  lengthened,  the  rays, 
which  fall  converging  on  the  eye-glafs,  will  converge  to  points  nearer 
than  the  glafs’s  principal  focus,  and  will  therefore  continue  to  con¬ 
verge  after  refraction,  by  propofition  69.  But  old  perfons  fee  more  di¬ 
ftinctly,  when  the  rays  converge,  than  when  they  are  parallel,  by  pro¬ 
pofition  169.  Therefore  fuch  perfons  will  fee  the  better  through  any  of 
thefe  inftruments,  if  they  are  lengthened  a  little* 

CHAP.  XII. 


Of  the  caufe  and  laws  of  the  reflexion  of  light. 

198.  The  reflection  of  light  from  tranfparent  bodies ,  is  either  partial  or  to¬ 
tal*  The  partial  reflection  happens  either  at  the  flr ft  or  fecond  Jiir- 
face ;  the  total  me  at  the  fecond  furface  only . 

WHEN  a  beam  of  light  falls  upon  a  thick  piece  of  polifhed  glafs ; 

all  the  rays  will  not  pafs  through  it ;  but  fome  of  them  will  be 
refledted  from  the  firft  furface  of  the  glafs,  where  the  beam  enters.  For 
if  a  candle  is  placed  before  the  glafs,  when  the  beams  that  come  from 
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the  candle  fall  upon  it,  though  the  greateft  number  of  rays  pafs  into  it; 
yet  a  faint  image  of  the  candle  may  be  feen  by  reflection  from  the  firft: 
furface,  which  fhews  that  lome  few  of  the  rays  are  reflected  there, 
whilft  the  reft  enter  the  glafs.  Secondly,  when  as  much  of  the  beam  as 
entered  the  glafs  is  come  to  the  fecond  furface,  all  the  rays,  that  come 
thither,  will  not  pafs  out  of  it  into  the  air ,  the  greateft  part  may  pafs  out, 
but  fome  will  be  reflected  from  thence.  For  a  fecond  faint  image  of  the 
candle  may  be  feen  there.  Thefe  are  the  two  partial  reflections ;  and 
thefe  happen,  whatever  is  the  obliquity  of  the  rays,  when  they  fall  upon 
the  firft  or  fecond  furface.  The  total  reflection  at  the  fecond  furface  does 
not  happen,  unlefs  the  rays  fall  very  obliquely  upon  it.  If  the  angle  of 
incidence  at  the  fecond  furface  is  under  40  degrees,  greateft  part  of  the 
beam  will  pafs  out  of  the  glafs  into  the  air,  and  only  fome  few  rays  will 
be  reflected,  as  we  faid  before.  But  if  the  angle  of  incidence  or  obliquity 
is  greater  than  40  or  41  degrees,  none  of  the  rays  will  come  out  of  the 
glafs,  but  the  whole  beam,  that  is,  as  much  of  the  beam  as  came  to  the 
fecond  furface,  will  be  reflected. 

By  (hewing  the  caufe  of  thefe  reflections  from  tranfparent  fubftances 
we  (hall  fee  to  what  caufe  the  reflection  of  light  from  other  fubftances, 
fuch  as  polilhed  metals,  is  owing. 

199.  tfhe  rays  of  light  are  not  refletted  by  Jlriking  upon  the  Jblid  parts  of 

bodies. 

When  rays  of  light  fall  upon  a  thick  piece  of  polifhed  glafs,  fome  of 
them  are  reflected  from  the  firft  and  fome  from  the  fecond  furface,  by 
propofition  198,  and  as  many  or  more  rays  are  reflected  at  the  fecond  fur¬ 
face,  where  they  are  to  pafs  out  of  the  glafs  into  the  air,  as  at  the  firft  fur- 
face,  where  they  are  to  pafs  out  of  air  into  glafs.  Now  this  could  fcarce 
be  the  cafe,  if  thefe  reflections  were  occalioned  by  the  finking  of  the 
rays  upon  the  folid  parts  of  bodies :  for  upon  this  fuppofition,  fioce  glafs 
•is  denfer,  or  in  a  given  fpace  contains  more  folid  parts,  than  air,  a  greater 
quantity  of  rays  ought  to  be  reflected,  when  they  are  pafling  out  of  air 
into  glafs,  than  when  they  are  pafling  out  of  glafs  into  air. 

When  a  beam  of  light  is  to  pafs  out  of  glafs  into  air,  if  its  obliquity  is 
lefs  than  40  degrees,  greateft  part  of  it  will  pafs  out,  but  if  the  obliquity 
is  greater  than  41  degrees,  it  will  all  be  reflected,  by  propofition  198. 
But  it  is  fcarce  probable  that  the  beam  at  one  obliquity  (hould  meet  with 
nothing  but  pores  or  interfiles  in  the  air,  and  fb  pafs  freely  into  it,  and 
at  a  little  greater  obliquity  (hould  meet  with  nothing  but  folid  parts  and 
fo.  be  totally  reflected.  Or  if  the  reader  imagines,  that  what  is  fo  unlikely 
(hould  however  be  pofiible  j  we  may  obferve  farther  that  if  there  was 
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water  behind  the  glafs  inftead  of  air,  the  rays  would  not  be  reflected  from 
the  water  at  the  fecond  furface,  though  their  obliquity  was  greater  than 
4 1  degrees.  But  fince  water  is  denfer  than  air,  and  the  rays  which  would 
have  been  reflected  back  into  the  glafs,  if  there  had  been  air  behind  it, 
will  pafs  freely  out  of  it,  if  there  is  water  behind  it,  we  cannot  imagine 
that  the  reflection  of  them  from  the  air  could  be  occafioned  by  their  ftrik- 
ing  upon  its  folid  parts :  for  if  air  reflects  them  by  this  means,  then  cer¬ 
tainly  water,  which  is  more  denfe  than  air,  could  not  fail  of  reflecting 
them. 

Nor  can  any  one  fuppofe  that  the  total  reflection  from  the  fecond  fur- 
face,  though  it  is  not  occafioned  by  the  rays  ftriking  againft  the  folid 
parts  of  the  air,  may  yet  be  owing  to  their  ftriking  againft  the  folid  parts 
in  the  fecond  furface  of  the  glafs  itfelf.  This  fuppofition  is  attended  with 
the  fame  difficulty  as  the  other.  For  it  is  fcarce  poffible  that  the  rays  at 
one  degree  of  obliquity  fhould  meet  with  nothing  but  pores  in  that  fur¬ 
face,  and  at  a  greater  obliquity  fhould  meet  with  nothing  but  folid  parts. 
Nay  indeed  this  fuppofition  is  attended  with  a  greater  difficulty.  For  if  the 
rays,  falling  at  an  obliquity  greater  than  41  degrees,  meet  with  nothing 
but  folid  parts  in  the  fecond  furface  of  the  glafs,  and  are  reflected  by 
ftriking  againft  thofe  parts  ;  then  this  reflection  would  happen,  whether 
there  was  air  or  water  behind  the  glafs ;  whereas  at  the  obliquity  of  43 
degrees,  they  will  be  reflected,  if  there  is  air  behind  it,  but  would  be 
tranfmitted  if  there  was  water  behind  it. 

200,  Bodies  ref  eft  and  ref  raft  light  by  one  and  the  fame  power  differently 
exercifed  in  different  circumjlances . 

When  rays  of  light  are  to  pafs  out  of  one  medium  into  another  of  a 
different  denfity,  they  are  refracted }  and  this  refraction  will  be  fo  much 
the  greater  as  the  mediums  differ  more  from  one  another  in  denfity,  by 
propofition  37.  Rays  are  more  refraCted,  when  they  pafs  out  of  air  into 
a  diamond,  than  when  they  pafs  out  of  air  into  glafs,  and  more  ftill  than 
when  they  pafs  out  of  water  into  glafs.  And  in  thefe  or  any  other  inftances, 
where  the  refraction  is  the  ftrongeft,  the  reflection  is  likewife  the  ftron- 
geft.  There  is  a  ftronger  reflexion,  when  light  is  palling  out  of  air  into 
a  diamond,  than  when  it  is  palling  out  of  air  into  chryftal,  or  into  com¬ 
mon  glafs :  and  if  a  diamond,  or  a  piece  of  chryftal  or  of  common  glafs 
is  im merged  in  water,  as  they  differ  lefs  in  denfity  from  water  than  from 
air,  the  refraction  is  the  weaker,  and  the  reflexion  from  their  furface  be¬ 
comes  the  fainter. 

We  are  therefore  to  explane  the  reflection  of  light  upon  the  fame  prin¬ 
ciples,  that  we  made  ufe  of  in  explaning  its  refraction.  Bodies  aCt  upon 

the 
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the  rays  of  light  two  ways,  by  proportion  5  of  mechanics,  they  attract 
all  thofe  rays  that  are  very  near  them,  and  repell  thofe  that  are  a  little 
farther  from  them.  Any  ray,  if  it  is  at  a  certain  diftance  from  the  fur- 
face  of  a  piece  of  glafs,  is  attracted  by  the  glafs,  but  is  repelled,  if  it  is 
at  g.  diftance  fomewhat  greater.  The  fpace  contiguous  to  the  fur- 
face  of  the  glafs,  where  the  rays  are  attracted,  we  may  call  the  attracting 
furface ;  and  the  fpace  beyond  this  or  farther  from  the  furface  of  the 
glafs,  where  they  are  repelled,  we  may  call  the  repelling  furface.  Far¬ 
ther  we  muft  obferve  of  the  rays  themfelves  that  they  have  fits  of  eafy 
reflection  and  eafy  tranfmiflion.  That  they  have  fuch  fits  fhall  be  pro¬ 
ved  hereafter.  What  thefe  fits  are  owing  to  is  not  eafy  to  determine; 
perhaps  the  rays  are  put  into  them  at  their  firft  emiflion  from  luminous 
bodies,  and  continue  in  them  during  all  their  progrefs.  And  it  is  not  un¬ 
likely  that  thofe  rays,  which  are  in  a  fit  of  eafy  tranfmiflion,  move  the 
fafteft. 

Now  ifGGMM,  Plat.  XIII.  fig.5.  is  the  repelling  furface  of  apiece  ofgiafs 
and  any  ray  R a  falls  upon  it ;  this  ray  when  it  enters  the  filrface  will  be  re¬ 
tarded  by  the  repulfion,  and  confequently  will  be  refracted  from  a  per¬ 
pendicular,  fo  that  inftead  of  going  ftrait  forwards  in  the  line  Rw,  it  will 
be  bent  into  bo,  by  propofition  38 :  for  though  the  repelling  furface  may 
not  be  a  rarer  medium  than  the  air  out  of  which  the  ray  pafles ;  yet  the 
effeCt  is  the  fame ;  the  ray  will  be  retarded  as  much  by  pafling  into  the 
repelling  furface  as  it  would  be  by  pafling  out  of  adenfer  medium  into  a 
rarer.  Now  this  repulfion  encreafes  as  the  ray  approaches  the  glafs,  till 
it  gets  into  the  furface  of  attraction.  And  confequently,  as  the  ray  moves 
in  the  repelling  furface,  it  is  conftantly  retarded,  by  which  means  it 
will  be  conftantly  refraCted  from  a  perpendicular.  The  ray  therefore  will 
not  go  ftrait  forwards  in  the  direction  bo ,  but  will  be  bent,  as  it  pafles 
along,  into  the  directions  ct ,  dvi  and  at  laft  into  fwi  fo  as  to  be  parallel 
to  MM  the  limit  of  the  repelling  furface.  But  the  ray  cannot  proceed 
ftrait  in  this  direction  fw,  for  being  repelled  by  the  glafs  it  will 
be  infleCted  from  it,  into  the  line  gp ;  and  whillt  it  is  thus  moving 
from  the  glafs,  and  is  ftill  in  the  furface  where  it  is  repelled  from  the 
glafs,  the  repulfion  will  accelerate  the  ray,  and  confequently,  by  propo- 
lition  37,  it  will  be  conftantly  refracted  towards  a  perpendicular,  and 
will  be  bent,  as  it  goes  along,  into  the  feveral  directions  hp ,  iqi  kl>  and 
will  emerge  from  the  furface  at  l  in  the  line  IS.  Thus  a  conftant  retar¬ 
dation  refracted  the  ray  from  a  perpendicular,  till  it  became  parallel  to 
the  limit  of  repulfion  at  it  was  there  inflected  from  the  furface  of  the 
glafs,  and  then  a  conftant  acceleration  refracted  it  towards  a  perpendicular^ 

till 
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till  it  was  reflected  or  came  out  of  the  repelling  furface  on  the  fame 
fide  where  it  entered  it  at  firft.  And  in  the  courfe  of  its  motion,  it  de- 
feribed  the  curve  abcdefghikl.  Thus  the  reflexion  is  occalioned  at  the 
firft  furface,  or  when  the  rays  are  about  to  enter  the  glafs.  But  then  this 
reflexion  will  be  only  a  partial  one :  thofe  rays  only  will  be  reflected, 
which  are  moving  the  flowed:,  the  moment  of  the  reft  which  have  a 
greater  velocity,  will  be  fufficient  to  carry  them  through  the  repelling 
fut  face  ;  and  when  they  have  pafled  that,  they  will  then  be  attracted 
by  the  glafs,  and  will  be  tranfmitted  to  its  fecond  furface. 

The  partial  reflection  at  the  fecond  furface  is  produced  in  the  fame 
manner  ;  only  as  it  was  produced,  by  the  repelling  furface,  when  the 
rays  were  entering  the  glafs,  it  will  be  produced  by  the  attracting  fur¬ 
face  when  they  are  coming  out  of  it.  Let  GG  therefore  now  be  confi- 
dered  as  the  fecond  furface  of  the  glafs,  MM  the  limit  between  the  at¬ 
tracting  and  repelling  furface,  and  confequently  the  fpace  between  GG 
and  MM  is  the  attracting  furface.  As  the  ray  Rrf  comes  out  of  the 
glafs,  it  will  continue  to  be  attracted  towards  it,  fo  long  as  it  continues 
within  the  fpace  GGMM  :  this  attraction  will  retard  the  ray  and  bend 
it  from  a  perpendicular,  till  at  laft  the  direction  of  the  ray  becomes  pa¬ 
rallel  aty’to  MM  the  limit  of  attraction.  At  this  place  the  attraction 
will  inflect  the  ray,  and  will  make  it  begin  to  move  towards  the  glafs ;  fo 
that  afterwards,  when  the  ray  is  moving  towards  the  glafs,  the  fame  at¬ 
traction  will  accelerate  it  and  bend  it  towards  a  perpendicular,  till  it  en¬ 
ters  the  glafs  again  at  /,  and  then  pafling  back  again  through  the  fub- 
ftance  of  the  glafs  it  will  come  out  of  it  at  its  flrft  furface,  or  will  be  re¬ 
flected.  This  likewife  will  be  a  partial  reflection  :  thofe  rays,  which 
are  in  a  fit  of  eafy  tranfmifiion,  or  which  are  moving  with  the  greateft 
velocity,  will  make  their  way  through  the  attracting  furface,  and  thofe 
only  will  be  reflected,  which  were  moving  with  the  leaft  velocity. 

The  total  reflection  at  the  fecond  furface,  which  happens  when  the 
rays  fall  very  obliquely  is  planely  nothing  but  a  refraction.  Let  fo>  Plat. 
VIII.  fig.  5.  be  a  ray  of  light  pafling  out  of  the  glafs  Z  into  the  air  X 
through  the  plane  furface  ab ,  this  ray  will  be  fo  refracted  from  a  per¬ 
pendicular,  by  propofition  38,  as  to  deferibe  the  line  cr,  when  it  comes 
into  the  air  :  and  rc  the  fine  of  the  refracted  angle  is  to  fd  the  fine  of 
incidence  as  3  to  2.  Now  if  the  ray  fo  falls  more  obliquely,  or  if  the 
fine  of  incidence  fd  encreafes,  the  refracted  fine  rc  will  encreafe  with  it,  by 
propofition  40.  Suppofe  therefore  the  obliquity  to  be  fo  great,  or  by  en- 
creafing  the  angle fodmake  the  fine  of  incidence  fdio  great,  that  oa  the  ra¬ 
dius  may  be  to  fd  as  3  to  2,  then  the  radius  oa  will  be  the  refracted  fine. 
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that  is,  coa  will  be  the  refracted  angle,  or  the  ray  will  be  refracted  along 
the  furface  of  the  glafs.  Here  therefore  the  reflection  will  begin  :  for  if 
the  obliquity  of  the  incident  ray  is  ever  fo  little  encreafed,  the  refracted 
angle  will  be  greater  than  coa  or  greater  than  a  right  one  j  and  then  the 
refracted  ray  will  not  defcribe  or  or  any  other  line  on  that  fide  of  oa,  for 
any  fuch  line  would  make  a  lefs  angle  than  a  right  one  with  co  -3  nor 
will  it  defcribe  oa,  for  then  the  refracted  angle  would  be  a  right  one  ; 
but  it  will  defcribe  fome  line  on  the  other  fide  oa  within  the  glafs ;  that 
is,  it  will  return  into  the  fubflance  of  the  glafs  and  fo  patTing  back  a- 
gain  through  it,  will  come  out  at  the  fame  furface,  where  it  firil  enter¬ 
ed,  or  will  berefledted.  And  univerfally,  when  aray^s  to  pafs  out  of  a 
denfer  medium  into  a  rarer,  if  the  obliquity  of  the  ray  is  fo  great  that 
the  fine  of  incidence  is  to  the  refradted  fine,  as  the  fine  of  incidence  to 
the  radius,  the  refradted  fine  will  be  the  radius,  and  the  total  reflection 
will  begin  at  that  obliquity.  Therefore  the  more  the  fine  of  incidence 
differs  from  the  refradted  fine,  fo  much  lefs  the  fine  of  incidence  may 
be,  and  yet  the  refradted  fine  will  be  equal  to  the  radius.  Now  the  fine 
of  incidence  differs  mofl  from  the  refradted  fine,  when  the  mediums 
differ  mofl  from  each  other  in  denfity.  Confequently  the  total  reflecti¬ 
on  will  begin  at  a  lefs  obliquity,  when  rays  are  palling  out  of  glafs  into 
air,  than  when  they  are  palling  out  of  water  into  air :  becaufe  glafs  and 
air  differ  more  in  denfity,  than  water  and  air. 

Now  here  we  muft  obferve,  that,  when  a  beam  of  light  is  totally  re- 
fledted  at  the  fecond  furface  of  the  glafs,  the  retardation,  which  occafi- 
ons  this  total  refledtion  is  not  made  all  at  once.  For  when  the  rays  come 
fo  near  to  the  furface  as  to  make  the  attraction  towards  the  glafs  greater 
than  that  towards  the  air,  the  retardation,  and  confequently  the  refradtion 
begins.  Thus  if  MM,  Plat.  XIII.  fig.  5.  is  the  fecond  furface  of  the  glafs, 
fuppofing  the  diflance  between  MM  and  any  imaginary  plane  GG  in 
in  the  glafs  to  be  equal  to  the  femidiameter  of  the  fphere  of  attraction 
of  any  Angle  particle  of  the  glafs ;  then  till  the  ray  R#  comes  to  a  it  is 
equally  attracted  all  ways  j  but  as  foon  as  it  is  at  b,  or  nearer  to  MM 
than  GG  it  will  be  more  attracted  by  the  particles,  that  are  behind  it 
than  by  thofe  that  are  before  it ;  for  there  will  be  fewer  particles  at¬ 
tracting  it  between  b  and  MM  than  there  are  attracting  it  the  contrary 
way.  Confequently,  fince  the  rays  are  gradually  retarded  till  they  are 
reflected,  they  will  defcribe  fuch  a  curve  as  abcdej \  and  after  reflection 
being  accelerated  in  the  fame  manner  as  they  return  in  the  glafs’s  fub¬ 
flance  they  will  defcribe  a  fimilar  cur vzfghikl. 

E  e  e 
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201.  In  all  cafes  of  refcBion,  the  complement  of  refiedtion  is  equal  to  the 
complement  of  incidence,  and  the  angle  of  refedlion  is  equal  to  the 
angle  of  incidence. 

In  all  cafes  of  reflection  the  rays  defcribe  fuch  a  curve  as  abcdefghikl , 
as  has  been  proved  under  proportion  200 :  and  fince  they  defcribe  one 
half  of  this  curve  abcdefby  being  retarded,  and  the  other  half  fghikl 
by  being  fnnilarly  accelerated,  one  half  will  be  limilar  to  the  other  j 
and  consequently,  fince  they  are  fimilarly  placed,  one  half  will  make  the 
fame  angle  with  any  plane  furface  GG  that  the  other  half  makes  with 
it.  Therefore  the  angle  R^G,  which  is  the  complement  of  incidence, 
will  be  equal  to  the  angle  S/G,  which  is  the  complement  of  reflection. 
But  fince  the  complements  are  equal,  the  angles  themfelves  are  like- 
wife  equal,  the  angle  of  incidence  equal  to  the  angle  of  reflection. 

In  the  reflection  of  light  whether  it  is  partial  or  total,  the  bending 
of  the  rays  is  made  within  a  very  fmall  compafs :  fo  that  the  curve 
abcdefghikl  will  be  fo  fmall  that  we  may  negleCb  it,  and  may  look  upon 
the  point  of  incidence  a  as  coinciding  with  the  point  of  reflection  / ;  and 
upon  this  account  we  may  confider  the  reflection  of  light  in  the  fame 
manner,  as  in  mechanics,  we  have  confidered  the  reflection  of  elaftic  bo¬ 
dies,  where  the  body  is  always  reflected  from  the  point  of  incidence. 

202.  All  refedlion  is  reciprocal 

If  any  reflected  ray  is  turned  back  again  to  the  reflecting  furface,  it 
will  be  reflected  into  the  line  of  incidence.  If  the  ray  AC,  Plat.VII, 
fig.  3.  after  it  has  been  reflected  in  the  line  CB,  is  turned  back  again  in 
the  direction  BC,  it  will  be  reflected  into  the  line  CA,  which  it  had  be¬ 
fore  defcribed  at  its  incidence.  For  the  angle  of  reflection  is  always  e- 
qual  to  the  angle  of  incidence,  by  propofition  201.  Therefore  if,  when 
the  angle  of  incidence  is  ACO,  the  angle  OCB  will  be  the  angle  of  re¬ 
flection,  becaufe  it  is  equal  to  it ;  for  the  fame  reafon,  when  BCO  is  the 
angle  of  incidence,  OCA  will  be  the  angle  of  reflection. 

CHAP.  XIII. 

Of  the  reflection  of  light  from  plane  mirrours. 

203.  'The  cathetus  of  incidence  is  the  axis  of  any  beam ,  or  is  a  perpendicu¬ 
lar  drawn  from  any  radiant  to  the  plane  of  a  mirrour ,  on  which  rays 
fall  that  come  from  the'  radiant. 

IF  A  Plat.VII.  fig.  7.  is  a  radiant  and  rays  diverging  from  it  fall  on  the 
mirrour  Ce,  the  line  AC,  or  A  a  which  is  AC  continued  behind  the 
mirrour,  is  the  cathetus  of  incidence.  Or  if  be  is  the  whole  length  of 

the 
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the  mirrour  fo  that  no  line  can  be  drawn  from  the  radiant  A  perpendi¬ 
cular  to  the  mirrour  itfelf,  yet  flill  the  line  AC  is  the  cathetus  of  inci¬ 
dence,  though  the  mirrour  reaches  no  farther  than  b :  for  AC  is  per¬ 
pendicular  to  the  plane  of  the  mirrour,  iince  bC,  though  no  part  of  the 
mirrour,  is  in  the  lame  plane  with  it. 

This  explanation  of  the  term  in  plane  mirrours  will  fufficiently  Ihew 
the  reader  what  is  meant  by  it,  when  we  come  to  apply  it  to  fucn  mir¬ 
rours  as  are  not  plane. 

204.  Rays  that  are  parallel,  when  they  fall  upon  a  plane  mirrour ,  will  be 
parallel ,  when  they  are  reflected  from  it. 

If  ED,  Plat.  XIII.  fig.  6,  is  a  plane  reflecting  furface,  or  is  a  line  drawn 
along  the  furface  of  a  common  looking- glafs,  and  any  rays,  FA,  LC,  GB, 
which  are  parallel  to  one  another,  are  reflected  from  thence,  the  reflected 
rays,  AH,  CM,  BI,  will  likewife  be  parallel.  FA  and  LC  are  parallel  at 
their  incidence,  by  the  fuppofition,  therefore  they  are  equally  inclined  to 
the  plane  furface,  or  to  the  right  line  ED  drawn  upon  it  j  that  is,  the  angle 
FAE,  which  one  ray  makes  with  it,  is  equal  to  the  angle  LCE  which 
the  other  makes  with  it.  For,  fince  FA  and  LC  are  parallel,  the  right  line 
ED,  which  crofles  them,  makes  the  external  angle  FAE  equal  to  LCE  the 
internal  oppofite  angle  on  the  fame  fide.  Euc.  b.  I.  prop.  29.  But  FAE  and 
LCE  are  the  complements  of  incidence  of  the  two  rays  FA  and  LC.  And 
fince  the  complements  of  incidence  are  equal,  the  complements  of 
reflection  will  likewife  be  equal,  by  propofition  201,  or  the  angles  HAD, 
MCD,  which  the  reflected  rays  AH  and  CM  make  with  the  plane  ED, 
will  likewife  be  equal.  But  MCD  is  the  external  angle,  and  HAD  is 
the  internal  oppofite  one  on  the  fame  fide.  Therefore,  fince  thefe  are 
equal,  AH  and  CM,  or  the  reflected  rays  are  parallel  to  one  another.  Euc. 
b.  I.  prop.  28.  In  the  fame  manner  we  might  prove,  that  if  GB  is  pa¬ 
rallel  to  FA,  when  they  fall  upon  the  plane  ED,  BI  will  likewife  be  pa¬ 
rallel  to  AH,  when  they  are  reflected.  And  that  all  rays,  which  are  pa¬ 
rallel  before  reflection,  will  likewife  be  parallel  after  it. 

205.  If  diverging  rays  are  vefleBed  fro?n  a  plane  mirrour,  the  diflance  of 
the  imaginary  radiant  behind  the  mirrour ,  is  equal  to  the  diflance  of 
the  real  one  before  it\ ;  and  the  divergency  of  the  rays  is  not  altered  by 
the  refledlion. 

Let  A,  Plat,  YII.  fig.  7,  be  the  radiant,  from  which  the  rays  A bt 
Ad,  Ae  diverge,  when  they  fall  upon  the  lurface  of  a  looking-glafs  or 
the  furface  of  fmooth  water,  they  will  be  reflected  from  thence  in  the 

E  e  e  2  di- 
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directions  bj ’  dg ,  eh>  To  as  to  make  the  complements  of  reflection  equal 
to  the  complements  of  incidence,  by  proportion  201.  In  this  cafe  abt 
the  diftance  of  the  imaginary  radiant  a ,  from  which  the  reflected  rays 
appear  to  diverge,  will  be  equal  to  Ab ,  the  diftance  of  the  real  radiant. 
And  the  angle  bAd  or  the  divergency  of  any  two  rays  at  their  incidence 
will  be  equal  to  the  angle  bad  or  fag ,  which  is  the  divergency  of  the  fame 
rays  after  reflection. 

The  angle  AbQ  is  equal  to  the  angle  fbey  by  propofition  201  $  for  one 
is  the  complement  of  incidence  of  the  ray  A b  and  the  other  is  the  comple¬ 
ment  of  reflection  of  the  fame  ray.  But  Cba  is  likewife  equal  to  fbet  be- 
caufe  they  are  oppofite  angles  made  at  the  vertex,  where  the  two  right 
lines  Ce  and  af  crofs.  Euc.  b.  I.  prop.  15.  Therefore  fince  AbQ  and  abO 
are  each  of  them  equal  to  fbe ,  they  are  likewife  equal  to  each  other. 
In  the  fame  manner  we  may  prove  that  AdQ  is  equal  to^^C.But  fince  A^C 
is  equal  to  abC ,  it  follows  that  A  be  is  likewife  equalto  abe for  A  be  is 
the  complement  of  AbQ  and  abe  is  the  complement  of  abQ  to  two  right 
angles  j  and  where  the  angles  themfelves  are  equal,  their  complements 
will  be  fo  too.  Thus  we  have  fhewn  that  in  the  two  triangles  Abd  and 
abd  the  angles  at  b  and  at  d  in  each  of  them  are  equal ;  and  the  fide  bd 
is  common  to  both.  Confequently  the  triangle  A  bd  is  in  all  refpeCts  equal 
to  the  triangle  abd.  Euc.  b.  I.  prop.  26.  The  fide  Ab  in  one  is  equal  to 
the  fide  ab  in  the  other,  and  the  fide  Ad  is  likewife  equal  to  the  fide  ad ; 
that  is,  the  diflance  of  the  real  radiant  A  either  from  the  point  b  or  from 
the  point  d  is  equal  to  the  diflance  of  the  imaginary  radiant  a  from  the 
fame  point.  And  the  angle  bAd  contained  between  the  incident  rays  Ab 
and  ad  is  likewife  equal  to  the  angle  bad  contained  between  the  reflected 
rays  bf  and  dg ;  that  is,  the  divergency  of  the  incident  rays  is  the  fame 
with  the  divergency  of  the  reflected  ones. 

206  .If  converging  rays  are  reflected from  a  plane  mirrour ,  the  diftance  of 
the  imaginary  focus  behind  the  mirrour  is  equal  to  the  diftance  of  the 
real  focus  before  it  5  and  the  convergency  of  the  rays  is  not  altered 
by  the  reflection. 

if  A  K  he ,  Plat.VII.  fig.  7,  rays  converging  to  the  focus  a ,  fall 
upon  the  mirrour  bey  and  are  reflected  from  it,  before  they  come  to  a , 
then  a  is  the  imaginary  focus  $  and  the  point  A,  where  the  rays  meet  af¬ 
ter  reflection  is  the  real  one.  Now  ab  the  diftance  of  the  imaginary 
focus  from  the  point  by  or  ad  its  diftance  from  the  point  dy  will  be  equal 
refpeCtively  to  Ab  and  Ad  or  to  the  diflances  of  the  real  focus  from  thofe 
points ;  and  the  angle  bad  or  fag ,  which,  is  the  convergency  of  the  in¬ 
cident 
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cident  rays,  will  be  equal  to  the  angle  bAd,  which  is  the  convergency  of 
the  feme  rays  when  they  are  reflected. 

This  is  proved  exactly  in  the  feme  manner  as  proportion  205. 

CHAP.  XIV. 

Of  the  refledHon  of  parallel  rays  from  convex  and  concave 

mirrours. 


207.  When  parallel  rays  fall  upon  a  concave  fpherical  mirrout ,  they  will 
be  made  to  converge  by  being  reflected from  it-,  and  the  dijlance  of  the 
focus  will  be  half  a  femidiameter  of  the  mirrours  concavity . 

IF  a  concave  mirrour  MBN,  Plat.  XIII.  fig.  7,  is  part  of  a  fphere  whofe 
femidiameter  is  CB ;  any  rays  CB,  LD,  that  are  parallel,  when  they  fall 
upon  the  reflecting  furface,  will  converge  after  reflection  to  a  focus  F, 
and  BF  the  diftance  of  this  focus  from  the  mirrour  will  be  equal  to  half 
CB. 


Any  ray  CB,  which  pafles  through  C  the  center  of  the  concavity,  is 
perpendicular  to  the  furface  of  the  mirrour,  and  confequently  will  be 
reflected  back  again  in  BC  the  line  of  incidence,  by  propofition  201,  and 
propofition  88,  of  mechanics.  This  ray,  as  the  line  it  deferibes  is  not  al¬ 
tered  by  the  reflection,  may  be  confldered  as  the  axis  of  the  beam.  But 
any  collateral  ray,  LD,  will  fall  obliquely  upon  the  mirrour ;  for,  at  the 
point  of  incidence  D,  DC  drawn  from  that  point  to  the  center  is  the  per¬ 
pendicular.  The  angle  of  incidence  here  is  LDC ;  and  the  ray  will  be 
reflected  in  the  line  DF,  fo  as  to  make  the  angle  of  reflection  CDF  equal 
to  LDC,  by  propofition  201.  Now  all  the  perpendiculars  drawn  from 
the  furface  to  the  center  C,  as  BC,  DC,  HC,  converge  to  the  axis  BC. 
Therefore  any  collateral  ray  LD,  which  was  parallel  to  the  axis  when 
they  fell  on  one  fide  of  the  perpendicular,  will  converge  by  being  reflec¬ 
ted  in  the  line  DF  on  the  other  fide.  BF  the  diftance  of  the  focus  from 
the  furface  is  half  BC.  The  angle  of  incidence  of  the  ray  LD  is  LDC. 
LD  and  CB  are  parallel  rays,  by  the  fuppofition,  and  confequently  CD, 
which  erodes  them,  makes  the  alternate  angles  LDC  andDCF  equal.  Euc. 
b.  I.  prop  29.  Thus  DCF  is  equal  to  the  angle  of  incidence ;  becaufe  it 
is  the  alternate  angle.  And  CDF  is  equal  to  the  angle  of  incidence  5  be¬ 
caufe  it  is  the  angle  of  reflection.  Therefore  the  two  angles  at  the  bafe  of 
the  triangle  CFD  are  equal  to  one  another,  becaufe  each  of  them  is  equal 
to  the  angle  of  incidence  y  and  confequently  the  fidesFC  and  FD,  which 

fub» 
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fubtend  thofe  angles,  are  equal.  Euc.  b.  I.  prop.  6.  But  when  D  and  B 
are  very  near  together  FB  is  very  nearly  equal  to  FD.  Therefore  FC  and 
FB  are  very  nearly  equal,  or  the  point  F,  to  which  the  ray  DF  conver¬ 
ges,  divides  the  femidiameter  CB  in  halves,  fo  that  BF  is  half  the  femidi- 
ameter. 

208.  When  parallel  rays  fall  upon  a  convex  fpherical  mirrour ,  they  will  be 
made  to  diverge  by  being  reflected  from  it ;  and  the  dijlance  of  the 
virtual  or  negative  focus  will  be  half  a  femidiameter  of  the  con¬ 
vexity.  ;  j 

If  the  concave  mirrour  MBN,  Plat.  XIII.  fig.  7.  was  to  unbend  it- 
felf,  the  femidiameter  BC  would  lengthen  and  the  focus  F,  which  is 
always  at  the  diltance  of  half  a  femidiameter,  would  depart  from  the 
mirrour.  When  the  furface  was  quite  unbent,  or  was  become  plane, 
the  femidiameter  BC  would  be  infinite,  and  the  reflected  rays  would 
converge  to  an  infinitely  diftant  focus,  or  would  be  parallel,  by  propoft- 
tion  30.  204.  But  if  MBN  was  to  unbend  itfelf  ftill  farther,  or  to  be¬ 
come  lefs  concave  than  when  it  was  plane ;  its  concavity  would  be¬ 
come  lefs  than  nothing,  or  it  mu  ft  bend  itfelf  the  contrary  way  and  fo 
become  convex,  or  the  concave  mirrour  MBN  would  then  be  changed 
into,  the  convex  one  mbn ,  fig.  8.  So  that  a  convex  mirrour  is  only  a  ne¬ 
gative  concave  one.  When  the  concavity  is  affirmative,  the  femidiame¬ 
ter  BC,  and  the  focus  F,  are  on  the  fame  fide  with  the  incident  rays. 
When  the  concavity  is  nothing,  or  when  the  mirrour  is  plane,  the  fe- 
mediameter  is  infinite,  and  the  focus  at  an  infinite  diftance.  But  when 
the  concavity  is  negative,  or  when  the  mirrour  is  convex  the  femidia¬ 
meter  will  be  greater  than  infinite,  and  the  focus  will  be  at  more  than  an 
infinite  diftance;  and  confequently  they  will  be  negative,  by  propofition 
49,  that  is,  they  will  change  fides,  and  will  be  on  the  contrary  fide  of 
the  mirrour  to  the  incident  rays.  Since  therefore  the  focus  is  affirma¬ 
tive,  when  the  mirrour  is  concave,  but  negative  when  it  is  convex ; 
the  convergency,  which  is  affirmative,  when  the  mirrour  is  concave, 
will  become  negative  when  it  is  convex,  or  the  reflected  rays  will  di¬ 
verge.  Thus  if  mbn  is  the  mirrour,  and  xb ,  Id ,  two  parallel  rays  that 
fall  upon  it ;  xb ,  becaufe  it  is  perpendicular  to  the  furface,  will  be  re¬ 
flected  back  again  in  the  line  bx  ;  but  Id  which  is  oblique  to  the  mir¬ 
rour,  will  be  reflected  in  the  line  dz  on  the  other  fide  of  the  perpendi¬ 
cular  cy,  and  will  diverge  from  the  virtual  or  negative  focus  f.  Now 
when  the  femidiameter  is  affirmative  the  focus  F  is  before  the  mirrour 
and  divides  the  femidiameter  BC  into  two  equal  parts ;  and  confequent¬ 
ly,  when  the  femidiameter  is  negative  or  lyes  behind  the  mirrour,  the 

ne- 
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negative  focus  will  be  juft  as  far  in  proportion  from  the  mirrour  as  the 
affirmative  one,  and  will  like  wife  divide  the  femidiameter  be  into  two 
equal  parts  fo  that  fb  the  diftance  of  this  virtual  or  negative  focus  be¬ 
hind  the  mirrour  will  be  half  the  femidiameter  be. 

209.  When  rays ,  that  were  parallel  at  their  incidencei  are  refedled from 
a  concave  mirrour ,  they  do  not  all  of  them  converge  exactly  to  one 
and  the fame  focus  ;  and  when  they  are  reflected  from  a  convex  7nir - 
rour,  they  do  not  all  of  them  diverge  exadlly  from  one  and  the  fame 
virtual  focus. 

LD,  and  GH,  are  two  parallel  rays  falling  upon  the  concave  mir¬ 
rour  MN.  LD,  which  is  neareft  to  the  axis,  is  reflected  in  the  line  DF 
to  the  focus  F :  but  GH  will  not  be  refledted  in  the  line  HF  to  the 
fame  focus.  For  if  it  was  reflected  thither,  then,  by  what  has  been, 
proved  in  propofttion  207,  CFH  muft  be  an  ifofceles  triangle,  or  FC 
muft  be  equal  to  FH.  But  FC  was  there  proved  to  be  equal  to  FD. 
And  confequently,  if  the  ray  GH  was  reflected  to  F,  the  fame  line  FC 
muft;  be  equal  both  to  FH  and  to  FD.  But  it  cannot  be  equal  to  each 
of  them,  becaufe  they  are  not  equal  to  one  another  ;  for  t  FH  is  longer 
than  FD.  Therefore  the  ray  GH  is  not  reflected  to  the  fame  point  F 
with  the  ray  LD.  If  it  be  asked  therefore  whether  the  focus,  to  which 
GH  is  reflected,  is  nearer  to  the  mirrour  than  F  or  farther  from  it ; 
we  anfwer  it  will  be  nearer.  For  as  the  diftance  of  F  from  C  is  equal 
to  FD,  fo  the  diftance  of  the  focus  to  which  GH  is  reflected  will  be 
equal  to  FH  ;  and  fince  FH  is  longer  than  FD,  the  focus,  to  which  GH  is 
reflected,  will  be  at  a  greater  diftance  from  the  center  than  CF,  and  confe¬ 
quently  will  be  at  a  lefs  diftance  from  the  mirrour  than  FB. 

That  the  rays  which  fall  far  from  the  axis  CB,  will  be  reflected  to  a 
lefs  diftant  focus  than  thofe  which  fall  near  to  it,  may  be  otherwife 
proved.  For  the  line  BC,  in  which  the  axis  itfelf  is  reflected,  is  the 
fame  that  the  incident  ray  deferibed  j  becaufe  the  axis  is  perpendicular 
to  the  furface.  And  confequently,  ftnee  any  ray  LD,  which  falls  near 
to  the  axis,  is  nearer  perpendicular,  than  any  other  ray  GH,  which  falls 
far  from  it,  the  line,  in  which  LD  is  reflected,  will  differ  lefs  from  DL 
the  line  of  incidence  than  the  line  in  which  GH  is  reflected  will  differ 
from  HG.  But  the  lefs  the  line  of  reflection  differs  from  the  line  of 
incidence  fo  much  lefs  will  the  reflected  ray  deviate  from  being  parallel 
to  its  axis  5  for  all  the  lines  of  incidence  are  parallel  to  it,  by  the  fuppo- 
fition.  But  the  lefs  a  converging  ray  deviates  from  being  parallel  to  its 
axis  the  lefs  it  converges,  and  the  lefs  it  converges  fo  much  more  re¬ 
mote 
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mote  is  the  focus,  by  proportion  29.  Therefore  thofe  rays,  which  fall 
neareft  the  axis,  will  have  a  remoter  focus  than  thofe  which  fall  at  a 
greater  diftance  from  it.  Now  the  focus  of  thofe  rays,  which  fall 
neareft  to  the  axis,  is  at  the  diftance  of  half  a  femidiameter  of  the  con¬ 
cavity,  by  propofition  207,  and  confequently  the  focus  of  thofe,  which 
fall  farther  from  the  axis,  is  at  a  diftance  fomething  lefs  than  this. 

But  fince  the  propofition  is  true,  when  the  concavity  of  the  mir- 
rour,  the  convergency  of  the  refledted  rays,  and  the  focus  are  all  of  them 
affirmative,  it  will  likewife  be  true  for  the  fame  reafons,  when  they  are 
all  of  them  negative.  Therefore  when  the  mirrour  is  convex,  when  the 
refledted  rays  diverge  and  the  focus  is  negative,  all  the  rays  after  re- 
fledtion  will  not  diverge  from  exadtly  the  fame  point ;  but  thofe,  which 
fall  neareft  to  the  axis,  will  have  their  virtual  focus  at  a  greater  diftance 
from  the  mirrour,  than  thofe  have,  which  fall  farther  from  it. 

The  reader  however  may  obferve,  that  in  rays  which  do  not  fall  ve¬ 
ry  remote  from  the  axis,  the  difference  of  the  focal  diftance  is  fo  fmall 
that  we  may  negledt  it,  and  may  confider  them  after  rcfledtion  as  all 
converging  to  the  fame  point,  if  the  mirrour  is  concave,  or  as  all  di¬ 
verging  from  the  fame  point,  if  it  is  convex. 

C  H  A  P.  XV. 

Of  the  reflexion  of  diverging  rays  from  a  concave  mirrour, 
and  of  converging  rays  from  a  convex  one. 

210.  The  principal  focal  diftance  of  a  concave  mirrour  is  the  diftance  y  at 
1 which  rays ,  that  were  parallel  at  their  incidence ,  are  united  after 
reflection.  And  the  principal  focal  diftance  of  a  convex  mirrour  is 
the  diftance ,  from  which  rays,  that  were  parallel  at  their  incidence , 
diverge  after  reflection . 

TH  E  principal  focus  of  either  a  concave  or  a  convex  mirrour  is 
at  the  diftance  of  half  a  femidiameter  of  the  fphere,  of  which 
the  mirrour  is  a  fegment,  by  propofition  207,  208. 

From  the  fimilitude,  which  the  reader  muft  have  already  obferved, 
between  the  effedts  of  a  concave  mirrour  and  a  convex  lens,  and  be¬ 
tween  the  effedts  of  a  convex  mirrour  and  a  concave  lens,  it  follows  that, 
as  in  propofition  60,  there  will  be  three  cafes  of  diverging  rays,  when 
they  fall  upon  a  concave  mirrour,  and  three  cafes  likewife  of  converg- 
ing  rays,  when  they  fall  upon  a  convex  one.  For,  when  the  mirrour 
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Is  concave  and  the  rays  are  diverging,  the  radiant  may  be  either  in  the 
principal  focus,  or  more  remote  than  the  principal  focus,  or  nearer  than 
the  principal  focu9.  And,  when  the  mirrour  is  convex  and  the  rays  are 
converging,  the  imaginary  focus  may  be  either  in  the  principal  focus,, 
or  more  remote  than  the  principal  focus,  or  nearer  than  the  principal  fo¬ 
cus.  And  indeed  the  reader  will  find  the  fame  fimilitude  between  the 
reflection  and  the  refraction  of  light  in  mod:  inftances. 

2 1 1 .  If  the  radiant  is  in  the  principal  focus  of  a  concave  mirrour ,  the  re - 
felted  rays  will  be  parallel  (See  prop,  61.) 

After  parallel  rays  have  been  reflected  by  the  concave  mirrour  MBN» 
they  converge  to  F,  Plat.  XIII.  fig.  7.  which  is  the  principal  focus  of  the 
mirrour.  Therefore  if  thefe  rays  were  turned  back  in  the  lines  of  reflection, 
they  would  diverge  as  from  a  radiant  in  the  principal  focus.  And  when  rays 
are  fo  turned  back,  they  will  be  parallel  after  reflection,  by  proportion 
202.  confequently,  when  a  radiant  is  in  the  principal  focus,  the  rays„ 
which  diverge  from  thence,  will  be  parallel  after  reflection. 

212.  If  the  imaginary  focus  of  converging  rays  is  in  the  principal  focus  of 
a  convex  mirrour ,  the  rcfeSted  rays  will  be  parallel.  (See  prop.  62.) 

If  the  incident  rays  zd,  xb,  Plat.  XIII.  fig.  8,  converge  tof  the  princi¬ 
pal  focus  of  the  convex  mirrour  mbn  ;  that  is,  if  the  imaginary  focus  of 
thefe  rays  is  at/]  the  reflected  rays  dl,  bx  will  be  parallel.  For  parallel  rays 
Id,  xb ,  after  they  have  been  reflected  by  the  mirrour  diverge  from  f  in  the 
lines  dz,  bx.  Therefore  thefe  rays,  if  they  were  turned  back  again  in 
the  lines  of  reflection  zd,  xb,  or  any  other  rays  converging  in  the  fame 
manner  to  f  will  be  reflected  in  the  lines  dl,  bx,  and  will  be  parallel  to 
one  another  after  reflection,  by  propofition  202. 

213.  If  the  radiant  is  more  remote  from  a  concave  mirrour,  than  the  mir¬ 
rour  s  principal  focus  ;  the  rays,  that  diverge  from  it,  will  converge 
after  they  are  refelted.  (See  prop.  63.) 

The  reflection  from  the  mirrour  deftroys  juft  as  much  divergency  as 
rays  have,  which  come  from  the  mirrours  principal  focus,  and  the  re¬ 
flected  rays  then  become  parallel,  by  propofition  2 1 1 .  But  if  the  radi¬ 
ant  is  at  E,  Plat.  XIII.  fig.  9.  fo  that  the  diftance  BE  is  greater  than  the 
mirrours  principal  focal  diftance,  the  rays  EB,  ED,  that  come  from  it, 
will  have  lefs  divergency,  than  they  would  have  if  the  radiant  was  in  the 
principal  focus,  by  propofition  28.  Confequently  the  reflection  will 
deftroy  more  than  all  their  divergency,  or  will  make  their  divergency 

F  f  f  ne- 
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negative,  or  will  make  them  converge ;  fo  that  they  will  be  reflected 
in  the  lines  BF,  DF  and  will  meet  in  a  focus  at  F. 

214  .If  the  radiant  is  more  remote  from  a  concave  mirrour  than  the  prin- 
cipal  focus ;  as  the  difance  of  the  radiant  from  the  mirrour s  furface 
to  its  difance  from  the  center  of  the  concavity ,  fo  is  the  diftance  of 
the  focus  from  the  furface  to  its  difance  from  the  center . 

The  rays  which  diverge  from  E,  Plat  XIII.  fig.  9.  will  be  reflected 
to  fome  focus  F ;  where  EB  is  the  diftance  of  the  radiant  from  the  fur¬ 
face,  and  EC  its  diftance  from  the  center  :  EB  is  a  perpendicular  ray 
and  confequently  is  reflected  in  the  line  BC  :  FB  is  the  diftance  of  the 
focus  from  the  furface,  and  FC  its  diftance  from  the  center.  Now  in 
this  cafe  EB  is  always  to  EC,  as  FB  to  FC.  CD  drawn  from  the  center 
to  the  furface  is  a  perpendicular,  ED  is  the  incident  ray,  DF  is  the  re¬ 
flected  ray,  EDC  is  the  angle  of  incidence,  and  CDF  is  the  angle 
of  reflection.  But,  by  propofition  201,  EDC  and  CDF  are  equal  an¬ 
gles.  Confequently  the  line  DC  divides  the  angle  EDF  into  two  equal 
parts,  fo  that  one  half  of  EDF  it  the  angle  of  incidence,  and  the  other 
half  is  the  angle  of  reflection.  But  if  in  the  triangle  EDF  the  angle  at  E 
is  thus  divided  into  two  equal  parts,  the  line  DC,  which  fo  divides  it, 
will  divide  the  fide  FE  into  two  parts  EC  and  FC,  which  are  in  the 
fame  proportion  with  ED  and  FD  the  other  two  fides  of  the  fame  tri¬ 
angle,  Euc.  b.VI.  prop.  3  ;  that  is,  ED  is  to  EC,  as  FD  to  FC.  But  if  B 
and  D  are  very  near  together,  EB  will  be  nearly  equal  to  ED,  and  FC 
will  be  nearly  equal  to  FD.  Therefore  EB  is  to  EC,  as  FB  is  to  FC. 

215.  If  the  imaginary  focus  is  more  remote  from  a  convex  mirrour  than 
the  mirrours  principal  focus  $  the  rays  that  converge  to  that  imagi¬ 
nary  focus  at  their  incidence ,  will  diverge  after  they  are  refelted . 
(See  prop.  65.) 

If  the  rays  yd,  xb.  Plat.  XIII.  fig.  10.  converge  to  e  a  point  more 
remote  than  the  mirrours  principal  focus,  they  will  be  reflected  in  the 
lines  Lx,  dzy  fo  as  to  diverge  from  f.  If  thefe  rays  had  converged 
to  the  mirrours  principal  focus,  the  reflection  would  have  juft  deftroy- 
ed  all  their  convergency,  and  would  have  made  them  parallel,  by  propo¬ 
fition  2 1 2.  Therefore  if  their  convergency  is  lefs,  as  it  is,  by  proporti¬ 
on  29,  when  they  converge  to  a  point  more  remote  than  the  principal 
focus,  the  reflection  will  deftroy  more  than  all  their  convergency,  that 
is,  it  will  make  their  convergency  negative  or  will  make  them  diverge. 

2  216. 
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2 16.  If  the  imaginary  focus  is  more  remote  from  a  convex  mirrour  than 
the  principal  focus ;  as  the  diftance  of  the  imaginary  focus  from  the 
mirrour s  furface  is  to  its  diftance  from  the  center  of  the  convexity , 
fo  is  the  diftance  of  the  imaginary  radiant  from  the  furface  after  re¬ 
ft  eBion  to  its  diftance  from  the  center . 

If  the  rays  yd,  xb3  Plat.  XIII.  fig.  10.  converge  to  the  imaginary  fo¬ 
cus  e3  and  are  refle&ed  in  the  lines  dz3  bx  fo  as  to  diverge  after  reflecti¬ 
on  from  the  imaginary  radiant  f ;  then  eb  is  the  diftance  of  the  imagi¬ 
nary  focus  from  the  furface,  and  ec  is  its  diftance  from  the  center  j  fb 
is  the  diftance  of  the  imaginary  radiant  from  the  furface,  and  ft  is  its 
diftance  from  the  center.  And  eb  is  always  to  ec  as  fb  to  ft.  This  pro- 
pofition  is  the  fame  with  propofltion  2 1 4,  only  every  thing  is  taken  on 
the  contrary  fide,  or  fig.  10,  is  the  negative  of  fig.  9.  For,  firft  E  is  a 
radiant  before  the  mirrour,  from  whence  the  incident  rays  diverge,  and 
e  is  an  imaginary  focus  behind  the  mirrour,  to  which  the  incident  rays 
converge.  Secondly,  MBN  is  a  concave  mirrour,  and  mbn  is  a  convex 
one.  Thirdly,  the  principal  focus  of  a  concave  mirrour  is  before  it,  and 
that  of  a  convex  mirrour  is  behind  it.  Fourthly,  the  refle&ed  rays  BF, 
and  DF,  converge,  and  the  reflected  rays  bx ,  dz3  diverge.  Therefore 
fifthly,  the  focus  F  is  before  one  of  the  mirrours,  and  the  imaginary 
radiant  f  is  behind  the  other.  Since  then  whether  diverging  rays  fall  up¬ 
on  a  concave  mirrour,  or  converging  rays  fall  upon  a  convex  one,  every 
thing  is  the  fame  only  taken  on  the  contrary  fides,  provided  the  radiant 
in  one  cafe  and  the  imaginary  focus  in  the  other  are  more  remote  than 
the  principal  focus  ;  this  propofltion  is  the  fame  with  propofltion  214, 
only  it  is  in  negative  terms.  But  making  the  terms  negative  does  not 
alter  the  proportion.  Therefore  fince  as  EB  to  EC,  fo  FB  to  FC,  it  fol¬ 
lows  that  as  eb  to  ec3  fo  fb  to  ft . 

217.  If  a  radiant  is  more  remote  from  a  concave  mirrour  than  its  princi¬ 
pal  focus ,  as  the  radiant  approaches  to  the  mirrour ,  the  focus  de¬ 
parts  from  it  j  and  as  the  radiant  departs ,  the  focus  approaches . 
(See  prop.  71.) 

As  the  radiant  E,  Plat.  XIII.  fig.  9.  moves  towards  the  mirrour,  the 
focus  F  moves  from  it.  Now  as  the  radiant  E  approaches  to  the  mir¬ 
rour  EB  decreafes,  and  fo  like  wife  does  EC.  But  then  they  decreafe 
equally,  becaufe  juft  as  much  as  is  taken  from  the  length  of  EB  by  E’s 
approach,  juft  fo  much  is  taken  from  the  length  of  EC.  And  confe- 
quently  if  thefe  two  lines  decreafe  equally,  the  longer  of  the  two  EB 
will  decreafe  flower  in  proportion  than  the  fhorter  EC.  But  if  in  the 
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approach  of  the  radiant  to  the  mirrour,  EB  decreafes  flower  in  propor¬ 
tion  than  EC,  then  the  proportion  of  EB  to  EC  is  changed,  fo  that  EB, 
by  having  decreafed  flower  than  EC,  will  bear  a  greater  proportion  to 
EC,  than  it  did  before.  But  EB  is  always  to  EC  as  FB  to  FC.  Confe- 
quently,  when  in  the  approach  of  the  radiant  the  proportion  of  EB  to 
EC  is  encreafed,  the  proportion  of  FB  to  FC  muff  encreafe  likewife. 
And  fince  the  proportion  of  FB  to  FC  cannot  encreafe  unlefs  FB  en- 
creafes,  it  follows,  that  whilft  the  radiant  approaches,  FB  or  the  diflance 
of  the  focus  from  the  mirrour  will  encreafe,  that  is,  the  focus  will 
depart. 

In  like  manner,  when  the  radiant  departs  from  the  mirrour,  EB  en- 
creafes,  and  EC  encreafes  equally  at  the  fame  time.  But  EB  is  longer 
than  EC,  therefore  when  equal  parts  are  added  to  both  of  them,  EB 
fo  encreafed  will  be  encreafed  lefs  in  proportion  than  EC,  or  whilfl  they 
encreafe  equally  EB  encreafes  flower  in  proportion  than  EC  :  and  confe- 
quently  in  the  equal  encreafe  of  thefe  two  quantities,  the  proportion  of 
EB  to  EC  decreafes.  And  fince  as  EB  to  EC  fo  FB  to  FC,  when  the 
proportion  of  EB  to  EC  decreafes,  the  proportion  of  FB  to  FC  muft  de- 
creafe  at  the  fame  time.  But  the  proportion  of  FB  to  FC  cannot  decreafe 
unlefs  FB  decreafes.  Therefore  when  EB  encreafes  FB  muff  decreafe, 
or  as  the  radiant  departs  from  the  mirrour,  FB,  which  is  the  diflance  of 
the  focus,  decreafes,  that  is,  the  focus  approaches  to  it., 

218.  If  the  radiant  is  in  the  center  of  the  mirrour s  concavity ,  the  focus 
will  be  in  the  fame  place . 

If  the  radiant  is  in  the  center,  all  the  rays  diverging  from  it  will  be 
perpendicular  to  the  mirrours  furface,  fince  they  defcribe  lines  drawn 
from  the  center  to  the  furface.  But  all  perpendicular  rays  are  reflected 
in  the  lines  of  their  incidence,  by  propofition  202.  Therefore  the  rays, 
which  diverged  from  the  center  before  reflection,  will  converge  to  it  af¬ 
terwards,  or  the  focus  will  be  in  the  center  of  the  concavity,  if  the  ra¬ 
diant  is  there. 

This  propofition  may  be  proved  in  another  manner.  For  when  the 
radiant  is  at  the  center  it  is  more  remote  than  the  principal  focus  of 
the  mirrour,  by  propofition  210.  Therefore  as  EB,  Plat. XIII.  fig.  9. 
to  EC  fo  FB  to  FC,  by  propofition  2 14.  But  when  the  radiant  E  is  at 
the  center  C  then  EC  is  nothing  ;  and  confequently  becaufe  EC,  or  the 
fecond  term  in  the  proportion,  is  nothing,  FC,  or  the  fourth  term,  which 
is  the  diflance  of  the  focus  from  the  center,  will  likewife  be  nothing  $ 
that  is,  the  focus  will  be  at  the  center. 

219, 
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219.  If  the  radiant  is  on  one  fide  of  the  center  of  a  mirrours  concavity , 
the  focus  will  be  on  the  other  fide. 

Whilft  the  radiant  E,  Plat.  XIII.  fig.  9.  approaches  to  the  mirrour 
the  focus  F  departs  from  it,  by  propofition  217.  Now  both  the  radiant 
by  approaching  to  the  mirrour  and  the  focus  by  departing  from  it  ap¬ 
proach  to  the  center  C  ;  and  when  one  of  them  arrives  at  the  center, 
the  other  will  be  there  too,  by  propofition  218.  And  if  the  radiant  ftill 
approaches,  the  focus  will  ftill  depart  as  before,  fo  that  if  the  radiant  was 
on  one  fide  of  the  center  at  E,  the  focus  would  be  on  the  other  fide  at  F 5 
or  if  the  radiant  was  at  F  the  focus  would  then  be  at  E,  by  propofition 
202. 

220.  If  the  radiant  is  nearer  to  a  concave  mirrour  than  its  principal focus ; 
the  rays ,  which  diverge  from  thence ,  will  continue  to  diverge,  but  lefs 
than  they  did  at  their  incidence .  (See  prop.  67.) 

As  the  radiant  approaches  to  the  mirrour  the  focus  departs  from  it, 
by  propofition  217.  And  when  the  radiant  has  got  into  the  principal  fo¬ 
cus,  the  reflected  rays  will  be  parallel,  by  propofition  21 1,  and  the  fo¬ 
cus  will  be  at  an  infinite  diftance,  by  propofition  31.  Confequently  if  the 
radiant  E,  Plat.  XIII.  fig.  1 1,  gets  nearer  to  the  mirrour,  the  focus  ftill  de¬ 
parting  from  the  mirrour  will  be  at  a  diftance  greater  than  infinite,  or  its 
diftance  will  be  negative.  Now  whilft  the  radiant  was  more  remote  than 
the  principal  focus  of  the  mirrour,  and  the  diftance  of  the  focus,  to 
which  the  rays  were  reflected,  was  finite,  the  rays  converged  after  re¬ 
fledtion  and  this  focus  was  before  the  mirrour,  as  at  F,  fig.  10.  There¬ 
fore  when  the  radiant  is  nearer  than  the  principal  focus,  and  the  diftance 
of  the  focus,  to  which  the  rays  are  reflected,  becomes  greater  than  infi¬ 
nite,  this  diftance  will  be  negative,  fo  that  the  focus  will  be  behind  the 
mirrour,  and  the  reflected  rays  will  have  a  negative  convergency  or  will 
diverge,  by  propofition  49.  Thus  if  the  radiant  E,  fig.  1 1,  is  nearer  to 
the  mirrour  than  sits  principal  focus,  the  rays  EB,  ED,  which  diverge 
from  it,  will  be  refledted  in  the  lines  BE,  DS,  fo  as  to  diverge  after  re¬ 
flection  from  a  negative  focus  or  imaginary  radiant  F  behind  the  mirrour. 
However  thefe  refledted  rays  will  diverge  lefs  than  the  incident  ones.  For 
the  refledtion  will  deftroy  juft  as  much  divergency  as  rays  have  that 
come  from  the  principal  focus,  by  propofition  2 1 1 .  Therefore,  though 
thefe  rays  have  a  greater  divergency  becaufe  the  radiant  is  nearer,  and  con¬ 
fequently  the  refledtion  cannot  deftroy  it  all  and  make  the  rays  parallel, 
yet  it  will  deftroy  a  part  of  it,  and  will  make  them  diverge  lefs  than  they 
did  at  their  incidence. 
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22r.  If  the  radiant  is  nearer  to  a  concave  mirroilr  than  the  principal  focus  \ 
as  the  diflajice  of  the  real  radiant  from  the  furface  of  the  mirrour  to 
its  dijlance  from  the  center  of  the  concavity ,  Jo  is  the  diftance  of  the 
imaginary  radiant  from  the  furface  after  refillion  to  itsdifance  from 

the  center . 

If  E,  Plat.  XIII.  fig.  ii,  is  the  radiant  and  F  is  the  negative  focus  or 
imaginary  radiant  *  then  EB  is  to  EC  as  FB  to  FC.  This  is  the  propor¬ 
tion  when  E,  as  in  fig.  9,  is  more  remote  than  the  principal  focus,  by 
propofition  1 14,  and,  from  what  has  been  faid  under  propofition  220, 
it  appears  that  there  is  no  difference  between  that  cafe  and  this,  except 
only  that  the  focus  which  is  affirmative  in  one  cafe  is  negative  in  the  other. 
Therefore  this  proportion  is  likewife  true,  when  the  radiant  is  nearer 
than  the  principal  focus. 

222.  If  rays  converge  at  their  incidence  upon  a  convex  mirrour  to  an  ima¬ 
ginary  focus  which  is  nearer  than  the  principal  focus ;  the  refilled 
rays  will  continue  to  converge ,  but  lefs  than  they  did  at  their  inci¬ 
dence.  (See  prop.  69.) 

I i  fb  and  sd.  Plat.  XIII.  fig.  12,  converge  to  an  imaginary  focus  e, 
which  is  nearer  to  the  mirrour  than  its  principal  focus ;  they  will  be  re¬ 
flected  in  the  lines  bf  df  fo  as  to  converge  Bill,  only  lefs  than  they  did 
before.  If  the  imaginary  focus  had  been  in  the  principal  focus,  the  re¬ 
flection  would  have  deftroyed  all  the  convergency  of  the  rays,  by  propo¬ 
fition  1 12.  Therefore  if  the  imaginary  focus  is  nearer,  and  the  rays,  by 
propofition  29,  converge  more,  the  reflection  will  deftroy  only  a  part  of 
their  convergency ;  and  confequently  the  reflected  rays  will  continue  to 
converge,  but  lefs  than  the  incident  ones. 

223.  If  rays  converge ,  at  their  incidence ,  to  an  imaginary  focus ,  which  is 
nearer  to  a  convex  mirrour  than  its  principal  focus ;  as  the  diftance 
of  the  imaginary  focus  from  the  furface  of  the  mirrour  is  to  its  di¬ 
jlance  from  the  center  of  the  convexity ,  fo  after  refill  ion  is  the  di- 
fance  of  the  real  focus  from  the  furface  to  its  diftance  from  the 
center. 

The  imaginary  focus  to  which  the  incident  raysy#and  sd.  Plat.  XIII. 
fig.  12,  tend  is  e ,  c  is  the  center  of  the  convexity,  and  f  is  the  real  fo¬ 
cus,  where  the  reflected  rays  meet.  And  eb  is  to  eczsfb  to  fc.  This  pro¬ 
pofition  is  the  fame  as  propofition  221,  only  every  thing  is  taken  on  the 
contrary  fide,  or  fig.  12  is  the  negative  of  fig.  1 1.  For  firfl,  in  fig.  1 1, 
£  is  a  radiant  nearer  than  the  principal  focus,  and  fig.  12,  e  is  an  ima- 
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ginary  focus  on  the  contrary  fide  of  the  mirrour.  Secondly  MBN  is  a 
concave  mirrour,  and  mbn  is  a  convex  one.  Thirdly,  the  principal  fo¬ 
cus  of  the  concave  mirrour  is  before  it,  and  that  of  the  convex  one  is  be¬ 
hind  it.  Fourthly,  the  reflected  rays  BE  and  DS  diverge,  and  the  reflec¬ 
ted  rays  bf  and  df  converge.  Therefore  fifthly,  the  imaginary  radiant 
F  is  behind  one  mirrour,  and  the  real  focus  f  is  before  the  other.  Since 
then,  whether  diverging  rays  fall  upon  a  concave  mirrour,  or  converging 
rays  upon  a  convex  one,  every  thing  is  the  fame,  only  taken  on  contrary 
fides,  provided  the  radiant  in  one  cafe,  and  the  imaginary  focus  in  the 
other  is  nearer  than  the  mirrours  principal  focus,  the  proportions  will  be 
the  fame  in  both  cafes :  for  if  the  proportion  is  true  when  the  terms  are 
affirmative,  it  will  not  be  made  lefs  true  by  changing  them  from  affir¬ 
mative  to  negative.  Therefore  fince  EB  is  to  EC  as  FB  to  EC,  eb  is  like- 
wife  to  ec  asfb  to  fc. 


224.  If  the  radiant  is  nearer  to  a  concave  mirrour  than  its  principal  focus ^ 
as  the  real  radiant  on  one  fide  approaches  to  the  mirrour ,  the  imagi¬ 
nary  radiant  on  the  other  fide  will  approach  to  it ,  and  as  the  real 
radiant  departs  the  imaginary  one  will  depart.  (See  prop.  72.) 

If  the  radiant  E,  Plat.  XIII.  fig.  11,  is  nearer  to  the  mirrour  MBN 
than  its  principal  focus,  then  as  E  approaches  to  the  mirrour,  F  the  ima¬ 
ginary  radiant  will  likewife  approach  to  it.  EB  is  to  EC  as  FB  to  FC, 
by  propofition  221.  Now  if  E  approaches  to  the  mirrour,  EB  muft  de~ 
creafe,  and  the  proportion  of  EB  to  EC  muft  decreafe,  confequently  the 
proportion  of  FB  to  FC  muft  decreafe  or  FB  mufi:  decreafe,  that  is,  F  mufi: 
approach  to  the  mirrour.  If  the  reader  is  not  aware  how  the  proportion 
which  FB  bears  to  FC  will  decreafe  by  fhortening  FB,  finee  as  F  moves 
towards  B,  it  likewife  moves  towards  C  and  confequently  FC  Shortens  at 
the  fame  time ;  in  order  to  underftand  this  he  need  only  recoiled  what 
we  have  often  obferved,  that  thefe  two  lines  fhorten  equally,  as  F  moves 
towards  B,  and  confequently  the  fhorter  of  the  two  or  FB  decreafes  fafier 
in  proportion  than  the  longer  of  the  two  FC. 

In  like  manner,  if  the  radiant  E  departs  from  the  mirrour  the  imagi¬ 
nary  radiant  F  will  depart  too.  For  fince  we  have  feen  that,  whilft  EB 
decreafe9  FB  will  likewife  decreafe,  it  follows  that  whilft  EB  encreafes 
by  the  radiants  motion  from  the  mirrour,  FB  will  encreafe  or  the  ima¬ 
ginary  radiant  will  move  from  the  mirrour.  This  motion  of  the  imagi¬ 
nary  radiant  will  continue  no  longer  than  till  the  real  radiant  E  has  got  to 
the  mirrours  principal  focus :  for  then  the  diftance  of  F  is  infinite,  by 
propofition  30;  and  if  the  radiant  departs  farther  this  diftance  will  be 

greater 
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greater  than  infinite,  and  the  radiant  will  change  fides,  or  will  be  before 
the  mirrour,  by  what  is  proved  under  propofition  49 ;  that  is,  when  E  is 
more  remote  than  the  principal  focus  of  the  mirrour,  F  will  be  a  ne¬ 
gative  radiant,  or  a  focus,  before  the  mirrour,  as  in  propofitions  213, 
214. 

225.  If  the  real  radiant  is  clofe  to  the  furface  of  a  concave  mirrour ,  the 
imaginary  radiant  will  likewife  be  clofe  to  it . 

The  diftances  of  the  real  radiant  E,  Plat.  XIII.  fig.  11,  and  of  the 
imaginary  radiant  F  is  thus  determined,  by  propofition  221,  as  EB  to 
EC,  fo  is  FB  to  FC.  Now  when  the  real  radiant  E  is  clofe  to  the  mir- 
rour  at  B,  then  EB  is  nothing.  But  when  the  firft  term  or  EB  is  nothing, 
the  third  term  or  FB  will  be  nothing,  and  confequently  F  will  be  clofe 
to  B  or  the  imaginary  radiant  will  be  clofe  to  the  mirrour. 

We  may  now  recapitulate  what  has  been  faid  in  the  foregoing  pro¬ 
pofitions  concerning  the  motion  of  E  and  F  or  of  the  radiant  and  focus  in 
refpe<5t  of  a  concave  mirrour.  When  E,  Plat.  XIII.  fig.  9,  is  at  an  infi¬ 
nite  diftance,  fo  that  the  incident  rays  are  parallel,  F  will  be  before  the 
mirrour  in  its  principal  focus,  by  propofition  207.  As  E  approaches  to 
the  mirrour  F  will  depart  from  it,  and  unlefs  E  is  at  an  infinite  diftance 
F  will  be  farther  from  the  mirrour  than  its  principal  focus,  by  propofi- 
tions  213,  214.  Whilft  E  keeps  approaching,  F  will  keep  departing,  till 
they  both  meet  at  C  in  the  center  of  the  concavity,  by  proportions  217, 
218.  When  E  is  between  the  center  and  the  furface,  F  will  be  on  the 
oppofite  fide  of  the  center,  by  propofition  219.  And  in  the  nearer  ap¬ 
proach  of  E  to  the  mirrour  F  will  ftill  keep  departing,  till  E  comes  to 
the  principal  focus,  and  then  the  diftance  of  F  is  infinite,  or  the  reflected 
rays  are  parallel,  by  propofitions  2 17,  2 1 1.  If  the  radiant  E  approaches 
nearer  to  the  mirrour  than  the  principal  focus,  as  in  fig.  1 1,  then  the 
diftance  of  F  is  greater  than  infinite,  or  F  will  be  negative  and  on  the 
contrary  fide  of  the  mirrour  or  behind  it,  by  propofitions  220,  221.  Af¬ 
ter  this  if  E  approaches  to  the  mirrour  F  will  approach  to  it  likewife,  by 
propofition  224,  till  E  is  clofe  to  the  mirrour  and  then  F  will  meet  it 
again,  by  propofition  225. 
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CHAP.  XVI. 

Of  the  reflection  of  converging  rays  from  a  concave  mir¬ 
rour,  and  of  diverging  rays  from  a  convex  one. 

226.  If  rays  converge,  when  they  fall  upon  a  concave  mirrour ,  they  will 
converge  more  after  refieBion .  (See  prop.  74.) 

IF  the  rays  SD,  EB,  Plat.  XIII.  fig.  1 1,  converge  to  the  imaginary  fo¬ 
cus  F,  but,  before  they  arrive  there,  are  reflected  by  the  concave  mir¬ 
rour  MBN,  they  will  converge  after  reflection  more  than  they  did  before, 
and  will  meet  at  E.  For,  by  propofitions  220,  221,  if  the  rays  EB,  ED, 
were  to  diverge  from  E,  they  would  be  reflected  in  the  lines  BE,  DS, 
and  would  diverge  lefs  than  they  did  at  their  incidence,  juft  as  if  they  had 
come  ftrait  from  F.  Therefore  if  thefe  rays  BE  and  DS  are  turned  back 
again  in  the  fame  lines  EB,  SD,  fo  as  to  converge  to  F,  they  will  be 
reflected  in  the  lines  of  their  firft  incidence  BE  and  DE,  fo  as  to  be  made 
to  converge  more  and  to  meet  at  the  point  E,  by  propofttion  202.  In  like 
manner  any  other  rays  which  diverged  before  reflection,  and  diverge  like- 
wife  after  it,  will  diverge  lefs,  by  propofition  220.  But  all  converging 
rays  may  be  confidered  as  fuch  rays  turned  back  again :  and  fince  all  fuch 
rays,  when  turned  back  again  will  be  reflected  in  the  lines  of  their  inci¬ 
dence,  by  propofition  202 ;  it  follows  that  all  converging  rays,  when 
they  have  been  reflected,  will  be  made  to  converge  more. 

227.  When  converging  rays  are  reflected  from  a  concave  mirrour ,  as  the 
difiance  of  the  imaginary  focus  from  the  furface  of  the  mirrour 
to  its  dfiance  frotn  the  center  of  the  concavity ,  fo  is  the  dfiance  of 
the  real  focus  from  the  furface  to  its  dfiance  from  the  center . 

If  the  rays  EB,  SD,  converge  to  the  imaginary  focus  F  before  reflec¬ 
tion,  they  will  converge  to  the  real  focus  E  after  reflection,  by  propo- 
litions  221,  202.  And  as  FB  is  to  FC,  fo  is  EB  to  EC.  This  follows 
from  propofition  221.  For  we  have  there  proved  that  as  EB  to  EC,  fo  FB 
to  FC,  and  confequently  as  FB  to  FC,  fo  is  EB  to  EC. 

228.  If  rays  diverge ,  when  they  fall  upon  a  convex  mirrour ,  they  will  di¬ 
verge  more  after  refeBion.  (See  prop.  76.) 

If  there  is  any  radiant  at  f  Plat.  XIII.  fig.  12,  from  which  the  rays 
fl,fd  diverge ;  when  they  are  reflected  from  the  mirrour  mbn,  they  will 
go  on  in  the  lines  bf  ds ,  fo  as  to  diverge  more,  and  will  have  the  fame 
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direction  in  refpeCt  of  each  other,  as  if  they  had  come  ftrait  forwards 
from  a  radiant  e.  If  the  rays  fby  sdy  which  converge  to  e ,  were  reflected 
from  the  mirrour,  they  would  converge  more  after  refle&ion,  and  would 
meet  at  the  focus  f  by  proportions  222,  223.  And  if  thefe  rays  were 
to  be  turned  back  again  from  f  in  the  lines  fby  fdy  fo  as  to  diverge  from 
f  they  would  be  reflected  into  the  lines  of  their  former  directions  bf  and 
ds ,  by  propofition  202.  And  confequently  would  be  made  to  diverge  more. 
In  like  manner  all  rays,  which  converge  at  their  incidence,  and  converge 
likewife  after  reflection,  will  converge  lefs  after  reflection  than  they  did 
before  it,  by  propofition  222.  And  all  rays,  which  diverge  at  their  inci¬ 
dence,  may  be  confldered  as  fuch  rays  turned  back  again.  But  flnce  all 
fuch  rays,  when  thus  turned  back  again,  will  be  reflected  into  the  lines  of 
their  incidence,  and  will  therefore  be  made  to  diverge  more ;  it  follows 
that  all  rays,  which  diverge  when  they  fall  upon  a  convex  mirrour,  will 

diverge  more  after  they  are  reflected  from  it. 

'  ’  .  ,  .  .  .  „  \  -  *  ■* ,  .  .  \  , 

229.  When  diverging  rays  are  reflected  from  a  convex  mirrour ,  as  the 
diflance  of  the  real  radiant  from  the  furface  of  the  mirrour  to  its 
difiance  from  the  center ,  fo  is  the  difiance  of  the  imaginary  radiant 
from  the  furface  after  reflection  to  its  difiance  from  the  center. 

If  rays  diverge  before  reflection  from  the  focus  f  Plat.  XIII.  fig.  12. 
they  will  diverge  after  reflection  from  the  imaginary  focus  ey  by  propo¬ 
rtions  222.  202.  And  &sfb  to  fc  fo  is  eb  to  ec.  For  we  have  proved,  in 
propofition  223,  that  eb  is  to  ec  as  fb  to  fc  j  from  whence  it  follows> 
that  fb  is  to  fc  as  eb  to  ec. 

230.  As  the  real  radiant  moves  either  towards  or  from  a  convex  mirrour , 
the  imaginary  radiant  will  move  the  fame  way.  (See  prop.  7  8.) 

If  the  real  radiant  f  approaches  to  the  mirrour  mbny  Plat.  XIII.  fig. 
12,  the  imaginary  radiant  e  will  likewife  approach  to  it :  or  \£f  departs 
from  the  mirrour,  e  will  likewife  depart.  For  when  f  approaches  to  the 
mirrour  fb  decreafes  fafter  in  proportion  than  fc  ;  or  the  proportion  of 
fb  to  fc  decreafes,  confequently,  fince  as  fb  to  fc  fo  eb  to  ecy  by  propofi¬ 
tion  228,  the  proportion  of  eb  to  ec  muft  decreafe  at  the  fame  time.  But 
the  proportion  of  eb  to  ec  cannot  decreafe  unlefs  eb  decreafes.  There¬ 
fore  when  the  real  radiant  f  approaches  to  the  mirrour,  or  when  fb  de¬ 
creafes,  eb  will  likewife  decreafe,  or  the  imaginary  radiant  e  will  ap¬ 
proach  to  it.  In  like  manner  if  the  real  radiant  /'departs  from  the  mir¬ 
rour,  or  if  fb  encreafes,  it  will  encreafe  fafter  in  proportion  than  fcy  and 
confequently  the  proportion  of fb  to  fc  will  encreafe  3  for  which  reafon 
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the  proportion  of  eb  to  ec  will  encreafe,  that  is,  eb  the  diftance  of  the 
imaginary  radiant  e  will  encreafe,  or  the  imaginary  radiant  will  depart 
at  the  fame  time. 

231.  If  the  real  radiant  is  clofe  to  a  convex  mirroury  the  imaginary  ra¬ 
diant  will  likewifebe  clofe  to  it.  (See  prop.  79.) 

As  fb  to  fc.  Plat.  XIII.  fig.  12.  fo  is  eb  to  ect  by  propofition  228. 
But  when  the  real  radiant y'is  clofe  to  the  mirrour,y#  or  its  diitance 
from  the  furface  is  nothing.  And  when  the  firfi:  term  of  this  proportion 
is  nothing,  the  third  term  eci  or  the  diftance  of  the  imaginary  radiant 
from  the  furface,  will  be  nothing,  that  is,  the  imaginary  radiant  will 
be  clofe  to  the  furface. 


CHAP.  XVII. 

Of  refle&ed  vifion  in  plane  mirrours. 


232.  I’he  pajfage  of  ref eB  ion  is  the  incident  ray  added  to  the  reflected  ray . 

WE  may  fufficiently  explane  this  definition  in  an  inftance  of  re¬ 
flected  vifion  from  a  plane  mirrour  ab.  Plat.  XIV.  fig.  1 . 
though  the  term  defined  is  ufed  in  all  other  inftances  of  reflected  vifion. 
Let  de  be  an  objeCt,  and  fuppofe  the  rays  df  dr ,  which  diverge  from  d 
the  higheft  radiant  in  it,  to  be  reflected  in  the  lines  fc ,  rh  ;  here  df  is 
the  incident  ray  and  fc  is  the  reflected  one,  and  df  added  to  fc  is  the  paf- 
fage  of  reflection  ;  or  dr  is  the  incident  ray  and  rh  is  the  reflected  one, 
and  dr  added  to  rh  is  the  palfage  of  reflection. 


233,  When  any  fmall  objeff  or  any  point  of  an  objeffi  is  feen  by  refelled 
light ,  it  appears  in  the  direction  of  that  line ,  which  the  rays  deferibe 
after  their  lafl  ref  eB ion. 

This  is  proved  in  the  fame  manner  as  propofition  137.  For  the  pic¬ 
ture  of  an  objeCt  feen  by  reflection  will  be  in  the  fame  part  of  the  re¬ 
tina,  that  it  would  have  been  in,  if  we  had  looked  with  the  naked  eye  at 
an  objeCt  fituated  in  the  place  from  whence  the  reflected  rays  diverge; 
fince  the  reflection  gives  the  fame  direction  to  the  rays  as  if  they  had 
originally  come  from  that  place :  fo  that  in  reflected  as  well  as  in  re¬ 
fracted  vifion  the  lafl:  image  confifls  of  imaginary  radiants,  from  which 
the  rays  diverge  when  they  come  to  the  eye. 
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234.  In  all mirrours,  whether  plane  or  fpherical ,  the  place  of  the  imaginary 
radiant ,  when  it  can  be  determined ,  is  the  interfeftion  of  the  cathetus 
of  incidence  and  of  any  ref  eft  ed  ray . 

If  d ,  Plat.  XIV.  fig.  1,  is  a  radiant  in  any  objeCt  de,  and  any  ray  df 
which  comes  from  this  radiant,  is  reflected  in  the  line  fc,  then  draw  the 
cathetus  of  incidence  di  perpendicular  to  ab  the  furface  of  the  plane 
mirrour,  and  the  plane  of  the  imaginary  radiant  from  whence  fc  ap¬ 
pears  to  diverge  is  thus  determined  ;  continue  the  cathetus  of  incidence 
di  behind  the  mirrour,  and  if  the  reflected  ray  cf  is  continued  in  the  fame 
manner  till  it  crofles  the  cathetus  at  /,  this  point  of  interfeCtion  /  will 
be  the  place  of  the  imaginary  radiant.  All  the  rays,  which  diverge 
from  one  and  the  fame  radiant  d  before  reflection,  diverge  from  one 
and  the  fame  imaginary  radiant  after  reflection.  Now  amongft  the  in¬ 
numerable  rays,  which  come  from  d  in  all  directions  there  will  be  one 
that  defcribes  di  the  cathetus  of  incidence.  This  ray  will  be  reflected  in 
the  line  of  its  incidence  id ,  becaufe  it  falls  perpendicularly  upon  the 
mirrour,  by  propofition  88  of  mechanics.  Confequently,  finceallthe 
rays  diverge  after  reflection  from  one  and  the  fame  imaginary  radiant, 
this  radiant  muft  be  fomewhere  in  the  line  di  continued,  for  otherwife 
the  reflected  ray  id  could  not  diverge  from  it.  The  ray  fc  likewife  di¬ 
verges  from  the  fame  radiant  j  and  confequently  this  radiant  muft  be 
fomewhere  in  the  line  cf  continued.  But  it  is  impoflible  that  the  imagi¬ 
nary  radiant  fhould  be  both  in  the  line  cf  and  in  the  line  di,  unlefs  it  is 
at  fome  point  which  is  in  both  thefe  lines.  And  no  point  can  be  in 
both  thefe  lines,  but  /,  which  is  the  point  of  their  interfeCtion.  There¬ 
fore  /  is  the  place  of  the  imaginary  radiant. 

This  is  univerfal,  whenever  the  ray,  which  defcribes  the  cathetus  of 
incidence,  is  reflected  either  from  a  plane  or  a  fpherical  mirrour.  For 
the  imaginary  radiant  will  always  be  fomewhere  in  this  ray  j  that  is,  it 
will  be  fomewhere  in  the  cathetus  of  incidence  j  and  it  will  always  be 
fomewhere  in  any  other  reflected  ray.  Therefore  it  will  always  be  in 
the  common  point  of  interfeCtion  of  the  cathetus  of  incidence  and  of 
any  reflected  ray.  Thus  in  the  concave  mirrours  gil,  fig.  2,  and  3,  and 
in  the  convex  one  gil,  fig.  4,  if  a  is  a  radiant  in  the  objeCt  abc ,  the 
place  of  the  laft  imaginary  radiant,  when  the  rays,  which  come  from  a, 
are  reflected  by  the  mirrour,  may  be  determined  by  this  rule.  The  ray 
ai  is  reflected  in  fome  line  ic ,  draw  the  cathetus  of  incidence  kad, 
which  in  fpherical  mirrours  always  pafles  through  k  the  center  of  the 
fphere  of  which  the  mirrour  is  a  fegment ;  then  continue  the  reflected 
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ray  ic  till  it  crofles  the  cathetus ;  and  the  point  of  interfedion  d  is  the 
place  of  the  laft  imaginary  radiant. 

The  place  of  the  laft  radiant  is  determined  in  the  fame  manner, 
though  it  may  happen,  either  from  the  pofition  of  the  objed  or  from 
the  fhortnefs  of  the  mirrour,  that  the  ray,  which  defcribes  the  cathetus 
of  incidence,  does  not  fall  upon  the  mirrours  furface,  and  confequently 
is  not  reflected.  Thus  if  the  plane  mirrour  is  not  fo  long  as  ab,  fig.  1. 
if,  for  inftance,  the  length  of  it  is  only  fb ,  fo  that  the  ray  di  does  not 
fall  upon  it,  the  laft  imaginary  radiant  will  ftill  be  at  /,  or  at  the  point 
where  the  cathetus  di  continued  interfeds  any  reflected  ray  cf  or  hr 
continued.  This  would  be  the  place  of  the  laft  radiant,  if  the  mirrour 
was  long  enough  to  refled:  the  ray  which  defcribes  the  cathetus,  as  has 
been  proved  already.  But  the  length  of  the  mirrour  does  not  alter  the 
place  of  the  imaginary  radiant,  by  propofition  205.  Therefore  this  will 
be  the  place  of  the  laft  radiant,  or  the  refleded  rays  fc,  rh ,  will  diverge 
from  the  fame  point ;  though  the  length  of  the  mirrour  is  only  fb,  fo 
that  the  ray  di,  which  defcribes  the  cathetus  of  incidence  is  not 
refleded. 

235.  In  plane  mirrour s,  the  dtflance  of  the  laft  image  from  the  mirrour 
is  equal  to  the  diftance  of  the  object  from  it :  and  the  diftance  of  any 
point  in  the  laft  image  from  the  eye  is  equal  to  the  paftage  of  re- 
fleBion. 

The  diftances  of  each  imaginary  radiant  /,  m.  Plat.  XIV.  fig.  1 ,  be¬ 
hind  the  mirrour  are  refpedively  equal  to  the  diftance  of  the  corre- 
fponding  real  radiants  d,  e,  before  it,  by  propofition  205.  Therefore  the 
diftance  of  the  laft  image  Im,  which  is  made  up  of  imaginary  radiants, 
is  equal  to  the  diftance  of  the  objed  de,  which  is  made  up  of  real  ones. 

The  diftance  of  l  or  the  higheft  point  in  the  image  from  the  eye  at  c 
is  Ifc ,  and  Ifc  is  equal  to  dfc  the  paflage  of  refledion.  For  fince  If  is 
equal  to  dft  by  propofition  205,  lf-\-fc=zlfc  muft  be  equal  to  df-^-fc 
=  dfc .  So  likewife  mnc,  which  is  the  diftance  of  the  loweft  point  m. 
the  image  from  the  eye  at  c  is  equal  to  enc,  which  is  the  paflage  of  re¬ 
fledion.  For  mn~en,  by  propofition  205  :  and  confequently,  mn-\-nc 
=.en-\-nc. 

236.  In  plane  mirrours  the  image  is  equal  and ftmilar  to  the  objeB . 

The  image  Im ,  Plat.  XIV.  fig.  1,  is  juft  as  high  as  the  objed  de.  For 
if  d  is  the  higheft  point  of  the  objed,  then  the  higheft  point  of  the 
image  is  in  the  cathetus  of  incidence  dil,  and  if  e  is  the  loweft  point  of 
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the  objed,  the  lowed  point  of  the  image  is  in  the  cathetus  ezm,  by 
proportion  334.  But  dil  and  ezm  are  parallel  to  one  another,  becaufe, 
by  propoiltion  203,  they  are  both  of  them  perpendicular  to  the  fame 
plane  furface  ab.  Euc.  b.  XI.  prop.  6.  Now  the  height  of  the  objed  is 
de  the  didance  between  thofe  two  lines  at  the  objed,  and  the  height  of 
the  image  is  l?n  the  didance  between  the  fame  lines  continued  to  the 
image.  But  thefe  lines  are  parallel  to  one  another,  and  confequently  the 
didance  between  them  is  the  fame  at  both  places.  Therefore  the  height 
of  the  lad  image  bn  is  equal  to  the  height  of  the  objed  de.  In  the  fame 
manner  we  might  fhew  that  the  breadth  of  the  image  is  equal  to  the 
breadth  of  the  objed.  And  confequently  one  is  equal  to  the  other  in  all 
refpeds.  But  furfaces  that  are  every  way  equal  to  one  another  mud  be 
fimilar.  Therefore  the  image  and  objed  are  dmilar  furfaces.  What  we 
mean  by  the  furface  of  the  objed,  when  we  fay  that  the  furface  of  the 
image  is  dmilar  to  it,  may  be  feen  in  proportion  90,  where  we  explan- 
ed  the  fame  thing  in  reference  to  the  pidure  of  an  objed  in  a  dark 
room. 

237.  If  a  plane  mirrour  and  the  objedl  that  is  feen  in  it  are  both  of  them 
perpendicular  to  the  horizon ,  the  objett  feen  in  the  mirrour  ap¬ 
pears  erett. 

If  the  objed  de.  Plat.  XIV.  dg.  1,  and  the  mirrour  ab  are  perpendi¬ 
cular  to  the  horizon,  the  image  bn,  or  the  objed  of  refleded  vidon,  is 
in  the  fame  podtion  as  the  objed  itfelf.  The  highed  point  d  of  the  ob¬ 
jed  appears  in  the  cathetus  of  incidence  di  drawn  from  thence,  and  the 
lowed  point  e  appears  in  the  cathetus  ez,  by  proportion  234,  But 
thefe  cathetufes  being  both  perpendicular  to  the  furface  of  the  mirrour 
are  parallel  to  each  other ;  Euc.  b.  XI.  prop.  6,  and  confequently  they 
do  not  crofs  each  other  any  where  between  the  objed  de  and  the  image 
Im.  Therefore  that  cathetus,  which  is  highed  at  the  objed,  will  be 
highed  at  the  image,  and  that,  which  is  lowed  at  one,  will  be  lowed 
at  the  other  :  and  confequently  the  image,  which  is  the  objed  of  re¬ 
fleded  vidon,  will  be  in  the  fame  podtion  with  the  objed  itfelf. 

238.  When  the  objeffi  is  parallel  to  a  plane  mirrour ,  the  length  of  that  part 
of  the  mirrour ,  upon  which  the  unage  appears,  is  to  the  length  of 
the  objeB,  as  any  refefted  ray  is  to  the  pajjage  of  reflection . 

If  the  objed  de  is  parallel  to  the  mirrour  ab,  and  the  image  Im 
is  feen  by  the  eye  at  c,  then  fn  the  length  of  that  part  of  the  mir¬ 
rour,  which  is  taken  up  by  the  image,  fubtends  the  optic  angle  1cm,  or 
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the  angle  under  which  the  image  appears.  For  fince  all  the  vifible 
length  of  the  image  is  included  within  that  angle  1cm,  by  proportion 
125,  no  more  of  the  mirrour  can  be  taken  up  by  that  vifible  length 
than  what  is  likewife  included  within  the  fame  angle.  Now  the  length 
of  the  image  Im  is  equal  to  the  length  of  the  object  de>  by  proportion 
236.  And  fn  the  length  of  that  part  of  the  mirrour,  which  is  taken  up 
by  the  image,  is  to  Im  the  length  of  the  image  as  any  reflected  ray  fc  is 
to  dfc  the  paflfage  of  that  rays  reflection,  or  as  the  diftance  of  the  eye 
from  the  mirrour,  which  is  the  reflected  ray  fc  to  Ifc  the  diftance  of 
the  eye  from  the  image,  which  is  equal  to  the  paflage  of  reflection,  by 
propofition  235.  For  the  apparent  length  of fn  that  part  upon  the  mir- 
rours  furface,  where  the  image  is  feen,  is  equal  to  the  apparent  length 
of  the  image ;  becaufe  they  both  fubtend  the  fame  angle  j  by  propofition 
125.  And  from  hence  it  follows,  by  propofition  128,  that  their  real 
lengths  are  to  each  other  as  their  refpeCtive  diftances  from  the  eye.  But 
the  eyes  diftance  from  that  part  of  the  mirrour,  where  the  image  appears 
is  equal  to  the  reflected  ray  fc ,  and  the  eyes  diftance  from  the  image  is 
Ifc  equal  to  the  paflage  of  the  reflection.  Therefore  fn  the  length  of  that 
part  of  the  mirrour  where  the  image  appears  is  to  Im  the  length  of  the 
image,  or  to  de=lm  the  length  of  the  objeCt,  as  fc  a  reflected  ray  is  to. 
lfc=dfc  the  paflage  of  reflection. 

Or  if  the  eye  was  at  b}  then  Ihm  is  the  optic  angle,  and  ro  is  the  length 
of  that  part  in  the  mirrour  where  the  image  appears :  and  in  this  pofi- 
tion  of  the  eye  ro  is  to  Im  or  to  de  as  rh  any  reflected  ray  is  to  Irh—drh 
the  paflage  of  reflection. 

In  the  fame  manner  we  might  {hew  that  the  breadth  of  that  part  in 
the  mirrour,  which  is  taken  up  by  the  image,  is  to  the  breadth  of  the  ob¬ 
ject,  or  that  any  diameter  of  that  part  is  to  the  correfponding  diameter 
of  the  objeCt,  as  a  reflected  ray  is  to  the  paflage  of  that  rays  reflection. 

239.  ‘Though  a  common  looking-glafs  fhould  be  Jo  Jhort  that ,  at  a  certain 
diftance  of' the  eye  and  of  a  given  objeB  from  it ,  we  cannot J'ce  the  whole 
length  of  the  objeSl  in  the  glafs  by  reflexion ;  yeti  by  bringing  the  eye 
nearer  to  the  glafs  or  by  removing  the  object  farther  from  it ,  we 
may  fee  the  whole  length  of  the  object . 

The  length  of  glafs,  which  is  requifite  to  fee  the  whole  length  of  the 
objeCt,  bears  the  fame  proportion  to  the  length  of  the  objeCt,  that  a  re¬ 
flected  ray  bears  to  the  paflage  of  reflection,  by  propofition  238.  From 
hence  it  follows  that  the  lefs  the  reflected  ray  is  in  proportion  to  the 
paflage  of  reflection,  fo  much  Ihorter  a  glafs  may  be  in  proportion  to  any 
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objeCt,  the  entire  length  of  which  is  feen  by  reflection  in  the  glafs.  Now 
as  the  eye  c ,  Plat.  XIV.  fig.  1.  approaches  to  the  glafs,  the  length  of  a 
reflected  ray  cf  decreafes :  at  the  fame  time  indeed  the  paflfage  of  reflec¬ 
tion  dfiy  or  lfc=dfc ,  decreafes  too.  But  if  is  fhorter  in  itfelf  than  lfc9 
and  by  the  approach  of  the  eye  to  the  glafs  thefe  two  unequal  lines  are 
equally  diminifhed ;  and  consequently  this  equal  decreafe  bears  a  greater 
proportion  to  cf  than  to  Ifc ;  that  is,  though  in  the  approach  of  the  eye 
to  the  glafs  an  equal  part  is  taken  away  both  from  cf  and  from  Ifc ,  yet 
this  equal  part  bears  a  greater  proportion  to  cf  than  it  does  to  Ifc ;  upon 
which  account  by  taking  an  equal  part  from  cf  and  from  lfcy  the  reflected 
ray  r/  will  be  more  diminifhed  in  proportion  than  the  paffage  of  reflec¬ 
tion  Ifc.  Therefore  in  the  approach  of  the  eye  to  the  glafs  the  propor¬ 
tion  of  the  reflected  ray  to  the  paffage  of  reflection  decreafes,  fince  the 
former  is  more  diminifhed  in  proportion  than  the  latter ;  and  confequent- 
ly  the  length  of  glafs,  in  which  we  fee  the  objeCt,  is  fhorter  in  propor¬ 
tion  to  the  objects  length :  fo  that  if  a  glafs  was  too  fhort  to  fhew  us  the 
whole  length  of  the  objeCt,  at  a  certain  diftance  of  the  eye,  yet  it  may 
be  long  enough  for  this  purpofe,  if  the  eye  comes  nearer  to  it. 

The  fame  purpofe  may  be  anfwered,  by  removing  the  objeCt  farther 
from  the  glafs,  whilft  the  eye  continues  at  the  fame  diftance.  For  this  re¬ 
moval  of  the  objeCt  will  diminifh  the  proportion  of  the  reflected  ray  to 
the  paffage  of  reflection.  If  the  eye  continues  at  c ,  the  reflected  ray  is  cf 
but  as  the  objeCt  departs  from  the  glafs  df  and  confequently  dfc ,  or 
Ifc—dfc ,  which  is  the  paffage  of  reflection,  encreafes.  But  the  longer  Ifc 
is,  fo  much  lefs  proportion  the  given  line  cf  will  bear  to  it.  Therefore 
as  the  objeCt  departs  from  the  glafs  the  proportion  of  the  reflected  ray  to 
the  paffage  of  reflection  decreafes. 

Since  the  reader  has  been  fhewn  that,  as  the  eye  approaches  to  the 
glafs  or  as  the  objeCt  departs  from  it,  the  length  of  glafs,  upon  which  a 
given  objeCt  is  feen,  decreafes ;  he  will  eafily  infer  that  the  contrary  caufe 
would  produce  a  contrary  effeCt,  or  that,  as  the  eye  departs  from  the 
glafs  or  the  objeCt  approaches  to  it,  the  length  of  glafs,  upon  which  a  gi¬ 
ven  object  is  feen,  will  encreafe.  For  in  the  departure  of  the  eye  or  in 
the  approach  of  the  object,  the  proportion  of  the  reflected  ray  to  the 
paffage  of  reflection  encreafes. 

240.  That  part  of -a  plane  mirrours  furfacey  upon  'which  an  object  appears 
by  reflection ,  is  always  fimilar  to  the  furface  of  the  object. 

The  length  of  the  object  is  to  the  length  of  that  part  in  the  mirrours 
furface  where  the  object  appears,  and  the  breadth  of  the  object  is  to  the 
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breadth  of  this  furface,  as  a  reflected  ray  to  the  paflage  of  reflection,  by 
propofition  238.  Therefore  the  length  of  the  object  is  to  the  length  of 
this  furface  as  the  breadth  of  the  object  to  the  breadth  of  this  furface  j 
fince  each  is  to  the  other  as  a  reflected  ray  to  the  paflage  of  reflection. 
But  two  furfaces  are  fimilar,  when  their  lengths  and  breadths  are  refpec- 
tively  proportional  to  each  other.  Therefore  that  part  of  a  mirrours  fur¬ 
face,  on  which  any  object  is  feen,  is  fimilar  to  the  furface  of  the  object 
itfelf. 

241.  The  area  of  that  part  in  a  plane  mirrours  furface ,  upon  which  an 
object  appears ,  is  to  the  area  of  the  objects  Jur face,  as  the  Jquare  of 
a  refected  ray  to  the  jquare  of  the  pafage  of  refection . 

That  part  of  a  mirrours  furface,  where  any  object  appears  is  fimilar 
to  the  objects  furface,  by  propofition  240.  But  the  areas  of  fimilar  lur- 
faces  are  to  one  another  as  the  fquares  of  their  correfponding  diameters. 
Euc.  b.VI.  prop.  20.  corol.  1.  Therefore  the  area,  which  the  image 
covers  on  the  mirrours  furface,  and  the  area  of  the  objects  furface,  are 
to  each  other  as  the  fquares  of  their  refpective  lengths.  Now  the  length 
of  that  part  in  the  mirrour,  which  the  image  covers,  is  to  the  length  of 
the  object,  as  a  reflected  ray  to  the  paflage  of  reflection,  by  propofition 
238.  Therefore  their  areas  are  to  each  other  as  the  fquare  of  a  reflected 
ray  to  the  fquare  of  the  paflage  of  reflection. 

242.  If  a  perfon  fees  himfelf  entirely  in  a  plane  looking- glafs ,  which  is  pa¬ 
rallel  to  him ;  the  glafs  mufi  be  half  as  long  as  he  is,  and  half  as 
broad  as  he  is  or  its  furface  mufi  be  equal  to  a  quarter  of  his  fur- 
face. 

The  length  of  a  mirrour  mufi;  be  to  the  length  of  a  perfon,  who  fees 
himfelf  entirely  in  it,  as  a  reflected  ray  to  the  paflage  of  refle&ion,  by  pro¬ 
pofition  238.  Now  when  a  perfon  is  looking  at  himfelf,  the  incident  ray 
is  his  difiance  from  the  glafs,  and  the  reflected  ray  is  equal  to  it,  for  it 
is  the  glafs’s  difiance  from  him.'  The  paflage  of  reflection,  is  the  inci¬ 
dent  ray  added  to  the  reflected  ray,  and  confequently  is  equal  to  twice 
his  diftance  from  the  glafs.  Therefore  the  reflected  ray  is  to  the  paflage 
of  reflection  as  1  to  2.  From  whence  it  follows  that  the  length  of  the 
glafs,  in  which  he  can  fee  himfelf  from  head  to  foot,  mufi  be  to  his  length 
as  1  to  2  ;  that  is,  the  length  of  the  glafs  mufi  be  half  his  length. 

In  a  plane  mirrour,  that  is  parallel  to  a  perfon  who  is  looking  at  him¬ 
felf,  he  will  not  be  able  to  fee  himfelf  from  head  to  foot,  if  the  mirrour 
is  at  all  fhorter  than  this,  whether  he  is  near  to  the  mirrour  or  far/rom 
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it.  If  he  was  looking  at  any  other  object,  then  indeed  the  nearer  he  comes 
to  the  mirrour,  the  more  of  the  object  he  might  fee,  by  proportion  239: 
becaufe  by  coming  near  to  the  mirrour  his  eye  approaches  to  it.  But  when 
he  himfelf  is  the  objedt  that  he  is  looking  at,  as  he  comes  nearer  to  the 
mirrour  his  eye  comes  nearer  to  it,  but  then  the  objedt  comes  juft  as  much 
nearer  at  the  fame  time.  And  confequently  though  in  a  fhort  mirrour  he 
might  fee  more  of  himfelf  from  the  approach  of  the  eye,  yet  he  will 
fee  juft  as  much  lefs  of  himfelf  from  the  equal  approach  of  the  object, 
by  propofition  239.  Therefore  upon  both  accounts  together  he  will  fee 
juft  as  much  and  no  more  of  himfelf,  when  he  is  near  to  the  mirrour,  than 
ne  did,  when  he  was  farther  from  it ;  but  if  it  was  too  fhort  to  fee  him¬ 
felf  entirely  in  it  at  any  one  diftance,  it  will  likewife  be  too  fhort  for 
that  purpofe  at  any  other  lefs  diftance.  In  like  manner  if  he  was  look¬ 
ing  at  any  other  object,  the  farther  the  object  is  from  the  mirrour  the 
more  he  might  fee  of  it.  But  when  he  himfelf  is  the  object  that  he  is 
looking  at,  though  by  going  farther  from  the  mirrour,  he  might  upon 
this  account  fee  more  of  himfelf ;  yet  as  he  cannot  go  farther  off,  but 
his  eye  will  depart  equally  from  the  mirrour,  confequently  upon  this 
fecond  account  he  will  fee  juft  as  much  lefs  of  himfelf.  Therefore  upon 
both  accounts  together  he  will  fee  neither  more  nor  lefs  of  himfelf  for 
encrealing  his  diftance :  but  if  the  mirrour  was  too  fhort  to  fee  himfelf 
from  head  to  foot  at  any  one  diftance,  it  will  likewife  be  too  fhort  for 
that  purpofe  at  any  other  greater  diftance. 

In  the  fame  manner  that  we  have  proved  a  mirrour  muft  be  half  a 
mans  length  for  him  to  fee  his  whole  length  in  it,  we  might  likewife 
prove  that  it  muft  be  half  his  breadth  for  him  to  fee  his  whole 
breadth. 

But  the  furface  of  the  mirrour  can  only  be  a  quarter  of  his  furface,  if 
it  is  but  half  as  long  and  but  half  as  broad  as  he  is.  This  laft  part  of  the 
proportion  may  be  demonftrated  otherwife.  The  area  of  a  mirrour, 
which  is  covered  by  the  image  of  any  object,  is  to  the  area  of  that  ob¬ 
jects  furface,  as  the  fquare  of  a  reflected  ray  to  the  fquare  of  the  paflage 
of  reflection,  by  propofition  241.  But  when  a  man  is  looking  at  him- 
ielf,  the  reflected  ray  is  to  the  paflage  of  reflection  as  1  to  2,  by  what 
has  been  already  fhewn,  and  confequently  the  fquare  of  the  reflected  ray 
is  to  the  fquare  of  the  paflage  of  reflection  as  1  to  4.  Therefore  the  area 
of  a  mirrour,  which  will  be  juft  covered  by  a  mans  image,  when  he  is 
looking  at  himfelf,  is  ta  the  area  of  his  furface,  as  1  to  4 ;  that  is,  the 
furface  of  the  mirrour  in  which  he  can  juft  fee  his  whole  length  and  his 
whole  breadth  is  J  of  his  furface. 
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24  j.  In  a  plane  mirrour  what  is  on  the  right-hand fide  in  the  objedf,  is  On 
the  left-hand  fide  in  the  image ,  and  what  is  on  the  left-hand  fide  m 
the  objeB  will  be  on  the  right-hand fide  in  the  image . 

This  will  be  beft  explaned  and  proved  by  the  inflance  of  a  perfofi 
looking  at  himfelf  in  a  plane  mirrour.  His  face  is  then  towards  the  face 
of  his  image  in  the  glafs.  Now  if  any  other  perfon  flood  with  his  face  to¬ 
wards  ours,  it  is  evident  that  his  right-hand  would  be  towards  our 
left,  and  his  left-hand  towards  our  right.  And  for  the  fame  reafon  it 
will  be  fo  in  the  cafe  of  our  own  image  feen  in  the  glafs.  If  we  hold  a 
pen  in  our  right-hand,  the  image  with  its  face  towards  us  will  hold  the 
pen  in  that  hand  which  is  on  the  fame  fide :  and  if  any  perfon  with 
his  face  towards  us  was  to  hold  a  pen  in  the  hand  which  is  on  the  fame 
fide  with  our  right-hand,  we  fhould  fay  that  he  held  it  left-handed. 

In  reading  a  book  we  begin  the  lines  from  the  left-hand,  and  read 
towards  the  right.  But  if  we  turn  the  book  towards  a  looking  glafs  we 
muft  then  read  the  lines  feen  by  reflection  from  the  left-hand  of  our 
image  in  the  glafs  towards  the  right-hand  of  that  image.  This  we  fhali 
find  is  reading  the  contrary  way  from  what  we  ufually  do,  for  the 
lines  will  appear  inverted  and  we  muft  read  them  from  our  own  right- 
hand  towards  our  left. 

Something  like  this  may  be  feen  in  fome  prints  that  are  copies  from 
paintings ;  for  all  the  figures  in  fuch  prints  are  frequently  left-handed. 
If  the  figures  engraved  upon  the  copper-plate  Hand  the  lame  way  that 
they  do  in  the  original  painting  and  are  all  of  them  right-handed ;  then 
in  the  print  taken  off  from  that  plate  they  will  Hand  the  contrary  way 
and  will  be  left-handed.  For  in  taking  off  the  print  from  the  engrav¬ 
ing,  any  figure  upon  the  plate,  as  for  inflance,  the  figure  of  a  man  with 
a  fpear  in  his  right-hand  has  its  face  towards  the  figure  upon  the  paper ; 
confequently  the  right-hand  of  the  man  upon  the  plate  will  be  towards 
the  left-hand  of  the  fame  man  in  the  print :  therefore  as  one  of  them 
holds  the  fpear  in  his  right-hand  the  other  will  hold  it  in  his  left. 

244.  If  a  plane  mirrour  is  parallel  to  the  horizon  fuch  objebls ,  as  are  per¬ 
pendicular  to  the  horizon ,  when  they  are  feen  it ,  appear  inverted. 

This  is  the  cafe  of  trees,  or  buildings,  or  men,  Handing  on  the  bank 
of  a  river,  when  they  are  feen  in  the  water,  which  is  a  plane  mirrour. 
The  bottom  of  any  tree  or  other  objeCl  is  neareft  to  the  mirrour  and 
the  top  of  it  is  fartheft  from  the  mirrour.  Now,  by  propofition  205, 
each  imaginary  radiant  is  at  the  fame  diflance  behind  the  mirrour,  that 
the  real  radiant  is  at  before  it.  Therefore  in  the  image  the  bottom  of 
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the  tree  will  be  neareft  to  the  furface  of  the  water  and  the  top  will  be 
fartheft  from  it.  Bat  in  this  pofition  of  the  image  the  top  of  the  tree 
feen  in  the  water  will  be  nearer  to  the  center  of  the  earth  than  the  bot¬ 
tom  of  it,  or  the  tree  will  appear  inverted. 

If  a  man  holds  a  looking-glafs  above  his  eye  with  the  reflecting  fur- 
face  turned  downwards  and  parallel  to  the  horizon,  he  will  fee  himfelf 
inverted  in  the  glafs.  In  this  pofition  his  head  is  nearer  to  the  glafs  than 
his  feet,  and  confequently,  by  propofition  20 5,  in  his  image  on  the  other 
fide  the  head  will  like  wife  be  nearer  to  the  glafs  than  the  feet.  There¬ 
fore  the  feet  of  his  image  will  be  farther  from  the  center  of  the  earth 
than  its  head  is,  or  the  image  will  appear  with  its  feet  upwards. 

245.  If  a  plane  mirrour  is  inclined  to  the  horizon  fo  as  to  ?nake  with  it 
half  a  right  angle ,  any  objeft ,  which  is  parallel  to  the  horizon ,  will 
appear  creft  in  the  mirrour  and  on  the  contrary  any  objeft,  which  is 
ere  ft,  will  appear  parallel  to  the  horizon . 

If  AB,  Plat.  XIV.  fig.  1,  is  a  plane  looking-glafs  with  its  reflecting 
furface  downwards,  and  CD  is  an  object  parallel  to  the  horizon,  then 
the  mirrour  AB,  which  makes  half  a  right-angle  with  the  horizon,  will 
likewife  make  half  a  right-angle  with  the  object,  or  ABC  will  be  an 
angle  of  45  degrees.  Now  at  whatever  diflance  any  radiant  C  in  the 
object  is  from  the  mirrour,  the  diflance  of  the  correfponding  radiant  c 
in  the  image  will  be  the  fame,  by  propofition  205  ;  or  CE  will  be  e- 
qual  to  cE.  For  the  fame  reafon  any  other  radiant  D  in  the  object  will 
be  juft  as  far  diftant  before  the  mirrour,  as  the  imaginary  radiant  d  is 
behind  it  5  or  DF  will  be  equal  to  dF.  And  fince  every  radiant  in  the 
image  may  in  this  manner  be  proved  to  be  at  the  fame  diflance  behind 
the  mirrour  that  the  real  radiant  is  at  before  it ;  it  follows,,  that  the  image 
cd  will  make  half  a  right  angle  cBA  with  the  mirrour  on  one  fide  as 
the  object  CD  makes  half  a  right  angle  CBA  on  the  other.  Confequent¬ 
ly  cBC  =cBA-4-CBA  is  aright  angle,  or  the  image  cd  is  perpendicu¬ 
lar  to  the  object  CD  ;  and  therefore,  being  perpendicular  likewife  to  the 
horizon  to  which  the  object  is  parallel,  it  will  appear  erect. 

If  cd  is  the  object  and  the  mirrour  AB  has  its  reflecting  furface  up¬ 
wards  j  then  the  object  is  erect ;  the  mirrour  is  inclined  to  the  horizon 
at  half  a  right  angle  5  and  the  image  will  be  CD  parallel  to  the  horizon.. 
If  CB  is  an  horizontal  plane,  the  object  cd,  becaufe  it  is  erect,  by* 
the  fuppofition,  will  make  a  right  angle  cBC  with  the  plane.  But 
ABC  the  mirrours  inclination  is  one  half  of  this  angle,  therefore 
the  other  half  AB^  is  likewife  half  a  right  angle  5.  that  is,  the  object. 
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makes  half  a  right  angle  with  the  mirrour  before  it,  and  confequently> 
from  what  has  been  laid  in  proving  the  other  part  of  the  proportion, 
the  image  will  make  half  a  right  angle  with  the  mirrour  behind  it. 
Therefore  the  objedt  cd  and  its  image  CD  will  make  two  half  right  an¬ 
gles  or  one  whole  right  angle  with  each  other.  But  the  objedt  cd  makes 
likewife  a  right  angle  with  the  horizontal  plane  CB.  Therefore  the 
image  CD  will  be  in  this  plane  or  will  be  parallel  to  the  horizon. 

246.  If  an  objedl  is  placed  between  two  plane  mirrours  inclined  to  one 
another  at  any  angle ,  more  images  than  one  of  that  object  may  be 
jeen . 

If  two  plane  mirrours  CB  and  CA,  Plat.  XIV.  fig.  6.  are  inclined  to 
one  another  fo  as  to  contain  the  angle  BCA,  and  the  objedt  F  is  placed 
between  them  ;  then  let  FD  be  drawn  from  the  objedt  perpendicular  to 
the  mirrour  C  A,  and  in  FD,  which  is  the  cathetus  of  incidence,  let  KD 
be  taken  equal  to  KF,  and  the  image  of  this  objedt  will  appear  at  D, 
by  propofition  235.  In  like  manner,  if  FG  is  drawn  perpendicular  to 
the  mirrour  CB,  and  G  is  juft  as  far  behind  the  mirrour  as  F  is  before 
it,  the  image  of  the  fame  objedt  will  appear  at  G,.  by  propofition  235. 
Thus  an  image  of  the  objedt  will  appear  in  each  mirrour. 

There  will  be  a  fmall  difference  between  thefe  two  images.  For  as 
the  objedt  F  has  one  fide  towards  the  mirrour  CA,  and  the  contrary 
fide  towards  the  mirrour  CB  ;  one  of  thefe  images  will  reprefent  one 
fide  of  the  objedt,  and  the  other  image  will  reprefent  the  other  fide  of 
it.  If  F  is  the  face  of  the  fpedtator  himfelf,  and  he  looks  ftrait  forwards 
the  right  fide  of  his  face  will  appear  in  the  glafs  CA  and  the  left  fide 
in  the  glafs  CB.  If  he  ftands  with  his  face  towards  CA,  then  D  will 
be  the  reprefentation  of  his  face  and  G  of  his  back.  Indeed  if  both 
fides  of  the  objedt  are  alike,  as  fuppofe  F  to  be  a  candle,  then  though 
this  ditference  is  ftill  the.  fame  as  in  any  other  objedt,  yet  the  difference 
will  not  be  perceivable,  becaufe  both  images  will  be  alike. 

But  befides  the  images  D  and  G  there  will  be  many  more  feen  in 
each  of  the  mirrours.  Some  of  the  rays,  which  are  refledted  from  the 
mirrour  CA  and  diverge  from  the  image  D,  come  to  the  eye  of  the 
fpedtator  placed  any  where  between  the  mirrours,  and  make  that  image 
vifible.  But  all  the  refledted  rays  will  not  come  to  the  eye  ;  for  fince  they 
diverge  from  D  in  all  diredtions,  fome  of  them  will  fall  upon  the  oppolite 
mirrour  CB.  So  that  the  image  D  may  be  confidered  as  an  objedt  placed 
before  the  mirrour  CB  1.  and  confequently  when  the  rays,  that  appa¬ 
rently  diverge  from  D,  are  refledted  by  this  mirrour  CB,  if  DHE  is 

drawn: 
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drawn  perpendicular  to  CB,  it  will  be  the  cathetus  of  incidence,  and  if 
EH  is  taken  equal  to  DH,  thefe  reflected  rays  will  reprefent  the  image 
of  D  at  the  point  E,  which  is  juft  as  far  behind  the  mirrour  CB  as  D  is 
before  it,  by  proportion  235.  In  like  manner  "the  rays  which  diverge 
from  this  fecond  image  E  will  fome  of  them  fall  upon  the  mirrour  C  A, 
and  if  a  cathetus  EM  is  drawn  from  E  to  this  mirrour  CA,  the  image 
of  E  or  a  third  image  of  the  objeCt  will  appear  in  this  cathetus  at  the 
point  M,  which  is  as  far  behind  the  mirrour  as  E  is  before  it.  For  the 
fame  reafon,  fince  rays  will  diverge  from  M  as  from  an  objeCt  before 
the  mirrour  CB,  the  image  of  M  or  a  fourth  image  of  the  objeCt  F 
will  appear  in  this  mirrour  CB,  in  a  cathetus  drawn  from  M  to  a  point 
a s  far  behind  the  mirrour  as  M  is  before  it.  And  thus  as  long  as  the 
image  reprefented  in  one  mirrour  is  before  the  other,  fo  long  an  image 
of  that  image  will  be  produced.  Now  all  the  images,  that  have  been 
hitherto  defcribed,  begin  from  the  mirrour  CA,  and  D  is  the  firft  of 
them.  Therefore  whatever  fide  of  the  objeCt  is  towards  CA,  all  thefe 
images  will  reprefent  that  tide. 

But  there  will  be  another  fet  of  images  beginning  from  the  mirrour 
CB,  and  of  this  fet  the  image  G  is  the  firft,  and  confequently  all  this 
fet  will  reprefent  the  fame  fide  of  the  objeCt  that  is  reprefented  at  G,  or 
the  fide,  which  is  towards  the  mirrour  CB.  For  as  the  rays  reflected 
from  CB  diverge  from  G  in  all  directions  fome  of  them  will  fall  upon 
the  oppofite  mirrour  CA  ;  and  if  the  cathetus  CL  is  drawn  thefe  rays, 
when  reflected  from  CA,  will  produce  an  image  of  G  at  the  point 
L,  which  is  as  far  behind  the  mirrour  as  G  is  before  it.  In  like  manner 
fome  of  the  reflected  rays,  which  diverge  in  all  directions  from  L,  will 
be  returned  to  the  mirrour  CB,  and  being  reflected  from  thence  will 
produce  an  image  of  L.  And  thus  again  as  long  as  the  image  reprefent¬ 
ed  in  one  mirrour  is  before  the  other,  fo  long  an  image  of  that  image 
will  be  produced. 

'247.  All  the  images ,  that  appear  in  two  plane  mirrours  inclined  to  each 
other ,  are  in  the  circumference  of  a  circle ,  the  femidiameter  of  which 
is  the  diftance  of  the  object  from  the  vertex  of  the  angle  contained 
between  the  mirrours. 

The  feveral  images  D,  E,  G,  L,  M,  &c,  Plat.  XIV.  fig.  6,  are  in 
the  circumference  of  a  circle,  and  CF  the  diftance  of  F  the  objeCt  from 
C,  the  vertex  of  the  angle  made  by  the  mirrours  CA  and  CB,  is  the  femi¬ 
diameter  of  this  circle. 

CF  the  diftance  of  the  objeCt  from  the  vertex  is  equal  to  CD.  For 
FK  the  diftance  of  the  objeCt  before  the  mirrour  is  equal  to  DK  the  di¬ 
ftance 
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ftance  of  the  image  behind  it,  by  prop.  235;  CK  is  common  to  both 
the  triangles  CFK  and  CDK  ;  and  the  angle  CKF  is  equal  to  the  angle 
CKD,  becaufe  they  are  both  right  ones,  fince  FD  is  the  cathetus  of  in¬ 
cidence.  But  when  two  tides  in  one  triangle  are  refpedtively  equal  to 
two  tides  in  another  triangle,  and  the  angle  contained  between  the 
equal  tides  in  one  is  equal  to  the  angle  contained  between  the  equal 
fides  in  the  other,  thofe  two  triangles  are  equal  to  each  other  in  all  re- 
fpedts.  Euc.  b.  I.  prop.  4.  Therefore  the  fide  CF  in  the  triangle  CFK 
is  equal  to  the  tide  CD  in  the  triangle  CDK. 

CE  is  likewife  equal  to  CD.  For  DE  is  the  cathetus,  and  confequently 
the  angles  CHD  and  CHEtare  equal,  becaufe  they  are  both  right  ones ;  D 
is  the  place  of  one  image  before  the  mirrour,  and  E  is  the  place  of  the 
image  of  this  image  behind  the  mirrour,  and  confequently  DH  is  equal 
to  EH  j  and  laftly,  in  the  two  triangles  CDH,  CEH,  the  tide  CH  is 
common.  Therefore  all  the  fides  of  one  triangle  are  refpedtively  equal 
to  all  the  fides  of  the  other,  fo  that  CE  is  equal  to  CD. 

Since  then  CD  is  equal  both  to  CF  and  likewife  to  CE,  it  follows,  that 
CF  and  CE  are  equal  to  one  another.  And  in  the  fame  manner  we 
might  prove  that  any  line  drawn  from  C  to  G  or  to  L  or  to  M  or  to 
any  other  image,  that  appears  in  the  mirrours  will  be  equal  to  CF. 
Therefore  if  one  foot  of  the  compares  is  placed  at  C,  and  a  circle  is 
ftruck  with  the  opening  CF,  this  circle  whofe  femidiameter  is  CF  will 
pafs  through  D,  E,  G,  L,  M,  and  every  other  image,  that  appears  in 
the  mirrours.  And  confequently  all  thofe  images  are  placed  fome where 
in  the  circumference  of  a  circle,  whofe  femidiameter  is  the  diftance  of 
the  objedt  F  from  C  the  vertical  point. 

248.  When  two  plane  mirrours  are  inclined  to  one  another ,  the  images  of 
each  Jet  end3  when  each  cathetus  of  incidence  ends  between  the  two 
mirrours  continued . 

In  propofition  246,  we  obferved  that,  if  two  plane  mirrours,  CA,  CB* 
Plat.  XIV.  fig.  7,  are  inclined  to  one  another  and  any  objedt  S  is  plac¬ 
ed  between  them,  there  will  be  two  fets  of  images  feen  in  the  mirrours: 
one  fet  begins  from  the  mirrour  CA,  and  a  1  will  be  the  firft  image  in 
it ;  the  other  begins  from  the  mirrour  CB,  and  bi  will  be  the  firft  image. 
Every  image  in  thefe  two  fets  will  be  in  the  circumference  of  a  circle, 
whofe  femidiameter  is  CS  the  diftance  of  the  objedt  from  the  vertex  C, 
by  propofition  247.  And  the  place  of  each  fucceeding  image  is  deter¬ 
mined  by  drawing  a  cathetus  of  the  image  to  that  mirrour  before  which 
the  preceeding  image  ftands,  by  propofition  235,  and  by  what  was  proved 
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in  proportion  246.  Thus  the  image  ai  Bands  before  the  mirrour  CB, 
and  if  a  cathetus  is  drawn  from  ai  to  the  mirrour  CB  and  is  continued 
to  the  circumference  of  the  circle  at  #2,  this  will  be  the  place  of  the 
next  image.  This  image  772  Bands  before  the  mirrour  CA  :  therefore  if 
a  cathetus  is  drawn  from  a2  to  the  mirrour  CB  and  is  continued  to  the 
circumference  at  723,  this  will  be  the  place  of  the  third  image  in  this  fet. 
This  image  723  Bands  before  the  mirrour  CB,  and  confequently  to  deter¬ 
mine  the  place  of  the  fucceeding  one,  a  cathetus  muft  be  drawn  from  7Z3 
to  the  mirrour  CB  and  muft  be  continued  to  the  circumference  of  the 
circle,  in  which  all  the  images  are  placed.  Now  as  the  angle  #3  CB, 
which  *73  makes  with  the  mirrour  CB,  is  an  obtufe  one  or  is  greater  than 
a  right  one,  no  cathetus  or  perpendicular  can  be  drawn  from  723  to  the 
mirrour  itfelf.  But  fuch  a  cathetus  may  be  drawn  from  <23  to  CL,  which 
is  the  plane  of  this  mirrour  continued  from  C  to  L.  And  the  image  feen 
by  reflection  will  appear  in  the  cathetus,  whether  it  falls  upon  the  mir¬ 
rour  itfelf  or  upon  the  plane  of  the  mirrour  continued,  by  propofitions 
234,  235.  Therefore  if  a  cathetus  is  drawn  from  723  to  CL  and  is  con¬ 
tinued  to  <24,  this  will  be  the  place  of  the  fourth  image.  The  image  *74 
Bands  before  the  mirrour  CA,  and  to  determine  the  place  of  the  fifth 
image  a  cathetus  muft  be  drawn  from  *24  to  CR,  which  is  CA  continued, 
and  when  this  cathetus  is  continued  to  the  circumference  *75,  this  point 
at  the  circumference  will  be  the  place  of  the  fifth  image.  The  image 
<25  Bands  before  the  mirrour  CB,  and  confequently  if  from  725  a  cathetus 
is  drawn  to  CL,  and  continued  to  tz6,  this  will  be  the  place  of  the  fixth 
image.  The  cathetus  775776  ends  between  CR  and  CL,  which  are  the 
two  mirrours  continued :  and  the  propofition  affirms  that  the  fet  of  ima¬ 
ges  which  begins  from  CA,  will  end,  where  the  cathetus  of  incidence 
drawn  alternately  from  one  mirrour  to  the  other  ends  between  the  two 
mirrours  continued :  and  confequently  726  is  the  laft  image  of  this  fet. 
That  this  will  be  the  laft  image  is  evident  from  the  following  confidera- 
tion.  The  reflecting  furface  of  the  mirrour  CB  is  towards  the  object  S, 
and  fo  likewife  is  the  reflecting  furface  of  the  mirrour  CA.  Confequent¬ 
ly  the  image  7z6,  which  is  placed  between  the  mirrours  continued  to  R 
and  L,  will  be  behind  both  of  them,  it  is  behind  BCL,  and  behind  ACR. 
But  no  rays  can  be  reflected  by  either  mirrour,  if  they  diverge  from  an 
image  that  is  behind  them.  And  unlefs  there  is  fuch  a  reflection  no  new 
image  will  be  produced.  Therefore  tz6  the  image,  which  is  placed  be¬ 
tween  the  two  mirrours  continued,  will  be  the  laft  of  this  fet. 

In  like  manner  we  might  trace  out  the  images  of  the  other  fet,  which 
begin  from  CB.  The  firft  of  them  is  bi,  and  the  laft  ^6,  where  the  ca¬ 
thetus 
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thetus  ends  between  CR  and  CL  the  two  mirrours  continued.  For  the 
reafon  juft  afligned  is  univerfal.  Whenever  the  cathetus  ends  between 
the  two  mirrours  continued,  the  image  is  behind  both  of  them,  and  con- 
fequently,  as  no  farther  reflection  can  be  made  from  either  of  them,  this 
image  will  be  the  laft. 

249.  When  two  plane  mirrours  are  inclined  to  one  another ,  the  angular 
dijlance  between  the  two  JirJl  images  of  each  Jet  is  equal  to  double  the 
angle  of  inclination . 

The  angle  of  inclination  is  BCA,  Plat.  XIY.  fig.  7,  or  is  the  the  angle 
contained  between  the  two  plane  mirrours  AC  and  BC.  The  firft  image 
of  one  fet  is  ai  ;  and  the  firft  of  the  other  fet  is  bi.  The  angular  diftance 
between  thefe  firft  images  is  the  angle  biCai.  This  angular  diftance  is 
double  the  angle  of  inclination;  or  biCai  is  equal  to  twice  BCA. 

The  angle  of  inclination.  BCA  is  equal  to  the  angular  diftance  of  the 
objeCt  S  from  one  mirrour  BC  added  to  its  angular  diftance  from  the 
other  mirrour  AC,  or  BCA=BCS-f-ACS :  this  is  felf-evident.  Now 
BCS  is  equal  to  BC^i,  and  ACS  is  equal  to  AGzi,  by  propofition 
235.  Therefore  BC£i-f-AQn=BCS-f-ACS=BCA.  Confequently 
BG£i-f-ACtf  i-f-BCA=2BCA.  But  the  angular  diftance  between  b  1  and 
a  1,  or  between  the  two  firft  images  of  each  fet  is  BC3i-4-ACtf  i-P-BCA. 
Therefore  this  angular  diftance  is  equal  to  2  BCA  or  to  double  the  angle 
of  inclination. 

250.  When  two  plane  mirrours  are  inclined  to  one  another ,  the  angular  di- 
fance  between  any  two  images  of  each  fet ,  that  are  produced  by  the 
J'ame  number  of  reflections ,  is  greater  than  the  angular  difa?ice  be¬ 
tween  the  two  preceeding  ones  by  double  the  angle  of  inclination . 

The  image  a  1,  Plat.  XIV.  fig.  7,  is  the  firft  of  one  fet,  and  the  image 
bi  is  the  firft  of  the  other:  the  angular  diftance  between  them  is  biCai . 
The  image  az  belongs  to  one  fet,  and  the  image  bz  belongs  to  the  other : 
each  of  thefe  images  is  produced  by  the  fame  number  of  reflections,  for 
each  of  them  is  produced  by  two  reflections :  the  angular  diftance  be¬ 
tween  them  is  bzCaz .  We  are  therefore  to  prove  that  bzCaz  the  angu¬ 
lar  diftance  between  az  and  bz  is  greater  than  biCai  the  angular  diftance 
between  the  two  preceeding  images  ai  and  b  1,  by  twice  the  angle  of 
inclination  BCA.  The  difference  between  aiCbi  and  azQbz  is 
aiQbz-{-biCaZy  this  difference  is  equal  to  2BCA  ;  for  it  is  equal  to 
biCai>  and  biCai  has  been  proved  to  be  equal  to  2BCA,  in  propo¬ 
fition  249.  That  aiCbz-\~b\Caz~b\Cai  may  be  thus  fhewn.  Firft 
,  I i i  a\Cbz 
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aiCbirzzbiCS :  for  ^2CA==£iCA,  by  propofition  235;  confequent- 
ly,  if  from  thefe  equal  angles  equal  angles  are  taken,  the  remainders 
will  be  equal.  But  AC<7i=ACS,  by  proportion  235.  Therefore 
bzCA— -AC*i=£iCA— ACS.  But  bz CA — ACai^aiCbz  and 
^iCA — ACS=£iCS.  Therefore  aiCbz=biCS,  Secondly  biQai = 
*ziCS:  for  azCB=ajCB;  and  BC^i=BCS,  by  propofition  235;  con- 
fequently  2CB — BC/£  1  =x -a  1 CB — BCS.  But  #2CB — BC b  1  =£1  Ca 2,  and 
xziCB — BCS=rfiCS.  Therefore  biCaz=aiCS.  Now  by  the  firft  ftep, 
aiCbz—biCS,  and  by  the  fecond  ftep,  biCaz=a\CS.  Therefore  third¬ 
ly  £ iC^2-MiCtf2=^iCS-t-tf  iCS=^iQzi=2BCA.  In  the  fame  man¬ 
ner  we  might  fhew  that^3C^2-4-^3CA2=^iC^2-f-^iCtf2=2BCA,  or 
that  the  difference  between  the  diftances  of  the  third  images  in  each  fet 
and  the  diftances  of  the  fecond  images  in  each  fet  is  equal  to  twice  the 
angle  of  inclination.  And  the  fame  may  be  fhewn  in  the  fame  manner 
of  all  the  images  in  the  whole  circumference. 


25 1 .  When  two  plane  mirrours  are  inclined  to  each  other ,  as  many  images 
may  be  feen  in  both  of  them  together  as  there  are  angles  contained  in 
a  whole  circle  equal  to  the  angle  of  inclination . 

If  the  angle  of  inclination  BCA,  Plat.  XIV.  fig.  7,  is  30  degrees,  there 
are  12  angles  of  30  degrees  contained  in  a  whole  circle,  and  confequent- 
ly  in  both  the  mirrours  BC  and  CA  12  images  may  be  feen.  The  di- 
ftance  between  the  images  of  each  fet  encreafes  by  double  the  angle  of  in¬ 
clination,  as  appears  from  propofition  250.  Therefore  in  both  fets  taken 
together  there  will  in  the  whole  circumference  of  the  circle  be  two  ima¬ 
ges  for  every  double  angle- of  inclination,  or  one  image  for  every  angle 
of  inclination. 

If  the  angle  of  inclination  was  90  degrees,  by  this  rule  there  would  be 
4  images  j  if  it  was  40  degrees  there  would  be  9  images  \  if  10  degrees 
there  would  be  36  images.  The  rule  is  indeed  liable  to  fome  reftridtions 
according  as  the  angle  or  double  the  angle  of  inclination  is  or  is  not  ex¬ 
actly  commenfurate  to  a  circle,  and  according  as  the  objedt  is  placed  in 
the  middle  between  the  mirrour  or  nearer  to  one  of  them  than  it  is  to 
the  other.  But  it  will  not  be  worth  the  while  to  trouble  the  reader  with 
thefe  reftridtions.  One  of  them  however  we  may  take  notice  of.  If  the 
double  angle  of  inclination  is  exadtly  commenfurate  to  a  circle,  the  di- 
ftance  between  the  two  laft  images  of  each  fet  will  be  the  circumference 
of  a  circle,  and  confequently  thefe  two  images  will  be  in  the  fame  place. 
Thus'if  the  angle  of  inclination  is  30  degrees  the  double  angle  of  inclina¬ 
tion  is  60  degrees:  the  firft  two  images  a  1  and  b  1  are  60  degrees  afun- 
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der;  the  two  next  az  and  bz  are  604-60=120  degrees  afunder;  the 
two  next  #3  and  £3  are  1204-60=180  degrees  afunder ;  the  two  next 
a\  and  b\  are  1804-60=240  degrees  afunder,  the  two  next  #5  and  b$ 
are  2404-60=300  degrees  afunder  5  and  the  two  laft  a6  and  b6  are 
3004-60=360  degrees  afunder.  Therefore  a6  and  b6  are  at  ab6  the 
feme  point  of  the  circle,  and  confequently  coincide,  fo  that  though  there 
are  1 2  images  only  1 1  will  be  feen  in  either  mirrour. 

252.  If  two  plane  mirrour  $  are  parallel  to  one  another  and  an  objeB  is  placed 
between  them,  innumerable  images  of  that  objeB  may  be  feen  in  each 
of  them ;  and  all  the  images  will  ftand  in  a  right  line . 

This  proportion  may  be  deduced  from  proportions  251, 247.  In  two 
plane  mirrours  BC  and  AC,  Plat.  XIV.  fig.  7,  that  are  inclined  to  one 
another,  as  many  images  may  be  feen  as  there  are  angles  of  inclination 
contained  in  a  whole  circle,  and  all  thefe  images  will  Hand  in  the  circum¬ 
ference  of  a  circle,  whofe  femidiameter  is  CS  the  diftance  of  the  object 
S  from  the  vertex  C  of  the  angle  of  inclination  BCA.  Now  if  the  two 
mirrours  were  to  continue  at  the  feme  diftance  from  one  another  at  B 
and  A,  but  were  to  be  opened  a  little  at  C  fo  as  to  make  a  fmaller  angle, 
or  to  be  lefs  inclined,  or  to  be  nearer  parallel  to  one  another ;  by  this 
means  the  number  of  images  will  be  encreafed,  by  proportion  2  5 1 ;  be- 
caufe  the  angle  contained  between  the  mirrours  is  diminifhed :  and  at 
the  feme  time  the  circumference  of  the  circle,  in  which  the  images  are 
placed,  will  be  enlarged,  by  proportion  247 ;  becaufe,  when  the  mir¬ 
rours  continue  at  the  feme  diftance  from  one  another  at  A  and  B,  and 
are  opened  wider  at  the  other  end  C,  the  vertex  of  the  angle  contained 
between  them  will  be  more  remote  than  C,  and  confequently  the  object 
will  be  more  remote  from  the  vertex,  or  SC  will  be  encreafed ;  but  SC 
is  the  femidiameter  of  the  circle  in  which  the  images  are  placed,  there¬ 
fore  as  this  femidiameter  is  encreafed  the  circumference  will  be  encreafed. 
By  opening  the  mirrours  ftill  farther  at  the  end  towards  C,  the  number 
of  images  will  keep  encrealing,  and  fo  will  the  circumference  of  the  circle, 
in  which  thefe  images  are  placed.  And  we  muft  farther  obferve  that, 
when  the  mirrours  are  far  afunder  towards  C,  the  images  in  that  part  of 
the  circle,  which  is  beyond  C,  will  not  appear :  becaufe,  unlefs  the  mir¬ 
rours  are  clofe  together  at  that  end,  there  will  be  no  reflecting  furface  to 
make  them  vifible.  From  hence  then  it  follows,  that  the  many  images, 
which  are  feen,  ftand  in  a  part  of  the  circumference  of  a  circle,  and  that 
the  arcs,  in  which  they  ftand,  are  parts  of  a  greater  circle  in  proportion 
«s  the  mirrours  are  nearer  parallel  to  one  another.  Now  the  greater  the 

1  i  i  2  cir- 
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circumference  of  any  circle  is,  the  lefs  is  the  curvature  of  any  given  part 
of  it.  Confequently  as  the  mirrours,  by  opening  them  towards  C,  become 
nearer  parallel  to  one  another,  the  curvature  of  the  lines  in  which  the 
images  are  placed,  will  be  lefs.  But  when  the  mirrours  are  parallel,  the 
angle  contained  between  them  is  nothing  j  fo  that  innumerable  fuch  angles 
are  contained  in  a  circle,  therefore  there  will  be  innumerable  images,  by 
propofition  251.  And  fince,  when  the  mirrours  are  parallel,  the  vertex 
C  is  at  an  infinite  diftance.  SC  the  diftance  of  the  objeCt  or  the  femidia- 
meter,  and  confequently  the  circumference  of  the  circle,  in  which  the 
images  are  placed,  will  be  infinite.  But  only  a  part  of  this  circumference 
will  be  feen  in  each  mirrour;  and  any  finite  arc  of  an  infinite  circle  has 
no  curvature  or  is  a  right  line.  Therefore  the  images  in  each  mirrour 
will  ftand  in  a  right  line. 

253.  In  one  Jingle  plane  mirrour ,  that  is  made  of  thick  glafs  with  quick- 
fiver  behind  it ,  many  images  of  any  bright  objebl  may  be  feen . 

Suppofe  the  object  to  be  a  candle.  Some  of  the  rays,  which  fall  upon 
the  glafs,  will  be  reflected  from  the  firft  furface  without  entering  it,  by 
propofition  198.  Thefe  rays  produce  the  firft  image,  which  will  not  be 
a  very  bright  one.  But  moft  of  the  rays  will  enter  the  glafs,  and  when 
they  are  reflected  from  the  quickfilver  behind  the  glafs,  they  will  come 
out  of  the  glafs  again  through  the  firft  furface,  and  produce  the  fecond 
image,  which  will  be  the  brighteft  of  them  all.  But  when  the  rays  are 
thus  reflected  from  the  quickfilver,  though  moft  of  them  come  out  of  the 
glafs,  yet  thofe  which  are  in  a  fit  of  eafy  reflection  will  not  come  out 
there,  but  will  be  returned  back  to  the  quickfilver :  and  when  they  are 
reflected  from  thence  a  fecond  time,  they  will  produce  a  third  image. 
Neither  will  all  the  rays,  that  are  thus  reflected  a  fecond  time  from  the 
quickfilver,  come  out  at  the  firft  furface  of  the  glafs,  and  produce,  this 
third  image  5  for  fuch  of  them,  as  are  in  a  fit  of  eafy  reflection,  when 
they  come  to  the  firft  furface,  will  be  returned  again  to  the  quickfilver 
and  being  reflected  from  thence  a  third  time  will  produce  a  fourth  image. 
As  often  as  this  happens  the  image  will  be  repeated,  fo  that,  if  the  eye 
and  the  candle  are  oblique  to  the  glafs  nine  or  ten  images  may  be  feen. 
But  as  there  are  fewer  rays  left  to  produce  every  image  after  the  fecond, 
all  after  this  grow  fainter,  till  the  laft  of  them  are  fo  faint  as  to  be  fierce¬ 
ly  vifible. 


CHAP. 
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CHAP.  XVIII. 

Of  reflected  vifion  in  concave  and  convex  mirrours. 

254.  In  fpherical  mirrours ,  whether  concave  or  convex,  when  the  place  of 
the  laft  image  is  determinate ,  the  objeB  and  the  loft  image  are  in  the 
fame  fituation  if  they  are  both  on  the  fame  fide  of  the  center ,  but  in 
contrary  ftuations ,  if  they  are  on  oppofte  fdes. 

LET  abc ,  Plat.  XIV.  fig.  2,  be  an  object  placed  nearer  to  the  concave 
mirrour  gil  than  its  principal  focus  j  and  let  k  be  the  center  of  the 
concavity.  Becaufe  the  radiants  a ,  b ,  r,  &c.  in  the  object  are  nearer,  by  the 
fuppofition,  than  the  mirrours  principal  focus,  therefleded  rays  will  di¬ 
verge,  by  propofition  220,  and  the  diflances  of  the  correfponding  ima¬ 
ginary  radiants  d ,  e ,  f  &c.  may  be  determined,  by  propofition  221.  Now 
as  k  is  the  center  of  the  concavity,  the  real  radiants  in  the  objed  abc  are 
on  the  fame  fide  of  the  center  k  with  the  imaginary  radiants  in  the  lad 
image  d,  e ,  f  In  this  cafe  the  objed  and  image  will  be  in  the  fame  po- 
fition.  For  the  imaginary  radiant,  which  correfponds  to  the  real  one  ar 
is  in  the  cathetus  of  incidence  drawn  from  a  to  the  place  of  the  image  y 
and  fo  likewife  the  imaginary  radiant,  which  correfponds  to  c  is  in  the 
cathetus  drawn  from  c  to  the  place  of  the  image,  by  propofition  234. 
But  the  cathetus  of  incidence,  becaufe  it  is  perpendicular  to  the  mirrours 
furface,  always  pafifes  through  the  center  fo  that  kad  is  the  cathetus  of 
one  extreme  radiant,  and  kef  is  the  cathetus  of  the  other  extreme  radi¬ 
ant.  Since  therefore  thefe  cathetufes  are  all  drawn  from  the  center,  they 
crofs  each  other  no  where  but  at  the  center ;  and  confequently  if  the  ob¬ 
jed  abc  and  the  image  def  are  on  the  fame  fide  of  the  center,  that  is,  if  the 
center  k  is  not  between  them,  the  extreme  cathetus  ^Jcannot  crofs  the  other 
extreme  cathetus  cf  in  any  place  between  the  objed  and  the  image.  Upon 
this  account  the  two  extreme  cathetufes,  as  they  have  not  croffed,  will 
be  in  the  fame  pofition  in  relped  of  each  other  both  at  the  objed  and  at 
the  image ;  that,  which  was  the  highed  at  the  objed,  will  be  the  highed 
at  the  image,  and  that,  which  was  the  lowed  at  one,  will  be  the  lowed 
at  the  other.  But  every  point  of  the  objed  appears  in  its  cathetus  of  in¬ 
cidence  at  the  image,  by  propofition  234.  Therefore  the  highed  point 
in  the  objed  will  appear  the  highed  in  the  image,  and  the  lowed  point 
in  the  objed  will  appear  the  lowed  in  the  image,  that  is,  the  objed  and 
image  will  be  in  the  fame  fituation. 

In  like  manner  if  the  objed  abc ,  fig.  4,  is  placed  before  a  convex  mir¬ 
rour  gil \  the  rays,  which  diverge  at  their  incidence,  will  diverge  after 

re- 
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refledtion,  by  proportion  228,  and  the  place  of  the  imaginary  radiants 
def  which  compofe  the  laft  image  is  determined  by  proportion  229. 
And  here  each  point  of  the  objedt  appears  at  its  cathetus  of  incidence  in 
the  image,  by  propofition  234.  Therefore  if  the  objedt  abc  and  the 
image  def  are  both  on  the  fame  fide  of  k  the  center,  the  extreme  cathe- 
tufes  ak  and  ck ,  which  meet  at  the  center  but  crofs  each  other  no  where 
elfe,  will  not  crofs  between  the  place  of  the  object  and  the  place  of  the 
image;  and  confequently  that  cathetus,  which  is  the  higheft  or  the  low¬ 
efi:  at  the  objedt,  will  be  the  highefi:  or  the  lowefi:  at  the  image.  There¬ 
fore  if  a  is  the  highefi:  point  of  the  objedt,  it  will  appear  at  d  the  highefi: 
in  the  image  j  and  c ,  if  it  is  the  lowefi:  point  at  the  objedt,  will  appear  at 
f  the  lowefi:  in  the  image,  fo  that  the  image  will  be  in  the  fame  fituation 
with  the  objedt. 

But  if  the  objedt  abc ,  fig.  3 ,  is  farther  from  the  concave  mirrour  gil 
than  its  principal  focus,  the  refledted  rays  will  converge,  by  propofition 
213,  and  the  place  of  the  focufes,  to  which  they  converge,  is  determi¬ 
ned,  by  propofition  214.  Let  fed  be  the  place  of  the  feveral  focufes,  to 
which  the  rays,  that  come  from  the  radiants  b,  c,  See.  converge  after  re¬ 
fledtion,  then  if  a  white  paper  is  held  at  that  place  a  diftindt  pidture  of  the 
object  will  be  painted  upon  the  paper,  by  propofition  84.  For  the  effect 
in  this  refpect  is  planely  the  fame  whether  the  rays  are  collected  into  their 
refpective  focufes  by  refraction  or  by  reflection.  But  if  the  eye  is  more 
remote  from  the  mirrour  than  the  place  of  the  diftindt  pidture,  and  the 
paper  is  taken  away  then  the  rays,  that  are  colledted  into  the  feveral  fo¬ 
cufes  def  as  they  pafs  on  from  thence,  will  diverge  from  thefe  focufes 
as  from  fo  many  radiants,  and  the  diftindt  pidture  will  become  the  laft 
image,  as  in  propofition  138.  Now  the  radiants  at  b ,  c ,  which  com¬ 
pofe  the  objedt,  and  the  focufes  dt  e,  f  which  compofe  the  diftindt  pic¬ 
ture,  are  always  on  contrary  tides  of  the  center  k ,  by  propofition  219. 
Upon  which  account  the  pidture  or  laft  image  will  be  inverted  in  refpedl 
of  the  objedt.  For  here  likewife  each  point  of  the  objedt,  as  a  or  c ,  will 
appear  in  its  cathetus  of  incidence,  by  propofition  234.  The  extreme 
cathetufes  gad  and  lef  crofs  each  other  at  k ,  which  is  the  center  of  the 
concavity  and,  by  the  fuppofition,  is  between  the  objedt  and  the  image. 
But,  when  the  cathetufes  have  crofled  each  other  between  the  objedt  and 
the  image,  that,  which  is  the  highefi:  at  one,  will  be  the  lowefi:  at  the 
other :  and  confequently,  if  a  is  the  highefi:  point  of  the  objedt,  it  will 
appear  at  d  the  lowefi:  in  the  image,  and  for  the  fame  reafon  if  c  is  the 
lowefi:  point  of  the  objedt,  it  will  appear  at  f  the  highefi:  in  the  image, 
fo  that  the  image  in  refpedt  of  the  objedt  will  be  inverted. 


If 
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If  def  was  the  object,  then  abc  would  be  the  image,  that  is,  if  the 
real  radiants  were  at  d>  e ,  ft  the  focufes  would  be  at  a ,  b ,  c,  by  propo¬ 
sition  219.  Therefore  in  this  cafe  likewife  the  object  and  image  would 
be  on  contrary  fides  of  the  center,  and  the  image  abc  would  be  inverted 
in  relpedt  of  the  objedt  def. 

255.  In  fpherical  mirrours^  whether  convex  or  concave ,  the  diameter  of  the 
objeB  is  to  the  diameter  of  the  loft  image  as  the  diftance  of  the  objeB 
from  the  center  to  the  dftance  of  the  image  from  the  center . 

The  length  of  the  objedt  ac ,  Plat.  XIV.  fig.  2,  3,  4,  bears  the  fame 
proportion  to  the  length  of  the  image  df  that  ak  the  diftance  of  the  ob- 
jedt  from  the  center  of  the  fpherical  furface,  bears  to  dk  the  diftance  of 
the  image  from  the  fame  center.  If  the  eye  is  any  where  in  the  line  ib  or 
in  that  line  continued,  the  length  of  the  objedt  and  the  length  of  the  image 
confidered  as  vifible  extenfions  are  parallel  to  one  another :  for  in  this  po- 
(ition  of  the  eye  bi  is  the  optic  axis.  Therefore  the  vifible  length  of  both 
is  proportional  to  a  fubtenfe  of  the  optic  angle  perpendicular  to  bi,  by 
propoiition  129.  But  if  their  lengths  confidered  as  vifible  extenfions  are 
perpendicular  to  the  fame  right  line,  they  muft  be  parallel  to  one  ano¬ 
ther.  The  fame  thing  would  be  equally  true,  if  the  eye  was  in  the 
line  Ic  or  ga  or  any  other  line  perpendicular  to  the  mirrours  furface.  We 
may  therefore  fay  univerfally,  that  the  vifible  length  of  the  object  is 
parallel  to  the  vifible  length  of  the  image.  The  angle  akc  is  equal 
to  the  angle  dkf  They  muft  be  equal  in  fig.  2,  and  4,  becaufe  they  are 
one  and  the  fame  angle ;  and  in  fig.  3  they  are  equal,  becaufe  they  are 
vertical.  Euc.  b.  I.  prop.  1 5.  The  angle  kac  is  likewife  equal  to  the  angle 
kdf  For,  in  fig.  2,  4,  one  is  the  external  angle  and  the  other  is  the  inter¬ 
nal  oppofite  one  on  the  fame  fide  made  by  the  right  line  kd  eroding  the 
two  parallel  lines  ac  and  df  and  in  fig.  3,  they  are  the  alternate  angles. 
Euc.  b.  I.  prop.  29.  For  the  fame  real'on  the  angle  kca  is  equal  to  the 
angle  kfd.  Since  therefore  the  three  angles  of  the  triangle  ack  are  refpec- 
tively  equal  to  thofe  of  the  triangle  dkf ;  the  fides  of  thefe  triangles  are 
proportional,  Euc.  b.VL  prop.  4.  ac  the  vifible  length  of  the  objedt  is  to 
df  the  vifible  length  of  the  image,  as  ak  the  diftance  of  the  objedt  from 
the  center  to  dk  the  diftance  of  the  image  from  the  center. 

256.  In  fpherical  mirrours ,  whether  concave  or  convex^  the  diameter  of  the 
objeB  is  to  the  dia?neter  of  the  image ,  as  the  diftance  of  the  objeB  from 
the  furface  of  the  mirrour  to  the  diftance  of  the  image  from  the  fame 
furface . 
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When  the  rays,  that  are  reflected  from  a  concave  or  convex  mirrour, 
■diverge,  as  in  fig.  2,  4,  Plat.  XIV,  the  diftance  of  the  real  radiant  from 
the  furface  of  the  mirrour  is  to  its  diftance  from  the  center,  as  the  di¬ 
ftance  of  the  imaginary  radiant  from  the  furface  to  its  diftance  from  the 
center,  by  proportions  221,  228.  And  when  the  rays  that  are  reflec¬ 
ted  from  a  concave  mirrour,  converge,  as  in  fig.  3,  the  diftance  of  the 
radiant  from  the  furface  is  to  its  diftance  from  the  center,  as  the  diftance 
of  the  focus  from  the  furface  to  its  diftance  from  the  center,  by  propo- 
fition  214.  Now  the  objed  abc  confifts  of  real  radiants,  and  the  laft 
image  def  either  of  imaginary  radiants  or  of  focufes,  as  was  obferved  un¬ 
der  propofition  254.  Therefore  bi  the  diftance  of  the  objed  from  the 
furface  is  to  bk  the  diftance  of  the  objed  from  the  center,  as  ei  the  di¬ 
ftance  of  the  image  from  the  furface  is  to  ek  the  diftance  of  the  image 
from  the  center.  And  confequently  the  diftance  of  the  objed  from  the 
furface  is  to  the  diftance  of  the  image  from  the  furface,  as  the  diftance 
of  the  objed  from  the  center  is  to  the  diftance  of  the  image  from  the 
center;  that  is,  fince  as  bi  to  bk,  fo  ei  to  ek,  it  will  likewife  be  as  an¬ 
tecedent  to  antecedent  fo  confequent  to  confequent,  or  as  bi  to  ei  fo  bk  to 
ek.  Euc.  b.V.  prop.  16.  But  the  diameter  of  the  objed  is  to  the  diameter 
of  the  image,  as  the  diftance  of  the  objed  from  the  center  to  the  di¬ 
ftance  of  the  image  from  the  center,  or  ac  is  to  df  as  bk  to  ek ,  by  pro¬ 
pofition  254.  Therefore  the  diameter  of  the  objed  is  likewife  to  the  di¬ 
ameter  of  the  image  as  the  diftance  of  the  objed  from  the  furface  to  the 
diftance  of  the  image  from  the  furface,  or  ac  is  to  df,  as  bi  to  ei.  We 
may  bring  the  parts  of  this  demonftration  nearer  together  in  this  manner. 
bi  is  to  bk,  as  ei  to  ek,  by  propofitions  221,  228,  2 14.  Therefore  bi  is  to 
ei,  as  bk  to  ek,  Euc.  b.V.  prop.  16.  But  ac  is  to  df  as  bk  to  ek,  by  propo¬ 
fition  254.  Therefore  ac  is  likewife  to  df  as  bi  to  ei. 

,  * 

257.  If  the  eye  is  clofe  either  to  a  concave  or  convex -mirrour,  the  apparent 
diameter  of  the  objeft  is  equal  to  the  apparent  diameter  of  the  laji 
image . 

The  apparent  diameters  of  vifible  objeds  are  equal,  when  their  real  di¬ 
ameters  are  as  their  diftances  from  the  eye,  by  propofition  128.  But  the 
real  diameters  of  the  objed  and  image  are  as  their  refpedive  diftances 
from  the  furface  of  the  mirrour,  by  propofition  256.  Therefore  if,  the 
eye  is  contiguous  to  the  mirrours  furface,  their  real  diameters  will  be  to 
one  another  as  their  refpedive  diftances  from  the  eye,  and  confequently 
their  apparent  diameters  will  be  equal.  Thus  if  the  eye  is  at  i,  Plat.  XIV. 
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fig.  2,  3,  4,  the  apparent  length  of  the  object  ac  will  be  equal  to  the  ap¬ 
parent  length  of  the  image  df\  or  both  of  them  will  fubtend  the  equal 
angles  aic  and  dif 

258.  If  the  eye  is  placed  in  the  center  of  a  concave  mirrour ,  it  can  fee  no - 
thing  in  the  mirrour  but  its  own  image . 

The  apparent  length  of  the  object  and  image  feen  from  the  center  of 
a  fpherical  mirrour,  whether  concave  or  convex,  ought  to  be  equal,  by 
propofition  128:  becaufe  their  real  diameters  are  as  their  refpedtive  di- 
itances  from  the  center,  by  propofition  254,  and  confequently  as  their 
refpeCtive  diflances  from  the  eye,  if  the  eye  could  be  placed  in  that  cen¬ 
ter,  or  could  fee  the  image  of  the  object  in  the  mirrour,  when  it  is  pla¬ 
ced  there.  But  k  the  center  of  any  convex  mirrour  gily  Plat.  XIV.  fig.  4. 
is  behind  it,  and  confequently  if  the  eye  was  placed  there,  it  could  fee 
nothing  at  all  by  reflection  from  the  mirrour:  and  though  k,  fig.  2.  3, 
the  center  of  the  concave  mirrour  gil  is  before  it,  yet  the  eye,  when  placed 
in  that  center,  will  fee  nothing  in  the  mirrour  but  its  own  image.  For  in 
this  fituation  of  the  eye,  all  the  rays,  which  diverge  from  it,  will  con¬ 
verge  to  it  after  reflection,  by  propofition  218,  and  no  other  rays  from 
any  part  of  the  mirrour  can  enter  it  but  thofe  which  come  from  itfelf : 
upon  which  account  it  will  fee  its  own  image  fpread  over  the  whole  fur- 
face  of  the  mirrour. 

Or  otherwife.  When  the  eye  is  in  the  center  of  the  concavity,  the  di- 
ftinCt  picture  or  laft  image  of  the  eye  will  be  there  too,  by  propofition 
218.  Confequently  the  eye  being  at  the  place  of  its  own  diflinCt  picture 
will  fee  itfelf  infinitely  magnifyed,  and  fpread  over  the  whole  furface  of 
the  mirrour.  That  any  objeCt,  and  confequently  that  the  eye  when  it  is  its 
own  objeCt,  will  appear  infinitely  magnifyed  to  an  eye  placed  at  thediftinCt 
picture  has  already  been  proved,  in  propofition  153,  where  this  picture  is 
produced  by  refraCtion.  But  the  fame  reafoning  is  equally  applicable, 
whether  the  picture  is  produced  by  refraCtion  or  by  reflection. 

259.  If  an  objeSl  is  nearer  to  a  concave  mirrour  than  its  principal  focus , 
but  does  not  touch  the  ?nirrour  5  then  the  image  appears  behind  the 
mirrour ,  is  farther  dijlant  from  the  mirrour  and  greater  than  the 
obje£ly  and  is  erett  and  dijlinll . 

If  any  objeCt  abcy  Plat.  XIV.  fig.  2,  is  nearer  to  the  concave  mirrour 
gil  than  the  mirrours  principal  focus  5  the  rays,  which  diverge  from  each 
point  in  the  objeCt  before  the  mirrour,  will  diverge  after  reflection  from 
as  many  points  behind  it,  but  lefs  than  they  did  at  their  incidence,  by 
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proportion  220.  The  imaginary  radiants  d3  e,  f  or  the  image,  will  be 
farther  from  the  mirrour  than  the  real  radiants  ai  b3c\  by  proportion  29  j 
becaufe  the  refledted  rays  diverge  lefs  than  the  incident  ones.  And  the 
place  of  the  laft  image  def  is  determined,  by  propofition  221.  But  if 
the  image  is  farther  from  the  mirrour  than  the  object  is,  the  image  will 
be  bigger  than  the  object,  by  propofition  256.  Since  the  objedt,  by  the 
fuppofition,  is  nearer  than  the  principal  focus,  it  muft  be  nearer  like- 
wife  than  the  center ;  confequently  the  objedt  abc  and  the  image  def  are 
both  on  the  fame  fide  of  the  center  k-3  and  upon  this  account  the  image 
will  be  eredt  or  in  the  fame  pofition  with  the  objedt,  by  propofition  254. 
Laftly  the  image  def  will  be  feen  diftindtly,  becaufe  the  rays  from  it  di¬ 
verge  but  not  very  much,  juft  as  thofe  do  that  come  from  objedts,  which 
are  at  a  moderate  diftance  and  which  the  naked  eye  can  fee  diftindtly. 

260.  If  an  object  touches  a  concave  mirrour  the  image  mil  touch  it  likewife 
and  will  be  equal  to  the  object. 

When  the  real  radiants,  or  objedt  abc3  Plat.  XIV.  fig.  2,  come  clofc  to 
the  furface  of  a  concave  mirrour,  the  imaginary  radiants,  or  laft  image 
def  will  likewife  be  clofe  to  it,  by  propofition  225.  And  when  they  are 
both  of  them  clofe  to  the  furface  of  the  mirrour*  their  diameters  will  be 
equal,  by  propofition  256. 

261.  If  an  object  is  placed  in  the  principal focus  of  a  concave  mirrour ,  the 
image  is  at  an  infinite  difiance  behind  the  mirrour ,  is  bigger  than  the 
objedt 3  and  is  eredt  and  difiindt. 

When  the  objedt  abc\  Plat.  XIV.  fig.  2,  which  confifts  of  real  radi¬ 
ants,  is  in  the  principal  focus  of  the  concave  mirrour  gil,  the  laft  image 
def  which  confifts  of  imaginary  radiants,  is  at  an  infinite  diftance,  by 
propofition  2 1 1 .  The  image  will  be  larger  than  the  objedt  upon  account 
of  its  remotenefs,  by  propofition  256.  It  will  be  feen  eredt,  becaufe  it 
is  on  the  lame  fide  of  the  center  with  the  objedt,  by  propofition  254. 
And  fince  the  refledted  rays  of  each  beam  are  parallel  to  one  another,  by 
propofition  211,  it  will  be  feen  as  diftindtly  as  the  naked  eye  lees  any  re¬ 
mote  objedts. 

262.  If  an  objedt  is  farther  from  a  concave  mirrour  than  its  principal 
focus ,  and  the  eye  is  nearer  than  the  place  of  the  difiindt  pidlure ;  the 
image  will  be  confufed3  will  be  behind  the  mirrour ,  will  appear  eredt 
and  will  be  larger  than  the  objedt . 

Let  abcy  Plat.  XIV.  fig.  3,  be  an  objedt,  more  remote  from  the  con¬ 
cave  mirrour  gil  than  the  mirrours  principal  focus  3  then  the  rays  of 

each 
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each  beam,  that  diverge  from  the  feveral  radiants  a,  b,  c,  &c.  in  the 
objed,  will  be  collected  into  as  many  focufes  d,  e.  f  &c.  by  proportion 
213,  and  if  a  paper  is  placed  at  def,  the  inverted  image  of  the  object 
will  be  painted  there,  in  the  lame  manner  as  thefe  focufes,  if  the  rays 
were  brought  together  by  refradion,  would  produce  fuch  a  pidure,  by 
proportions  84,  85.  Now  if  the  eye  is  any  where  between  c  and  /,  that 
is,  if  it  is  nearer  to  the  mirrour  than  the  diflind  pidure  the  rays  of  every 
beam  are  converging,  when  they  come  from  the  mirrour  to  the  eye,  and 
confequently  the  image,  which  appears  by  rehedion  in  the  mirrour,  will 
be  confufed.  For  fince  no  rays  of  the  fame  beam  converge  naturally, 
but  either  are  parallel  or  elfe  diverge,  nature  has  not  given  us  a  power 
of  changing  the  figure  of  the  eye  fo  as  to  fee  diflindly  by  fuch  rays;  Now 
in  this  pofition  of  the  objed  abcy  the  rays  ag  and  ai,  diverge  from  the 
fame  point  a  when  they  fall  upon  the  mirrour,  and  ag,  becaufe  it  is 
perpendicular  to  the  furface  will  be  refleded  in  the  line  ga,  and  ai  will 
be  refleded  in  the  line  id,  fo  that  both  of  them  will  converge  to  d.  But 
if  the  eye  is  nearer  to  the  mirrour  than  d,  the  refleded  ray  id  will  not 
crofs  its  cathetus  of  incidence  gd  in  any  place  before  the  eye ;  for  if  thefe 
rays  dg  and  di  are  continued  ever  fo  far  before  the  eye,  inflead  of  eroding 
one  another  they  would  be  farther  afunder :  confequently,  by  propofi- 
tion  234,  the  apparent  place  of  this  or  any  other  point  of  the  image  feen 
in  the  mirrour  will  be  indeterminate :  and  upon  this  account  we  can 
apply  neither  propofition  254  to  find  out  whether  the  image  will  be 
ered  or  inverted,  nor  propofition  256  to  find  out  whether  it  will  be  fmal- 
ler  or  larger  than  the  objed.  However  we  may  fhew  that  it  will  appear 
behind  the  mirrour  at  an  indefinite  diflance.  For  if  the  diflance  of  the 
image  was  finite,  the  rays  that  come  from  it  would  diverge  5  but  the  rays 
that  come  from  it  converge;  therefore  the  apparent  diflance  of  it  is  in¬ 
definitely  great,  and  confequently  it  will  feem  more  remote  than  the  mir¬ 
rour  or  will  appear  to  be  behind  the  mirrour.  We  may  likewife  fhew 
that  the  image  feen  in  the  mirrour  will  be  ered.  For  fed  is  the  inverted 
pidure  of  the  objed,  and,  if  it  was  received  upon  a  paper,  would  be 
diflind;  but  if  the  eye  is  nearer  than  the  place  of  this  pidure,  then,  in¬ 
flead  of  being  painted  upon  the  paper,  it  will  be  painted  upon  the  retina, 
and  though  it  would  be  diflind  upon  the  paper  it  will  be  confufed  upon 
the  retina,  by  propofition  1 13,  becaufe  the  vifion  in  this  cafe  is  confu¬ 
fed,  as  has  been  already  proved.  But  though  the  pidure  is  confufed  up¬ 
on  the  retina,  it  will  flill  be  inverted.  Therefore,  by  propofition  1 1  5, 
the  vifion  will  be  ered ;  or  the  image  in  the  mirrour,  which  is  feen  by 
means  of  this  pidure  upon  the  retina,  will  appear  in  the  fame  pofition 
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with  the  objedt  Laftly  we  may  (hew  that  the  image  will  be  larger  than 
the  objedt  For  the  objedt  abc  confifts  of  radiant  points :  but  the  rays  of 
each  beam,  as  gd ,  id,  or  If  if,  converge  after  reflection  j  and  confequently 
the  rays  of  any  reflected  beam  will  appear  to  come  from  a  circular  fpot 
inftead  of  a  point.  And  fince  fuch  circular  fpots  are  bigger  than  points, 
the  objedt  of  reflected  vifion,  or  the  image,  which  confifts  of  fuch  fpots, 
will  be  bigger  than  the  object  itfelf,  which  is  only  made  up  of  as  many 
radiant  points. 

263.  When  an  objeft  is  placed  in  the  principal  focus  of  a  concave  mirrour, 
the  apparent  magnitude  of  the  image  feen  in  the  mirrour  is  not  alte¬ 
red  by  the  departure  of  the  eye .  When  the  objedl  is  nearer  than  the 
principal  focus,  the  apparent  magnitude  of  the  image  decreafes  as  the 
eye  departs .  When  the  objett  is  more  remote  than  the  principal  focus, 
then  as  the  eye  departs  the  apparent  magnitude  of  the  image  encrea- 
fes ;  provided  it  does  not  depart  beyond  the  place  of  the  dTjlintt  pic¬ 
ture . 

Here  we  muft  recollect  what  has  been  proved  in  propofitions  152, 
153,  in  the  cafe  of  refracted  viflon :  for  it  is  equally  trde  in  reflected  vi¬ 
fion.  If  the  eye  departs  from  the  laft  image,  its  apparent  magnitude  will 
decreafe.  If  the  eye  approaches  to  the  diftinct  picture,  the  apparent  mag¬ 
nitude  of  the  laft  image  will  encreafe.  Firft  then,  if  the  object  is  in  the 
principal  focus  of  the  mirrour,  the  reflected  rays  of  each  beam  are  paral¬ 
lel  to  one  another,  by  propofttion  2 1 1 .  Therefore  the  diftance  of  the 
imaginary  radiants,  or  laft  image,  behind  the  mirrour,  and  of  the  fo- 
cufes,  or  diftinct  picture,  before  it,  will  be  infinite,  by  propofitions  30, 
3 1 .  For  this  reafon  as  the  eye  departs  from  the  mirrour,  it  neither  gets 
farther  from  the  laft  image,  nor  nearer  to  the  diftinct  picture:  and  con¬ 
fequently  the  apparent  magnitude  of  the  laft  image  will  neither  decreafe 
nor  encreafe.  Secondly,  if  the  object  is  nearer  than  the  principal  focus  of 
the  mirrour,  the  reflected  rays  of  each  beam  diverge  from  an  imaginary 
radiant  at  a  determinate  diftance  behind  the  mirrour,  fo  that  the  place  of 
the  laft  image  which  confifts  of  thefe  radiants  is  determinate,  by  propofi¬ 
tions  220,  221.  But  becaufe  the  reflected  rays  diverge,  there  will  be  no 
focufes,  or  no  diftinct  picture  before  the  mirrour.  Confequently  as  the 
eye  departs  from  the  mirrour,  it  gets  farther  from  the  laft  image  but  no 
nearer  to  the  diftinct  picture :  and  upon  this  account  the  apparent  mag¬ 
nitude  of  the  laft  image  will  decreafe  in  the  eyes  departure,  without  en- 
creafing  at  all.  Thirdly,  if  the  object  is  more  remote  than  the  principal 
focus,  the  reflected  rays  of  each  beam  converge  to  focufes  at  a  determi¬ 
nate 
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nate  diftance,  by  propofitions  213,214.  But  the  laft  image  is  at  an  inde¬ 
finite  diftance,  as  was  obferved  in  propofition  262.  Therefore  as  the  eye 
departs  from  the  mirrour,  its  gets  nearer  to  the  diftinct  picture  but  no  far¬ 
ther  from  the  infinitely  diftant  laft  image :  and  upon  this  account  in  the 
departure  of  the  eye  the  apparent  magnitude  of  the  laft  image  will  keep 
encreafing,  without  decreafing  at  all.  This  will  be  the  cafe,  till  the  eye 
gets  to  the  place  of  the  diftinct  picture,  and  then  the  laft  image  feen  in 
the  mirrour  will  be  infinite,  as  was  obferved  in  a  fimilar  cafe  of  refracted 
vifion,  propofition  153. 

264.  When  the  eye  is  in  the  principal  focus  of  a  concave  mirrour ,  the  ap¬ 
parent  magnitude  of  the  laft  image  is  not  altered  by  the  departure  of 
the  cbjeB  from  the  mirrour .  When  the  eye  is  nearer  than  the  princi¬ 
pal  focus ,  as  the  object  departs ,  the  apparent  magnitude  of  the  laft 
image  ‘will  decreafe.  When  the  eye  is  more  remote  than  the  principal 
focus ,  as  the  objeB  depart s,  the  apparent  magnitude  of  the  laft  image 
\ will  encreafe ,  provided  it  does  not  depart  fo  far  as  to  bring  the  diftinB 
picture  between  the  eye  and  the  mirrour . 

This  is  proved  in  the  fame  manner  with  the  fimilar  cafes  of  refracted 
vifion  through  a  convex  lens,  propofition  156. 

265.  If  an  objeB  is  farther  from  a  concave  mirrour  than  its  principal 
focus ,  and  the  eye  is  farther  from  the  mirrour  than  the  place  of  the 
diftinB  pi  Bure,  the  image  appears  before  the  mirrour,  is  inverted \ 
and  may  be  feen  diftinctly. 

When  the  object  abc ,  Plat.  XIV.  fig.  3,  is  at  any  diftance  bi,  which 
is  greater  than  tne  principal  focal  diftance  of  the  mirrour  gil,  the  rays, 
that  come  from  each  point  in  the  object  abc,  will  converge  to  as  many 
points  deft  by  propofition  213,214;  and  upon  a  white  paper  held  there 
would  paint  the  inverted  pidture  of  the  objedt,  by  propofitions  83,  84. 
Now  if  the  paper  was  taken  away,  the  rays  of  each  beam,  after  they 
had  met  at  the  feveral  focufes,  d,  e,ft  would  go  ftraic  forwards  and  di¬ 
verge  from  thofe  focufes,  by  propofition  1 5.  Therefore  to  the  eye  pla¬ 
ced  any  where  beyond  deft  the  diftindt  pidture  will  be  the  laft  image,  by 
propofition  233.  But  the  diftinct  picture  is  before  the  mirrour,  and  is  in¬ 
verted  :  confequently  the  image,  in  this  pofition  of  the  eye  and  object, 
will  likewife  be  before  the  mirrour  and  will  be  inverted.  The  rays  of 
each  beam,  after  they  have  pafled  their  focus,  diverge  from  their  focus  as 
from  a  radiant :  confequently  if  the  eye  is  not  too  near  the  image,  the 
rays,  that  come  from  it,  will  diverge,  when  they  fall  upon  the  eye,  juft 
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as  rays  do  that  come  from  the  feveral  radiants  in  an  object,  when  we 
view  that  object  at  a  moderate  diftance  with  the  naked  eye :  fo  that  as 
objects  appear  diftinct  to  the  naked  eye  at  a  moderate  diftance,  this  image 
before  a  concave  mirrour  will  likewife  appear  diftinct,  if  the  eye  is  not 
too  near  it. 

266.  When  the  image  appears  before  a  concave  mirrour ;  if  the  object  is 
nearer  to  the  mirrour  than  the  center  of  its  concavity ,  the  image 
will  be  larger  than  the  object ;  if  the  object  is  more  remote  than  the 
center ,  the  image  will  be  fmaller  than  the  object ;  and  if  the  object 
is  in  the  center ,  the  image  will  be  equal  to  the  object . 

What  pofition  of  the  object  and  eye  is  requifite  in  order  to  make  the 
image  appear  before  the  mirrour,  has  already  been  (hewn  in  propofition 
265.  Now  if  the  object  abcy  Plat.  XIV.  fig.  3,  is  between  k  the  center 
of  the  concavity  and  gil  the  furface  of  the  mirrour,  fo  that  the  diftance 
ib  is  more  than  half  ik>  it  will  then  be  nearer  than  the  center  but  more 
remote  than  the  principal  focus,  by  propofition  210.  But  when  the  ob¬ 
ject  abc  confifting  of  real  radiants  is  on  one  fide  of  the  center,  the  diftintt 
picture  or  laft  image  def  confifting  of  focufes  will  be  on  the  contrary  fide 
of  the  center,  by  propofition  219.  Therefore  the  image  will  be  farther 
from  the  mirrour  than  the  object  is,  and  confequently  will  be  bigger 
than  the  object,  by  propofition  256.  If  the  object  was  at  fed  more  re¬ 
mote  from  the  mirrour  than  k  the  center  of  its  concavity,  then  the  di- 
Ilinct  picture  or  image  would  be  at  abc  on  the  contrary  fide  of  the  center, 
by  propofition  219.  Therefore  the  image  in  this  cafe  will  be  lefs  than 
the  object,  becaufe  it  is  nearer  than  the  object  to  the  furface  of  the  mir¬ 
rour,  by  propofition  256.  Laftly  if  the  object  is  in  the  center  of  the 
concavity  at  k ,  the  image  will  be  there  too,  by  propofition  218.  Con¬ 
fequently  the  object  and  image  will  be  equal  to  each  other,  by  propofi¬ 
tion  256,  fince  they  are  both  of  them  at  the  fame  diftance  from  themir- 
rours  furface. 

In  the  motion  of  the  object  it  will  be  eafy  to  fee  both  the  motion  of  the 
image,  and  the  alterations  that  are  made  in  the  magnitude  of  the  image 
whilft  it  moves.  If  a  perfon  {landing  at  fome  diftance  and  looking  at  a 
concave  mirrour  gil  ftretches  out  his  arm  fo  that  his  hand  is  at  c,  he  may 
fee  the  image  of  his  arm  come  out  from  the  mirrour  towards  the  place 
where  he  {lands,  and  the  image  of  his  hand  at  b  will  be  lefs  than  his  hand. 
Whilft  he  moves  his  hand  from  e  towards  the  mirrour,  the  image  of  his 
hand  will  come  forwards  from  b  to  meet  it :  and  this  image,  as  it  comes 
forwards,  will  keep  encreafing  in  magnitude.  When  his  hand  gets  to  ky 
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the  image  of  it  will  meet  it  at  k,  and  will  then  be  equal  to  it.  If  he  moves 
his  hand  ftill  farther  towards  the  mirrour,  the  image  of  it  will  then  be 
nearer  to  him  than  his  hand  itfelf  is  j  for  the  hand  and  image  will  always 
be  on  the  contrary  fides  of  the  center  k ;  fo  that  if  his  hand  was  at  b  the 
image  of  it  would  be  at  e3  and  would  then  be  bigger  than  his  hand. 

267.  When  the  image  appears  before  a  concave  mirrour  ;  if  the  eye  moves 
either  to  the  right  hand  or  to  the  left3  the  image  will  appear  to  move 
the  contrary  way  j  but  if  the  mirrour  moves  either  to  the  right  hand 
or  to  the  left ,  the  image  will  appear  to  move  the  fame  way. 

This  propofition  in  refledted  vifion  from  a  concave  mirrour  is  the  fame 
and  is  proved  in  the  fame  manner  with  propofition  162  in  refradted  vi¬ 
fion  through  a  convex  lens. 

268.  The  inverted  pi  Shires  of  objeSls  may  be  reprefented  in  a  dark  room  by 
means  of  a  concave  mirrour . 

If  def  Plat.  XIV.  fig.  3,  is  an  objedt  abroad  and  the  rays  which  come 
from  the  feveral  points  in  that  objedt  pafs  through  a  hole  in  a  window- 
fhutter  into  a  dark  room,  and  then  fall  upon  a  concave  mirrour  gil  with¬ 
in  the  room,  they  will  be  colledted  into  as  many  points  or  focufes  abc ; 
and  a  paper  placed  at  abc  to  receive  thefe  focufes  will  have  the  inverted 
pidture  of  the  objedt  def  reprefented  upon  it.  This  has  frequently  been 
ihewn  already  in  the  foregoing  propofitions. 

269.  The  rays  of  the  fun}  when  they  are  reflected  from  a  concave  mirrour , 
will  kindle  fire . 

Becaufe  the  fun  is  very  remote,  the  rays  of  each  beam  are  parallel  to 
one  another  5  and  confequently  after  refledtion  from  a  concave  mirrour 
they  will  converge  to  the  principal  focus  of  the  mirrour,  in  the  fame 
manner  as  they  are  colledted  by  refradtion  in  the  principal  focus  of  a  con¬ 
vex  lens.  See  propofition  53.  And  the  heat  produced  by  this  means  will 
be  fufficient  to  fet  fire  to  fuch  bodies  as  are  placed  before  the  mirrour  at 
the  principal  focal  diftance,  which  is  half  a  femidiameter  of  the  mirrours 
concavity. 

The  different  degrees  of  heat  at  the  focus  of  different  concave  mir¬ 
rours  is  eftimated  in  the  fame  manner  as  we  have  already  eftimated  the 
different  degrees  of  heat  at  the  focus  of  different  convex  lenfes,  in  pro¬ 
pofitions  107,  108,  109. 

The  ancients  made  ufe  of  concave  mirrours  to  rekindle  theVeftal  fires. 
Plutarch  in  the  life  of  Numa  fays  that  the  inftruments  ufed  for  this  pur- 

pofe 
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pofe  were  crxuQeTct,  or  dilhes,  which  were  made  hollow  by  the  fide  of 
a  right-angled  triangle,  and  that  this  triangle,  for  fo  I  would  underftand 
him,  converges  from  a  circumference  to  a  center.  The  difii  fo  formed  is^ 
he  fays,  placed  oppofite  to  the  fun,  and  the  combuftible  matter  is  pla¬ 
ced  in  the  center.  Let  us  try  what  we  can  make  out  from  this  perplexed 
defcription.  The  quadrant  or  mixed  triangle  ACB,  Plat.  XIV.  fig.  8,  a- 
grees  very  well  with  the  defcription  of  the  triangle,  by  which  thefe  bur- 
ning-difhes  were  made  hollow.  It  is  a  right-angled  triangle,  for  ACB  is 
a  right  angle ;  it  is  not  indeed  a  plane  triangle  or  does  not  confift  of  three 
right  lines,  and  Plutarch  does  not  defcribe  it  as  a  plane  triangle,  but  fays 
that  it  converged  from  a  circumference  to  a  center  ;  and  thus  from  a 
circumference,  or  rather  part  of  a  circumference  ADB,  the  two  fides  AC 
and  BC  do  converge  to  one  and  the  fame  point  C,  which  is  the  center 
of  the  fide  ADB.  Now  if  the  quadrant  ACB  was  made  of  fteel,  and  the 
edge  ADB  was  fharp,  by  turning  this  edge  round  in  a  thick  plate  of 
brafs  or  other  metal,  the  brafs  would  be  fcraped  away  and  the  plate  would 
be  made  hollow.  The  concavity  fo  made  in  the  plate  would  be  a  concave 
fpherical  mirrour :  and  fuch  a  mirrour  placed  oppofite  to  the  fun  would 
colled:  the  rays  into  a  focus  and  would  anfwer  the  purpofe,  for  which 
Plutarch  fays  thofe  difhes  were  ufed.  The  only  difficulty,  which  remains, 
is,  that  Plutarch  tells  us  the  combuftible  matter  was  placed  in  the  cen¬ 
ter  ;  whereas  the  principal  focus  of  a  concave  mirrour  is  not  in  the  cen¬ 
ter,  or  at  the  diftance  of  a  femidiameter  of  the  concavity,  but  at  the  di- 
ftance  of  half  a  femidiameter.  But  we  may  well  fuppofe  that  Plutarch 
was  miftaken  in  this  particular:  he  may  lay  that  the  combuftible  matter 
was  placed  in  the  center  of  the  concavity,  not  becaufe  it  was  placed  there, 
but  becaufe  he  imagined  this  point  to  be  the  mirrours  principal  focus.  For 
the  author  of  a  treatife  of  catoptrics,  which  goes  under  Euclids  name, 
has  fallen  into  the  fame  miftake,  and  fupppofes  the  center  of  a  mirrours 
concavity  to  be  the  burning  point.  Euc.catopt.  prop.  XXXI.  And  though 
we  may  be  very  certain  that  the  author  of  this  treatife  was  not  Euclid  the 
geometrician,  yet,  whoever  he  was,  he  underftood  mathematics  in  all 
probability  as  well  as  Plutarch.  So  that  if  he  could  make  this  miftake, 
Plutarch  might  make  it  too. 

270.  When  any  ohjeB  is  placed  before  a  convex  mirrour ,  the  image  of  that 
objeSt  appears  behind  the  mirrour ,  is  nearer  to  the  mirrour  than  the 
objeft,  is  lefs  than  the  objeft,  is  feen  diftinttly,  and  is  erect. 

If  the  objed:  abc.  Plat.  XIV.  fig.  4,  is  placed  before  the  convex  mir¬ 
rour  gil,  the  rays,  that  diverge  before  refledion  from  each  radiant 
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a,  b ,  r,  See.  in  the  objed  will  diverge  after  refledion  from  as  many  ra¬ 
diants  d ,  e,f  See.  behind  the  mirrour,  by  propofitions  228,  229,  and 
thefe  imaginary  radiants  compofe  the  image  that  is  feen  in  the  mirrour, 
by  propofition  233.  The  reflected  rays  diverge  more  than  the  incident  ones, 
by  propofition  228,  and  confequently,  by  propofition  28,  the  imagina¬ 
ry  radiants  or  image  def  will  be  nearer  to  the  mirrour  than  the  real  ra¬ 
diants  or  objed  abc .  But  if  the  image  is  nearer  to  the  furface  of  the  mir¬ 
rour  it  will  likewife  be  lefs  than  the  objed,  by  propofition  256.  And 
fince  the  refleded  rays  diverge  from  the  feveral  points  in  the  image  dej\ 
juft  as  they  would  from  any  vifible  objed  placed  there,  this  image  will 
be  feen  as  diftindly,  as  any  objed  could  be  feen  at  the  fame  diftance  from 
the  eye.  Laftly  the  image  will  be  ered,  by  propofition  254,  becaufe  it 
is  on  the  fame  fide  of  the  center  k  with  the  objed.  That  the  image  will 
always  be  on  the  fame  fide  of  the  center  with  the  objed  may  be  eafily 
fhewn.  For  fuppofe  the  feveral  radiants  or  objed  abc  was  at  an  infinite 
diftance,  fo  that  the  rays  of  each  beam  were  parallel,  then  the  imagina¬ 
ry  radiants  or  image  def  would  be  in  the  principal  focus  of  the  mirrour, 
that  is,  it  would  be  in  the  middle  between  k  the  center  and  i  the  furface, 
by  propofition  28.  Therefore  in  the  greateft  diftance  of  the  objed,  the 
image  will  be  on  the  fame  fide  of  the  center  k  that  the  objed  is  on.  But  as 
the  real  radiants  or  objed  approaches  to  the  mirrour,  the  imaginary  ra¬ 
diants  or  image  will  likewife  approach  to  it,  by  propofition  230.  Confe¬ 
quently  at  any  lefler  diftance  of  the  objed  the  image  will  be  nearer  to 
the  furface  at  /  and  farther  from  the  center  k.  Therefore  at  any  lefler  di¬ 
ftance  of  the  objed,  it  will  ftill  be  on  the  fame  fide  of  the  center  with 
the  objed. 

17 1,  'The  image  in  a  convex  mirrour  is  equal  to  the  object ,  if  the  object  is 
clofe  to  the  mirrour , 

If  the  objed  abc,  or  all  the  real  radiants  which  compofe  that  objed, 
moves  towards  the  furface  of  the  mirrour  gil,  then  the  image  def  or  all 
the  imaginary  radiants  which  compofe  that  image,  will  move  towards 
the  furface  at  the  fame  time,  by  propofition  230  :  and  when  the  objed 
is  clofe  to  the  mirrour  the  image  will  likewife  be  clofe  to  it,  by  propofi¬ 
tion  231.  But  when  the  objed  and  image  are  both  of  them  clofe  to  the 
mirrour  their  diameters  will  be  equal,  by  propofition  256, 

272.  When  either  the  eye  or  the  object  departs  from  a  convex  mirrour,  the 
apparent  diameter  of  the  image  decreafes . 

When  the  objed  abc ,  Plat.  XIV.  fig.  4,  is  reprefented  at  def  in  the 
convex  mirrour  gil ,  if  the  objed  continues  fixed  in  its  place,  the  image 
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def  will  always  be  at  the  fame  diftance  from  the  mirrour,  by  propor¬ 
tion  229,  and  the  real  diameter  of  the  image  will  be  invariable,  by  pro¬ 
portion  256,  Confequently  the  apparent  diameter  of  the  image  will  be 
inverfely  as  the  eyes  diftance,  by  proportion  126,  fo  that,  as  the  diftance 
of  the  eye  from  the  mirrour  encreafes,  the  apparent  diameter  of  the  image 
will  decreafe. 

If  the  objedt  abc  depart  from  the  mirrour,  that  is,  if  ib  the  diftance 
of  the  objedt  encreafes,  the  proportion,  which  ib  bears  to  ie  the  diftance 
of  the  image,  will  encreafe.  Therefore  by  proportion  256,  the  propor¬ 
tion,  which  the  diameter  of  the  objedt  bears  to  the  diameter  of  the  image, 
will  likewife  encreafe,  or  the  image  will  be  lefs  in  refpedl  of  the  ob¬ 
jedt.  But  when  the  eye  continues  in  the  lame  place,  the  apparent  dia¬ 
meter  of  the  image  will  be  diredtly  as  its  real  diameter,  by  propofition 
1 27.  Confequently  fince  in  the  departure  of  the  objedt  the  real  diameter 
of  the  image  decreafes,  its  apparent  diameter  will  likewife  decreafe. 

CHAP.  XIX. 

Of  reflecting  teleleopes  and  fome  other  optical  inftruments, 

273.  j the  portable  camera  obfcura  confifts  of  a  convex  lens  and  a  plant 
mirrour. 

ALL  the  optical  part  of  a  portable  camera  obfcura  is  reprefented, 
Plat.  XI Y.  fig.  9.  it  confifts  of  CD  a  convex  lens,  and  HK  a  plane 
mirrour  inclined  at  half  a  right  angle.  The  lens  CD  is  fitted  into  a  tube, 
that  confifts  of  two  joynts,  one  of  which  Hides  into  the  other  like  the 
tube  of  a  common  perfpedtive  glafs.  One  joynt  of  this  tube  is  fixed  in  a 
hole  at  one  end  of  a  box,  fo  that  as  the  other  joynt  into  which  the  lens 
is  fitted  Aides  in  it,  the  lens  may  be  moved  nearer  to  or  farther  from  EG 
the  oppofite  end  of  the  box.  If  we  confider  this  box  as  a  dark  room,  a 
diftindt  inverted  pidture  of  any  objedt  AB  may,  by  means  of  the  lens 
CD,  be  painted  as  EG,  if  the  lens  is  drawn  out  to  a  proper  diftance,  fo 
as  to  make  the  focufes  of  each  pencil  of  rays  proceeding  from  the  objedt 
fall  at  EG,  by  proportions  84,  85,  But  if  the  rays  of  each  pencil,  be¬ 
fore  they  come  to  their  feveral  focufes  at  EG  fall  upon  the  plane  mirrour 
KH,  which  makes  an  angle  of  45  degrees  with  the  bottom  of  the  box 
and  confequently  with  EG  the  end  of  the  box  5  thefe  rays  will  fce  reflec¬ 
ted.  The  rays,  which  were  converging  to  the  focus  E  behind  the  mir¬ 
rour,  will  converge  after  refledtion  to  the  focus  M  at  an  equal  diftance 
before  it  5  thofe,  which  were  converging  to  the  focus  G  behind  the  mir¬ 
rour. 
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rour,  will  after  reflection  converge  to  the  focus  N  before  it,  by  propofi- 
tion  206.  The  fame  is  true  of  every  other  pencil  of  rays:  the  refledtion 
turns  the  rays  out  of  the  way,  before  they  arrive  at  the  imaginary  focu- 
fes  behind  the  mirrour ;  and  makes  them  converge  to  as  many  real  fb- 
cufes  at  the  fame  diftances  before  it.  Therefore  whatever  is  the  diftance 
of  all  the  imaginary  focufes  from  E  to  G  behind  the  mirrour,  the  fame 
will  be  the  diftances  of  all  the  real  focufes  from  M  to  N  before  it :  and 
confequently  fince  EG,  by  the  conftrudtion,  makes  an  angle  of  45  de¬ 
grees  with  the  mirrour  on  one  fide,  the  pidture  MN,  when  refledted, 
will  make  with  it  an  angle  of  45  degrees  on  the  other  fide.  Therefore  EG 
and  MN  will  make  an  angle  of  90  or  twice  45  degrees  with  one  ano¬ 
ther  ;  fo  that  as  the  pidture  would  be  at  EG  the  end  of  the  box,  if  the 
mirrour  was  out  of  the  way,  the  refledtion  of  the  mirrour  will  throw 
it  upon  the  top  of  the  box.  Now  if  the  box,  inftead  of  being  covered 
with  a  lid,  is  covered  with  a  plate  of  plane  glafs  that  is  left  unpolifhed  on 
one  fide,  or  with  a  fheet  of  oyled  paper,  the  pidture  NM  will  be  feen 
through  the  glafs  or  the  paper ;  and  will  be  fo  bright  and  diftindt  that  it 
may  be  traced  out  with  a  black-lead  pencil  upon  the  glafs  or  the  paper, 
if  care  is  taken  to  fcreen  it  from  the  open  day-light. 

274.  An  of  era- glafs  confjls  of  a  common  perfpective  and  a  plane  mirrour . 

This  inftrument,  which  is  reprefented.  Plat.  XIV.  fig.  10,  is  fo  contri¬ 
ved,  that  you  may  look  at  a  perfon  in  a  public  place,  and  no  one  can 
tell  who  it  is  you  look  at.  One  part  of  this  inftrument  is  ihkl  a  common 
perfpedtive  or  fhort  Galilean  telefcope  confifting  of  a  convex  objedt-glafs 
ibh ,  and  a  concave  eye- glafs  kal ,  fuch  as  is  defcribed  in  propofition  183. 
The  other  part  is  a  plane  mirrour  fh,  which  is  fixed  in  a  tubs  fgih,  that 
fcrews  on  to  the  perfpedtive  at  ih.  This  mirrour  has  its  reflecting  furface 
towards  the  object-glafs  ibh ,  and  is  placed  fo  as  to  make  half  a  right-angle 
with  abc  the  axis  of  the  perfpective.  In  the  tube  fghi  there  are  three 
holes,  one  on  the  fide  at  0 ,  another  in  the  oppofite  fide  at  t,  and  a  third 
in  the  end  at  x.  The  hole  at  0  is  principally  to  be  confidered :  the  ufe 
of  the  other  two  Ihall  be  mentioned  prefently.  If  there  is  any  object 
PQR,  which  is  parallel  to  abc  the  axis  of  the  perfpective,  and  rays  come 
from  it  through  the  hole  0 ,  this  object  may  be  feen  by  reflection  through 
the  perfpective.  For  fince  the  mirrour  fh  makes  an  angle  of  45  degrees 
with  the  axis  of  the  perfpective,  and  the  object  PQR  is  parallel  to  the 
fame  axis ;  hy  the  plane  of  the  mirrour  continued  will  likewife  make  an 
angle  of  45  degrees  with  the  object.  Therefore  when  the  rays  Pd,  Qc, 
Rtf  are  reflected,  they  will  appear  to  have  come  from  an  image pqr ,  which 
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will  make  an  angle  of  45  degrees  with  the  mirrour  behind  it,  as  was 
ihewn  in  a  like  cafe  in  propofition  245.  Now  fince  the  object  PQR  makes 
an  angle  of  45  degrees  with  the  mirrour  and  is  before  it,  and  fince  the 
image  pqr ,  wThich  is  feen  by  reflection,  makes  an  angle  of  45  degrees 
with  the  mirrour  and  is  behind  it,  the  object  and  image  make  an  angle 
of  twice  45  or  90  degrees  with  one  another.  Therefore  as  the  object 
PQR  is  parallel  to  abc  the  axis  of  the  perfpective,  the  image  pqr  will  be 
at  right  angles  with  this  axis,  and  confequently  will  be  placed  directly 
before  the  perfpective  fo  as  to  be  feen  through  it.  This  makes  it  difficult 
to  know  what  perfon  we  are  looking  at,  becaufe  in  common  perfpectives, 
the  perfons  we  are  viewing  mufl  be  directly  before  the  perspective,  and 
in  this  reflecting  perfpective,  they  mufl  be  on  one  fide.  The  holes  x  and 
t  will  ferve  to  make  this  flill  more  difficult,  and  are  likewife  defigned  to 
anfwer  another  purpofe.  If  an  object  is  at  S  fo  near  to  us,  that  we  could 
not  fee  it  diftinctly  through  the  perfpective  ihkl,  then  inStead  of  turning 
the  hole  0  towards  it,  we  turn  the  hole  t  towards  it  and  the  mirrour  fh 
has  another  reflecting  furface  on  the  fide  v,  fo  that  if  we  look  through 
the  hole  x ,  we  may  fee  the  object  S  by  reflection  in  the  mirrour,  and 
the  rays  have  no  perfpective  to  pafs  through  before  they  come  to  the  eye. 
The  hole  x  has  commonly  a  plane  glafs  fixed  in  it,  to  make  the  whole 
inftrument  as  like  a  common  perfpective  as  may  be ;  and  becaufe  the 
hole  0  is  oppofite  to  the  hole  /,  and  we  may  fee  an  object  through 
cither  hole  according  as  we  look  through  either  the  end  kal  or  the  end  x  > 
no  one  can  eafily  tell  on  which  hand  of  us  the  perfon  Rands,  that  we  de- 
fign  to  look  at. 

275.  The pictures  ^  that  are  produced  by  a  magic  lantern ,  are  to  be  explane d 
upon  the  fajne  principles  with  thofe ,  that  are  produced  in  a  dark 
room. 

ABCD,  Plat.  XIV.  fig.  11,  is  a  tin  lantern  with  a  tube  nklm  fixed 
in  the  fide  of  it.  This  tube  confifls  of  two  joynts,  one  of  which 
flips  into  the  other :  and  by  drawing  this  joynt  out  or  pufliing  it  in,  the 
tube  may  be  made  longer  or  fhorter.  At  kl  in  the  end  of  the  moveable 
joynt  of  the  tube  a  convex  lens  is  fixed,  and  an  object  painted  with  tranfpa- 
rent  colours  upon  a  piece  of  thin  glafs  is  placed  at  de  fome where  in  the 
immoveable  joynt  of  the  tube;  fo  that  as  the  tube  is  lengthened  or  Shorten¬ 
ed,  the  lens  will  be  either  at  a  grearer  or  a  lefs  diftance  from  this  transpa¬ 
rent  objedt.  In  the  fide  of  the  lantern  there  is  a  very  convex  lens  bhc , 
which  Serves  to  cafl:  a  very  Strong  light  from  the  candle  within  the  lan¬ 
tern  upon  the  objedt  de .  Now  when  the  rays,  which  Shine  through  the 
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objed  de,  diverge  from  the  feveral  points  as  d,  e ,  &c.  in  the  objed,  and 
fall  upon  the  lens  kl ,  they  will  be  made  to  converge  to  as  many  points 
f  g ,  &c.  on  the  other  fide  of  the  lens,  and  will  paint  an  inverted  pidure 
of  the  objed  at  fg  upon  a  white  wall,  a  fheet,  or  a  fcreen  of  white  pa¬ 
per,  provided  the  objed  is  farther  from  the  lens  than  its  principal  focus, 
by  propofitions  83,  84,  85.  To  make  this  pidure  appear  dillind  and 
bright ;  it  muft  have  no  other  light  fall  upon  it,  but  what  comes  through 
the  lens  kl,  and  for  this  reafon  the  whole  apparatus  is  to  be  placed  in  a 
dark  room  EFGH.  The  lens  kl  muft  be  very  convex  fo  that  the  objed 
de  may  be  very  near  to  it  and  yet  not  be  nearer  than  its  principal  focus : 
for  by  this  means,  as  the  objed  is  near  to  the  lens,  the  pidure  fg  will 
be  at  a  great  diftance  from  it,  by  propofition  87,  and  confequently  the 
pidure  will  be  much  bigger  than  the  objed,  by  propofition  88.  Since 
the  pidure  is  inverted  in  refped  of  the  objed,  in  order  to  make  the  pic¬ 
ture  appear  with  the  right  end  upwards,  it  is  neceflary  that  the  objed  de 
Ihould  be  placed  with  the  wrong  end  upwards. 

From  what  has  been  faid  about  the  magic  lantern,  we  may  be  able  to  un- 
derftand  the  ufe  of  the  folar  microfcope.  If  inftead  of  the  tranfparent  pidure 
de,  apy  other  tranfparent  objed  was  placed  there,  the  diftind  pidure  of 
fuch  an  objed  would  be  reprefented  upon  the  white  fcreen.  Now  fmall 
animals,  and  thin  fmall  parts  of  moft  fubftances,  when  they  are  ftrongly 
enlightened,  are  in  fome  degree  tranfparent.  Therefore  if  any  fmall  ani¬ 
mal  is  placed  at  de  and  a  ftrong  light  fhines  upon  it  from  the  fide  where 
the  lantern  is  placed  in  the  figure,  the  rays  that  pafs  through  it  will  paint 
the  pidure  of  this  animal  at  fg.  The  pidure  will  be  larger  than  the  ani¬ 
mal,  as  has  been  {hewn  already,  and  by  changing  the  lens  kl  for  a  more 
convex  one  the  pidure  may  be  made  as  much  larger  than  the  objed  de 
as  we  pleafe.  For  if  the  lens  is  more  convex  than  kl ,  the  objed  de  muft 
be  brought  nearer  to  it  in  order  to  keep  the  diftinct  picture  upon  the  fcreen, 
by  propofition  97.  Now  the  diameter  of  the  object  de  is  to  the  diameter 
of  the  diftinct  picture^-,  as  the  diftance  of  the  objed  from  the  lens  to  the 
diftance  of  the  diftind  pidure  from  the  lens,  by  propofition  88.  There¬ 
fore  the  lefs  the  diftance  of  the  objed  is  in  proportion  to  the  diftance  of  the 
pidure,  the  lefs  will  the  diameter  of  the  objed  be  in  proportion  to  the  dia¬ 
meter  of  the  pidure.  Now  as  the  objed  is  nearer  to  the  lens,  its  diftance 
from  the  lens  bears  a  lefs  proportion  to  the  diftance  of  the  picture,  fince 
the  diftance  of  the  pidure  is  a  given  quantity,  becaufe  it  is  always  repre¬ 
fented  upon  the  fcreen  {landing  in  the  fame  place.  Therefore  the  nearer 
the  objed  is  to  the  lens,  the  lefs  proportion  the  diameter  of  the  objed  will 
bear  to  the  diameter  of  the  pidure.  But  the  diameter  of  the  objed  is  a  given 
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quantity ;  and  confequently  the  lefs  proportion  its  given  diameter  bears 
to  the  diameter  of  the  picture,  the  greater  muft  be  the  diameter  of  the 
picture.  Therefore  the  nearer  the  object  is  to  the  lens,  fo  much  greater 
is  the  diameter  of  the  picture,  or  the  diameter  of  the  picture,  when  its 
diftance  from  the  lens  is  given,  is  inverfely  as  the  diftance  of  the  object 
from  the  lens.  Thus  we  have  (hewn  how  a  tranfparent  object  at  de  may 
be  magnifyed  in  any  proportion,  that  we  pleafe,  by  ufing  a  lens  of  fuffi- 
cient  convexity,  provided  there  is  a  very  ftrong  light  fhining  through  the 
object.  The  object-glaftes  of  common  microfcopes  will  ferve  for  this  pur- 
pofe.  In  order  to  procure  a  ftrong  light  the  end  nrn  of  the  tube  knlm  or  of 
fome  other  tube  of  the  fame  fort  with  a  microfcopic  lens  at  kl,  inftead  of 
being  fixed  in  a  lantern,  muft  be  placed  in  the  hole  of  a  window-fhutter 
of  a  dark  room,  fo  that  the  lens  kl  may  be  within  the  room ;  and  then 
if  the  fun  fhines  directly  through  the  hole,  any  fmall  object  placed  at  de 
will  be  fufficiently  enlightened,  and  a  diftinct  picture  of  that  object  of 
any  fize  that  we  chufe,  may  be  reprefented  upon  a  fcreen  of  white  paper 
placed  within  the  room  at  a  proper  diftance.  Though  the  fun  is  not  di¬ 
rectly  before  the  window  or  is  fo  high  as  not  to  fhine  directly  through  a 
hole  in  the  fhutter,  yet  a  plane  mirrour  may  be  fixed  in  fuch  a  pofition 
on  the  outfide  of  the  fhutter  as  to  throw  the  reflected  rays  directly  through 
the  hole  upon  the  object,  and  thefe  rays  will  enlighten  it  fufficiently. 

276.  Rejle fling  telefcopes  of  Sir  Ifaac  Newtons  invention  confjl  of  one  con¬ 
cave  mirrour ,  one  plane  mirrour  and  a  convex  lens. 

GH  is  the  concave  mirrour.  Plat.  XV.  fig.  1.  KK  is  the  plane  mir¬ 
rour.  LL  is  the  convex  lens.  All  thefe  parts  are  fixed  in  their  proper  pla¬ 
ces  in  a  tube  ABCD.  What  their  proper  places  are  we  will  next  confi- 
der.  The  concave  mirrour  GH  is  placed  towards  the  end  BC  of  the  tube 
ABCD,  and  is  perpendicular  to  DC  the  fide  of  the  tube.  The  open  end 
AC  of  the  tube  is  turned  towards  the  object  PR.  If  the  object  PR  is  at 
fo  great  a  diftance  that  any  rays  as  E,  e,  that  come  from  one  and  the 
fame  point  in  it,  may  be  considered  as  parallel  to  one  another,  and  that 
the  rays  F,  f  that  come  from  any  other  point  are  likewife  parallel  a- 
mongft  themfelves,  by  propofition  30 ;  then  thefe  or  any  other  beams, 
when  they  fall  upon  the  concave  mirrour  atg,  h ,  and  are  reflected  from 
it,  will  converge  to  mn  at  the  principal  focus  of  the  mirrour,  and  would 
reprefent  an  inverted  picture  of  the  object  upon  a  paper  held  at  that  place, 
by  propofition  268.  But  if  the  converging  rays  before  they  come  to  the 
place  of  the  diftinct  picture,  fall  upon  the  plane  mirrour  KK,  which  is 
inclined  fo  as  to  make  an  angle  of  45  degrees  with  DC  the  fide  of  the 
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tube,  or  rather  with  the  axis  of  the  telefcope j  the  rays  will  be  reflected 
from  thence,  and  inftead  of  meeting  in  their  refpedtive  focufes  at  mn, 
they  will  meet  before  the  mirrour  at  qs.  Now  flnce  the  picture  mn  would 
be  perpendicular  to  DC,  becaufe  the  concave  mirrour  GH  is  fo,  and  con- 
fequently,  flnce  this  picture  would  be  behind  the  plane  mirrour  KK  and 
by  the  pofltion  of  the  mirrour  would  make  with  it  an  angle  of  45  de¬ 
grees:  it  follows  that  when  the  rays,  inftead  of  going  on  fo  as  to  form 
the  pidture  mn,  are  reflected  and  form  the  pidture  qs,  this  pidture  qs 
will  be  before  the  mirrour  and  will  make  with  it  an  angle  of  45  degrees. 
Therefore  mn  and  qs  make  with  each  other  an  angle  of  twice  45  or  of 
90  degrees,  and  confequently,  flnce  mn  is  perpendicular  to  the  fide  of 
the  tube  or  to  the  axis  of  the  telefcope,  the  refledted  pidture  qs  will  be 
parallel  to  it.  All  this  will  be  obvious  from  a  fimilar  cafe  already  expla- 
ned  in  propofition  273.  Now  if  this  pidture  qs  is  in  the  principal  focus 
of  the  convex  lens  LL  5  this  lens  will  be  placed  in  refpedt  of  the  pidture 
juft  as  the  eye-glafs  is  in  an  aftronomical  telefcope,  by  propofition  172, 
and  the  eye  O  will  fee  the  pidture  diftindtly  through  it. 

The  magnifying  power  of  fuch  a  refledting  telefcope  as  this,  is  deter¬ 
mined  in  the  fame  manner  with  the  magnifying  power  of  an  aftronomi¬ 
cal  telefcope,  in  propofition  173.  For  the  apparent  diameter  of  the  objedt 
feen  with  the  telefcope  is  to  its  apparent  diameter  feen  without  it,  as  the 
diftance  of  the  diftindt  pidture  from  the  objedt-mirrour  to  the  diftance  of 
it  from  the  eye-glafs.  This  can  want  but  little  proof,  fince  we  have  al¬ 
ready  thewn  in  propofition  257,  that  the  pidture  mn  feen  by  the  eye  con¬ 
tiguous  to  the  concave  mirrour  GH  would  appear  of  the  fame  fize  with 
the  objedt.  And  by  what  has  been  faid  in  propofition  173  it  follows, 
that  the  pidture  qs=^mn  when  feen  from  the  ftation  of  the  objedt-glafs, 
either  with  the  glafs  or  without  it,  will  appear  as  much  bigger  than  it 
does,  when  feen  from  the  concave  mirrour,  that  is,  as  much  bigger  than 
the  objedt  appears  to  the  naked  eye,  as  the  diftance  of  the  pidture  from 
the  eye-glafs  is  lefs  than  its  diftance  from  the  mirrour,  or  as  its  diftance 
from  the  mirrour  is  greater  than  its  diftance  from  the  lens, 

277.  Gregory's  reflecting  telefcope,  as  it  is  now  made,  conflfls  of  two  con¬ 
cave  mirrour s,  a  plano-convex  lens ,  and  a  mem  feus. 

In  the  tube  TYTY,  Plat.  XV.  fig.  2,  a  concave  mirrour  LD  is  pla¬ 
ced.  Through  TT  the  open  end  of  the  tube,  rays,  as  IL,  il,  and  CD,  cd, 
are  admitted  from  fome  diftant  objedt  AB.  The  rays  that  are  of  the  fame 
beam,  or  that  come  from  one  and  the  fame  point  in  the  objedt,  are  paral¬ 
lel,  upon  account  of  the  remotenefs  of  the  objedt,  by  propofition  30. 

There- 
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Therefore  KH  the  diftiruft  inverted  pidure  of  the  objed  will  be  formed 
in  the  principal  focus  of  the  mirrour  LL,  by  proportions  210,  268.  If 
/'is  the  principal  focus  of  the  fmaller  concave  mirrour  EF,  then  KH  is 
more  remote  from  this  mirrour  than  its  principal  focus,  and  the  rays, 
which  diverge  from  KH  and  fall  at  G  and  R  upon  the  mirrour  EF,  will 
converge  after  refradion,  by  proportion  213;  and  confequently,  if  they 
pafs  on  through  a  hole  X  in  the  rirft  mirrour  LD,  they  will  form  a  fe- 
cond  pidure,  which  will  be  inverted  in  refped  of  the  firft,  or  which 
will  be  in  the  fame  polition  with  the  objed  AB.  This  pidure  would  be 
fomewhere  about  SS,  if  the  rays  that  form  it  were  made  to  converge  only 
by  being  refleded  from  the  mirrour  EF :  but  before  they  come  thither, 
whilft  they  are  converging,  they  pafs  through  the  plano-convex  lens  MN, 
which  is  placed  in  a  fmaller  tube  joyned  to  the  larger  TYTY :  the 
refradion  of  this  lens  makes  the  rays  converge  more,  by  proportion 
74,  and  confequently  they  will  meet  in  their  refpedive  focufes  or  will 
form  the  fecond  pidure  at  PV,  before  they  come  to  SS.  This  ered  pic¬ 
ture  is  in  the  principal  focus  of  the  menifcal  eye-glafs  SS,  the  convexity 
of  which  is  greater  than  its  concavity,  fo  that  its  effed  is  the  fame  with  that 
of  a  convex  eye-glafs,  by  proportion  80,  and  confequently  to  an  eye  at 
O  the  ered  pidure  PV  will  appear  as  a  pidure  of  the  fame  fort  does,  in 
the  common  perfpedive  of  four  glalfes  defcribed  in  proportion  18 1. 

CHAP.  XX. 

Of  the  different  refrangibility  of  light. 

WE  have  hitherto  fuppofed  that  a  particle  of  light,  as  it  comes  from 
the  fun,  is  the  leaft  particle,  into  which  light  can  be  feparated. 
But  we  muft  now  corred  this  fuppofition  by  {hewing  that  a  particle  of 
light,  as  it  comes  from  the  fun,  is  properly  fpeaking  a  bundle  of  rays, 
which  may  be  feparated  from  one  another.  Therefore  for  the  future  by 
a  ray  of  light  we  muft  be  underftood  to  mean  not  that  colledion  of  par¬ 
ticles,  which  we  have  hitherto  called  by  this  name,  but  the  leaft  particles, 
into  which  light  can  be  feparated. 

278.  Rays  of  light  are  faid  to  be  differently  refrangible,  when ,  at  the  fame 
or  equal  angles  of  incidence,  fome  are  more  turned  out  of  the  way  than 
others. 

279.  Rays  are  faid  to  be  differently  refexible,  if  fome  are  more  eajily  re - 
fieSled  than  others . 
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280.  Light  is  called  homogeneous ,  when  all  the  rays  are  equally  refrangible : 
it  is  called  heterogeneous ,  when  fome  rays  are  more  refrangible  than 
others . 

281.  fhe  colours  of  homogeneous  light  are  called  primary  or  fimple  colours ; 
and  thoje  of  heterogeneous  light  are  called  fecondary  or  mixed. 

282.  Lhe  rays  of  the  fun  are  720 1  all  equally  refrangible :  and  thofe  rays , 
which  have  a  different  degree  of  ref  Tangibility,  have  likewife  a  diffe¬ 
rent  colour . 

If  "a  beam  of  light  SF,  Plat.  XV.  fig.  3,  that  comes  from  the  fun, 
pafies  into  a  dark  room  through  F  a  round  hole  in  a  window-fhutter  EG ; 
this  beam  proceeding  ftrait  forwards  and  falling  upon  a  paper  at  Y  would 
there  make  a  round  pidture  of  the  fun,  by  propofition  105.  This  pic¬ 
ture  will  be  a  confufed  one  indeed,  if  the  hole  is  a  large  one  and  there  is 
no  lens  in  the  hole.  However  as  this  round  fpot  of  light  is  a  pidture  of 
the  fun,  we  fhall  hereafter,  notwitnftanding  its  confufion,  call  it  by  this 
name.  Now  if  a  glafs  prifm  ABC  is  placed  between  the  hole  in  the 
window-fhutter  and  the  paper  at  Y,  the  rays  of  this  beam  by  the  refrac¬ 
tion,  which  they  fuffer  in  the  prifm,  will  be  bent  from  their  ftrait  courfe, 
and  inftead  of  going  on  fo  as  to  fall  upon  the  paper  at  Y  they  will  be  tur¬ 
ned  upwards,  and  the  pidture  of  the  fun  produced  by  them  wiy  fall  upon 
a  paper  MN  that  is  placed  above  Y.  If  all  the  rays  were  equally  bent 
upwards  the  pidture  would  be  a  round  one  upon  the  paper  MN,  after 
the  rays  have  been  refradted,  as  well  as  when  they  pafifed  ftrait  forwards 
and  fell  upon  a  paper  at  Y.  But  this  refradted  pidture  PT  is  found  to  be 
oblong.  The  horizontal  diameter  or  breadth  of  this  oblong  pidture  is 
equal  to  the  diameter  of  the  circular  one  Y :  but  the  perpendicular  dia¬ 
meter  or  height  of  the  pidture  PT  is  much  greater  than  its  breadth.  The 
refradtion  is  made  upwards  and  not  in  a  horizontal  diredtion  :  therefore 
no  alteration  ought  to  be  made  in  the  breadth  or  horizontal  diameter  of 
the  pidture ;  becaufe  no  refradtion,  that  is  not  in  the  diredtion  of  that 
diameter,  can  make  the  pidture  either  broader  or  narrower.  And  if  all 
the  rays  were  equally  refradted  upwards,  fuch  a  refradtion  would  not 
change  the  length  of  the  pidture,  as  it  is  round,  when  it  falls  at  Y,  lo 
it  would  be  round,  when  it  is  refradted  upwards  by  the  prifm  and  falls 
at  PT.  This  oblong  pidture  confilts  therefore  of  rays,  which  are  diffe¬ 
rently  refrangible :  they  all  fall  at  equal  angles  of  obliquity  upon  BC  the 
firft  fide  of  the  prifm,  but  in  the  refradtion,  fome  are  more  turned  out 
of  the  way  than  others  $  thofe  rays,  which  go  to  P  the  upper  part  of 
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the  picture  are  the  moft  refrangible,  and  thofe,  which  go  to  T  the  lower 
part  of  it,  are  leaft  refrangible;  the  reft,  which  fall  between  P  and  T 
have  intermediate  degrees  of  refrangibility. 

This  oblong  pifture  is  of  different  colours  in  different  parts  of  it.  The 
moft  refrangible  rays  at  P  are  violet,  the  leaft  refrangible  at  T  are  red  ; 
the  rays  of  intermediate  refrangibility  from  the  violet  downwards  to  the 
red  are  indigo-coloured,  blue,  green,  yellow,  and  orange.  So  that  the 
whole  picture  is  made  up  of  rays  of  thefe  feven  different  colours.  We 
may  from  hence  fee  the  reafon  why  the  coloured  pidture  confifting  of 
differently  refrangible  rays  ftiould  be  oblong  in  fuch  a  manner  that  the 
two  fides  of  it  are  right  lines  and  the  two  ends  femicircles.  For  it  con- 
lifts,  as  in  fig.  4,  of  feven  circles,  the  higheftof  which  PAGQ  is  violet, 
the  loweft  STN  is  red,  the  five  intermediate  ones,  BH,  Cl,  DK,  EL, 
OM,  are  indigo-coloured,  blue,  green,  yellow,  and  orange.  The  white 
round  picture  Y,  fig.  3,  is  formed  by  heterogeneous  rays,  that  are  of  fe¬ 
ven  different  forts  diftinguifhed  from  one  another  by  their  different  de¬ 
grees  of  refrangibility  and  different  colours.  The  refraction  of  the  prifm 
feparates  thefe  rays  from  one  another  by  refradting  fome  of  them  more 
and  others  lefs.  And  confequently  the  refradted  picture  will  confift  of  fe¬ 
ven  round  pictures  one  below  another.  Thefe  round  pictures  are  fo  near 
to  each  other  that  the  higheft  of  them  APGR  will  mix  itfelfwith  fome  of 
thofe  below  it,  as  with  BH  and  CQI.  This  nearnefs  of  thefe  feveral  round 
pictures  to  each  other  will  prevent  their  colours  from  being  diftinctly 
feen,  it  will  likewife  make  the  fides  AS,  GN,  which  are  compofed  of 
fmall  arcs  of  circles  very  clofe  to  one  another,  appear  like  right  lines ; 
but  the  two  ends  P  and  T  will  be  femicircles. 

If  the  centers  of  thefe  circles  continue  at  the  fame  diftance  from  one 
another  and  the  circles  themfelves  are  made  lefs,  as  apg3  bh ,  ci,  dk3  ely 
cm,  stn3  they  will  then  be  diftinct  or  will  not  mix  with  each  other ;  and 
as  the  colours  of  the  feveral  parts  will  by  this  means  be  kept  feparate,  fb 
the  refracted  rays  inftead  of  forming  one  continued  oblong  picture  will 
form  feven  fmall  circular  ones  placed  in  a  line  perpendicular  to  the  ho¬ 
rizon.  This  feparation  of  the  feveral  parts  in  the  refracted  picture  from 
each  other  is  brought  about,  as  in  fig.  5,  by  making  the  hole  F,  in  the 
window-fhutter  very  fmall,  and  by  collecting  the  rays  that  come  through 
it  with  a  convex  lens  MN.  For  this  will  make  a  very  fmall  white  picture 
of  the  fun  at  Lif  there  is  no  prifm  abc\  but  the  refraction  of  this  prifm, 
if  it  is  placed  a  little  beyond  the  lens,  will  feparate  the  heterogeneous 
rays  by  refracting  them  upwards,  and  inftead  of  one  fmall  round  and 
white  picture  at  La  there  will  be  feven  fmall  round  pictures  at  pt3  of 
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which  r  will  be  violet,  s  indigo,  u  blue,  x  green,  /  yellow,  y  orange, 
and  z>  red. 

That  the  prifm  ARC,  fig.  3,  does  not  make  the  rays  diverge,  fo  as 
to  fpread  over  the  fpace  FT,  upon  any  other  account  but  their  different 
refrangibility,  will  be  evident,  if,  as  in  fig.  6,  a  fecond  prifm  DH  is 
placed  beyond  the  firft  abc.  For  if  the  rays,  that  come  from  S  and  pafs 
through  the  hole  F  of  the  window-fhutter  EG,  were  by  the  firft  prifrn 
abc  made  to  diverge  and  form  the  oblong  picture  PT  upon  any  other 
account  befides  their  different  refrangibility  j  then  fuppofing  a  fecond 
prifm  DH  to  be  placed  at  right  angles  to  the  former  the  effect  muft  be 
this ;  the  firft  prifm  abc  makes  the  rays  diverge  from  one  another  in  a 
line  PT  perpendicular  to  the  horizon,  and  confequently  the  fecond  prifm 
DFI  muft  make  them  diverge  from  one  another  in  a  line  parallel  to  the 
horizon,  fo  that  the  fecond  prifm  would  encreafe  the  breadth  of  the  pic¬ 
ture,  as  much  as  the  firft  encreafed  its  length,  and  as  one  prifm  alone 
makes  the  picture  a  long  one  both  of  them  together  would  make  it  lquare 
as  prst.  But  this  fecond  refraction  does  not  alter  the  figure  of  the 
picture,  but  only  the  pofition  of  it :  the  fecond  prifm  refracts  the  picture 
tideways  j  and  thofe  rays,  which  fell  the  higheft  at  P  after  the  firft  re¬ 
fraction,  are  refracted  tideways  the  moft  by  the  fecond  prifm,  thofe  which 
fell  the  lowed  at  T,  are  refracted  fideways  the  leaft,  by  which  means 
the  picture,  though  it  continues  oblong,  will  not  be  perpendicular  to  the 
horizon  as  PT  was,  but  will  be  inclined  fo  as  to  lie  in  the  pofition  pt . 
This  makes  it  evident  that  the  fpreading  of  the  rays  by  the  firft  refraction 
was  owing  to  their  different  refrangibility  and  to  no  other  caufe.  It  muft 
be  owing  to  their  different  refrangibility,  becaufe  thofe,  which  were 
moft  refracted  upwards  by  the  firft  prifm,  are  moft  refracted  fideways  by 
the  fecond.  It  cannot  be  owing  to  any  other  caufe,  becaufe  if  it  was,  the 
fecond  prifm  would  fpread  the  rays  in  breadth  as  much  as  the  firft  prifm 
fpreads  them  in  length,  and  both  prifms  would  make  the  picture  fquare. 


283.  T’hofe  rays  of  light ,  which  are  mofl  refrangible ,  are  likewife  moft  re- 
flexible. 

When  a  beam  of  light  is  admitted  into  a  dark  chamber  through  the 
hole  P"  in  the  window-fhutter  EG,  Plat.  XV.  fig.  7,  and  this  beam  falls 
upon  a  prifm  ACB,  the  fides  of  which  AC  and  AB  are  equal,  and  the  angle 
at  A  a  right  one ;  when  the  obliquity  of  thefe  rays,  as  they  are  to  pafs 
out  of  the  prifm  at  its  bafe  BC,  is  lefs  than  40  degrees,  the  greateft  part 
of  the  beam  will  pafs  out,  but  fome  few  rays  will  be  reflected  at  the  fur- 
face  BC,  by  propofition  200.  The  rays,  which  pafs  through  the  bafe,  form 
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an  oblong  coloured  picture  HK,  by  proportion  282,  where  MH  is  a  more 
refrangible  ray,  and  MK  a  lefs  refrangible  one.  If  the  few  rays  of  the 
beam,  which  are  reflected  from  M  in  the  direction  MN,  are  made  to 
pafs  through  another  prifm  XYV,  they  will  likewife  form  an  oblong  co¬ 
loured  picture  pt ,  where  p  is  the  mod  refrangible  and  t  the  lead  refran¬ 
gible  ray.  This  pidure  will  be  a  very  faint  one,  becaufe  there  are  but 
few  rays  receded  from  M. 

Now  if  the  prifm  ACB  is  turned  flowly  round  upon  its  axis  in  the 
direction  ACB,  the  obliquity  of  the  rays  EM  to  the  bafe  BC  will  keep 
encreating,  till  at  lad  this  obliquity  may  become  fo  great,  that  no  rays 
will  pafs  out  at  M,  but  all  of  them  will  be  reflected,  by  proportion  200. 
When  this  total  reflection  is  made,  the  oblong  picture  pt ,  which  was 
faint  before,  will  become  much  brighter,  becaufe  then  not  only  a  few 
rays  but  all  the  beam  will  be  reflected  thither.  This  total  reflection  will 
not  be  made  all  at  once,  but  as  the  prifm  is  turned  ilowly  round  upon 
its  axis,  the  mod:  refrangible  rays  MH  will  be  fird  reflected,  for  the  vio¬ 
let  colour  will  difappear  in  the  oblong  picture  HK,  whilfl  all  the  other 
colours  continue  as  bright  as  they  were  before  5  and  when  this  colour  dis¬ 
appears  at  HK,  the  fame  colour  at  p  will  become  bright,  and  all  the 
other  colours  2X.pt  will  continue  as  faint  as  they  were  before.  When  the 
prifm  is  turned  a  little  farther  upon  its  axis,  the  indigo  colour,  which  con- 
lifls  of  rays  that  have  the  next  greated  degree  of  refrangibility,  will  be 
reflected,  fo  that  this  colour  will  difappear  at  HK  and  will  become  bright 
at  pt.  The  fame  thing  will  happen  to  all  the  rays  in  their  order  5  as  the 
prifm  is  turned  round,  each  different  fort  of  rays  will  be  reflected  fooner, 
as  the  rays  have  a  greater  degree  of  refrangibility  or  later  as  they  have  a 
lefs  degree.  The  red  rays  at  K,  which  are  the  lead:  refrangible -of  all  will 
be  reflected  lad  of  all.  From  hence  therefore  it  appears,  that  the  rays  of 
the  fun  are  differently  reflexible,  and  that  thofe,  which  are  mod  refran¬ 
gible  are  likewife  mod  reflexible. 

284.  Rays  of  light ,  which  differ  in  colour ,  differ  likewife  in  the  degree  of 
their  refrangibility. 

We  have  already  feen,  in  propofition  282,  that  rays  which  are  diffe¬ 
rently  refrangible,  are  of  different  colours,  the  mod  refrangible  rays  of 
the  funs  light  for  indance,  are  violet,  the  lead  refrangible  are  red.  We 
are  now  to  prove  the  converfe  of  this,  that  all  violet  rays  whatever  are 
more  refrangible  than  all  red  ones.  Let  a  diff  chart  or  piece  of  padeboard 
DE,  Plat.  XV.  fig.  8,  be  painted,  half  of  it  DG  of  a  light  purple  colour, 
and  the  other  half  EE  of  a  fcrong  red.  Now  if  this  padeboard  is  viewed 

through 
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through  a  prifm  BAC,  bac^  with  its  refracting  angle  at  A  upwards,  the 
apparent  place  of  the  pafteboard  feen  through  the  prifm  will  be  raifed 
above  its  real  place,  as  is  evident  from  the  demonftration  of  proportion 
137,  upon  Plat.  XII.  fig.  4.  And  fo  likewife,  if  the  refracting  angle  A 
of  the  prifm  was  downwards,  the  apparent  place  of  the  pafteboard  feen 
through  the  prifm  would  be  below  its  real  place.  Firft  therefore  fup- 
pofe  the  angle  A  to  be  upwards  and  the  painted  pafteboard,  which  is  at 
DE,  will  appear  at  de>  when  it  is  feen  through  the  prifm.  In  this  cafe 
the  pafteboard  feems  to  be  broken  in  the  middle,  and  the  purple  part  dg 
appears  fomething  higher  than  the  red  part  fe.  But  fince  the  apparent 
place  of  the  whole  paper  is  raifed  by  the  refraction  of  the  rays,  as  they 
pafs  through  the  prifm,  and  the  purple  part  is  more  raifed  than  the  red 
part,  it  follows  that  the  purple  rays  are  more  refracted  than  the  red  ones. 
Secondly,  fuppofe  the  angle  A  to  be  downwards,  and  then  the  painted 
pafteboard  DE  feen  through  the  prifm  will  appear  at  And  in  this  cafe 
again  the  pafteboard  will  feem  to  be  broken  in  the  middle,  and  the  purple 
part  will  appear  fomething  lower  than  the  red  part  (p&.  But  fince  the 
apparent  place  of  the  whole  pafteboard  is  deprefted  by  the  refraction  of 
the  rays,  as  they  pafs  through  the  prifm,  and  the  purple  part  is  more 
deprefted  than  the  red  part,  it  follows  that  the  purple  rays,  as  before,  are 
more  refracted  than  the  red  ones. 

285.  Homogeneous  light  is  refracted  regularly  without  any  dilatation  or  flat¬ 
ter  ing  of  the  rays. 

When  the  rays  of  any  one  particular  colour  in  the  oblong  picture  of 
the  fun,  as  the  green  rays,  for  inftance,  are  feparated  from  one  another 
in  the  manner  already  defcribed  in  propofition  282  ;  iffome  of  thefe  green 
rays  which  are  homogeneal  or  are  all  equally  refrangible,  are  tranfmitted 
.  through  a  very  fmall  round  hole  in  a  ft  iff  pafteboard,  and  are  refracted 
by  a  prifm  on  the  other  fide  of  the  hole,  the  picture  formed  by  thefe 
green  rays  after  refraction  upon  a  white  paper  held  beyond  the  prifm 
will  not  be  oblong  but  circular,  as  the  hole  is  through  which  they 
pafled.  Therefore  this  homogeneous  light  is  not  dilated  nor  are  the  rays  of 
it  fcattered  by  this  refraction. 

286.  'The  confufed  appear  mice  of  objeBs^  when  they  are  feen  through  refrac ® 
ting  bodies ,  is  owing  to  the  different  refrangibility  of  light. 

If  flies,  or  the  letters  of  a  fmall  print,  or  any  other  minute  objects  are 
placed  in  hetcrogeneal  light  fuch  as  a  direct  beam  of  the  funs,  which  has 
never  been  feparated  by  any  refraction  into  its  homogeneous  parts  5  thefe 

objects 
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objects  being  viewed  through  a  glafs-prifm  will  be  feen  confufedly,  their 
edges  will  appear  fo  mifty  that  the  fmaller  parts  of  minute  animals  can¬ 
not  eafily  be  didinguifhed  from  one  another,  and  the  letters  of  the  fmall 
print  cannot  be  read.  But  if  the  fame  objects  are  placed  in  a  beam  of  ho¬ 
mogeneous  light,  which  is  feparated  from  all  other  rays  of  a  different  re- 
frangibility  in  the  manner  already  defcribed  in  proportion  282,  they  will 
appear  as  diifinct  through  a  prifm,  as  if  they  were  viewed  with  the 
naked  eye.  Therefore  we  may  conclude  that  this  confufion  is  owing  to 
the  different  refrangibility  of  thofe  rays,  which  come  from  the  objects : 
fince  objects  never  appear  confufed,  when  they  are  feen  through  refrac¬ 
ting  bodies,  unlefs  they  are  enlightened  with  feveral  forts  of  rays,  which 
have  different  degrees  of  refrangibility. 

287.  Where  the  mediums  are  the  fame ,  in  rays  of  one  and  the  fame  fort 
the  fine  of  incidence  will  always  bear  the  fame  proportion  to  the  fine 
of  the  ref  raffed  angle ,  when  the  ray  pafjes  out  of  one  of  thefe  given 
mediums  into  the  other ,  whatever  may  be  the  obliquity  of  the  inci¬ 
dent  ray. 

The  violet  rays,  for  inftance,  are  more  refrangible  than  the  red  ones ; 
and  confequently,  when  both  the  violet  rays  and  the  red  rays  are  paffing 
out  of  glafs  into  air,  if  they  fall  at  equal  obliquities  upon  the  furface  of 
the  glafs,  the  violet  rays  will  be  more  refracted  from  a  perpendicular  than 
the  red  ones,  or  the  refracted  angle  in  the  violet  rays  will  be  bigger  than 
in  the  red  ones,  by  propofitions  282,  284,  38.  But  if  the  proportion  is  once 
found,  which  the  fine  of  incidence  in  each  particular  fort  of  rays  bears 
to  the  fine  of  the  refracted  angle  at  any  one  obliquity  as  the  rays  are  to 
pafs  out  of  glafs  into  air ;  the  lame  will  always  be  the  proportion  of  thefe 
fines  to  one  another  whatever  is  the  obliquity  or  angle  of  incidence,  when 
the  rays  are  palling  out  of  the  fame  medium  of  glafs  into  the  fame  medi¬ 
um  of  air.  Thus  particularly,  if  at  any  fmall  obliquity  the  fine  of  inci¬ 
dence  is  to  the  refracted  fine  in  the  violet  rays  as  50  to  77  ;  the  fine  of 
incidence  in  the  fame  fort  of  rays  will  be  to  the  refracted  line  as  50  to  77 
at  all  greater  obliquities.  If  the  fine  of  incidence  is  to  the  refracted  fine  in 
the  red  rays  as  50  to  78  at  any  one  obliquity,  this  proportion  will  con¬ 
tinue  the  fame  at  all  other  obliquities  whatever. 

In  proportion  40,  it  has  been  fhewn,  that  when  a  ray  of  the  fun  is 
paffing  out  of  any  given  medium,  as  glafs,  into  any  other  given  medium, 
as  air,  the  proportion  of  the  fine  of  incidence  to  the  refracted  fine  will 
not  be  changed  by  changing  the  obliquity  of  the  incident  ray.  But  then 
this  was  fhewn  upon  a  fuppofition  that  all  rays  as  they  come  from  the 
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fun  are  equally  refrangible :  and  confequently  that  proportion  is  not  ex¬ 
actly  true,  fince  we  have  now  (hewn,  in  propofition  282,  that  rays  of 
light,  as  they  come  from  the  fun,  are  fome  more  and  fome  lefs  refrangible. 
But  (fill  propofition  40  will  be  true  and  the  demonff  ration  of  it  applicable 
to  any  one  fort  of  rays,  to  the  violet  ones,  or  to  the  red  ones  in  particu¬ 
lar,  which  are  equally  refrangible ;  for  in  each  particular  fort  of  rays  the 
fuppofition  holds  good,  upon  which  that  propofition  was  demonftrated. 
Therefore  in  each  particular  fort  of  rays  the  line  of  incidence  always 
bears  the  fame  proportion  to  the  refracted  line  at  all  obliquities  whatever, 
when  the  refracting  mediums  are  given. 

288.  It  is  probable  that  any  Jingle  ray  of  the  leaf  refrangible fort  contains 
a  greater  quantity  of  matter  than  any fingle  ray  of the  mof  ref'rangible 

fort . 

We  have  already  feen,  in  propofitions  282,  283,  that  at  the  fame 
angles  of  incidence  violet  rays  will  be  more  refracted  or  more  turned  out 
of  the  way  than  red  rays.  And  we  have  likewife  feen,  in  propofi¬ 
tions  37,  38,  that  rays  are  refracted  when  they  pafs  out  of  one  medium 
into  another  by  being  either  more  or  lefs  attra&ed  in  one  medium  than 
they  are  in  the  other.  Now  fince,  when  all  other  circumftances  are  equal, 
when  red  rays  and  violet  rays  fall  at  equal  obliquities  and  are  to  pafs 
out  of  glafs  into  air,  fo  that  the  mediums  and  confequently  the  attractive 
force  or  caufe  of  refradtion  is  given,  if  the  fame  caufe  can  turn  the  violet 
rays  more  out  of  the  way,  or  refraCt  them  more,  than  it  does  the  red  rays*, 
thefe  rays  mult  have  different  moments}  the  moft  refrangible  rays,  or  thofe 
which  are  moft  eafily  turned  out  of  the  way,  have  the  leaft  moment ;  and 
the  leaft  refrangible  rays,  or  thofe  which  are  moft  difficult  to  turn  out 
of  the  way,  have  the  greateft  moment.  But  if  all  forts  of  rays  have  the 
fame  velocity,  as  is  probable  from  propofition  33,  their  refpeCtive  quan¬ 
tities  of  matter  will  be  as  their  moments,  by  propofition  13  of  mechanics. 
And  confequently  any  fingle  ray  of  the  moft  refrangible  fort  contains  a 
lefs  quantity  of  matter,  than  any  fingle  ray  of  the  leaft  refrangible 
JCbrt. 

It  may  be  upon  this  account  that  a  red  colour  or  a  pale  purple  is  lefs 
pleafant  to  the  eye  than  a  blue,  a  green,  or  a  yellow.  The  red  rays  (trike 
the  eye  with  fo  great  a  force  as  to  be  otfenfive  to  it }  and  the  fmall  force 
of  the  pale  purple  ones  will  produce  too  faint  a  fenfation  to  be  agreeable. 
The  intermediate  colours  are  therefore  more  pleafant  to  the  eye,  as  the 
force  of  the  rays  is  neither  too  great  to  be  offenfive,  nor  too  finall  to  pn> 
duce  a  quick  and  lively  fenfation* 
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289.  ‘fhe  colours  of  homogeneous  light  are  fo  invariable ,  that  neither 
any  refraction  nor  any  refleCton  can  alter  them . 

If  a  beam  of  homogeneous  light  pafles  through  a  round  hole  in  a  pafte- 
board,  as  in  propofition  285,  and  then  is  refraded  by  a  prifm  on  the 
other  fide  of  the  hole,  this  refradion  will  make  no  alteration  in  the  co¬ 
lour  of  the  rays:  if  they  were  red,  or  whatever  was  their  colour,  before 
they  entered  the  prifm,  their  colour  will  dill  be  the  fame,  when  they 
have  pafled  through  it,  and  fall  upon  a  white  paper  held  beyond  the 
prifm.  This  proves  the  firfl:  part  of  the  propofition,  that  the  colours  of 
homogeneous  light  are  not  to  be  changed  by  any  refradion. 

Red  lead,  which,  as  the  name  denotes,  is  red,  when  it  is  viewed  in 
open  day-light,  or  when  heterogeneous  rays  fall  upon  it,  will  likewile  be 
red*,  if  it  is  placed  in  homogeneous  red  light :  but  red  lead,  when  it  is  pla¬ 
ced  in  any  other  fort  of  homogeneous  light,  will  have  the  fame  colour  with 
the  rays  that  fall  upon  it  and  are  refleded  from  it:  if  it  is  placed  in  yel¬ 
low  homogeneous  light,  it  will  be  yellow,  if  in  green  light,  it  will  be 
green,  or  if  in  blue  light,  it  will  be  blue.  Confequently  the  refledion  of 
the  rays  from  the  red  lead  makes  no  alteration  in  their  colour :  for  if  it 
did,  rays  of  any  fort  refleded  from  the  lead  would  be  of  the  fame  colour 
fo  that  it  would  appear  red  in  whatever  fort  of  light  it  was  placed.  The 
fame  that  is  here  faid  of  red  lead,  is  true  of  any  other  fubfiance  of  any 
other  colour.  Grafs,  which  is  green,  either  in  open  day-light  or  in  ho¬ 
mogeneous  green  light,  will  not  change  the  colour  of  any  homogeneous 
rays  by  refleding  them,  but  will  itfelf  have  the  fame  colour  with  the 
rays,  in  which  it  is  placed  j  it  will  be  red  in  red  light,  or  blue  in  blue  light, 
or  yellow  in  yellow  light. 

From  hence  we  may  conclude,  by  the  way,  that  a  body  is  of  any  par¬ 
ticular  colour,  not  becaufe  it  refleds  no  other  rays  but  thofe  of  that  par¬ 
ticular  colour,  but  becaufe  it  refleds  thofe  more  copioufly  and  others 
more  fparingly.  Red  lead,  as  it  appears  red  in  red  light,  fo  in  green  light 
it  appears  green,  or  in  blue  light  it  appears  blue :  confequently  it  re¬ 
fleds  rays  of  thefe  forts,  and  in  the  fame  manner  it  might  be  Ihewn  to 
refled  all  other  forts  of  rays.  But  then  the  red  colour  of  red  lead,  when 
it  is  placed  in  red  light  is  much  brighter,  than  any  other  colour  will  be 
that  it  puts  on  by  being  placed  in  another  fort  of  light :  confequently  it 
refleds  red  rays  more  copioufly  than  any  other  fort  of  rays:  and  for  this 
reafon,  when  it  is  placed  in  open  day-light,  where  it  refleds  all  forts  of 
rays  at  once,  the  red  rays  are  fo  much  more  numerous  than  the  reft,  as 
to  make  the  whole  mixture  of  their  own  colour. 
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290.  Colours  may  be  produced  by  compojition ,  which  Jhall  in  appearance  be 
like  the  colours  of  homogeneous  light :  but  then  theje  compound  colours 
will  be  altered  by  refratfion. 

When,  by  means  of  two  holes  in  the  window-fhutter  of  a  dark  room 
and  of  two  prifms,two  oblong  coloured  pictures  are  produced;  if  a  circular 
piece  of  white  paper  is  fo  placed  that  the  red  light  of  one  pidure  and  the 
yellow  light  of  the  other  may  fall  upon  it ;  this  mixture  will  produce  an 
orange  colour,  that  in  appearance  will  be  like  the  primary  orange  colour. 
But  between  the  fimple  and  compound  colour,  though  they  are  alike  in 
appearance,  there  will  be  this  difference :  if  the  circular  piece  of  paper, 
when  it  is  enlightened  with  compound  orange,  is  viewed  through  a  prifm, 
the  rays  will  be  found  to  be  differently  refrangible,  and  they  will  by  the 
refradion  of  the  prifm  be  fo  feparated  from  one  another,  that  the  paper 
feen  through  it  will  appear  as  two  circles,  one  of  which  will  be  red  and 
the  other  yellow :  whereas,  if  the  fame  paper,  when  it  is  enlightened  with 
fimple  or  primary  orange,  is  viewed  in  like  manner  through  a  prifm, 
the  rays  will  be  found  to  be  equally  refrangible,  and  the  paper  will  ap¬ 
pear  through  the  prifm,  as  if  does  to  the  naked  eye,  to  be  one  orange- co¬ 
loured  circle  diftindly  terminated  all  round.  After  the  fame  manner 
other  homogeneous  colours,  as  blue  and  yellow,  when  mixed  together, 
will  produce  a  new  compound  colour  like  the  intermediate  homogeneous 
green  colour  in  appearance.  But  then  the  rays  of  this  compound  green  will 
not  be  all  of  them  equally  refrangible,  as  the  rays  of  the  fimple  or  prima¬ 
ry  green  colour  are. 

291.  ‘the  whitenefs  of  the  funs  light  is  compounded  of  all  the  primary  co¬ 
lours  mixed  in  a  due  proportion . 

Let  the  oblong  coloured  pidure  PT,  Plat.  XVI.  fig.  1,  fall  upon  the 
convex  lens  MN ;  and  then  all  the  rays,  which  are  feparated  from  one 
another  at  PT  will  be  collected  together  by  palling  through  the  lens  and 
will  meet  at  its  focus  G,  by  propolition  84,  in  fuch  a  manner  as  to  form 
a  round  pidure  of  the  fun  upon  a  white  paper  DE.  This  round  pidure, 
which  con  lifts  of  rays  of  all  forts,  of  red,  orange,  yellow,  blue,  green, 
indigo,  and  violet,  is  white.  And  this  whitenefs  is  compounded  of  all 
the  primary  colours  mixed  together.  None  of  the  rays  change  their  co¬ 
lour  by  being  mixed  with  the  reft ;  each  fort  retains  the  lame  colour  af¬ 
ter  it  is  mixed  with  the  reft  that  it  had  before :  neither  the  red  rays,  nor 
the  orange,  nor  the  yellow,  nor  the  blue,  nor  the  green,  nor  the  indigo, 
nor  the  violet,  are  made  white  by  being  mixed  with  the  reft  at  the  focus ; 
but  though  none  of  the  parts  are  white,  yet  the  whole  mixture  is  white. 

N  n  n  That 
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That  the  whitenefs  at  the  focus  G  arifes  from  a  mixture  of  all  the  pri¬ 
mary  colours,  is  evident.  For  if  any  of  the  colours  are  intercepted  at  the 
lens,  the  focus  lofes  its  whitenefs,  and  becomes  of  that  colour,  which 
arifes  from  a  mixture  of  thofe,  which  are  not  intercepted.  Thus  if 
all  the  rays  at  PT  are  intercepted  except  the  yellow,  the  orange,  and 
the  red,  the  focus  will  not  be  white,  but  will  be  orange-coloured.  If 
all  the  rays  are  intercepted  at  PT  except  the  blue,  the  green,  and  the  yel¬ 
low,  the  focus  will  then  be  green.  The  orange  in  one  cafe  and  the  green 
in  the  other  cafe  is  the  compound  colour  arifing  from  a  mixture  of  thofe 
rays,  which  are  not  intercepted.  And  in  either  cafe,  if  the  rays,  that 
were  intercepted  are  again  fuffered  to  pafs  through  the  lens,  the  focus 
will  recover  its  whitenefs. 

It  may  be  more  difficult  to  (hew  that  the  rays,  when  they  are  all  of 
them  mixed  at  the  focus,  retain  their;proper  colours,  and  are  none  of  them 
white  though  the  compound  mixture  is  white.  To  make  this  out,  let 
the  paper  be  removed  from  DE,  where  all  the  rays  are  mixed  upon  it  at 
G,  to  de,  where  it  will  receive  the  rays,  after  they  have  crofted  one  another 
at  the  focus,  and  having  got  beyond  it  diverge  again,  by  proportion  15. 
In  this  pofition  of  the  paper,  becaufe  the  rays,  that  were  mixed  at  the 
focus,  have  diverged  from  thence  and  are  again  feparated  from  one  ano¬ 
ther,  the  oblong  coloured  picture  will  appear  again  at  tp ,  fo  that  the  red 
colour  T,  which  was  the  lowed:  at  the  lens,  will  be  the  higheft  at  the 
paper  de.  But  though  the  colours  are  thus  inverted  by  paffing  the  focus, 
yet  all  of  them  appear  at  tp ;  which  would  have  been  impoffible,  if  each 
fort  of  rays  by  being  mixed  with  the  reft  at  the  focus  had  loft  their  co¬ 
lour  and  had  been  made  white.  Nor  indeed  is  the  colour  of  any  fort  of 
rays  at  all  changed  by  being  mixed  with  the  reft  at  the  focus  j  but  the 
fame  rays,  that  produced  any  particular  colour  in  the  oblong  pidure  PT, 
are  the  rays  that  produce  the  fame  colour  in  the  inverted  pidure  tp  j  as 
would  be  evident  from  intercepting  any  particular  colour  at  PT :  for  if 
the  green  rays,  for  inftance,  are  intercepted  at  PT  there  will  be  no  green 
at  tp :  or  if  the  red  are  intercepted  at  PT,  there  will  then  appear  no  red 
colour  at  tp :  and  the  fame  thing  will  happen  upon  intercepting  the  rays 
of  any  other  colour  at  PT,  for  then  that  colour  will  vanifh  at  tp . 

292.  Colours  may  be  produced  by  compojition  that  are  neither  exaBly  like 
any  of  the  primary  ones  nor  fully  'white . 

If  the  red  rays  of  one  coloured  pidure  are  mixed  with  the  violet  rays 
of  another;  according  to  the  various  proportions,  in  which  they  are  mix¬ 
ed,  various  purples  will  be  produced,  fuch  as  are  not  like  in  appearance 
to  the  colour  of  any  homogeneous  light ;  and  of  thefe  purples  mixed  with 
yellow  and  blue  may  be  made  other  new  colours. 
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By  mixing  the  coloured  powders,  which  painters  ufe,  though  the 
powders  themfelves  refemble  the  primary  colours,  yet  the  mixture  may 
be  grey,  or  dun,  or  ruflet-brown,  fuch  as  are  the  colours  of  a  mans  nail, 
of  a  moufe,  of  afhes,  of  ordinary  flones,  of  mortar,  of  dull  and  dirt  in 
the  high-ways.  Thus  one  part  of  red  lead  and  five  of  viride  aeris  compofe 
a  dun  colour  like  that  of  a  moufe.  If  to  orpiment,  which  is  yellow,  a 
full  bright  purple  powder  ufed  by  painters  is  added,  the  mixture  may 
be  made  of  a  pale  red ;  and  with  the  addition  of  a  little  viride  aeris,  which, 
as  the  name  imports,  is  green,  and  of  a  little  blue  bife,  this  pale  red  will 
change  to  grey  or  pale  white,  fuch  as  is  the  colour  of  afhes,  or  of  wood 
newly  cut,  or  of  a  mans  fkin. 

Thefe  grey,  dun,  and  ruffet  colours  are  only  imperfedt  forts  of  white. 
And  we  may  underfland,  why  the  mixture  of  thefe  coloured  powders 
fhould  produce  an  imperfedt  white,  and  not  a  full  bright  one,  from  the 
following  obfervation.  All  coloured  powders  fupprefs  and  flop  great  part 
of  the  light,  that  falls  upon  them :  they  refledt  more  of  thofe  rays  from 
whence  their  colour  arifes  than  of  any  other  fort ;  but  they  reflect  even 
thofe  more  fparingly  than  white  bodies  do.  Red  lead,  for  inftance,  re- 
fledts  fewer  red  rays  than  white  paper  does :  for  if  red  lead  and  white  pa¬ 
per  are  both  of  them  placed  in  homogeneous  red  light,  the  paper  will  ap¬ 
pear  of  a  brighter  red  than  the  lead.  But  if  red  lead  fupprefles  many  red 
rays,  it  may  well  be  fuppofed  to  fupprefs  many  more  rays  of  other  colours. 
Since  its  rednefs  is  owing  to  its  refledting  red  rays  more  copioufly  and  all 
other  rays  more  fparingly,  as  was  obferved  under  propofition  289.  From 
hence  it  follows,  that,  in  a  mixture  of  coloured  powders,  though  they  re¬ 
fledt  rays  of  all  forts  in  a  due  proportion  fo  that  the  compound  light  will 
not  be  more  of  one  colour  than  another,  but  will  be  white ;  yet  the 
whitenefs  will  be  much  lefs  bright  than  that  of  paper  :  becaufe  the  mix¬ 
ture  of  powders  fupprefles  and  flops  many  rays,  whereas  the  paper  re- 
fledls  almofl  all  the  rays,  that  fall  upon  it,  and  fupprefles  fcarce  any.  Thus 
the  whitenefs  in  the  mixture  of  powders  and  the  whitenefs  in  the  paper 
are  both  of  the  fame  fort,  and  differ  from  one  another  only  in  degree 
or  in  the  quantity  of  light.  Therefore  if  fome  of  this  mixture  of  powders 
is  placed  in  bright  fun-fhine  and  a  piece  of  white  paper  is  placed  in  the 
fhade,  the  mixture  by  thus  encreafing  the  light  and  the  paper  by  thus  di- 
minifhing  it  may  be  made  to  appear  equally  white. 

293.  The  colours  of  all  bodies  are  either  the  fimple  colours  of  homogeneous 
light ,  or  fuch  compound  colours  as  arife  from  a  mixture  of  homogeneous 
light. 


N  n  n  2 


Each 
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Each  fort  of  light  has  a  peculiar  colour  of  its  own,  which  no  refrac¬ 
tion  or  reflection  can  change,  by  propofition  289.  Therefore  the  colour 
of  no  natural  body  can  be  any  other  than  either  the  colour  of  fome  fort 
of  homogeneous  light,  or  a  compound  colour  arifing  from  a  mixture  of 
the  feveral  forts.  For  bodies  appear  coloured  only  by  reflecting  light ; 
and  no  reflection  can  give  any  other  colours  to  the  rays  but  what  they 
had  before. 

When  in  the  foregoing  propofitions,  or  in  any  of  thofe  which  follow, 
we  fpeak  of  light  and  rays  as  coloured  or  endued  with  colours,  we  mull 
be  underftood  to  fpeak  not  philofophically  but  according  to  vulgar  con¬ 
ceptions.  For  properly  the  rays  are  not  coloured.  In  them  there  is  no¬ 
thing  elfe  but  a  certain  power  and  difpofition  to  raife  in  the  mind  the  idea 
of  this  or  that  colour*  For  as  found  in  a  bell  is  nothing  but  a  trembling 
motion,  in  the  air  it  is  nothing  but  that  motion  propagated  from  the  bell, 
and  in  the  mind  it  is  an  idea  which  this  motion,  when  conveyed  to  the  fen- 
forium,  excites  in  us :  fo  colours  in  the  object  are  nothing  but  fuch  a  mo¬ 
dification,  figure,  and  contexture  of  its  parts,  as  makes  it  fit  to  reflect  this 
or  that  fort  of  rays  more  copioufly  than  others  in  the  rays  they  are  no¬ 
thing  but  the  difpofitions  or  powers  of  thofe  rays  to  propagate  this  or  that 
motion  to  the  fenforium,  and  in  the  mind  they  are  the  ideas,  which 
thofe  motions  excite  there. 

294.  The  different  refrangibility  of  light  makes  ref  ratting  telefcopes  imper- 
fett. 

If  we  look  through  a  refracting  telefcope  at  any  objeCt,  the  picture 
of  this  objeCt  fhould  be  diftinCt  in  the  principal  focus  of  the  eye-glafs, 
by  propofition  172.  But  in  a  refracting  telefcope  there  will  be  no  one 
diftinct  picture  of  the  object  any  where.  For  fuppofe  we  were  looking  at 
the  moon,  the  light,  that  comes  from  the  moon,  confifts  of  different 
forts  of  rays,  and  each  fort  has  a  different  degree  of  refrangibility.  The 
violet  rays  are  refraCted  moft,  and  the  red  rays  leaf!  of  all.  Therefore,  in 
pafiing  through  the  objeCt-glafs,  the  violet  rays  will  be  made  to  converge 
more  and  will  meet  in  their  refpeCtive  focufes,  or  will  form  a  diftinCt  pic¬ 
ture,  nearer  to  the  objeCt-glafs  than  the  red  ones.  Thus  if  there  are  feven 
different  forts  of  rays,  inftead  of  one  picture  of  the  moon,  there  will  be 
feven  j  and  each  picture  will  be  in  a  different  place :  the  violet  picture 
will  be  neareft  to  the  objeCt-glafs,  the  red  one  will  be  fartheft  from  it, 
and  thofe  of  the  intermediate  colours  will  be  between  them.  Now  to  fee 
the  moon  perfectly  through  the  telefcope ;  the  rays  of  all  the  feveral  forts 
of  colours  fhould  be  mixed  together,  and  the  picture  compofed  of  this  mix¬ 
ture 
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tare  ftiould  be  diftindt.  But  there  is  no  diftindt  pidture  where  all  the 
colours  are  mixed.  At  the  place  of  the  green  pidture,  for  indance,  that 
particular  picture  will  be  diftinct,  and  the- rays  of  all  the  colours  will  be 
mixed  there :  but  then  the  picture  made  from  the  mixture  will  be  con- 
fufed.  For  the  violet  rays,  and  all  thofe,  which  are  more  refrangible 
than  the  green  ones,  will  have  met  in  their  refpective  focufes  and  will 
have  begun  to  diverge  from  thence,  before  they  come  to  the  place  of  the 
green  pidture,  and  confequently  at  the  place  of  the  green  pidture,  all  the 
other  pictures  of  the  more  refrangible  colours  will  be  confufed.  The  red 
rays,  and  all  thofe,  which  are  lefs  refrangible  than  the  green  ones,  will  be 
converging  and  will  not  be  come  to  their  refpective  focufes,  when  they  get 
to  the  place  of  the  green  pidture ;  and  confequently,  at  the  place  of  the 
green  pidture,  all  the  other  pidtures  of  the  lefs  refrangible  colours  will  be 
confufed.  The  fame  is  equally  true  in  any  other  place.  If  the  pidture  made 
by  one  fort  of  rays  is  diftindt,  thofe  made  by  all  the  other  forts  will  be 
confufed.  Therefore  the  compound  pidture  will  always  be  imperfedt, 
and  the  moon,  or  any  other  objedt  for  the  fame  reafon,  will  be  feen  im- 
perfedtly  or  confufedly  through  a  refradting  telefcope. 

295.  When  two  ref  rafting  telefcopes  of  different  lengths  magnify  equally , 
the  Jhorter  telefcope  of  the  two  will  be  more  imperfeft  than  the  lon~ 
ger . 

If  the  principal  focal  diftance  of  the  objedt-glafs  is  20  inches  and  that 
of  the  eye-glafs  is  I  inch,  fuch  a  telefcope  will  magnify  an  objedt  as  much, 
as  another  telefcope,  in  which  the  principal  focal  distance  of  the  objedt- 
glafs  is  20  feet  and  that  of  the  eye-glafs  is  \  foot,  by  proportion  175. 
Now  fince  the  objedt  appears  equally  magnifyed,  through  either  telefcope, 
it  is  plane  that  the  diftindt  pidture  in  each  of  them  appears  of  the  fame 
fize,  when  it  is  viewed  through  the  eye-glafs  of  its  refpedtive  telefcope. 
But  the  diftindt  pidture,  though  it  appears  equal  in  each,  is  bigger  in 
one  of  the  telefcopes  than  in  the  other.  For  the  diftindt  pidture  in  the 
longer  telefcope  is  20  feet  from  the  objedt-glafs,  and  in  the  fhorter  is  only 
20  inches  from  it,  by  the  conftrudtion:  and  fince  as  20  feet  is  to  20 
inches,  fo  is  12  to  1,  the  diameter  of  the  diftindt  pidture  in  the  longer  te¬ 
lefcope  will  be  1 2  times  the  diameter  of  the  diftindt  pidture  in  the  Ihorter, 
by  prop.  88.  But  each  picture  through  its  refpective  eye-glafs  appears 
of  the  fame  fize.  Therefore  the  picture  in  theftiorter  telefcope  is  magnifyed 
1 2  times  as  much  as  that  in  the  longer :  for  fince  it  is  1 2  times  lefs  in  itfelf 
it  could  not  appear  of  the  fame  fize,  unlefs  it  was  1 2  times  as  much  mag¬ 
nifyed.  Both  thefe  pictures,  which  I  have  hitherto  called  diftinct,  would 
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be  fo,  if  the  rays  of  light  were  all  equally  refrangible :  but  as  the  diffe¬ 
rent  rays  are  differently  refrangible,  they  will  both  be  confufed  or  im¬ 
perfect,  by  propofition  294.  And  this  imperfection  will  appear  the  more 
through  the  eye-glafs  in  proportion  as  the  eye-glafs  magnifyes  the  picture 
more.  Therefore  the  picture  will  appear  more  imperfect  in  the  fhorter 
telefcope  than  in  the  longer :  for  which  reafon  the  object  feen  through  the 
fhorter  telofcope  will  be  feen  more  confufedly  or  more  imperfectly  than 
through  the  longer. 

This  is  the  reafon  referred  to  in  propofition  175,  why  refracting  te- 
lefcopes  that  magnify  an  object  very  much  will  be  ufelefs  if  they  are  too 
fhort. 

296.  Reflecting  telefcope s  are  more  perfcffi  than  refracting  ones . 

We  have  feen,  in  propofition  294,  that  the  picture  of  an  object  pro¬ 
duced  by  a  refracting  object-glafs  will  be  imperfect ;  upon  account  of  the 
different  refrangibility  of  light.  But  a  picture  produced  by  a  reflecting 
mirrour,  will  not  be  liable  to  the  fame  imperfections.  For  though  light, 
by  propofition  283,  confifts  of  rays  that  are  differently  reflexible,  yet 
reflection  will  never  feparate  thefe  rays  from  one  another,  unlefs  where 
fome  of  them  are  reflected,  whilff  others  are  tranfmitted  in  the  manner 
defcribed  in  proving  propofition  283.  But  when  all  the  rays,  the  red, 
orange,  yellow,  green,  blue,  indigo,  and  violet,  fall  together  upon  the 
concave  furface  of  a  polifhed  mirrour,  as  they  all  have  equal  angles  of 
incidence  and  are  all  reflected,  they  will  all  have  equal  angles  of  refleo 
tion,  by  propofition  201,  and  confequently  will  all  meet  in  a  focus  at 
the  fame  diftance. 

From  hence  we  fee  the  reafon  why  though  refracting  telefcopes,  that 
magnify  much,  mutt  be  long,  by  propofition  295,  yet  reflecting  telefcopes, 
that  magnify  as  much,  may  be  fhorter.  For  the  picture  in  a  refracting 
telefcope  is  an  imperfect  one,  and  will  not  bear  magnifying  much  by  the 
eye-glafs,  as  was  proved  in  propofition  295  :  but  the  picture  in  a  reflec¬ 
ting  telefcope  is  more  perfect ;  and  confequently  though  it  is  fmall,  as  it 
will  be,  by  propofition  256,  when  the  concave  object-mirrour  has  a 
fhort  principal  focus,  yet  it  will  bear  magnifying  by  the  eye-glafs  as  much 
as  we  pleafe. 
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CHAP.  XXI. 

Of  the  colours  of  thin  tranfparent  plates. 

297.  Water ,  air ,  glafs,  or  any  other  tranfparent  fubjlance,  when  drawn 
out  into  thin  plates^  becojne  coloured. 

WATER,  when  it  is  made  tenacious  by  having  foap  mixed  with  it, 
may  be  blown  up  into  a  bubble  A,  Plat.  XVI.  fig.  2,  fuch  as 
children  play  with.  If  this  bubble  is  fet  under  a  glafs,  fo  that  the  mo¬ 
tion  of  the  air  may  not  affect  it,  then,  as  the  water  glides  down  the  tides 
of  it,  and  the  top  of  it  at  A  grows  thinner,  feveral  colours  will  fucceffively 
appear  at  A,  and  will  fpread  themfelves  from  thence  in  rings  furrounding 
A  and  defcending  farther  and  farther  down  the  tides  of  the  bubble,  till 
they  vanifh  at  BC  in  the  fame  order  in  which  they  appeared.  Thus,  for 
inftance,  the  firft  colour  that  appears  at  A  the  top  of  the  bubble  is  red : 
this  red  fpot  fpreads  itfelf  into  a  circular  ring  round  A,  and  then  the  top 
of  the  bubble  A  becomes  blue :  this  blue  fpot  fpreads  itfelf  in  the  fame 
manner  round  A,  and  then  A  becomes  red  a  fecond  time.  Before  we  go 
on  to  confider  what  other  colours  arife  at  A,  we  will  obferve  what  be¬ 
comes  of  thofe,  which  arife  firft.  The  red,  which  firft  appeared  at  A, 
fpreads  itfelf  into  a  circular  ring  round  A ;  this  ring  grows  larger,  as  the 
water  glides  down  the  fides  of  the  bubble ;  fo  that  the  coloured  ring  glides 
down  the  bubble  along  with  the  water,  till  it  finks  at  laft  to  BC  and  there 
encompaffes  the  bubble.  In  like  manner  the  blue,  which  arifes  at  A  af¬ 
ter  the  red,  fpreads  itfelf  and  defcends  down  the  bubble,  as  the  red  ring 
did.  The  colour,  which  arifes  next  at  A,  is  red  a  fecond  time  ;  this 
fpreads  itfelf  in  the  fame  manner,  and  is  fucceeded  by  blue  a  fecond  time. 
Thefe  are  followed  by  a  great  variety  of  colours,  which  appear  fuc¬ 
ceffively  at  A  and  fpread  themfelves  from  thence  in  this  order.  Red,  yel¬ 
low,  green,  blue,  purple;  then  again  red,  yellow,  green,  blue,  violet;  and 
laftly,  red,  yellow,  white,  blue.  This  laft  blue  colour  is  fucceeded  at  A 
by  a  black  fpot,  which  reflects  fcarce  any  light :  this  fpot  dilates  itfelf, 
but  not  into  a  circular  ring  as  the  colours  had  done;  it  becomes  broader 
and  broader,  till  the  bubble  breaks. 

A  thin  plate  of  water  of  the  fame  fort  with  this  bubble,  but  more 
lafting,  may  be  otherwife  procured.  If  a  piece  of  plane  polifhed  glafs  is 
placed  upon  the  objedt- glafs  of  a  long  telefcope ;  as  in  Plat.  XVI.  fig.  3> 
the  plane  furface  of  one  glafs  and  the  convex  one  of  the  other  will  touch 
one  another  only  at  a  fingle  point ;  and  if  the  interval  between  them  is 

filled 


472  A  SYSTEM  OF 

filled  with  water,  as  the  glafles  are  prefled  together,  the  fame  colours 
arife  at  the  point  of  contact  and  fpread  themfelves  in  circular  rings  round 
it  in  the  fame  order,  as  in  the  foap-bubble.  If  BC,  Plat.  XVI.  fig.  4,  is 
a  fedion  of  the  plane  glafs,  and  DAE  a  fedion  of  the  convex  one ;  when 
they  are  prefled  clofe  together  the  thin  plate  of  water,  that  fills  the  inter¬ 
val  between  them,  will  have  a  black  fpot  at  A,  and  this  Ipot  will  be  en¬ 
compafled  with  rings  of  colours,  in  the  fame  order,  that  they  Hand  in 
that  figure  upon  the  line  BC,  on  each  fide  of  A.  If  the  colours  are  recko¬ 
ned  in  the  order,  in  which  they  Band  on  the  plate  of  water,  after  the  black 
fpot  appears  at  A ;  and  we  reckon  them  from  the  fpot  A  towards  the  edges 
of  the  plate  at  B  and  C,  then  we  muft  call  blue  the  firft  colour.  But  if  we 
reckon  them  in  the  order,  in  which  they  arofe  at  A  and  fpread  them- 
felves,  then  we  muft  begin  from  B  or  C  the  edges  of  the  plate  and  go  on 
towards  A,  and  in  this  reckoning  we  muft  call  red  the  firft  colour. 

If  there  is  no  water  between  the  two  glafles,  then  the  interval  will  be 
filled  with  air,  and  this  thin  plate  of  air  will  have  the  fame  colours,  that 
the  plate  of  water  had ;  with  this  difference  only,  that  each  of  the  co¬ 
loured  rings  is  larger  in  the  plate  of  air  than  in  the  plate  of  water. 

When  glafs  is  blown  very  thin  at  a  lamp-furnace  j  thin  plates  of  it 
thus  formed  will  exhibit  colours :  and  fo  likewife  will  thin  plates  of  Muf« 
covy-glafs.  Metals,  when  they  are  heated,  fend  out  to  their  furfaces  fcoria 
or  vitrified  parts,  which  cover  the  metals  in  form  of  a  thin  fkin :  and 
thefe  fcoria  or  thin  plates  caufe  colours  upon  the  furface  of  the  metal,  fuch 
as  are  made  to  appear  on  polifhed  fteel  by  heating  it,  or  on  bell-metal 
by  melting  it  firft  and  then  pouring  it  on  the  ground  to  cool  in  the 
air. 

298.  When  the  thin  plate  is  denfer  than  the  medium  that  furrounds  it,  the 
colours  are  more  •vivid,  than  they  are ,  when  the  plate  is  rarer  than 
that  medium . 

A  thin  bubble  is  a  plate  of  water  encompafled  with  air :  where  the 
fubftance  of  the  plate,  which  is  water,  is  denfer  than  the  air,  which  is 
the  medium  that  furrounds  it.  On  the  contrary,  the  plate  of  air  between 
the  two  glafles  B AC,  DAE,  Plat.  XIV.  fig.  4,  is  encompafled  with  glafs : 
and  here  the  fubftance  of  the  plate  is  rarer  than  that  of  the  circumambi¬ 
ent  medium.  And  the  colours  on  the  bubble  of  water  are  more  vivid  than 
thofe  on  the  thin  plate  of  air. 

299.  When  thin  tranfparent  plates  refleB  one  fort  of  rays,  they  tranfmit 
the  ref . 
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If  the  plate  of  air  between  the  two  glafles  BAC,  DAE,  Plat.  XVI. 
fig.  4,  is  viewed  by  reflected  light,  the  colours  of  it  are  thofe  exprefled 
on  the  upper  part  of  the  figure,  from  B  to  C,  but  if  we  look  through  it, 
that  is,  if  we  view  it  by  tranfmitted  light,  or  if  the  tranfmitted  light  falls 
upon  a  white  paper,  the  colours  that  we  fee  through  the  plate,  or  that  fall 
on  the  paper,  are  thofe  exprefled  on  the  lower  part  of  the  figure.  Now  any 
of  the  tranfmitted  colours  are  what  would  arife  from  a  mixture  of  all  the 
remaining  rays,  after  thofe  of  the  refledted  colour  are  feparated  from  the 
funs  heterogeneal  light.  Thus  for  inftance,  the  fourth  reflected  colour 
from  the  black  fpot  A  inclufively  is  yellow,  the  tranfmitted  colour  is 
violet.  The  yellow  rays  and  fome  of  the  orange  and  green,  are  reflected 
here,  fo  that  the  mixture  of  the  refledted  light  will  be  yellow.  The  mix¬ 
ture  of  the  tranfmitted  light  therefore  will  be  violet  or  rather  fuch  a 
purple,  as  is  not  exadtly  like  any  of  the  primary  colours :  for  we  obfer- 
ved,  in  propofition  292,  that  from  red  rays,  violet,  and  blue  new  purples 
may  be  produced. 

This  is  the  cafe  in  fome  natural  bodies,  as  well  as  in  thefe  tranfparent 
artificial  plates  ;  for  if  leave  gold,  which  is  made  thin  enough  to  tranfmit 
light,  is  held  againft  the  ftrong  light  of  the  funs  rays,  the  gold,  which 
is  yellow,  when  feen  by  reflected  light,  will  be  blue,  when  thus  feen  by 
tranfmitted  light. 

The  feventh  refledted  colour  inclufively  from  the  black  fpot  is  blue, 
the  feventh  tranfmitted  colour  is  yellow.  When  the  rays,  which  make 
the  blue  colour,  are  taken  out  of  the  funs  heterogeneous  light,  the  remain¬ 
ing  rays  will  be  yellow.  Thus  it  happens  likewife  in  fome  natural  bo¬ 
dies;  for  an  infufion  of  lignum  nephriticum,  which  is  blue,  when  feen 
by  refledted  light,  is  yellow,  when  feen  by  tranfmitted  light. 

The  black  fpot  A  refledts  fcarce  any  light ;  and  as  rays  of  all  colours 
are  tranfmitted  there,  the  tranfmitted  colour  is  white,  as  it  ought  to  be 
by  propofition  291.  The  third  refledted  colour  from  the  black  fpot  inclu¬ 
fively  is  white.  Therefore  fince,  by  propofition  291,  all  the  rays  are  re¬ 
fledted  there,  no  colour  ought  to  be  feen  there,  when  we  look  through 
the  plate ;  and  accordingly  that  part  of  the  plate  is  black. 

Hence  we  fee  the  reafon  why  if  there  be  two  liquors  of  full  colours 
in  two  different  glafs  veffels,  fuppofe  red  and  blue,  though  each  is  tran¬ 
fparent,  when  we  look  through  it  feparately,  yet  we  fhould  not  be  able  to 
fee  through  both  of  them  together,  if  one  was  held  behind  the  other. 
For  if  the  blue  liquor  for  inftance  is  held  towards  the  light  and  the  red 
towards  the  eye ;  fince  only  blue  rays  pafs  through  the  firft  liquor,  and 
come  to  the  fecond;  and  fince  the  fecond  liquor  will  tranfmit  no  blue 
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rays,  but  only  red  ones  5  it  follows  that  no  rays  at  all  can  come  to  the 
eye. 

Indeed  fome  tranfparent  bodies  appear  of  the  fame  colour,  whether 
we  fee  them  by  reflected  or  tranfmitted  light.  Of  this  fort  is  mod 
painted  glafs.  But  when  this  is  the  cafe,  the  coloured  rays  are  reflected 
from  the  fecond  furface  of  the  body.  Thus  if  a  piece  of  painted  glafs  is 
yellow,  either  when  feen  by  reflected  light  or  when  feen  by  tranfmitted 
light ;  all  the  rays,  but  the  yellow  ones,  are  fupprefTed,  as  they  pafs 
through  the  glafs  ;  of  thefe  yellow  rays  mod  are  tranfmitted  at  the  fe¬ 
cond  furface,  the  few  which  are  reflected  from  thence  will  be  fufficient 
to  tinge  all  the  light  yellow,  which  is  reflected  from  the  firft  furface. 
Thi9  will  be  evident  from  making  the  body  thick  and  pitching  it  on  the 
backfide;  for  by  this  means  the  reflected  colour  will  be  loft:  whereas  if 
it  had  been  refle&ed  from  the  firft  furface,  the  pitch  at  the  fecond  fur¬ 
face  could  not  have  altered  it. 

» 

300.  The  more  denfe  the  fubfance  is ,  out  of  which  a  thin  plate  is  made,  the 
lefs  is  the  thicknefs  of  the  plate ,  where  it  ref  efts  any  certain  colour. 

The  colours  are  the  fame  whether  there  is  air  or  water  between  the 
two  glaffes  B AC,  DAE,  only  the  coloured  circles  are  fmaller  in  the  plate 
of  water  than  in  the  plate  of  air.  Thus  the  yellow,  for  inftance,  which 
is  the  fourth  coloured  circle  from  the  black  fpot,  is  a  lefs  circle,  or  is 
nearer  to  the  black  fpot,  when  there  is  a  plate  of  water  between  the  glades, 
than  when  there  is  a  plate  of  air  between  them.  But  the  lefs  the  diftance 
from  the  point  of  contact  A,  the  clofer  the  glades  are  to  one  another,  and 
confequently  the  thinner  will  be  the  plate  that  lies  between  them :  con- 
fequently  that  part  of  a  plate  of  water,  where  this  yellow  appears,  is  thin¬ 
ner  than  that  part  of  a  plate  of  water,  where  the  fame  colour  appears. 
And  the  fame  holds  good  in  any  other  colour.  But  water  is  more  denfe 
than  air.  Therefore  the  more  denfe  the  fubdance  is,  out  of  which  a  thin 
plate  is  made,  the  lefs  is  the  thicknefs  of  the  plate,  where  it  reflects  any 
certain  colour. 

301.  The  fort  of  colour ,  which  is  reflected  from  any  part  of  a  thin  plate , 
depends  only  upon  the  thicknefs  of  the  plate  itfelf  m  that  part :  but  the 
fame  colour  will  be  made  lejs  vivid  by  encreafmg  the  denfity  of  the  me¬ 
dium ,  with  which  the  plate  is  encompaf  ed. 

The  colours  upon  any  part  of  a  thin  plate  of  Mufcovy-glafs  are  the 
fame  in  fort,  whether  the  plate  is  dry  or  wetted  with  water.  Therefore 
the  fort  of  colour  in  any  part  depends  not  upon  the  medium  that  encom- 
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paffes  the  plate,  but  upon  the  thicknefs  of  the  plate  itfelf ;  fince  the  co¬ 
lours  are  the  fame,  when  the  plate  is  dry  and  encompaffed  with  air,  or 
wet  and  fo  encompaffed  with  water.  But  the  fame  colours  are  more  faint, 
when  the  plate  is  wet,  than  when  it  is  dry  ;  and  conl'equently,  the  bright- 
nefs  of  the  colours  does  depend  upon  the  medium  that  encompaffes  the 
plate,  and  the  denfer  that  medium  is  the  fainter  will  be  the  colours  > 
they  are  more  faint  when  the  plate  is  covered  with  water  than  when  it 
is  dry  and  fo  is  furrounded  with  air. 

302.  T’he  rays  of  light  have  alternate  fits  of  eafy  refieSlion  and  eafy  tranf- 
mifiiony  which  return  at  equal  intervals. 

Let  GF,  Plat.  XVI.  fig.  5,  be  a  beam  of  homogeneous  light  confiding 
all  of  one  fort  of  rays,  as  fuppofe  all  the  rays  that  compofe  the  beam  were 
red  ones.  Then  if  thefe  rays  fall  upon  a  thin  plate  of  air  between  the 
two  glaffes  B AC,  DAE,  at  A  there  will  be  a  dark  fpot,  and  all  the  rays 
will  be  tranfmitted ;  round  this  fpot  there  will  be  a  red  ring,  where  all 
the  rays  are  reflected ;  round  this  red  ring  there  will  be  a  dark  ring,  where 
all  the  rays  are  tranfmitted.  And  if  the  thicknefs  of  the  plate,  where  all  the 
rays  are  reflected  in  the  ring  neareft  to  A,  is  called  1,  the  thicknefs,  where 
the  dark  ring  appears  and  all  the  rays  are  tranfmitted,  will  be  2.  Again, 
at  that  part  of  the  plate  were  the  thicknefs  is  3,  all  the  rays  will  be  tranf¬ 
mitted  :  at  the  thicknefs  4,  they  will  be  all  reflected.  And  thus  alter¬ 
nately,  as  expreffed  by  the  lines  in  the  figure,  the  rays  will  be  reflected, 
in  all  parts  of  the  plate,  where  the  thicknefs  is  expreffed  by  any  of  the  un¬ 
even  numbers  1,3,  5,7,  9,  &c.  and  will  be  tranfmitted,  where  the  thick¬ 
nefs  is  expreffed  by  any  of  the  even  numbers  2,  4,  6,  8,  to,  See. 

Now  as  the  plate  is  the  fame  in  all  parts;  the  caufe  of  this  alternate 
reflection  and  tranlmiflion  muff  be  in  the  rays  themfelves.  And  their  dif- 
politions  to  be  thus  alternately,  reflected  and  tranfmitted  are  what  we  call 
ffts  of  eafy  reflection  and  eafy  tranfmiffion. 

The  rays  that  are  in  a  fit  of  eafy  reflection  penetrate  as  far  as  the  fe- 
cond  furface  of  the  plate.  For  if  the  fecond  furface  of  a  thin  plate  of 
Mufcovy-glals  is  wetted,  the  colours  caufed  by  the  alternate  reflection 
grow  fainter.  Whereas  if  the  reflection  was  made  at  the  firff  furface, 
wetting  the  fecond  could  not  affeCt  the  colours.  But  fince  thofe  rays, 
which  have  paffed  from  the  firff  furface  of  the  plate  to  the  fecond,  where 
the  thicknefs  of  it  is  1 ,  are  reflected,  and  thofe,  which  have  paffed  from 
the  firff  furface  to  the  fecond,  where  the  thicknefs  of  it  is  2,  are  tranf¬ 
mitted  ;  and  then  again  thofe,  which  have  thus  paffed  from  one  furface 
to  the  other,  where  the  thicknefs  is  3  are  reflected ;  and  thofe,  which 
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have  palled  in  the  fame  manner,  where  the  thicknefs  is  4,  are  tranfmit- 
ted,  it  follows  that  the  fits  of  eafy  reflection  and  tranfmiflion  return  at 
equal  intervals.  So  that,  if  a  ray  was  to  fet  out  from  A  in  the  line  AB, 
fig.  6,  and  was  to  be  in  a  fit  of  eafy  reflection,  when  it  had  moved  from 
A  to  c;  it  would  be  in  a  fit  of  eafy  tranfmiflion,  when  it  had  moved  to 
twice  that  diftance  from  A,  or  when  it  was  got  to  d:  at  e ,  or  the  diltance 
3  from  A,  it  will  be  in  a  fit  of  eafy  reflection :  at^  or  the  diltance  4,  in  a 
fit  of  eafy  tranfmiflion :  at  g,  or  5,  in  a  fit  of  eafy  reflection :  at  B,  or  6,  in 
a  fit  of  eafy  tranfmiflion,  and  thus  in  the  farther  progrefs  of  the  ray  the 
lame  fits  will  return  at  equal  intervals. 

Thus  if  the  thicknefs  of  the  plate  of  air,  where  the  rays  of  any  homo¬ 
geneous  colour  are  all  reflected  is  equal  to  Ac  or  1,  and  the  rays  are  in  a 
fit  of  eafy  reflection,  when  they  come  to  the  fecond  furface  of  the  plate; 
then  where  the  thicknefs  of  the  plate  is  Ad  or  2,  the  rays,  will  be  in  a 
fit  of  eafy  tranfmiflion,  when  they  come  to  the  fecond  furface,  and  con- 
fequently,  will  all  pafs  through  that  furface.  Again  where  the  thicknefs  is 
Ae  or  3,  the  rays  when  they  come  to  the  fecond  furface  will  be  in  a  fit 
of  eafy  reflection,  and  will  all  be  reflected,  where  the  thicknefs  is  Af  or 
4,  the  fit  of  eafy  tranfmiflion  will  be  returned  when  the  rays  come  to  the 
iecond  furface,  fo  that  all  of  them  will  be  tranfmitted.  And  in  like  man¬ 
ner,  by  fuch  fits  returning  at  equal  intervals,  the  rays  will  be  reflected, 
where  the  thicknefs  is  exprefled  by  the  numbers  1,  3,  5,  7,  9,  &c.  and 
will  be  tranfmitted,  where  it  is  exprefled  by  2,  4,  6,  8,  10,  &c. 

303.  When  a  thin  coloured  plate  is  viewed  obliquely  the  colours  of  every  part 
in  the  plate  will  be  altered . 

When  a  bubble  of  water  or  a  plate  of  air  between  two  glafles  BAC, 
DAE,  Plat.  XVI.  fig.  4,  is  viewed  obliquely,  the  coloured  rings  dilate 
themfelves :  and  confequently  a  ring  of  any  one  colour  by  being  dilated 
gets  into  that  part  of  the  plate,  where  a  ring  of  fome  other  colour  ap¬ 
peared,  when  the  plate  was  viewed  direCtly. 

304.  If  the  plate  is  denfer  than  the  medium  that  encompajj'es  it,  the  colours 
of  it,  when  viewed  obliquely ,  change  lefs,  than  they  would,  if  the 
plate  was  rarer  than  the  medium  that  encompafes  it. 

A  bubble  of  water  is  a  thin  plate  denfer  than  the  air,  that  encom- 
pafles  it :  and  a  plate  of  air  between  the  two  glafles  BAC,  DAE,  Plat.  XVI. 
fig.  4,  is  rarer  than  the  glafs  that  encompafles  it.  Upon  viewing  each  of 
ihefe  thin  plates  obliquely,  the  coloured  rings  on  the  plate  of  water  dilate 
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lefs  than  thofe  on  the  plate  of  air.  Therefore  fince,  by  proportion  303, 
it  is  by  this  dilatation  of  the  rings,  that  a  ring  of  one  colour  gets  into  a 
part  of  the  plate,  where  a  ring  of  feme  other  colour  appeared,  when  the 
plate  was  viewed  dire&ly ;  that  is,  fince  it  is  by  this  dilatation  of  the 
rings  that  the  feveral  parts  of  the  plates  change  their  colours,  it  follows, 
that  any  part  of  a  plate  of  water  encompaffed  with  air  changes  colour  lefs, 
upon  being  viewed  obliquely,  than  any  part  of  a  plate  of  air  encompaffed 
with  glafs. 

305.  When  the  medium,  which  encompajfes  a  coloured  tranfparent  plate,  is 
given ,  the  colours  change  lefs  upon  altering  the  fituation  of  the  eye ,  as 
the  fubflance  is  more  denfe  out  of  which  that  plate  is  made. 

The  matter,  out  of  which  a  bubble  of  water  is  made,  is  not  fo  denfe, 
as  that  out  of  which  a  bubble  of  glafs  is  made,  and  glafs  is  not  fo  denfe 
as  the  fcoria  or  glaffy  fkin  thrown  out  by  metals,  when  they  are  heated. 
Now  any  of  thefe  plates  either  of  water,  or  glafs,  or  metalline  fubflance, 
when  they  are  encompaffed  with  the  fame  medium  air,  will  change 
their  colour  a  little  upon  being  viewed  obliquely.  But  the  plate  of  wa¬ 
ter  changes  the  moil,  the  plate  of  glafs  lefs  than  that,  and  the  fcoria  of 
metals  leaf!  of  all. 

CHAP.  XXII. 

Of  the  opakenefs,  tranfparency  and  colours  of  natural 

bodies. 

306.  fhe  opakenefs  of  bodies  is  owing  to  the  many  reflexions  and  refrac¬ 
tions,  which  the  rays  of  light  J'uffer  within  thofe  bodies . 

THE  fmallefl  parts  of  almofl  all  natural  bodies  are  tranfparent,  as 
will  readily  be  granted  by  thofe,  who  have  been  ufed  to  look 
through  microfcopes.  A  piece  of  leaf-gold  is  tranfparent,  if  it  is  held  up 
againft  the  hole  of  a  window-fhutter  in  a  dark  room.  And  any  other  fub¬ 
flance,  however  opake  it  may  feem  in  the  open  air,  will  appear  tranfpa¬ 
rent  by  the  fame  means,  when  it  is  made  of  a  fufficient  thinnefs.  Even 
metals  become  tranfparent,  if  they  are  diffolved  in  a  proper  menflruum, 
as  gold  in  aqua  regia,  or  filver  in  aqua  fortis,  and  by  being  thus  diffolved 
are  reduced  to  very  fmall  particles.  But  fince  even  in  opake  bodies  every 
fingle  particle  transmits  light  or  is  tranfparent,  the  whole  would  likewife 
tranfmit  light,  unlefs  the  rays,  when  they  are  to  pafs  through  all  the 
particles,  which  make  up  the  whole,  were  fo  turned  out  of  the  way  by 
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innumerable  refractions  and  reflections,  as  to  be  flopped  and  fupprefled  in 
their  pafiage.  That  this  is  the  reafon  why  bodies,  that  conflft  of  tranfpa- 
rent  particles,  fhould  be  opake,  is  evident ;  flnce  opake  bodies,  when 
they  are  reduced  to  a  fufficient  thinnefs  become  tranfparent:  for 
then  there  will  be  but  few  particles  lying  beyond  one  another  for  the  light 
to  pals  through ;  and  as  the  rays  will  fuffer  fewer  refractions  and  reflec¬ 
tions,  fome  of  them  may  get  through  a  thin  plate,  though  all  of  them 
would  be  fupprefled  in  a  thicker  mafs  of  the  fame  fubftance. 

307.  j the  medium ,  with  which  the  pores  of  opake  bodies  are  filledi  is  not  of 
the  fame  denfity  with  the  particles  ofthofe  bodies. 

Bodies  confift  of  tranfparent  particles,  and  their  opakenefs  is  owing  to 
the  many  reflexions  and  refractions,  which  the  light  fuffers  within  them, 
by  propofition  306.  Now  if  the  interftices  between  the  particles  of  any 
body  were  filled  with  a  medium  of  the  fame  denfity  with  the  particles, 
the  light  would  neither  be  refraCted  nor  reflected,  as  it  pafled  out  of  the 
particles  into  the  interftices  and  out  of  the  interftices  into  the  pores,  by 
propofitions  37,  38,  200,  but  would  pafs  through  the  body,  and  the  bo¬ 
dy  would  be  tranfparent.  Confequently  in  an  opake  body,  where  the  light 
is  fupprefled  by  the  refractions  and  reflections,  which  it  fuffers,  the  par¬ 
ticles,  that  compofe  the  body,  and  the  medium,  that  fills  the  pores  or  in¬ 
terftices  between  the  particles,  mull  be  of  different  denfities. 

Hence  we  may  fee  the  reafon  why  paper  when  it  has  been  dipped  in 
water  or  oyl,  is  more  tranfparent,  than  when  it  is  dry.  For  when  the 
paper  is  thoroughly  wetted  with  water  or  oyl,  the  pores  of  it  are  filled 
with  a  medium  that  is  nearly  of  the  fame  denfity  with  its  particles.  On 
the  contrary,  though  oyl  of  turpentine  and  water  are  both  of  them  tranfpa¬ 
rent,  when  they  are  feparate,  yet  if  they  are  fhaken  together  fo  as  to  mix 
but  imperfectly,  the  mixture  becomes  much  lefs  tranfparent.  Becaufe 
the  parts  of  each  fluid  are  feparated  from  one  another,  and  thofe  of  the 
other  fluid,  which  are  of  a  different  denfity,  get  in  between  them. 

308.  Tfoe  parts  of  bodies  and  their  interfices  mnft  not  be  lefs  than  of  a  cer¬ 
tain  definite  bignefs  to  render  them  opake  and  coloured. 

The  moft  opake  bodies  become  tranfparent,  when  their  particles  are 
fubtilly  divided.  As  metals  fuch  as  gold  or  filver,  which  are  opake  in  large 
mafles,  become  tranfparent,  when  the  former  is  diflolved  in  aqua  regia  and 
the  latter  in  aqua  fortis.  And,  in  propofition  297,  we  obferved  that  at 
the  top  of  a  bubble  of  water,  where  the  water  is  extremely  thin,  there 
is  a  black  fpot,  which  reflects  fcarce  any  light  at  all  5  though  the  water 
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is  encompaffed  with  air,  which  is  a  medium  of  a  different  denfity.  Con- 
fequently  if  the  diameter  of  the  particles,  of  which  any  natural  fubflance 
confifls,  was  no  greater  than  the  thicknefs  of  the  bubble,  where  it  reflects 
no  light,  but  tranfmits  all,  fuch  a  body  would  be  tranfparent  notwith- 
flanding  the  interfaces,  that  are  between  its  particles,  were  filled  with 
a  medium,  the  denfity  of  which  is  different  from  theirs. 

In  like  manner,  we  obferved,  that  when  a  thin  plate  of  air  lies  be¬ 
tween  two  pieces  of  glafs  BAC,  DAE,  Plat.  XVI.  fig.  4,  there  is  a  dark 
fpot,  which  reflects  no  light  and  tranfmits  all,  not  only  at  the  point  A 
where  the  glaffes  touch  one  another,  but  alfo  round  that  point  to  fome 
diftance  where  the  glaffes  are  very  near  to  one  another.  From  hence  we 
may  conclude  that  though  the  particles  of  any  natural  fubflance  were  as 
denfe  as  glafs,  and  the  medium  which  fills  their  interfaces  was  as  rare  as 
air,  yet  if  thefe  interfaces  were  no  bigger  than  the  interval  between 
the  two  glaffes  BAC,  DAE,  at  that  place  where  all  light  is  tranfmitted, 
fuch  a  body  would  be  tranfparent. 

The  tranfparency  of  water  feems  to  be  owing  to  the  caufes  here  men¬ 
tioned,  to  the  fmallnefs  of  its  parts,  or  of  its  pores,  or  of  both.  For  we 
are  fure  that  the  pores  of  water  are  filled  with  air,  becaufe  the  air  may 
be  drawn  out  from  the  water  in  an  air  pump ;  and  confequently,  as  the 
pores  are  filled  with  a  medium  of  a  different  denfity  from  the  parts,  the 
mixture  ought  to  be  opake,  like  fuch  a  mixture  of  water  and  oyl  of  tur¬ 
pentine,  as  was  mentioned  in  propofition  307.  But  the  fmallnefs  either 
of  the  parts,  or  of  the  interflices,  or  of  both  will  prevent  the  mixture 
from  being  opake. 

Since  therefore  all  bodies  will  be  tranfparent,  if  either  their  parts  or 
their  interflices  are  too  fmall,  it  follows  that  the  parts  and  likewife  the 
pores  of  fuch  bodies,  as  are  not  tranfparent  but  opake  and  coloured,  mufl 
not  be  lefs  than  of  a  certain  and  determinate  bignefs. 

309.  The  colours  of  jjatural  bodies  depend  upon  the  fize  of  their  particles. 

Different  parts  of  thin  tranfparent  plates,  according  to  the  different 
thicknefs  of  them,  are  of  different  colours,  by  propofition  297.  Now  if 
any  part  of  fuch  a  thin  plate  of  glafs,  for  inflance,  where  it  appears  of 
one  uniform  colour,  fhould  be  fplit  into  threads  or  broken  into  fmall  par¬ 
ticles  ;  all  thefe  particles  would  make  a  heap  of  powder  of  the  fame  co¬ 
lour.  And  the  fmall  particles  of  natural  bodies,  fmce  they  are  tranfparent, 
like  fo  many  fragments  of  a  thin  plate,  mufl  exhibit  colours  in  the  fame 
manner. 
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310.  *The  parts  of  bodies,  on  'which  their  colours  depend ,  are  much  denfer 
than  the  medium ,  'which  fills  their  pores . 

For  where  the  tranfparent  plate  or  particle  confifts  of  a  rarer  fubftance 
than  the  medium,  that  encompafies  it,  the  colours  are  lefs  vivid  than 
thofe  of  natural  bodies  commonly  are,  by  proportion  289.  For  this  rea- 
fon  it  is  that  the  colours  of  filks  or  clotns,  when  they  are  wetted  with 
oyl  or  water,  become  more  faint ;  becaufe  thefe  liquors  are  more  nearly 
of  the  fame  denfity  with  the  particles,  than  the  medium  is,  which  fills 
the  interlaces  when  they  are  dry.  Befides,  the  colours  upon  a  tranfparent 
plate  change  very  fenfibly,  unlefs  the  plate  confifts  of  a  fubftance  much 
denfer  than  the  medium  that  encompafies  it,  by  propofitions  304,  305. 
But  moll  natural  bodies  are  of  the  fame  colour  in  whatever  pofition  of 
the  eye  they  are  viewed.  Therefore  their  tranfparent  particles,  upon 
which  their  colours  depend,  are  much  denfer  than  the  medium,  which 
encompafies  thofe  particles  or  fills  the  interlaces  between  them. 

Nor  is  the  cafe  other  wife  even  in  thofe  bodies  which  do  change  colour 
upon  being  viewed  obliquely,  fuch  as  changeable  filks,  or  the  feathers  of  a 
peacocks  tail  or  of  a  pidgeons  neck.  For  this  change  of  colour,  upon  the 
fituation  of  the  eye  being  changed,  is  no  reafon  for  concluding  that  the  me¬ 
dium,  which  fills  the  interftices  or  pores,  is  more  nearly  of  the  feme  den- 
fity  with  the  particles,  upon  which  the  colours  depend,  in  thefe  bodies 
than  in  others.  Since  the  change  of  colour  is  plainly  owing  to  our  feeing 
a  different  part  of  the  body  in  different  pofitions  of  the  eye.  Thus  in 
changeable  filks  the  warp  is  of  one  colour  and  the  woof  of  another,  and 
in  one  pofition  of  the  eye  more  of  the  warp  is  feen,  and  in  another  po- 
lition  of  it  more  of  the  woof  is  feen.  Irr  like  manner,  if  a  pidgeons  neck 
appears  blue  in  one  pofition  of  the  eye,  and  crimfon  in  another,  it  is 
becaufe  in  thefe  different  pofitions  we  fee  different  parts  of  the  feme 
feathers. 

3 1 1 .  We  cannot  from  the  colour  of  a  body  make  any  conjecture  about  the fze 
of  the  particles ,  upon  'which  its  colours  depend. 

Suppofe,  from  the  appearance  of  the  colour  in  any  yellow  body,  that 
we  had  determined  its  yellow  to  be  of  the  feme  fort  with  that,  which  is 
next  to  the  black  fpot  in  a  plate  of  air  or  water,  or  glafs.  The  thicknefs 
of  a  plate,  where  it  appears  of  this  colour,  is  different  according  to  the 
different  denfity  of  the  fubftance  out  of  which  that  plate  is  made,  by  pro- 
pofition  300.  The  thicknefs  of  a  plate  of  air,  where  it  appears  of  this 
colour,  is  greater  than  that  of  a  plate  of  water,  where  it  appears  of  the 
fame  colour,  and  much  greater  ftill  than  that  of  a  plate  of  glafs.  Sup- 
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pofe  therefore  farther,  that  we  were  able  to  determine  exadly  what  is  the 
thicknefs  of  a  plate  of  air  or  water  or  glafs,  where  each  of  them  is  tin¬ 
ged  with  the  fame  yellow  colour,  that  any  natural  body  exhibits :  yet  we 
cannot  determine  whether  the  diameter  of  the  particles,  upon  which  this 
bodys  colour  depends,  is  equal  to  the  thicknefs  of  the  plate  of  air,  or  of 
water,  or  of  glafs,  unlefs  we  could  frit  determine  whether  the  denlity 
of  thofe  particles  is  equal  to  the  denlity  of  air,  or  to  that  of  water,  or 
to  that  of  glafs :  fince  the  particles  mult  be  larger,  if  their  denlity  is  equal 
to  the  denlity  of  air,  than  if  it  is  equal  to  the  denlity  of  water,  and  larger 
if  it  is  equal  to  that  of  water,  than  if  it  is  equal  to  that  of  glafs.  And  in¬ 
deed  we  have  good  reafon  to  conclude  that  the  denfity  of  the  parts,  up¬ 
on  which  the  colours  of  natural  bodies  depend,  is  greater  even  than  that 
of  glafs ;  and  confequently  that  the  diameter  of  thofe  parts  is  much  lefs 
than  the  thicknefs  of  a  plate  of  glafs,  where  it  appears  of  the  fame  co¬ 
lour  with  the  body.  For  upon  being  viewed  obliquely  thin  plates  of  glafs 
change  colour,  whereas  natural  bodies  do  not:  and  the  colour  of  natu¬ 
ral  bodies  is  made  more  unchangeable  than  that  of  thin  plates  of  glafs  by 
their  particles  being  more  denfe  than  glafs  is,  by  proportions  305,  3  io« 

CHAP.  XXIII. 

Of  the  rainbowv 

312.  When  the  rays  of  the  fun  fall  upon  a  drop  of  rain  and  enter  into  if, 
feme  of  them  after  one  refleftion  and  two  ref  raft  ions  may  come  to  the 
eye  of  a  fpeftator ,  who  has  his  back  towards  the  Jim  and  his  face  to¬ 
wards  the  drop . 

IF  XY,  Plat.  XVII.  fig.  1,  is  a  drop  of  rain,  and  the  fun  Ihines  upon 
it  in  any  lines  sfr  sdy  sa ,  6cc.  molt  of  the  rays  will  enter  into  the  drop; 
fome  few  of  them  only  will  be  reflected  from  the  firft  furface,  by  pro¬ 
portions  198,  200.  Thofe  rays,  which  are  refleded  from  thence,  do  not 
come  under  our  prefent  coniideration,  becaufe  they  are  never  refraded 
at  all.  The  greateft  part  of  the  rays  then  enter  the  drop,  and  thofe  palling 
on  to  the  fecond  furface  will  moft  of  them  be  tranfmitted  through  the 
drop,  by  proportions  198,  200.  But  neither  do  thofe  rays,  which  are 
thus  tranfmitted,  fall  under  our  prefent  confderation,  flnce  they  are  not 
refleded.  For  the  rays,  which  are  defcribed  in  the  proportion,  arefuch, 
as  are  twice  refraded  and  once  refleded.  However,  at  the  fecond  furface, 
or  hinder  part  of  the  drop,  at  pg  fome  few  rays  will  be  refleded,  by  pro¬ 
portions  198,  200,  whilfl  the  reft  are  tranfmitted:  thofe  rays  proceed 
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In  fome  fuch  lines  as  nr ,  nq,  and  coming  out  of  the  drop  in  the  lines  rv, 
qt ,  may  fall  upon  the  eye  of  a  fpedator,  who  is  placed  any  where  in 
thofe  lines,  with  his  face  towards  the  drop,  and  confequently  with  his 
back  towards  the  fun,  which  is  fuppofed  to  fhine  upon  the  drop  in  the 
lines  sf  sd ,  sa,  &c.  Thefe  rays  are  twice  refracted  and  once  refleded ; 
they  are  refraded,  when  they  pafs  out  of  the  air  into  the  drop,  they  are 
reflected  from  the  fecond  furface,  and  are  refraded  again,  when  they  pafs 
out  of  the  drop  into  the  air. 

313.  When  rays  of  light  ref e  Bed  from  a  drop  of  rain  come  to  the  eye ,  thofe 
are  called  effectual,  which  are  able  to  excite  a  Jenfation . 

314.  When  rays  of  light  come  out  of  a  drop  of  rain ,  they  will  not  be  effec¬ 
tual ,  unlefs  they  are  parallel  and  contiguous . 

There  are  but  few  rays,  that  can  come  to  the  eye  at  all,  by  propor¬ 
tion  312.  For  the  greateft  part  of  thofe  rays  which  enter  the  drop  xy. 
Plat.  XVII.  fig.  i,  between  x  and  a,  pafs  out  of  the  drop  through  the 
hinder  furface  pg ;  only  few  are  refleded  from  thence  and  come  out 
through  the  nearer  furface  between  a  andy.  Now  fuch  rays  as  emerge, 
or  come  out  of  the  drop,  between  a  and  y  will  be  inefledual,  unlefs  they 
are  parallel  to  one  another  as  rv  and  qt  are :  becaufe  fuch  rays  as  come 
out  diverging  from  one  another,  will  be  fo  far  afunder,  when  they  come 
to  the  eye,  that  all  of  them  cannot  enter  the  pupill ;  and  the  very  few, 
that  can  enter  it,  will  not  be  fufficient  to  excite  any  fenfation.  But  even 
rays,  which  are  parallel,  as  rv ,  qt ,  will  not  be  effedual,  unlefs  there  are 
feveral  of  them  contiguous  or  very  near  to  one  another.  The  two  rays 
rv  and  qt  alone  will  not  be  perceived,  though  both  of  them  enter  the 
eye ;  for  fo  very  few  rays  are  not  fufficient  to  excite  a  fenfation. 

3 1 5.  When  rays  of  light  come  out  of  a  drop  of  rain  after  one  refeBion ,  thofe 
will  be  effectual,  which  are  ref eBed  from  the  fame  pointy  and  which 
entered  the  drop  near  to  one  another . 

Any  rays  as  sb  and  cd ,  Plat.  XVII.  fig.  2,  when  they  have  paffed  out 
of  the  air  into  a  drop  of  water  will  be  refraded  towards  the  perpendicu¬ 
lars  bl,  dl ,  by  propofition  37 ;  and  as  the  ray  sb  fails  farther  from  the  axis 
av  than  the  ray  c d,  sb  will  be  more  refraded  than  cd ,  as  was  fhewn  in  a 
fimilar  cafe  in  propofition  57 ;  fo  that  thefe  rays,  though  parallel  to  one 
another  at  their  incidence  may  defcribe  the  lines  be,  and  de  after  refradion, 
and  be  both  of  them  refleded  from  one  and  the  fame  point  e.  Now  all 
rays,  which  are  thus  refleded  from  one  and  the  fame  point,  when  they 
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have  defcribed  the  lines  ef,  eg,  and  after  reflection  emerge  at  f  and  g9 
will  be  fo  refraCted,  when  they  pafs  out  of  the  drop  into  the  air,  as 
to  defcribe  the  lines  fb,  gi,  parallel  to  one  another.  If  thefe  rays  were 
to  return  from  e  in  the  lines  eb,  ed,  and  were  to  emerge  at  b  and  d,  they 
would  be  refraCted  into  the  lines  of  their  incidence  bs ,  dc  by  propor¬ 
tion  39.  But  if  thefe  rays,  inftead  of  being  returned  in  the  lines  eb,  ed, 
are  reflected  from  the  fame  point  e  in  the  lines  eg,  ef,  the  lines  of  re¬ 
flection  eg  and  ef  will  be  inclined  both  to  one  another  and  to  the  furface 
of  the  drop,  juft  as  much  as  the  lines  eb  and  ed  are.  Firft  eb  and  eg  make 
juft  the  fame  angle  with  the  furface  of  the  drop,  for  the  angle  bex,  which 
eb  makes  with  the  furface  of  the  drop,  is  the  complement  of  incidence, 
and  the  angle  gey,  which  eg  makes  with  the  furface,  is  the  complement  of 
reflection ;  and  thefe  two  are  equal  to  one  another,  by  propofition  201.  In 
the  fame  manner  we  might  prove  that  ed  and  ef  make  equal  angles  with 
the  furface  of  the  drop.  Secondly  the  angle  bed  is  equal  to  the  angle  feg , 
or  the  reflected  rays  eg,  ef  and  the  incident  rays  be,  de  are  equally  in¬ 
clined  to  each  other.  For  the  angle  of  incidence  bel  is  equal  to  the  angle 
of  reflection  gel,  and  the  angle  of  incidence  del  is  equal  to  the  angle  of  re¬ 
flection  fel ,  by  propofition  201.  Confequently  the  difference  between  the 
angles  of  incidence  is  equal  to  the  difference  between  the  angles  of  reflec¬ 
tion,  or  bel — del-=zgel—fel  or  bed—gef  Since  therefore  either  the  lines 
eg,  ef  or  the  lines  eb,  ed  are  equally  inclined  both  to  one  another  and  to 
the  furface  of  the  drop;  the  rays  will  be  refraCted  in  the  fame  manner, 
whether  they  were  to  return  in  the  lines  eb,  ed,  or  are  reflected  in  the 
lines  eg,  ef  But  if  they  were  to  return  in  the  lines  eb,  ed,  the  refraction, 
when  they  emerge  at  b  and  d  would  make  them  parallel.  Therefore  if 
they  are  reflected  from  one  and  the  fame  point  e  in  the  lines  eg,  ef,  the  re¬ 
fraction,  when  they  emerge  at  g  and  f  will  likewife  make  them  parallel. 

But  though  fuch  rays,  as  are  reflected  from  the  fame  point  in  the  hind¬ 
er  part  of  a  drop  of  rain,  are  parallel  to  one  another,  when  they  emerge, 
and  fo  have  one  condition  that  is  requifite  towards  making  them  effectual; 
yet  there  is  another  condition  neceflary :  for,  by  proportion  3 14,  rays, 
that  are  effectual,  muft  be  contiguous,  as  well  as  parallel.  And  though  rays,  , 
which  enter  the  drop  in  different  places,  may  be  parallel,  when  they 
emerge,  thofe  only  will  be  contiguous,  which  enter  it  nearly  at  the  fame 
place. 

Let  xy,  ng.  1 ,  be  a  drop  of  rain,  ag  the  axis  or  diameter  of  the  drop  and 
sa  a  ray  of  light,  that  comes  from  the  fun  and  enters  the  drop  at  the  point 
a.  This  ray  sa,  becaufe  it  is  perpendicular  to  both  the  furfaces,  will  pafs 
ftrait  through  the  drop  in  the  line  agh  without  being  refraCted,  by  pro- 
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pofition  41 .  But  any  collateral  rays  that  fall  about  sbi  as  they  pafs  through 
the  drop,  will  be  made  to  converge  to  their  axis,  and  paffing  out  at  n 
will  meet  the  axis  at  h ,  by  propofition  82.  Rays  which  fall  farther  from 
the  axis  than  sb3  fuch  as  thofe  which  fall  about  sc ,  will  likewile  be 
made  to  converge;  but  then  their  focus  will  be  nearer  to  the  drop  than 
hy  by  propofition  57.  Suppofe  therefore  i  to  be  the  focus  to  which  the 
rays  that  fall  about  sc  will  converge,  any  ray  sc,  when  it  is  has  defcri- 
bed  the  line  co  within  the  drop  and  is  tending  to  the  focus  i3  will  pafs  out 
of  the  drop  at  the  point  0.  The  rays,  that  fall  upon  the  drop  about  sd  more 
remote  hill  from  the  axis,  will  converge  to  a  focus  hill  nearer  than  i,  as 
fuppofe  at  ky  by  propofition  57.  Thefe  rays  therefore  go  out  of  the  drop 
at/>.  The  rays,  that  fall  ftill  more  remote  from  the  axis  as  se ,  will  converge 
to  a  focus  nearer  than  ky  as  fuppofe  at  / ;  and  the  ray  se3  when  it  has  de- 
fcribed  the  line  eo  within  the  drop  and  is  tending  to  /,  will  pafs  out  at 
the  point  0.  The  rays,  that  fall  fiill  more  remote  from  the  axis,  will  con¬ 
verge  to  a  focus  hill  nearer.  Thus  the  ray  sf  will  after  refradtion  con¬ 
verge  to  a  focus  at  my  which  is  nearer  than  /,  and  having  defcribed  the 
line  fn  within  the  drop,  it  will  pafs  out  at  the  point  n.  Now  here  we 
may  obferve  that  as  any  rays  sb  or  sc3  fall  farther  above  the  axis  sa,  the 
points  n,  or  0,  where  they  pafs  out  behind  the  drop,  will  be  farther  above 
gy  or  that  as  the  incident  ray  rifes  from  the  axis  sa,  the  arc  gno  encreafes : 
till  we  come  to  fome  ray  sd,  which  pafles  out  of  the  drop  at  p,  and  this 
is  the  highefi  point  where  any  ray,  that  falls  upon  the  quadrant  or  quar¬ 
ter  ax,  can  pafs  out :  for  any  rays  se,  or  sf,  that  fall  higher  than  sd,  will 
not  pafs  out  in  any  point  above p,  but  at  the  points  0 ,  or  n ,  which  are  be¬ 
low  it.  Confequently  though  the  arc  gnop  encreafes,  whilft  the  difiance  of 
the  incident  ray  from  the  axis  sa  encreafed,  till  we  came  to  the  ray  sd% 
yet  afterwards  the  higher  the  ray  falls  above  the  axis  say  this  arc  pong 
will  decreafe. 

We  have  hitherto  Ipoken  of  the  points  on  the  hinder  part  of  the  drop, 
where  the  rays  pafs  out  of  it ;  but  this  was  for  the  fake  of  determining 
the  points  from  whence  thofe  rays  are  refledted,  which  do  not  pafs  out 
behind  the  drop.  For,  in  explaning  the  rain-bow,  we  have  no  farther 
reafon  to  confider  thofe  rays,  which  go  through  the  drop;  fince  they  can 
never  come  to  the  eye  of  a  fpedtator  placed  any  where  in  the  lines  rv  or 
qt  with  his  face  towards  the  drop.  Now  as  there  are  many  rays,  which 
pafs  out  of  the  drop  between  g  and px  fo,  by  propofition  200,  fome  few 
rays  will  be  refledted  from  thence  ;  and  confequently  the  feveral  points 
between  g  and  p,  which  are  the  points,  where  fome  of  the  rays  pafs  out 
of  the  drop*  are  likewife  the  points  of  refledtion  for  the  refi,  which  do 

not 
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not  pafs  oat.  Therefore  in  refpeCt  of  thofe  rays,  which  are  reflected,  we 
may  call  gp  the  arc  of  reflection,  and  may  fay  that  this  arc  of  reflection 
encreafes,  as  the  diftance  of  the  incident  ray  from  the  axis  sa  encreafes, 
till  we  come  to  the  ray  sd ,  the  arc  of  reflection  is  gn  for  the  ray  sb,  it  is 
go  for  the  ray  sc,  and  gp  for  the  ray  sd.  But  after  this,  as  the  diftance  of 
the  incident  ray  from  the  axis  sa  encreafes,  the  arc  of  reflection  decreafes  5 
for  og  lefs  than  pg  is  the  arc  of  reflection  for  the  ray  se,  and  ng  is  the  arc 
of  reflection  for  the  ray  sf. 

From  hence  it  is  obvious,  that  fome  one  ray,  which  falls  above  sd,  may 
be  reflected  from  the  fame  point  with  fome  other  ray,  which  falls  be¬ 
low  sd.  Thus  for  inftance  the  ray  sb  will  be  reflected  from  the  point  n, 
and  the  ray  r/'will  be  reflected  from  the  fame  point  j  and  confequently, 
when  the  reflected  rays  nr,  nq  are  refraCted  as  they  pafs  out  of  the  drop 
at  r,  and  q ,  they  will  be  parallel,  by  what  has  been  (hewn  in  the  for¬ 
mer  part  of  this  propofition.  But  fince  the  intermediate  rays,  which  en¬ 
ter  the  drop  between  sf  and  sb,  are  not  reflected  from  the  fame  point  n, 
thefe  two  rays  alone  will  be  parallel  to  one  another,  when  they  come  out 
of  the  drop ;  and  the  intermediate  rays  will  not  be  parallel  to  them.  And . 
confequently  thefe  rays  rv ,  qt ,  though  they  are  parallel,  after  they  emerge 
at  r  and  q,  will  not  be  contiguous,  and  for  that  reafon  will  not  be  elfec- 
tual,  by  propofttion  314.  The  ray  sd  is  reflected  from  p,  which  has  been 
fhewn  to  be  the  limit  of  the  arc  of  reflection  5  luch  rays,  as  fall  juft  above 
sd  and  juft  below  sd,  will  be  reflected  from  nearly  the  fame  point/,  as  ap¬ 
pears  from  what  has  been  already  fhewn.  Thefe  rays  therefore,  will  be 
parallel,  becaufe  they  are  reflected  from  the  fame  point  p,  and  they  will 
likewife  be  contiguous,  becaufe  they  all  of  them  enter  the  drop  at  one  and 
the  fame  place  very  near  to  d.  Confequently  fuch  rays,  as  enter  the  drop 
at  d  and  are  reflected  from  p  the  limit  of  the  arc  of  reflection,  will  be 
effectual,  by  propofttion  314,  fince  when  they  emerge  at  the  fore  part 
of  the  drop  between  a  and  y  they  will  be  both  parallel  and  contiguous. 

If  we  can  make  out  hereafter  that  the  rain  bow  is  produced,  by  the 
rays  of  the  fun,  which  are  thus  reflected  from  drops  of  rain,  as  they  fall 
whilft  the  fun  fhines  upon  them,  this  propofttion  may  ferve  to  fhew  us 
that  this  appearance  is  not  produced  by  any  rays,  that  fall  upon  any  part 
and  are  reflected  from  any  part  of  thofe  drops :  fince  this  appearance  can¬ 
not  be  produced  by  any  rays  but  thofe,  which  are  effectual ;  and  effec¬ 
tual  rays  muft  always  enter  each  drop  at  one  certain  place  in  the  fore-part 
of  it,  and  muft:  likewife  be  reflected  from  one  certain  place  in  the  hinder 
furface, 
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316.  When  rays ,  that  are  effectual,  emerge  from  a  drop  of  rain  after  one 
reflection  and  two  refractions ;  thofe ,  which  are  mofl  refrangible ,  will, 
at  their  emerjion ,  make  a  lefs  angle  with  the  incident  rays ,  than  thofe 
do ,  which  are  leaf  refra?igible :  and  by  this  means  the  rays  of  diffe¬ 
rent  colours  will  be  feparated  from  one  a?iother. 

Let  fh  andg/,  Plat.  XVII.  fig.  2,  be  effectual  violet  rays  emerging  from 
the  drop  at  fg,  and  fnt  gp ,  effe&ual  red  rays  emerging  from  the  fame  drop 
at  the  fame  place.  Now  though  all  the  violet  rays  are  parallel  to  oneano- 
$ier  by  propofition  314,  becaufe  they  are  fuppofed  effectual ;  and  though 
all  the  red  rays  are  likewife  parallel  to  one  another  for  the  fame  reafon ;  yet 
the  violet  rays  will  not  be  parallel  to  the  red  rays.  Thefe  rays,  as  they  have 
different  colours,  and  different  degrees  of  refrangibility,  will  diverge  from 
one  another,  any  violet  ray  gi,  which  emerges  at  g ,  will  diverge  from 
any  red  ray  gp ,  which  emerges  at  the  fame  place.  Now  both  the  violet 
ray  gi  and  the  red  ray  gp ,  as  they  pafs  out  of  the  drop  of  water  into  the 
air,  will  be  refraCted  from  the  perpendicular  lo.  But  the  violet  ray  is 
more  refrangible  than  the  red  one,  by  propofition  282,  and  for  that  rea- 
fon^/,  or  the  refraCted  violet  ray,  will  make  a  greater  angle  with  the  per¬ 
pendicular  thang/>  the  refraCted  red  ray ;  or  the  angle  igo  will  be  greater 
than  the  angle  pgo.  Suppofe  the  incident  ray  sb  to  be  continued  in  the  di¬ 
rection  j/£,and  the  violet  ray  ig  to  be  continued  backwards  in  the  direction 
iky  till  it  meets  the  incident  ray  at  k.  Suppofe  likewife  the  red  ray  pg  to 
be  continued  backwards  in  the  fame  manner,  till  it  meets  the  incident  ray 
at  w.  The  angle  iks  is  that  which  the  violet  ray,  or  mofl  refrangible 
ray  at  its  emerfion,  makes  with  the  incident  ray  :  and  the  angle  pws  is 
that  which  the  red  ray,  or  lead:  refrangible  ray  at  its  emerfion,  makes 
with  the  incident  ray.  The  angle  iks  is  lefs  than  the  angle  pws.  For,  in 
the  triangle  gwk ,  gws  or  pws  is  the  external  angle  at  the  bafe,  and  gkw 
or  iks  is  one  of  the  internal  oppofite  angles:  and  either  internal  oppo- 
iite  angle  is  lefs  than  the  external  angle  at  the  bafe.  Euc.  b.  I.  prop.  1 6. 
What  has  been  fhewn  to  be  true  of  the  rays  gi  and  gp  might  be  fhewn 
in  the  fame  manner  of  the  rays  fh  and  fit ,  or  of  any  other  rays  that 
emerge  relpeCtively  parallel  to  gi  and  gp.  But  all  the  effectual  violet  rays 
are  parallel  to  gi,  and  all  the  effectual  red  rays  are  parallel  to  gp ,  by  pro¬ 
pofition  314.  Therefore  the  effectual  violet  rays  at  their  emerfion  make 
a  lefs  angle  with  the  incident  ones  than  the  effectual  red  ones.  And  for 
the  fame  reafon  in  all  the  other  forts  of  ravs  thofe,  which  are  mod:  re- 
frangible,  at  their  emerfion  from  a  drop  of  rain  after  one  reflection,  will 
make  a  lefs  angle  with  the  incident  rays,  than  thofe  do,  which  are  lefs  re¬ 
frangible. 


Or 
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Or  otherwife.  When  the  rays  gi  and  gp  emerge  at  the  fame  point  g, 
as  they  both  come  out  of  water  into  air  and  confequently  are  refracted 
from  a  perpendicular,  indead  of  going  drait  forwards  in  the  line  eg  con¬ 
tinued,  they  will  both  be  turned  round  upon  the  point  g  from  the  perpen¬ 
dicular^.  Now  it  is  eafy  to  conceive  that  either  of  thefe  lines  might  be 
turned  in  this  manner  upon  the  point  g  as  upon  a  center,  till  they  became 
parallel  to  sb  the  incident  ray.  But  if  either  of  thefe  lines  or  rays  were 
refra&ed  fo  much  from  go  as  to  become  parallel  to  sb,  the  ray  fo  much 
refradted  would,  after  emerfion,  make  no  angle  with  sk,  becaufe  it  would 
be  parallel  to  it.  And  confequently  that  ray,  which  is  mod:  turned  round 
upon  the  point  g,  or  that  ray,  which  is  mod  refrangible,  will  after  emer¬ 
fion  be  neared  parallel  to  the  incident  ray,  or  will  make  the  lead  angle 
with  it.  The  fame  may  be  proved  of  all  other  rays  emerging  parallel  to 
gi  and  gp  refpedtively,  or  of  all  effectual  rays  5  thofe,  which  are  mod 
refrangible,  will  after  emerfion  make  a  lefs  angle  with  the  incident  rays, 
than  thofe  do,  which  are  lead  refrangible. 

But  flnce  the  effectual  rays  of  different  colours  make  different  angles 
with  sk  at  their  emerfion,  they  will  be  feparated  from  one  another :  fo 
that  if  the  eye  was  placed  in  the  beam fghi  it  would  receive  only  rays  of 
one  colour  from  the  drop  xagy,  and  if  it  was  placed  in  the  beam  fgnp, 
it  would  receive  only  rays  of  fome  other  colour. 

The  angle  swp ,  which  the  lead  refrangible  or  red  rays  make  with  the 
incident  ones,  when  they  emerge  fo  as  to  be  effectual,  is  found  by  cal¬ 
culation  to  be  42  degrees  2  minutes.  And  the  angle  ski,  which  the  mod 
refrangible  rays  make  with  the  incident  ones,  when  they  emerge  fo  as  to 
be  effectual,  is  found  to  be  40  degrees  17  minutes.  The  rays,  which  have 
the  intermediate  degrees  of  refrangibility,  make  with  the  incident  ones 
intermediate  angles  between  42  degrees  2  minutes  and  40  degrees  17 
minutes. 

317-  Va  line  is  fuppofed  to  be  dram  from  the  center  of  the  fun  through 
the  eye  of  the  fpeClator ,  the  angle,  which  any  effectual  ray  after  two 
refractions  and  one  reflection  makes  with  the  incident  ray,  will  be 
equal  to  the  angle ,  which  it  makes  with  that  line . 

Let  the  eye  of  the  fpedtator  be  at  i.  Plat.  XVII.  fig.  2,  and  let  qt  be  the 
line  fuppofed  to  be  drawn  from  the  center  of  the  fun  through  the  eye  of 
the  fpe&ator ;  the  angle  git,  which  any  effectual  ray  makes  with  this  line, 
will  be  equal  to  the  angle  iks,  which  the  fame  ray  makes  with  the  incident 
ray  sb  or  sk.  If  sb  is  a  ray  coming  from  the  center  of  the  fun,  then  fince  qt 
is  fuppofed  to  be  drawn  from  the  fame  point,  thefe  two  lines,  upon  ac¬ 
count 
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count  of  the  remotenefs  of  the  point  from  whence  they  are  drawn,  may 
be  looked  upon  as  parallel  to  one  another,  as  will  eafily  appear  from  pro¬ 
portion  30.  But  the  right  line  ki  crofting  thefe  two  parallel  lines  will 
make  the  alternate  angles  equal.  Euc.  b.  I.  prop.  29.  Therefore  kit  or 
git  is  equal  to  ski. 

318.  When  the  fun  Jhines  upon  the  drops  of  rain  as  they  are  falling ;  the 
rays ,  that  come  from  thofe  drops  to  the  eye  of  a  fpeCfator  after  one 
refection  and  two  refraCt  ions  >  produce  the  primary  rainbow . 

If  the  fun  fhines  upon  the  rain  as  it  falls  there  are  commonly  feen  two 
bows,  as  AFB,  CHD,  Plat.  XVII.  fig.  4,  or  if  the  cloud  and  rain  does  not 
reach  over  that  whole  fide  of  the  fky  where  the  bows  appear,  then  only 
a  part  of  one  or  of  both  bows  is  feen  in  that  place,  where  the  rain  falls. 
Of  thefe  two  bows  the  innermofl  AFB  is  the  more  vivid  of  the  two,  and 
this  is  called  the  primary  bow.  The  outer  part  TF  Y  of  the  primary  bow 
is  red,  the  inner  part  VEX  is  violet,  the  intermediate  parts,  reckoning 
from  the  red  to  the  violet,  are  orange,  yellow,  green,  blue,  and  indigo. 
Suppofe  the  fpedtators  eye  to  be  at  O,  and  let  LOP  be  an  imaginary  line 
drawn  from  the  center  of  the  fun  through  the  eye  of  the  fpedtator.  If  a 
beam  of  light  S  coming  from  the  fun  falls  upon' any  drop  F;  and  the 
rays,  that  emerge  at  F  in  the  line  FO  fo  as  to  be  effectual,  make  an 
angle  FOP  of  42  degrees  2  minutes  with  the  line  LP,  then  thefe  effec¬ 
tual  rays  make  an  angle  of  42  degrees  2  minute?  with  the  incident  rays, 
by  propofttion  317,  and  confequently  thefe  rays  will  be  red,  by  propo¬ 
rtion  316;  fo  that  the  drop  F  will  appear  red.  All  the  other  rays,  which, 
emerge  at  F,  and  would  be  effectual  if  they  fell  upon  the  eye,  are  refrac¬ 
ted  more  than  the  red  ones  and  confequently  will  pafs  above  the  eye. 
If  a  beam  of  light  S  falls  upon  the  drop  E,and  the  rays,  that  emerge  at 
E  in  the  line  EO  fo  as  to  be  effectual,  make  an  angle  EOP  of  40  degrees 
1 7  minutes  with  the  line  LP ;  then  thefe  effectual  rays  make  likewife 
an  angle  of  40  degrees  1 7  minutes  with  the  incident  rays,  by  propofttion 
317,  and  the  drop  E  will  appear  of  a  violet  colour,  by  propofttion  3 1 6. 
All  the  other  rays,  which  emerge  at  E,  and  would  be  effectual  if  they 
came  to  the  eye,  are  refradted  lefsthan  the  violet  ones,  and  therefore  pafs 
below  the  eye.  The  intermediate  drops  between  F  and  E  will  for  the  fame 
reafons  be  of  the  intermediate  colours. 

Thus  we  have  fhewn  why  a  fet  of  drops  from  F  to  E,  as  they  are  fal¬ 
ling,  fhould  appear  of  the  primary  colours,  red,  orange,  yellow,  green, 
blue,  indigo,  and  violet.  It  is  not  neceffary  that  the  feveral  drops,  which 
produce  thefe  colours,  fhould  all  of  them  fall  at  exadtly  the  fame  diftance 

from 
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from  the  eye.  The  angle  FOP,  for  inftance,  is  the  fame,  whether  the 
diftance  of  the  drop  from  the  eye  is  OF,  or  whether  it  is  in  any  other 
part  of  the  line  OF  fomething  nearer  to  the  eye.  And  whilft  the  angle 
FOP  is  the  fame,  the  angle  made  by  the  emerging  and  incident  rays,  and 
confequently  the  colour  of  the  drop  will  be  the  fame.  This  is  equally  true 
of  any  other  drop.  So  that  although  in  the  figure  the  drops  F  and  E  are 
represented  as  falling  perpendicularly  one  under  the  other,  yet  this  is  not 
neceflary  in  order  to  produce  the  bow. 

But  the  coloured  line  FE,  which  we  have  already  accounted  for,  is  only 
the  breadth  of  the  bow.  It  ftill  remains  to  be  fhewn,  why  not  only  the 
drop  F  fhould  appear  red,  but  why  all  the  other  drops  quite  from  A  to 
B  in  the  arc  ATFYB  fhould  appear  of  the  fame  colour.  Now  it  is  evident 
that  wherever  a  drop  of  rain  is  placed,  if  the  angle,  which  the  effe&uai 
rays  make  with  the  line  LP,  is  equal  to  the  angle  FOP,  that  is,  if  the 
angle,  which  the  effectual  rays  make  with  the  incident  rays,  is  42  degrees 
2  minutes,  any  of  thofe  drops  will  be  red  for  the  fame  reafon  that  the 
drop  F  is  of  this  colour. 

If  FOP  was  to  turn  round  upon  the  line  OP,  fo  that  one  end  of  this 
line  fhould  always  be  at  the  eye  and  the  other  be  at  P  oppofite  to  the  fun ; 
fuch  a  motion  of  this  figure  would  be  like  that  of  a  pair  of  compaffes  turn¬ 
ing  round  upon  one  of  the  legs  OP  with  the  opening  FOP.  In  this  re¬ 
volution  the  drop  F  would  defcribe  a  circle,  P  would  be  the  center  and 
ATFYB  would  be  an  arc  in  this  circle.  Nowfmce  in  this  motion  of  the 
line  and  drop  OF  the  angle  made  by  FO  with  OP,  that  is,  the  angle  FOP, 
continues  the  fame;  if  the  fun  was  to  fhine  upon  this  drop  as  it  revolves, 
the  effectual  rays  would  make  the  fame  angle  with  the  incident  rays,  in 
whatever  part  of  the  arc  ATFYB  the  drop  was  to  be,  by  propofition  317. 
Therefore  whether  the  drop  is  at  A,  or  at  T,  or  at  Y,  or  at  B,  or  wherever 
elfe  it  is  in  this  whole  arc,  it  would  appear  red  as  it  does  at  F.  The  drops 
of  rain,  as  they  fall,  are  not  indeed  turned  round  in  this  manner :  but 
then,  as  innumerable  of  them  are  falling  at  once  in  right  lines  from  the 
cloud,  whilfi:  one  drop  is  at  F,  there  will  be  others  at  Y,  at  T,  atB,  at  A, 
and  in  every  other  part  of  the  arc  ATFYB:  and  all  thefe  drops  will  be 
red  for  the  fame  reafon  that  the  drop  F  would  have  been  red,  if  it  had 
been  in  the  fame  place.  Therefore,  when  the  fun  fhines  upon  the  rain  as 
it  falls,  there  will  be  a  red  arc  ATFYB  oppofite  to  the  fun.  In  the  fame 
manner,  becaufe  the  drop  E  is  violet,  we  might  prove  that  any  other  drop, 
which,  whilfi:  it  is  falling,  is  in  any  part  of  the  arc  AVEXB,  will  be  violet, 
and  confequently,  at  the  fame  time  that  the  red  arc  ATFYB  appears, 
there  will  likewife  be  a  violet  arc  AVEXB,  below  or  within  it.  FE  is 
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the  diftance  between  thefe  two  coloured  arcs ;  and  from  what  has  been 
faid  it  follows  that  the  intermediate  fpace  between  thefe  two  arcs  will  be 
filled  up  with  arcs  of  the  intermediate  colours,  orange,  yellow,  blue,  green 
and  indigo.  All  thefe  coloured  arcs  together  make  up  the  primary  rainbow. 

3 1 9.  The  primary  rainbow  is  never  a  greater  arc  than  a  femicircle. 

Since  the  line  LOP  is  drawn  from  the  fun  through  the  eye  of  the  fpe£ta- 
tor,  and  fince  P,  Plat.  XVII.  fig.  4,  as  has  been  fhewn  in  proportion  318, 
is  the  center  of  the  rainbow ;  it  follows  that  the  center  of  the  rainbow 
is  always  oppofite  to  the  fun.  The  angle  FOP  is  an  angle  of  42  degrees 
2  minutes,  as  was  obferved  under  proportion  3 1 6  ;  or  F  the  higheft  part 
of  the  bow  is  42  degrees  2  minutes  from  P  the  center  of  it.  If  the  fun 
is  more  than  42  degrees  2  minutes  high,  P  the  center  of  the  rainbow, 
which  is  oppofite  to  the  fun,  will  be  more  than  42  degrees  2  minutes 
below  the  horizon ;  and  confequently  F  the  top  of  the  bow,  which  is  only 
42  degrees  2  minutes  from  P,  will  be  below  the  horizon ;  that  is,  when 
the  fun  is  more  than  42  degrees  2  minutes  high,  no  primary  rainbow  will 
be  feen.  If  the  fun  is  fomething  lefs  than  42  degrees  2  minutes  high,  then 
P  will  be  fomething  lefs  than  42  degrees  2  minutes  below  the  horizon; 
and  confequently  F,  which  is  only  42  degrees  2  minutes  from  P,  will 
be  juft  above  the  horizon,  that  is,  a  fmall  part  of  the  bow  at  this  height 
of  the  fun  will  appear  clofe  to  the  ground  oppofite  to  the  fun.  If  the  fun 
is  20  degrees  high,  then  P  will  be  20  degrees  below  the  horizon;  and 
F  the  top  of  the  bow  being  42  degrees  2  minutes  from  P  will  be  22  de¬ 
grees  2  minutes  above  the  horizon :  therefore  at  this  height  of  the  fun, 
the  bow  will  be  an  arc  of  a  circle,  whofe  center  is  below  the  horizon  ; 
and  confequently  that  arc  of  the  circle,  which  is  above  the  horizon,  or 
the  bow,  will  be  lefs  than  a  femicircle.  If  the  fun  is  in  the  horizon,  then 
P  the  center  of  the  bow  will  be  in  the  oppofite  part  of  the  horizon,  F 
the  top  of  the  bow  will  be  42  degrees  2  minutes  above  the  horizon,  and 
the  bow  itfelf,  becaufe  the  horizon  paffes  through  the  center  of  it  will 
be  a  femicircle.  More  than  a  femicircle  can  never  appear  ;  becaufe  if  the 
bow  was  more  than  a  femicircle,  P  the  center  of  it  muff  be  above  the  hori¬ 
zon  :  but  P  is  always  oppofite  to  the  fun,  therefore  P  cannot  be  above  the 
horizon,  unlefs  the  fun  is  below  it :  and  when  the  fun  is  fet  or  is  below4the 
horizon,  it  cannot  fhine  upon  the  drops  of  rain,  as  they  fall,  and  confe¬ 
quently  when  the  fun  is  below  the  horizon,  no  bow  at  all  can  be  feen. 

320,  When  the  rays  of  the  fun  fall  upon  a  drop  of  rain ,  fome  of  them  af¬ 
ter  two  reflexions  and  two  refraXions  may  come  to  the  eye  of  a  fpeXa - 
tor,  who  has  his  back  towards  the  fun  and  his  face  towards  the  drop. 

If 
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If  bgw,  Plat.  XVII,  fig.  3,  is  a  drop  of  rain,  and  parallel  rays  coming 
from  the  fun,  as  zv,  yw ,  fall  upon  the  lower  part  of  it,  they  will  be  re¬ 
fracted  towards  the  perpendiculars  vl,  wl ,  as  they  enter  into  it,  by  pro¬ 
pofition.  3  7,  and  will  defcribe  fome  fuch  lines  as  vh ,  wi.  At  h  and  7 great 
part  of  thefe  rays  will  pafs  out  of  the  drop ;  but  fome  of  them  will  be  re¬ 
flected  from  thence  in  the  lines  hf,  ig ,  by  propofition  200.  At  f  and^ 
again,  great  part  of  the  rays,  that  were  reflected  thither,  will  pafs  out  of 
the  drop,  as  thofe  do,  which  were  defcribed  in  propofition  312.  But  thefe 
rays  will  not  come  to  the  eye  of  a  fpeCtator  at  0.  However  here  again  all 
the  rays  will  not  pafs  out,  but  fome  few  will  be  reflected  from  f  and  g 
in  fome  fuch  lines  as  fd ',  gb,  by  propofition  200,  and  thefe,  when  they 
emerge  out  of  the  drop  of  water  into  the  air  at  b  and  d ,  will  be  refraCted 
from  the  perpendiculars,  and  defcribing  the  lines  dt ,  bo ,  may  come  to  the 
eye  of  a  fpeCtator,  who  has  his  back  towards  the  fun  and  his  face  towards 
the  drop. 

321.  cThofe  rays ,  which  are  parallel  to  one  another  after  they  have  been  once 
ref  raided  and  once  ref  ebbed  in  a  drop  of  rain ,  will  be  effectual,  when 
they  emerge  after  two  refrablions  and  two  refeblions. 

No  rays  can  be  effectual,  by  propofition  314,  unlefs  they  are  conti¬ 
guous, and  parallel.  From  what  was  faid,  under  propofition  3 1 5,  it  appears, 
that  when  rays  come  out  of  a  drop  of  rain  contiguous  to  one  another, 
either  after  one  or  after  two  reflections,  they  muff  enter  the  drop  nearly 
at  one  and  the  fame  place.  And  if  fuch  rays,  as  are  contiguous,  are  pa¬ 
rallel  after  the  firfl:  reflection,  they  will  emerge  parallel,  and  therefore  will 
be  effectual.  Let  zv  and^yw  be  contiguous  rays,  which  come  from  the 
fun  and  are  parallel  to  one  another,  when  they  fall  upon  the  lower  part 
of  the  drop  bgw,  Plat.  XVII.  fig.  3.  Suppofe  thefe  rays  to  be  refraCted  at 
v  and  w  and  to  be  reflected  at  h  and  i  j  if  they  are  parallel  to  one  ano¬ 
ther,  as  hf  gi ,  after  this  firfl;  reflection,  then,  after  they  are  reflected  a 
fecond  time  from  f  and  g ,  and  refraCted  a  fecond  time  as  they  emerge  at 
d  and  b ,  they  will  go  out  of  the  drop  parallel  to  one  another  in  the  lines 
dt  and  bo  and  will  therefore  be  effectual. 

The  rays  zv,  yw,  are  refraCted  towards  the  perpendiculars  vl,  wl, 
when  they  enter  the  drop,  by  propofition  37,  and  will  be  made  to  con¬ 
verge,  by  propofition  48.  As  thefe  rays  are  very  oblique,  their  focus  will 
not  be  far  from  the  furface  vw.  If  this  focus  is  at  k,  the  rays,  after  they 
have  paffed  the  focus,  will  diverge  from  thence  in  the  directions  kh,  ki ,  and 
i £  ki  is  the  principal  focal  diftance  of  the  concave  reflecting  furface  hi, 
the  reflected  rays  hf  ig,  will  be  parallel,  by  propofition  2 1 1 .  Thefe  rays 
hf,  ig,  are  reflected  again  from  the  concave  furface  fg,  and  will  meet  in 
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a  focus  at  e,  fo  that  ge,  will  be  the  principal  focal  diftance  of  this  re¬ 
flecting  furface  fg,  by  propofition  210.  And  becaufe  hi  and  fg  are  parts 
of  the  fame  fphere  the  principal  focal  diftances  ge,  and  ki  will  be  equal 
to  one  another.  When  the  rays  have  paflfed  the  focus  e,  they  will  diverge 
from  thence  in  the  lines  ed,  eb\  and  we  are  to  fhew  that,  when  they 
emerge  at  d  and  b  and  are  refraCted  there,  they  will  become  parallel. 

Now  if  the  rays  vk,  wk,  when  they  have  met  at  k,  were  to  be  turn¬ 
ed  back  again  in  the  directions  kv,  kw,  and  were  to  emerge  at  v  and  w, 
they  would  be  refraCted  into  the  lines  of  their  incidence  vz ,  wy,  by  pro¬ 
pofition  40,  and  therefore  would  be  parallel.  But  fince  ge  is  equal  to  ik, 
as  has  already  been  fhewn;  the  rays  ed ,  eb ,  that  diverge  from  e , 
fall  in  the  fame  manner  upon  the  drop  at  d  and  b,  as  the  rays  kv,  kw , 
would  fall  upon  it  at  v  and  w  j  and  ed  eb  are  juft  as  much  inclined  to 
the  refracting  furface  db ,  as  kv,  kw,  would  be  to  the  furface  m  From 
hence  it  follows  that  the  rays  ed,  eb,  emerging  at  d  and  b  will  be  refraCted 
in  the  fame  manner,  and  will  have  the  fame  direction  in  refpeCt  of  one 
another,  as  kv,  kw,  would  have.  But  kv  and  kw  would  be  parallel  after 
refraction.  Therefore  ed  and  eb  will  emerge  in  lines  dp ,  bo,  fo  as  to  be 
parallel  to  one  another,  and  confequently  fo  as  to  be  effectual. 

322.  When  rays ,  that  are  effectual,  emerge  from  a  drop  of  rain  after  two 
refections  and  two  refractions ,  thofe ,  which  are  mof  refrangible , 
will  at  their  emerfion  make  a  greater  angle  with  the  incident  rays , 
than  thofe  do,  which  are  leaf  refrangible :  and  by  this  means  the 
rays  of  different  colours  will  be  feparated  from  one  another. 

If  rays  of  different  colours,  which,  by  propofition  282,  are  differently 
refrangible,  emerge  at  any  point  b.  Plat.  XVII.  fig.  3,  thele  rays  will 
not  be  all  of  them  equally  refraCted  from  the  perpendicular.  Thus  if  bo 
is  a  red  ray,  which  is  of  all  others  the  leaft  refrangible,  and  bm  is  a  vio¬ 
let  ray,  which  is  of  all  others  the  moft  refrangible,  when  thefe  two  rays 
emerge  at  b  the  violet  ray  will  be  refraCted  more  from  the  perpendicu¬ 
lar  bx  than  the  red  ray,  and  the  refraCted  angle  xbm  will  be  greater  than 
the  refraCted  angle  xbo .  From  hence  it  follows  that  thefe  two  rays  after 
emerfion  will  diverge  from  one  another.  In  like  manner,  the  rays,  that 
emerge  at  d,  will  diverge  from  one  another ;  a  red  ray  will  emerge  in 
the  line  dp,  a  violet  ray  in  the  line  dt .  So  that  though  all  the  effectual 
red  rays  of  the  beam  bdmt  are  parallel  to  one  anothor,  and  all  the  effec¬ 
tual  red  rays  of  the  beam  bdop  are  likewife  parallel  to  one  another,  yet  the 
violet  rays  will  not  be  parallel  to  the  red  ones,  but  the  violet  beam  will 
diverge  from  the  red  beam.  Thus  the  rays  of  different  colours  will  be  fe¬ 
parated  from  one  another. 


This 
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This  will  appear  farther,  if  we  confider,  what  the  propofition  affirms* 
that  any  violet  or  moft  refrangible  ray  will  make  a  greater  angle  with  the 
incident  rays,  than  any  red  or  leaft  refrangible  ray  makes  with  the  fame 
incident  rays.  Thus  if yw  is  an  incident  ray,  bm  a  violet  ray  emerging 
from  the  point  b ,  and  bo  a  red  ray  emerging  from  the  fame  point ; 
the  angle,  which  the  violet  ray  makes  with  the  incident  one,  is  yrm ,  and 
that,  which  the  red  ray  makes  with  it,  isjifl.  Now  yrm  is  a  greater  angle 
than  yso .  For  in  the  triangle  brs  the  internal  angle  brs  is  lefs  than  bsy  the 
external  angle  at  the  bafe.  Euc.  b.  I.  prop.  16.  But  yrm  is  the  comple¬ 
ment  of  brs  or  of  bry  to  two  right  ones,  and  yso  is  the  complement  of 
bsy  to  two  right  ones.  Therefore,  fince  bry  is  lefs  than  bsy,  the  complement 
of  bry  to  two  right  angles  will  be  greater  than  the  complement  of  bsy  to 
two  right  angles  j  or  yrm  will  be  greater  than  yso. 

Or  otherwife.  Both  the  rays  bo  and  bm ,  when  they  are  refradted  in 
paffing  out  of  the  drop  at  b ,  are  turned  round  upon  the  point  b  from  the 
perpendicular  bx.  Now  either  of  thefe  lines  bo  or  bm  might  be  turned 
round  in  this  manner,  till  it  made  a  right  angle  with  yw.  Confequently 
that  ray,  which  is  moft  turned  round  upon  b  or  which  is  moft  refradted, 
will  make  an  angle  with  yw  that  will  be  nearer  to  a  right  one,  than  that 
ray  makes  with  it,  which  is  leaft  turned  round  upon  b  or  which  is  leaft 
refradted.  Therefore  that  ray,  which  is  moft  refradted  will  make  a  greater 
angle  with  the  incident  ray,  than  that  which  is  leaft  refradted. 

But  fince  the  emerging  rays,  as  they  are  differently  refrangible,  make 
different  angles  with  the  fame  incident  ray  yw,  the  refradtion,  which 
they  fuffer  at  emerfion,  will  feparate  them  from  one  another. 

The  angle  yrm,  which  the  moft  refrangible  or  violet  rays  make  with 
the  incident  ones,  is  found  by  calculation  to  be  54  degrees  7  minutes : 
and  the  angle  yso ,  which  the  leaft  refrangible  or  red  rays  make  with  the 
incident  ones,  is  found  to  be  50  degrees  57  minutes :  the  angles,  which 
the  rays  of  the  intermediate  colours,  indigo,  blue,  green,  yellow,  and 
orange  make  with  the  incident  rays,  are  intermediate  angles  between  54 
degrees  7  minutes  and  50  degrees  57  minutes. 

323.  If  a  line  is  fuppofed  to  be  drawn  from  the  center  of  the  fun  through 
the  eye  of  the  fpeblator ;  the  angle,  which  after  two  ref  rations  and 
two  refledlions  any  effectual  ray  makes  with  the  incident  ray,  will  be 
equal  to  the  angle,  which  it  makes  with  that  line . 

If  yw.  Plat.  XVII.  fig.  3,  is  an  incident  ray,  bo  an  effedtual  ray,  and 
qn  a  line  drawn  from  the  center  of  the  fun  through  0  the  eye  of  the  fpec~ 
tator ;  the  angle  yso ,  which  the  effedtual  ray  makes  with  the  incident  ray, 
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is  equal  to  son  the  angle,  which  the  fame  effectual  ray  makes  with  the 
line  qn.  For yw  and  qn  confidered  as  drawn  from  the  center  of  the  fun  are 
parallel,  by  propofition  30,  bo  erodes  them,  and  confequently  makes  the 
alternate  angles  yso>  son  equal  to  one  another.  Euc.  b.  I.  prop.  29. 

324.  When  the  fun  fines  upon  the  drops  of  rain  as  they  are  fallings  the 
rays ,  that  come  from  thofe  drops  to  the  eye  of  a  JpeEiator  after  two 
refeEiions  and  two  refractions ,  produce  the  fecondary  rainbow . 

The  fecondary  rainbow  is  the  outermoft  CHD,  Plat.  XVII.  fig.  4. 
When  the  fun  fhines  upon  a  drop  of  rain  H ;  and  the  rays  HO,  which 
emerge  at  H  fo  as  to  be  effectual,  make  an  angle  HOP  of  54  degrees  7 
minutes  with  LOP  a  line  drawn  from  the  fun  through  the  eye  of  the 
lpe&ator,  the  fame  effe&ual  rays  will  make  likewife  an  angle  of  54  de¬ 
grees  7  minutes  with  the  incident  rays  S,  by  propofition  323  j  and  the 
rays  which  emerge  at  this  angle  are  violet  ones,  by  what  was  obferved 
under  propofition  322.  Therefore,  if  the  fpe&ators  eye  is  at  O,  none  but 
violet  rays  will  enter  it :  for  as  all  the  other  rays  make  a  lefs  angle  with 
OP,  by  propofitions  322,  323,  they  will  fall  above  the  fpe&ators  eye. 
In  like  manner,  if  the  effectual  rays,  that  emerge  from  the  drop  G,  make 
an  angle  of  50  degrees  57  minutes  with  the  line  OP,  they  will  likewife 
make  the  fame  angle  with  the  incident  rays  S,  by  propofition  323,  and 
confequently  from  the  drop  G  to  the  fpedtators  eye  at  O  no  rays  will 
come  but  red  ones,  by  propofition  322  ;  for  all  the  other  rays  making 
a  greater  angle  with  the  line  OP,  by  propofitions  322,  323,  will  fall  be¬ 
low  the  eye  at  O.  For  the  fame  reafon  the  rays  emerging  from  the  in¬ 
termediate  drops  between  H  and  G,  and  coming  to  the  fpeclators  eye  at 
O,  will  emerge  at  intermediate  angles,  and  therefore,  by  propofition  322, 
will  have  the  intermediate  colours.  Thus,  if  there  are  feven  drops  from 
H  to  G  inclufively,  their  colours  will  be  violet,  indigo,  blue,  green,  yel¬ 
low,  orange  and  red.  This  coloured  line  is  the  breadth  of  the  fecondary 
rainbow. 

Now  if  HOP  was  to  turn  round  upon  the  line  OP,  like  a  pair  of 
compafifes  upon  one  of  the  legs  OP  with  the  opening  HOP,  it  is  plane 
from  the  fuppofition  that,  in  fuch  a  revolution  of  the  drop  H,  the  angle 
HOP  would  be  the  fame,  and  confequently  the  emerging  rays  would 
make  the  fame  angle  with  the  incident  ones.  But  in  fuch  a  revolution 
the  drop  would  deferibe  a  circle  of  which  P  would  be  the  center  and 
CNHRD  an  arc.  Confequently,  fince,  when  the  drop  is  at  N,  or  at  R, 
or  any  where  elfe  in  that  arc,  the  emerging  rays  make  the  fame  angle 
with  the  incident  ones,  as  when  the  drop  is  at  H,  the  colour  of  the  drop 
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will  be  the  fame  to  an  eye  placed  at  O,  whether  the  drop  is  at  N,  or  at 
H,  or  at  R,  or  any  where  elfe  in  that  arc.  Now  though  the  drop  does 
not  thus  turn  round  as  it  falls,  and  does  not  pafs  through  the  feveral  parts 
of  this  arc,  yet,  fince  there  are  drops  of  rain  falling  every  where  at  the 
fame  time,  when  one  drop  is  at  H,  there  will  be  another  at  R,  another 
at  N,  and  others  in  all  parts  of  the  arc,  and  thefe  drops  will  all  of  them 
be  violet-coloured,  for  the  fame  reafon  that  the  drop  H  would  have  been 
of  this  colour  if  it  had  been  in  any  of  thofe  places.  In  like  manner  as  the 
drop  G  is  red,  when  it  is  at  G,  it  would  likewife  be  red  in  any  part  of 
the  arc  CWGQD;  and  fo  will  any  other  drop,  when,  as  it  is  falling,  it 
comes  to  any  part  of  that  arc.  Thus  as  the  fun  fhines  upon  the  rain, 
whilft  it  falls,  there  will  be  two  arcs  produced,  a  violet-coloured  one, 
CNHRD,  and  a  red  one  CWGQD ;  and  for  the  fame  reafons  the  inter¬ 
mediate  fpace  between  thofe  two  arcs  will  be  filled  up  with  arcs  of  the 
intermediate  colours.  All  thefe  arcs  together  make  up  the  fecondary 
rainbow. 

325.  The  colours  of  the  fecondary  rainbow  are  fainter  than  thofe  of  the  pri¬ 
mary  rainbow ;  and  are  ranged  in  the  contrary  order . 

The  primary  rainbow  is  produced  by  fuch  rays,  as  have  been  only  once 
reflected;  the  fecondary  rainbow  is  produced  by  fuch  rays,  as  have  been 
twice  reflected,  by  propofitions  318,  324.  But  at  every  reflection  fome 
rays  pafs  out  of  the  drop  of  rain  without  being  reflected,  by  propofition 
200 :  fo  that  the  oftener  the  rays  are  reflected,  the  fewer  of'  them  are 
left.  Therefore  the  colours  of  the  fecondary  bow  are  produced  by  fewer 
rays,  and  confequently  will  be  fainter,  than  the  colours  of  the  primary  bow. 

In  the  primary  bow,  reckoning  from  the  outfide  of  it,  the  colours  are 
ranged  in  this  order,  red,  orange,  yellow,  green,  blue,  indigo,  violet.  In 
the  fecondary  bow,  reckoning  from  the  outfide,  the  colours  are  violet,  in¬ 
digo,  blue,  green,  yellow,  orange,  red.  So  that  the  red,  which  is  the  out- 
ermoft  or  higheft  colour  in  the  primary  bow,  is  the  innermoft  or  low¬ 
ed;  colour  in  the  fecondary  one. 

Now  the  violet  rays,  when  they  emerge  fo  as  to  be  effectual  after  one 
reflection,  make  a  lefs  angle  with  the  incident  rays,  than  the  red  ones, 
by  propofition  3165  confequently  the  violet  rays  make  a  lefs  angle  with 
the  lines  OP,  Plat.  XVII.  fig.  4,  than  the  red  ones,  by  propofition  317. 
But  in  the  primary  rainbow  the  rays  are  only  once  reflected,  and  the 
angle,  which  the  effectual  rays  make  with  OP,  is  the  diftance  of  the 
coloured  drop  from  P  the  center  of  the  bow,  by  propofition  318.  There¬ 
fore  the  violet  drops  or  violet  arc  in  the  primary  bow  will  be  nearer  to 

the 
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the  center  of  the  bow,  than  the  red  drops  or  red  arc;  that  is/tfee 'inner- 
moft  colour  in  the  primary  bow  will  be  violet,  and  the  outermoft  co¬ 
lour  will  be  red.  And  for  the  fame  reafon  through  the  whole  primary 
bow  every  colour  will  be  nearer  to  the  center  P,  as  the  rays  of  that  co¬ 
lour  are  more  refrangible. 

But  the  violet  rays,  when  they  emerge  fo  as  to  be  effectual  after  two 
reflections,  make  a  greater  angle  with  the  incident  rays,  than  the  red  ones, 
by  propofition  322 ;  confequently  the  violet  rays  will  make  a  greater  angle 
with  the  line  OP,  than  the  red  ones,  by  propofition  323.  But  in  thefe- 
condary  rainbow  the  rays  are  twice  reflected,  and  the  angle,  which  the 
effectual  rays  make  with  OP,  is  the  diflance  of  the  coloured  drop  from 
P  the  center  of  the  bow,  by  propofition  324.  Therefore  the  violet  drops 
or  violet  arc  in  the  fecondary  bow  will  be  farther  from  the  center  of  the 
bow,  than  the  red  drops  or  red  arc ;  that  is,  the  outermoft  colour  in  the 
fecondary  bow  will  be  violet  and  the  innermoft  colour  will  be  red.  And 
for  the  fame  reafon  through  the  whole  fecondary  bow  every  colour  will  be 
farther  from  the  center  P,  as  the  rays  of  that  colour  are  more  refrangible. 

326.  *The  fecondary  rainbow  is  never  a  greater  arc  than  a  femi circle. 

This  is  proved  in  the  fame  manner  as  propofition  319.  The  only  dif¬ 
ference  between  the  primary  and  fecondary  rainbows  in  this  refpeCt  is  this : 
in  the  primary  bow  the  rays  of  the  higheft  colour  make  an  angle  of  42 
degrees  2  minutes  with  the  line  OP,  or  the  higheft  colour  is  42  degrees 
2  minutes  from  P  the  center  of  the  bow:  and  for  this  reafon  the  bow 
does  not  begin  to  appear,  till  the  funs  height  is  lefs  than  42  degees  2  mi¬ 
nutes  ;  and,  when  the  fun  is  in  the  horizon  on  one  fide,  the  top  of  the  bow 
will  be  42  degrees  2  minutes  high  on  the  oppofite  fide  of  the  heavens.  But 
the  rays  of  the  higheft  colour  in  the  fecondary  bow  make  an  angle  of  54 
degrees  7  minutes  with  the  line  OP,  or  the  higheft  colour  is  54  degrees 
7  minutes  from  P  the  center  of  the  bow :  for  this  reafon  the  fecondary 
bow  will  begin  to  appear,  when  the  height  of  the  fun  is  lefs  than  54  de¬ 
grees  7  minutes;  and,  when  the  fun  is  in  the  horizon  on  one  fide,  the 
center  of  the  fecondary  bow  will  be  in  the  horizon  and  the  top  of  the 
bow  will  be  54  degrees  7  minutes  above  it. 


7 *he  end  of  optics . 
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